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Abstract

We study the minimum concave cost flow problem over a two-dimensional grid network
(CFG), where one dimension represents time (1 ≤ t ≤ T ) and the other dimension represents
echelons (1 ≤ l ≤ L). The concave function over each arc is given by a value oracle. We
give a polynomial-time algorithm for finding the optimal solution when the network has a fixed
number of echelons and all sources lie at one echelon. We also give an O(T 4)-time algorithm
for finding the optimal solution in a capacitated grid network with two echelons and constant
capacity on certain arcs. Both algorithms generalize the complexity results for many variants
of the lot-sizing problem in terms of cost functions, number of echelons, intermediate demands,
backlogging, and production and inventory capacities. We also show that CFG is NP-hard when
the number of echelons is an input parameter or upward arcs are present. Our results resolve
many of the complexity issues for CFG.

1 Introduction

We study the minimum concave cost flow problem over a grid network (CFG). Let [n] = {1, 2, . . . , n}
for any n ∈ N. A grid network N = (V,A, b) is a directed acyclic graph with the node set

V = {vl,t|l ∈ [L], t ∈ [T ]},

the arc set

A = {(vl,t, vl,t+1)|l ∈ [L], t ∈ [T − 1]} ∪ {(vl,t, vl+1,t)|t ∈ [T ], l ∈ [L− 1]}

and the supply function b : V → R which determines whether each node is a source (b(v) > 0),
a sink (b(v) < 0) or a transshipment node (b(v) = 0), as shown in Figure 1. We refer to the
two subscripts l and t as the indices of echelon and period, respectively, so the grid network has
L echelons and T periods. Define arcs (vl,t, vl,t+1), (vl,t+1, vl,t), (vl,t, vl+1,t) and (vl+1,t, vl,t) to be
forward arc, backward arc, downward arc and upward arc respectively for any l and t. For now we
assume that the grid network has only forward arcs and downward arcs and no arc capacities.
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Figure 1: The grid network

Given a grid network N = (V,A, b), CFG is to find a flow x ∈ R|A| to

minimize
∑

a∈A ca(xa)
s.t.

∑
a∈δ+(v) xa −

∑
a∈δ−(v) xa = b(v), ∀v ∈ V,

xa ≥ 0, ∀a ∈ A,
(1)

where ca is the cost function for arc a, and δ+(v) and δ−(v) are the set of outgoing and incoming
arcs at node v, respectively. We assume that the cost function ca is a general nonnegative concave
function represented by a value oracle for each a ∈ A. Since the feasibility of CFG can be checked
by solving a maximum flow problem in polynomial time, we assume that the problem is always
feasible in the rest of the paper.

The minimum concave cost network flow problem (MCCNFP) is NP-hard in general, as shown
by a reduction from the partition problem [7]. Since we are mainly interested in the grid network
over which MCCNFP can be efficiently solved, our review is not intended to be exclusive and
focuses mainly on polynomially solvable special cases, most of which fall into the category of
lot-sizing problems. The classical uncapacitated lot-sizing problem (ULS) is to find an optimal
production schedule given a sequence of non-stationary demands over T periods to minimize the
total production and inventory holding costs. ULS assumes that the production cost has a fixed-
charge structure (which can be seen as a special concave cost function) and the inventory holding
cost is linear. ULS was first solved in O(T 2) by dynamic programming (DP) [17], and the complexity
was improved to O(T lnT ) later [1, 5, 16]. Variants of ULS have been studied extensively, including
problems with more general cost structures for production and inventory holding, multiple echelons
of production and demands at intermediate echelons, backlogging, and production capacities and
inventory bounds. The common underlying network structure of these variants is a grid network
with a single source. The multi-echelon ULS with demands at the last echelon was solved by
Zangwill [18] in an O(LT 4)-time DP algorithm. The lot-sizing problem with constant production
capacity was solved in O(T 3) [6, 14]. Other polynomially solvable cases include ULS with inventory
upper bounds and fixed-charge costs [2, 3], a multi-echelon ULS with constant production capacities
at the first echelon [15], and a two-echelon ULS with intermediate demands [19]. Pochet and
Wolsey [10] provides a detailed study of lot-sizing models that can be solved in polynomial time.
Besides the lot-sizing problem, other polynomially solvable cases of MCCNFP include the pure
remanufacturing problem [13], which can be formulated as a two-echelon CFG with concave cost on
downward arcs, a single-source concave network flow problem with a single nonlinear arc cost [8],
the network flow problem with a fixed number of sources and nonlinear arc costs [11], and a
production-transportation network flow problem where the concave cost function is defined on only
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a constant number of variables [12]. The only general network structure we are aware of over which
MCCNFP can be solved in polynomial time is a planar graph with sources and sinks lying on a
constant number of faces of the graph, studied by Erickson et al. [4]. The grid network is a planar
graph, but in general the sources and sinks in CFG are not on a constant number of faces. Recently,
He et al. [9] showed that CFG with one echelon of sources and two echelons of sinks can be solved
in polynomial time.

Two questions left open in [9] are: (1) Is CFG with one echelon of sources and L echelons of
sinks polynomially solvable for general fixed L? (2) If there are arc capacities, when can CFG be
solved efficiently? In this paper, we answer the first question affirmatively, therefore generalizing
the result in [9], and give conditions under which CFG with arc capacities is polynomially solvable.
In addition, we present several NP-hard cases for CFG. Our main results can be summarized below.

1. If all sources lie at one echelon and the number of echelons L is fixed, CFG (with backward
arcs) can be solved in time polynomial in T and the number of queries of the value oracle.

2. CFG (with backward arcs) can be solved in O(T 4) time for L = 2, constant capacity on
downward arcs and general capacities on other arcs.

3. If the number of echelons L is an input parameter, CFG is NP-hard.

4. If the grid network contain upward arcs, CFG is NP-hard for fixed L ≥ 3.

Our polynomial-time algorithm generalizes the complexity results for many variants of lot-sizing
problems in terms of arbitrary concave production and inventory holding costs, multiple echelons
with intermediate demands, backlogging, and presence of production and inventory capacities.
Moreover, we can extend our algorithm to CFG with diagonal downward arcs (vl,t, vl+1,t+1), and
show that CFG is NP-hard with diagonal upward arcs (vl,t, vl+1,t+1) or arcs (vl,t, vl+k,t+1) crossing
k echelons (k ≥ 2). Our results resolve many of the complexity issues for CFG. The only remaining
open questions are multi-echelon sources for the uncapacitated case and multi-echelon CFG with
constant capacity on downward arcs.

To prove the polynomial solvability of different CFG cases, we formulate the problem as a
(T + 1)-stage DP and show that the cardinality of the state space at each stage is polynomial in
T . The proposed DP formulation is different from that in [9]. The main advantage of the new
formulation is that it can easily deal with backward arcs while the DP formulation in [9] cannot.
To prove the polynomial size of the state space at each stage, we use a flow decomposition technique
for CFG with multiple echelons of sinks and a regeneration interval technique for two-echelon CFG
with constant capacity on downward arcs. Each technique has its own advantage and disadvantage.
More precisely flow decomposition is more suitable for multi-echelon case without arc capacity and
the regeneration interval technique is more suitable for capacitated case with a very small number
of echelons. Note that CFG with L echelons of sinks for general L is much more difficult to prove
than the two-echelon case in [9], since the structure of the optimal flows are much more complicated
for general L.

The rest of the paper is organized as follows. In section 2, we give a polynomial-time algorithm
for CFG with a fixed number of echelons and show that CFG is NP-hard with a varying number
of echelons or with upward arcs. We then show that two-echelon CFG with constant capacity on
downward arcs can be solved in O(T 4) time in section 3. We conclude in section 4.
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2 CFG without arc capacities

We first give a DP formulation for CFG, which is also applicable to the capacitated case in Section 3.
The elements of the DP formulation are as follows:

1. Decision stages. There are T + 1 stages corresponding to time period t = 1, . . . , T with stage
0 for the dummy period 0.

2. States. Define the state st at stage t to be a L-dimensional vector whose component stl denotes
the flow over the forward arc (vl,t, vl,t+1). We assume that each component of s0 and sT is 0.
Note that the dimension of st can be reduced by one since the summation of the components
of st is always

∑L
l=1 b(vl,t) by flow balance constraints. When backward arcs are present, we

augment the state vector st to include the flow over the backward arc (vl,t+1, vl,t) for each l.

3. Decision variables. The decision variable ut at stage t is a (L− 1)-dimensional vector whose
component utl denotes the flow over the downward arc (vl,t+1, vl+1,t+1).

4. The system equations. The state st+1 at stage t+1 can be easily calculated by the flow balance
constraints of the nodes at time period t+ 1. Let the system equations be st+1 = Ht(s

t,ut),
where Ht is the affine function representing the flow balance constraints for nodes at stage
t+ 1.

5. The cost function. The cost at stage t is the sum of all costs incurred by the downward arcs
and forward arcs (and backward arcs) at that stage.

This DP formulation is difficult to solve directly, since the state space at each stage is an uncountable
set. However from (1), we know that CFG is essentially to minimize a concave function over a flow
polyhedron PF . Then the optimum must be attained at an extreme point of PF (we call it extreme
flow in the rest of the paper) if the problem is feasible. Since there are only a finite number of
extreme flows for a given PF , it suffices to consider a finite set of states corresponding to those
extreme flows in the DP formulation.

2.1 Polynomial solvable cases

Our main result in this section is Theorem 1.

Theorem 1. If all sources lie at one echelon and the number of echelons L is fixed, CFG (with
backward arcs) can be solved in time polynomial in T and the number of queries of the value oracle.

Proof. Given the proposed DP formulation, since the dimension of the state vector at each stage
is L − 1 (or 2(L − 1) with backward arcs) with L fixed, we only need to show each component of
the state vector, namely the flow over each forward arc (or backward arc) under all extreme flows
of PF , can take on a set of values whose cardinality is polynomial in T . Theorem 1 follows directly
from Proposition 1 below and backward induction for the DP formulation.

Proposition 1. If all sources lie at one echelon and the number of echelons L is fixed, the set of
values that each arc can attain is polynomial in T under all extreme flows of CFG.

Proposition 1 presents a stronger result than what we need. It shows that each arc (not only the
forward or backward arc in the state vector) can only take a polynomial number of values under
all extreme flows of CFG. The technique we use to prove Proposition 1 is flow decomposition.
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Figure 2: Two flow decompositions for an extreme flow of a 3-echelon 3-period CFG

Proposition 2 to Proposition 5 below present a series of structural results of decomposing extreme
flows in a grid network. We introduce some notation first. Let f be an extreme flow of PF . Let Gf
be the graph induced by the arcs carrying nonzero flow in f . Then it is known that the underlying
undirected graph of Gf must be acyclic. Let xfa be the amount of flow over arc a under f . Since we
assume that all sources lie at the first echelon and all sinks lie below the first echelon, let the supply
at source v1,t be pt and the demand at sink vl,t be dl,t, for t ∈ [T ] and l ∈ {2, . . . , L}. Proposition 2
below states that each extreme flow can be decomposed into flow over paths.

Proposition 2 ([9]). Each extreme flow f in G can be decomposed into flows along paths each of
which starts at one source and ends at one sink. In such a decomposition, there is at most one path
with positive flow between each source-sink pair.

Figure 2 shows two flow decompositions for an extreme flow in a CFG instance. Note that the
flow decomposition for each extreme flow f is not unique. We can use a vector λf = (λf (P )) to
represent a flow decomposition for a given f , where each component λ(P ) is the amount of flow
sent along certain path P connecting a source and a sink in Gf . Since we assume that all sources
lie at the first echelon and all sinks lie below the first echelon, each path P can be represented
by a (i, j, l)-tuple, denoting that P starts from source v1,i and ends at sink vl,j . Then the flow
decomposition λf is a vector containing O((L− 1)T 2) components:

λf = (λf (1, 1, L), λf (1, 1, L− 1), . . . , λf (1, 1, 2),
λf (1, 2, L), λf (1, 2, L− 1), . . . , λf (1, 2, 2), . . . ,
λf (1, T, L), λf (1, T, L− 1), . . . , λf (1, T, 2), . . . . . . λf (T, T, 2)),

where λf (i, j, l) denotes the amount of flow sent along the path connecting the source v1,i and sink
vl,j in Gf . Then the amount of flow over arc a can be calculated by summing up the amount of
flow over those paths that contain the arc a given the flow decomposition λf :

xfa =
∑
P :P3a

λfP =
L∑
l=2

∑
(i,j):the path from v1,i to vl,j contains arc a

λf (i, j, l). (2)

Since the flow decomposition is not unique for any extreme flow, we will choose a particular one
for each f such that the right hand side of (2) has a concise form.

Definition 1. Given an extreme flow f , define χf to be the lexicographically largest vector among
all flow decomposition vectors for f .
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Such a vector χf must exist, since all flow decomposition vectors for f form a closed bounded
set. The flow decomposition corresponding to χf is the one we choose in computing xfa with (2).
The flow decomposition χf has some nice properties, given by Proposition 3 and Proposition 4.

Proposition 3.

1. For any i1 < i2, j1 < j2 and l ∈ {2, . . . , L}, χf (i1, j2, l) · χf (i2, j1, l) = 0.

2. If χf (i1, j1, l) > 0 and χf (i1, j2, l) > 0 with j1 < j2 − 1, then χf (i1, j, l) = dl,j for any
j ∈ {j1 + 1, . . . , j2 − 1} and l ∈ {2, . . . , L}.

Proof. See appendix.

Proposition 3 shows that under this particular flow decomposition χf , supply at each period
is decomposed to satisfy demand from consecutive periods (statement 2), and demand at an early
period is always served as much as possible by supply at an early period (follows from statement
1). The following proposition is a major technical result in this paper.

Proposition 4. For fixed L,
∑

(i,j)�(i′,j′) χ
f (i, j, l) can only attain a polynomial number of values

in T under all extreme flows for any i′, j′ ∈ [T ], l ∈ {2, . . . , L}.

Proof. See appendix.

We need one more structural result of the extreme flow in a grid network before proving Proposi-
tion 1.

Proposition 5. Given an extreme flow f , let P1 be a path from vl1,t1 to vl2,t3 and P2 be a path
from vl1,t2 to vl2,t4 in Gf with l1 < l2, t1 ≤ t2 and t3 ≤ t4. If P1 and P2 both contain arc a, then
any path from vl1,i to vl2,j in Gf with t1 ≤ i ≤ t2 and t3 ≤ j ≤ t4 also contains the arc a.

Proof. See appendix.

Now we prove Proposition 1 which states that the set of values that each arc can attain is
polynomial in T under all extreme flows of CFG for fixed L.
Proof of Proposition 1. Given any arc a and extreme flow f , consider the corresponding lexicograph-
ically largest flow decomposition vector χf , let (ilb, j

l
b) and (ile, j

l
e) be the lexicographically smallest

and largest (i, j) pairs such that χf (i, j, l) > 0 and the path from source v1,i to sink vl,j contains
arc a in Gf , respectively. We claim that for any (i, j) pair such that (ilb, j

l
b) � (i, j) � (ile, j

l
e), either

χf (i, j, l) = 0 or the path from v1,i to vl,j in Gf also contains arc a. Since (ilb, j
l
b) � (ile, j

l
e), then

ilb ≤ ile. Since χf (ilb, j
l
b) > 0, χf (ile, j

l
e) > 0 and ilb ≤ ile, we have jlb ≤ jle by statement 1 of Proposi-

tion 3. For any (i, j) pair such that (ilb, j
l
b) ≺ (i, j) ≺ (ile, j

l
e), either j < jlb, j > jle or jlb ≤ j ≤ jle. If

j < jlb, then χf (ilb, j
l
b, l) · χf (i, j, l) = 0 by statement 1 of Proposition 3, so χf (i, j, l) = 0. If j > jle,

χf (i, j, l) = 0 by the similar argument for the case j < jlb. For jlb ≤ j ≤ jle, since both the path
from v1,ilb

to vl,jlb
and the path from v1,ile to vl,jle contain the arc a, the path from v1,i to vl,j in Gf

should also contain arc a by Proposition 5. Therefore given an arc a, an extreme flow f and the
corresponding flow decomposition χf , by (2)

xfa =
∑L

l=2

∑
(i,j):the path from v1,i to vl,j contains arc a χ

f (i, j, l)

=
∑L

l=2

∑
(ilb,j

l
b)�(i,j)�(ile,jle)

χf (i, j, l)

=
∑L

l=2

[∑
(i,j)�(ile,jle) χ

f (i, j, l)−
∑

(i,j)≺(ilb,j
l
b)
χf (i, j, l)

]
.

(3)

The last term in (3) is a linear combination of 2(L− 1) terms, each of which can take a polynomial

number of values under all extreme flows by Proposition 4. Therefore, xfa can only take a polynomial
number of values under all extreme flows for any arc a.
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Figure 3: NP-hard CFG instances.

2.2 NP-hard cases

Theorem 2 demonstrates that a fixed number of echelons and no upward arcs are both critical
conditions for CFG to be polynomially solvable.

Theorem 2.

1. If the number of echelons L is an input parameter, CFG is NP-hard.

2. If the grid network contains upward arcs, CFG is NP-hard for fixed L ≥ 3.

Proof. Part 1. We provide a reduction from the partition problem. An instance of the partition
problem asks that given a set S of integers y1, . . . , yn whether there exists a partition of S such
that the sum of the numbers in each partition is equal to

∑2
i=1 yi/2. We construct an instance of

CFG and show that the minimum cost of that instance is n if and only if the partition instance is a
yes instance and n+ 1 otherwise. The construction works as follows: consider a grid network with
L = n+ 1 echelons, T = n+ 1 periods, two sources v1,1 and v1,2 with b(v1,1) = b(v1,2) =

∑n
i=1 yi/2

and n sinks vi+1,i+1’s with b(vi+1,i+1) = −yi for i ∈ [n], as shown in Figure 3(a); the cost over each
incoming arc for each sink is always 1 for nonzero flow and 0 otherwise, the cost over each of the
rest arcs in Figure 3(a) is always 0, and the cost over each arc not in Figure 3(a) is always 2n.
Part 2. We construct an instance of CFG with upward arcs and show that the minimum cost
of that instance is n if and only if the partition instance is a yes instance and n + 1 otherwise.
Construct a grid network with L echelons (L ≥ 3), T = n + 1 periods, two sources v1,1 and v1,2
with b(v1,1) = b(v1,2) =

∑n
i=1 yi/2 and n sinks v2,i+1’s with b(v2,i+1) = −yi for i ∈ [n], as shown

in Figure 3(b). The cost over each incoming arc for each sink is always 1 with nonzero flow and 0
otherwise, the cost over each of other arcs in Figure 3(b) is always 0, and the cost over other arcs
not present is 2n.

With a similar reduction as in the proof of Theorem 2, we can also show that CFG with diagonal
upward arcs (vl,t, vl+1,t+1) or arcs (vl,t, vl+k,t+1) crossing k ≥ 2 echelons is NP-hard.

3 CFG with arc capacities

The problem is NP-hard even if the network has only two echelons, a single source, and arc capacities
on downward arcs, based on a reduction from the general capacitated lot-sizing problem [10].
Therefore to find polynomial solvable cases, we have to make some restriction on the arc capacities.
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Figure 4: Two-echelon CFG with constant capacity on downward arcs.

Motivated by the fact that the constant capacitated lot-sizing problem can be in O(T 3) time [14],
we assume that the capacity on each downward arc in the grid network is constant. Our main result
is that capacitated CFG with two echelons and constant capacity on downward arcs (CFG-2CD)
can be solved in O(T 4) time. Our result generalizes the constant capacity lot-sizing problem with
arbitrary concave production and holding costs, backlogging, and inventory upper bounds. Below
we formally define the problem CFG-2CD.

Definition 2. Given a grid network N = (V,A, b), CFG-2CD is to find a flow x ∈ R|A| to

minimize
∑

a∈A ca(xa)
s.t.

∑
a∈δ+(v) xa −

∑
a∈δ−(v) xa = b(v), ∀v ∈ V,

0 ≤ xa ≤ C, a = (v1,t, v2,t), ∀t ∈ [T ],
0 ≤ xa ≤ Ul,t, a = (vl,t, vl,t+1),∀t ∈ [T − 1], l = 1, 2,

(4)

where Ul,t is the capacity on forward arc a = (vl,t, vl,t+1), and C is the constant capacity on each
downward arc, as shown in Figure 4.

Given an extreme flow f of CFG-2CD, we redefine Gf to be the graph induced by the arcs
carrying flow strictly greater than 0 and less than the arc capacity. Then the underlying undirected
graph of Gf should be acyclic if f is an extreme flow. Our main technical result is Proposition 6.

Proposition 6. The set of values that each forward or backward arc can attain is O(T 3) under all
extreme flows of CFG-2CD.

Proof. To illustrate the idea of proof, we first consider a simple case where there is no backward
arc and no arc capacity on any forward arc, i.e. Ul,t = +∞ for each forward arc a = (vl,t, vl,t+1).

Let Bl
i,j =

∑j
t=i b(vl,t) be the aggregated supplies and demands from period i to period j at echelon

l (l = 1, 2). Let al,t denote the forward arc (vl,t, vl,t+1) for each t ∈ [T − 1] and l = 1, 2. Since

xfa1,t + xfa2,t = B1
1,t + Bl

2,t for all extreme flows, we only need to show that xfa2,t can take O(T 3)
values under all extreme flows.

Given an extreme flow f and a forward arc a2,t, either xfa2,t=0 or xfa2,t > 0. If xfa2,t > 0, consider
the latest period i before t and the earliest period j after t when at least one of the forward arc at
that period carries zero flow, i.e.

i = arg max{k ∈ [T ]|k < t, xfa1,k = 0 or xfa2,k = 0},
j = arg min{k ∈ [T ]|k > t, xfa1,k = 0 or xfa2,k = 0}.

The periods between period i and period j are usually called a regeneration interval in the lot-sizing
literature [10]. Fix a pair (i, j), there are four different cases regarding the position of zero-flow

arcs: (1) xfa2,i = 0 and xfa2,j = 0; (2) xfa2,i = 0 and xfa1,j = 0; (3) xfa1,i = 0 and xfa1,j = 0; (4) xfa1,i = 0

and xfa2,j = 0. It suffices to show that xfa2,t can take O(T 3) values in each of the cases.
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a1, i

v2, i+1
a2, t

v2, t v2, j

v1, jv1, i+1v1,i
a1, j
v1, j+1

Figure 5: Case 1 xfa2,i = xfa2,j = 0.

Consider the first case xfa2,i = 0 and xfa2,j = 0. Since any forward arc between period i and
period j carries nonzero flow and the underlying undirected graph of Gf is acyclic, then there is at
most one downward arc within period i+1 and period j sending nonzero flow less than the capacity
(otherwise there will be a cycle). Call this arc a fractional arc. Each of the other downward arcs
between period i and period j either carries zero flow or flow at full capacity C. By the flow
balance constraints for nodes v2,i+1, v2,i+2, . . . , v2,j , the total flow sent through all downward arcs
within period i + 1 and period j is B2

i+1,j . Therefore, the flow sent along the fractional arc is

exactly rij = B2
i+1,j − Cb

B2
i+1,j

C c. As shown in Figure 3, if this fractional arc is before period t,

then xfa2,t = kC + rij − B2
i+1,t for some 0 ≤ k ≤ bB

2
i+1,j

C c by the flow balance constraints for nodes

v2,i+1, v2,i+2, . . . , v2,t; otherwise xfa2,t = kC − B2
i+1,t for some 0 ≤ k ≤ bB

2
i+1,j

C c. Given each (i, j)

pair, xfa2,t can take O(T ) different values under all extreme flows. Therefore, xfa2,t can take O(T 3)

values in case 1 under all extreme flows. For the other three cases, xfa2,t can also take O(T 3) values
by a similar argument.

When there is arc capacity over each forward arc, we only need to modify the definition of a
regeneration interval. Given an extreme flow f , either xfa2,t = 0, xfa2,t = U2,t or 0 < xfa2,t < U2,t.

When 0 < xfa2,t < U2,t, consider the latest period i before t and the earliest period j after t when
at least one of the forward arc at that period carries zero flow or flow at full capacity, i.e.

i = arg max{k ∈ [T ]|k < t, xfa1,k = 0 or xfa1,k = U1,k or xfa2,k = 0 or xfa2,k = U2,k}
j = arg min{k ∈ [T ]|k > t, xfa1,k = 0 or xfa1,k = U1,k or xfa2,k = 0 or xfa2,k = U1,k}.

For an (i, j) pair, there are sixteen cases in total. We can show that xfa2,t takes O(T 3) values under
all extreme flows in each case by a similar argument when there is no capacity on forward arcs.
Therefore, xfa2,t takes O(T 3) values under all extreme flows for each forward a2,t. Similarly when
there are backward arcs, we only need to consider a constant number of more cases for each (i, j)

pair, and xfa2,t can still take O(T 3) values under all extreme flows.

Our main result in this section is Theorem 3.

Theorem 3. CFG (with backward arcs) and arc capacities can be solved in O(T 4) time for L = 2
and constant capacity on downward arcs.

Proof. CFG-2CD (with backward arcs) can be formulated as a (T + 1)-stage DP. The state vector
at each stage t contains two components, the flow over forward arc (v2,t, v2,t+1) and the flow over
backward arc (v2,t+1, v2,t). Under all extreme flows, one component is always zero or at full capacity,
and the other component can take O(T 3) different values by Proposition 6. Therefore, CFG-2CD
can be solved in O(T 4) time by backward induction.
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4 Conclusion and future work

In this paper, we gave a polynomial-time algorithm for a class of polynomially solvable minimum
concave cost flow problems, with or without arc capacities, and presented several NP-hard CFG in-
stances. One possible direction worth pursuing is to eliminate the technical condition in Theorem 1
that all sources are at one echelon. We believe that this condition is not crucial for the polynomial
solvability of CFG with a fixed number of echelons. Another problem we are currently working on
is to generalize Theorem 3 to the multi-echelon CFG with constant capacity on downward arcs.
The flow decomposition or regeneration interval technique alone is not sufficient to deal with both
multiple echelons and arc capacities. It will be interesting to investigate whether the two techniques
can be combined.

References

[1] Alok Aggarwal and James K. Park. Improved algorithms for economic lot size problems.
Operations Research, 41(3):549–571, 1993.
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A Proof of Proposition 3

Proof. 1. Suppose that there exist i1 < i2, j1 < j2 and some l1 ∈ {2, . . . , L} such that χf (i1, j2, l1)·
χf (i2, j1, l1) > 0. The path from v1,i1 to vl1,j2 must intersect with the path from v1,i2 to
vl1,j1 . If χf (i1, j2, l1) ≥ χf (i2, j1, l1), create a vector χ̃f in the following way: χ̃f (i1, j1, l1) =
χf (i1, j1, l1) + χf (i2, j1, l1), χ̃

f (i1, j2, l1) = χf (i1, j2, l1) − χf (i2, j1, l1), χ̃
f (i2, j1, l1) = 0,

χ̃f (i2, j2, l1) = χf (i2, j2, l1) + χf (i2, j1, l1) and χ̃f (i, j, l) = χf (i, j, l) for other (i, j, l) tuples.
The vector χ̃f represents another flow decomposition of f and χ̃f � χf , a contradiction to
the fact that χf is the lexicographically largest flow decomposition vector for f . Similarly
there is a contradiction when χf (i2, j1, l1) ≥ χf (i1, j2, l1).

2. Since χf (i1, j1, l) > 0, by statement 1 χf (i, j, l) = 0 for any i < i1 and j > j1. Since
χf (i1, j2, l) > 0, by statement 1 χf (i, j, l) = 0 for any i > i1 and j < j2. Thus χf (i, j, l) = 0
for each j ∈ {j1+1, . . . , j2−1} and i 6= i1. Then χf (i1, j, l) = dl,j for any j ∈ {j1+1, . . . , j2−1}
by the flow balance constraints.

B Proof of Proposition 4

Proof. The proof is based on induction, first on time period i′ and then on echelon l.

For the base case i′ = 1,
∑

(i,j)�(i′,j′) χ
f (i, j, l) =

∑j′

j=1 χ
f (1, j, l). We show that

∑j′

j=1 χ
f (1, j, l)

can only attain a polynomial number of values based on induction on l. Consider the base case
l = L. Let Pt denote the cumulative supply up to period t and Dl,t denote the cumulative demand
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up to period t at echelon l for t ∈ [T ] and l ∈ {2, 3, . . . , L}. Let S1,L = {DL,t|t ∈ [T ]} ∪ {Pu −∑L−1
l=2 Dl,tl |u, t1, t2, . . . , tL−1 ∈ [T ]}. We claim that

j′∑
j=1

χf (1, j, L) ∈ S1,L (5)

for any j′ under all extreme flows. Since the cardinality of the set S1,L is O(TL), we then prove
the base case l = L. To prove (5), fix the extreme flow f , let

j1,L = arg max{j|χf (1, j, L) > 0}

to be the latest time period of sinks on echelon L that source v1,1 contributes to. Note that
0 < χf (1, j1,L, L) ≤ dL,j1,L . By statement 2 of Proposition 3, χf (1, j, L) = dL,j for j < j1,L. Then

j′∑
j=1

χf (1, j, L) =

{
DL,j′ , j′ < j1,L∑j1,L

j=1 χ
f (1, j, L), j′ ≥ j1,L.

If χf (1, j1,L, L) = dL,j1,L , then
∑j′

j=1 χ
f (1, j, L) = DL,j1,L for all j′ ≥ j1,L, and (5) holds. If

χf (1, j1,L, L) < dL,j1,L , the demand dL,j1,L must be partially satisfied by sources from later time
periods. As shown in Figure 6, let v1,r be the first such source, so no source between v1,1 and v1,r
contributes to dL,j1,L , i.e. χf (i, j1,L, L) = 0 for any 1 < i < ir. Then by Proposition 3, the sources
v1,q with 1 < q < r have no contribution to any sink at echelon L. We will show that

j1,L∑
j=1

χf (1, j, L) = Pu −
L−1∑
l=2

Dl,tl (6)

holds for some u < r and t2, . . . , tL−1 ∈ [T ]. Let ji,l = arg max{j|χf (i, j, l) > 0} be the largest
time period j such that χf (i, j, l) > 0 (set ji,l = 0 if χf (i, j, l) = 0 for each j). Since sources
v1,q with 1 < q < r only contribute to sinks at echelon 2 to echelon L − 1, by summing up

the flow decomposition components in χf for sources v0,1, v1,2, . . . , v1,q we have
∑j1,L

j=1 χ
f (1, j, L) +∑L−1

l=2

∑
(i,j)�(q,jq,l) χ

f (i, j, l) = Pq for each q < r. Then

j1,L∑
j=1

χf (1, j, L) = Pq −
L−1∑
l=2

∑
(i,j)�(q,jq,l)

χf (i, j, l). (7)

We then prove (6) by contradiction. Suppose that (6) does not hold, then according to (7), for each
q < r there must exist at least one jq,l for some l such that Dl,jq,l−1 <

∑
(i,j)�(q,jq,l) χ

f (i, j, l) <
Dl,jq,l . In this case we can show that the underlying undirected graph of Gf must contain a cycle,
thus a contradiction. The cycle consists of two distinct paths between v1,1 and v1,r (“path” refers to
undirected path in the underlying graph of Gf in the rest of the proof). The first path between v1,1
and v1,r contains node v1,j1,L at echelon L due to the fact χf (1, j1,L, L) > 0 and χf (r, j1,L, L) > 0.
The second path between v1,1 and v1,r only contain nodes above echelon L, thus different from the
first one. We now show the existence of the second path, which is a concatenation of shorter paths
between many source-sink pairs.
Since for source v1,1, there exists at least one j1,l1 such that Dl1,j1,l1−1 <

∑
(i,j)�(1,j1,l1 )

χf (i, j, l1) <

Dl1,j1,l1
. Choose such j1,l1 with l1 being the largest. There is a path from v1,1 to vl1,j1,l1 due to
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that χf (1, j1,l1 , l1) > 0, as shown in Figure 6. Meanwhile there exists a source v1,i2 (i2 > 1) such
that χf (i2, j1,l1 , l1) > 0 due to the assumption that

∑
(i,j)�(1,j1,l1 )

χf (i, j, l1) < Dl1,j1,l1
, so there is

a path between v1,i2 and v1,j1,l1 . Then there is a path between v1,1 and v1,i2 through v1,j1,l1 only
containing nodes above echelon (l1+1). In addition, we choose such v1,i2 with i2 being the smallest.

v1,1 v1,i 2 v1, r v1,i k

v L , j1, L

v l 2, j i2, l2

v1, i3

v l 1, j1, l1

v l 3, ji3, l3

Figure 6: The circle that traverses nodes vL,j1,L ,vl1,j1,l2 , vl2,ji2,l2 and vl3,ji3,l3 .

If i2 ≥ r, the path from v1,1 to v1,i2 must intersect with the path from v1,r to vL,j1,L at a node
above echelon L, so there is a path from v1,1 to v1,r containing nodes only above echelon L (more
precisely above echelon (l1 + 1)). If i2 < r, by assumption there must exist at least one ji2,l2 such
that Dl2,ji2,l2−1 <

∑
(i,j)�(i2,ji2,l2 )

χf (i, j, l2) < Dl2,ji2,l2
. Choose such ji2,l2 with l2 being the largest.

We will show that there is path from v1,i2 to vl2,ji2,l2 as well.

1. Case l1 ≤ l2. For source v1,1,
∑

(i,j)�(1,j1,l2 )
χf (1, j, l2) equals to certain cumulative demand

at echelon l2 due to the choice of l1. Sources v1,2, . . . , v1,i2−1 make no contribution to the
sinks at echelon l2. For source v1,i2 , Dl2,ji2,l2−1 <

∑
(i,j)�(i2,ji2,l2 )

χf (i, j, l2) < Dl2,ji2,l2
. Then

χf (i2, ji2,l2 , l2) > 0, and there is a path from v1,i2 to vl2,ji2,l2 .

2. Case l1 > l2. If χf (i2, ji2,l2 , l2) = 0, since
∑

(i,j)�(i2,ji2,l2 )
χf (i, j, l2) < Dl2,ji2,l2

, there has to

be two sources v1,x, v1,y with x < i2 < y, χf (x, ji2,l2 , l2) > 0 and χf (y, ji2,l2 , l2) > 0. Then
the path between v1,x and v1,y through the sink vl2,ji2,l2 must intersect with the path between
v1,1 and v1,i2 . Therefore, v1,i2 and vl2,ji2,l2 are connected by a path.

Since the demand at the sink vl2,ji2,l2 is not fulfilled by sources up to v1,i2 , there is another source

v1,i3 with i3 > i2 such that χf (i3, ji2,l2 , l2) > 0. Then there is a path from v1,1 to v1,i3 through v1,i2
and vl2,ji2,l2 only containing nodes above echelon L. We can continue this argument until we find
a source v1,ik connected to v1,1 with ik ≥ r. Then the path between v1,1 and v1,ik must intersect
with the path between v1,r and vL,j1,L . Then we find a path from v1,1 to v1,r only containing nodes
above echelon L.

We have finished the proof for the base case l = L when i′ = 1, and now proceed to the induction

step when i′ = 1. Suppose that the set of values
∑j′

j=1 χ
f (1, j, l) can attain is polynomial in T for

j′ ∈ [T ] and l > l′, we would like to show the result also holds for l = l′.

1. If χf (1, j1,l′ , l
′) = dl′,j1,l′ , then

j′∑
j=1

χf (1, j, l′) =

{
Dl′,j′ , j′ < j1,l′

Dl′,j1,l′
, j′ ≥ j1,l′ .
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The term
∑j′

j=1 χ
f (1, j, l′) can attain T values under all extreme flows.

2. If 0 < χf (1, j1,l′ , l
′) < dl′,j1,l′ , then

j′∑
j=1

χf (1, j, l′) =

{
Dl′,j′ , j′ < j1,l′∑j1,l′

j=1 χ
f (1, j, l′), j′ ≥ j1,l′ .

Let r′ be the smallest index i > 1 such that χf (i, j1,l′ , l
′) > 0. Then by a similar argument in

proving the validity of (6), there must exist some u < r′ and t2, . . . , tl′−1 ∈ [T ] such that

j1,l′∑
j=1

χf (1, j, l′) = Pu −
l′−1∑
l=2

Dl,tl −
L∑

l=l′+1

j1,l∑
j=1

χf (1, j, l). (8)

By the induction hypothesis, the number of values that
∑j1,l

j=1 χ
f (1, j, l) can attain is polyno-

mial in T for any l > l′. Then the result also holds for l = l′ according to (8).

We have finished the proof for the base case i′ = 1 and now proceed to the induction step.
Suppose that the number of values that

∑
(i,j)�(i′,j′) χ

f (i, j, l) can attain is polynomial in T for all

j′, l and 1 ≤ i′ < k, we would like to show the result holds for i′ = k. The proof is also based on
induction on echelon index l, similar to the proof for the base case i′ = 1. We first prove the base
case l = L. Given an extreme flow f , the result holds in all three cases below.

1. χf (k, j, L) = 0 for all j, i.e. the source v0,k makes no contribution to sinks on echelon L under
χf . Then

∑
(i,j)�(k,j′) χ

f (i, j, L) =
∑

(i,j)�(k−1,T ) χ
f (i, j, L), and the result follows from the

induction hypothesis.

2. χf (k, jk,L, L) > 0 and
∑

(i,j)�(k,jk,L) χ
f (i, j, L) = DL,jk,L . Then

∑
(i,j)�(k,j′)

χf (i, j, L) =


∑

(i,j)�(k−1,T ) χ
f (i, j, L), j′ < jk,L, χ

f (k, j′, L) = 0

DL,j′ , j′ < jk,L, χ
f (k, j′, L) > 0

DL,jk,L , j′ ≥ jk,L.

Then the result follows from the induction hypothesis.

3. χf (k, jk,L, L) > 0 and
∑

(i,j)�(k,jk,L) χ
f (i, j, L) < DL,jk,L .

∑
(i,j)�(k,j′)

χf (i, j, L) =


∑

(i,j)�(k−1,T ) χ
f (i, j, L), j′ < jk,L, χ

f (k, j′, L) = 0

DL,j′ , j′ < jk,L, χ
f (k, j′, L) > 0∑

(i,j)�(k,jk,L) χ
f (i, j, L), j′ ≥ jk,L.

By a similar argument in proving the validity of (6), there exists some u, t2, . . . , tL−1 ∈ [T ],
such that ∑

(i,j)�(k,jk,L)

χf (i, j, L) = Pu −
L−1∑
l=2

Dl,tl .

Finally, the induction step for case i′ = k is similar to the proof of the induction step for the base
case i′ = 1.
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v l 1 , t1 v l 1 , t2v l 1 ,i

v l 2 , t3 v l 2 , t4v l 2 , j

a
v l , u v l , t v l , t+1

Figure 7: The cycle created in Gf if the path from vl1,i to vl2,j bypasses the arc a.

C Proof of Proposition 5

Proof. Proof by contradiction. As shown in Figure 7, the arc a = (vl,t, vl,t+1) is contained in the
path from vl1,t1 to vl2,t3 and the path from vl1,t2 to vl2,t4 in Gf . Suppose that there exists some
pair (i, j) with t1 ≤ i ≤ t2 and t3 ≤ j ≤ t4 such that the path from vl1,i to vl2,j bypasses the arc a.
Then the path must contain some node vl,u with either u ≤ t or u ≥ t+ 1. If u ≤ t, the path from
vl1,t1 to vl,t must intersect with the path from vl1,i to vl,u, and the path from vl,t+1 to vl2,t3 must
intersect with the path vl,u to vl2,j in Gf . The two intersections create a cycle in the underlying
undirected graph of Gf , a contradiction. The argument is essentially the same if u ≥ t+ 1.
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