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Abstract

We study the Minimax Regret Uncapacitated Lot Sizing (MRULS) model, where the production cost function and
the demand are subject to uncertainty. We propose a polynomial time algorithm which solves the MRULS model in
O(n6) time. We improve this running time to O(n5) when only the demand is uncertain, and to O(n4) when only the
production cost function is uncertain.
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1. Introduction
In the Uncapacitated Lot Sizing (ULS) model [1], the

goal is to find a production plan that minimizes the total
production and inventory holding cost, and at the same
time satisfies the demands. In an n-period planning hori-
zon, we assume that the demand in period i is given by
di > 0 for i = 1, . . . , n. For each period i, there is a unit
production cost pi, an unit inventory cost hi and a setup
cost fi if production takes place. The ULS model can be
formulated as follows,

ULS : min
n∑

i=1

( fiyi + pixi + hiIi)

s.t. Ii−1 + xi = Ii + di, ∀i = 1, . . . , n
xi ≤ Myi, ∀i = 1, . . . , n
yi ∈ {0, 1}, ∀i = 1, . . . , n
xi, Ii ≥ 0, ∀i = 1, . . . , n,

where M is a large constant, xi the amount produced in
period i, Ii the inventory level at the end of period i, and
yi equals to 1 if xi > 0 and 0 otherwise. Throughout this
paper, we use bold characters for vectors, e.g., y = (yi).
Wagner and Whitin [1] proposed an O(n2) time algorithm
to solve the ULS model based on the so-called the Zero
Inventory Ordering (ZIO) property, i.e., Ii−1xi = 0. This
property implies that x and I are uniquely determined by
y and we only need to optimize over y.
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Realizing the uncertain nature of the input data, we
study a robust version of the ULS model, the Minimax
Regret ULS model (MRULS). Unlike the absolute robust
models, see, e.g., [2, 3] for an overview, the Minimax Re-
gret model minimizes the worst-case regret, or opportu-
nity loss. Under demand uncertainty, Zhang [4] proposed
an O(n7) time algorithm for the MRULS model. In this
paper, we show that the MRULS model with uncertain
production cost function, defined by f and p, and uncer-
tain demand d, can be solved in O(n6) time. We improve
this running time toO(n5) when only the demand is uncer-
tain and to O(n4) when only the production cost function
is uncertain.

2. Formulation and general results

We assume that f, p, and d are subject to interval un-
certainty, i.e., f ∈ U f = {f : fi ∈ [ f

i
, f i], i = 1, . . . , n},

and similarly for p and d. Let u = (f,p,d) ∈ U :=
U f ×Up ×Ud denote a realization of the uncertain data.
We denote by y a first-stage setup decision, i.e., before
knowing the actual realization u, and ŷ? an optimal setup
decision once u has been revealed. Then, for a given first-
stage decision vector y and a realization of uncertainty u,
the regret is defined as follows,

n∑
i=1

( fi yi + pi xi + hi Ii) −
n∑

i=1

( fi ŷ?i + pi x̂?i + hi Î?i ).

Hence, the MRULS model is formulated as

min
y∈{0,1}n

max
u∈U

[
n∑

i=1

( fi yi + pi xi + hi Ii) −

Preprint submitted to Operations Research Letters October 31, 2013



−

n∑
i=1

( fi ŷ?i + pi x̂?i + hi Î?i )],

which is equivalent to

min
y∈{0,1}n

max
ŷ∈{0,1}n

max
u∈U

[
n∑

i=1

fi (yi − ŷi) +

n∑
i=1

pi (xi − x̂i)+

+

n∑
i=1

hi (Ii − Îi)].

(1)

We introduce some notations that will be used throughout
the paper. We define di j :=

∑ j
k=i dk, hi j :=

∑ j
k=i hk, and

αi j := pi + hi, j−1. In addition, we define αi j = p
i
+ hi, j−1

and αi j = pi + hi, j−1. We introduce the period n + 1 with
dn+1 = 0 and fn+1 = pn+1 = hn+1 = 0. Without loss of
optimality, we assume that yn+1 = 1 = ŷn+1. For a given
first-stage decision vector y, we define mi := max{k : yk =

1, 1 ≤ k ≤ i}, i.e., the production period that satisfies the
demand in period i. We also define li := min{k : yk =

1, i ≤ k ≤ n + 1}, where if li = n + 1, then there is no
production in [i, n]. Similarly, we define m̂i and l̂i for ŷ.
Note that

αi j ≤ αl j ⇐⇒ αir ≤ αlr for r ≥ j, (2)

while in any optimal solution of the second-stage ULS
model,

αm̂ j, j ≤ αm̂i, j for j > i. (3)

For given y, ŷ, f, and p, mi and m̂i are known and we
can rewrite the MRULS model as follows:

max
d∈Ud

[
n∑

i=1

fi(yi − ŷi) +

n∑
i=1

(αmi, i − αm̂i, i)di]. (4)

Using (4), Zhang [4] shows that, without loss of optimal-
ity, we only need to consider the bounds of the uncertainty
interval of d if f and p are given. We state the result here
without a proof.

Lemma 2.1. [4] For a given first-stage decision vector y,
realizations of f and p, and a second-stage decision vector
ŷ, there exists an optimal scenario d? to (1), satisfying:

d?i =


di if αmi,i < αm̂i,i

di if αmi,i > αm̂i,i

dior di if αmi,i = αm̂i,i.

We derive a similar result for the production cost func-
tion. For given y, ŷ, and d, the MRULS model is equiva-
lent to

max
f∈U f

max
p∈Up

[
n∑

i=1

fi (yi − ŷi) +

n∑
i=1

pi (xi − x̂i)], (5)

in which the total inventory holding costs are eliminated.

Lemma 2.2. For a given first-stage decision vector y, a
realization d, and a second-stage decision vector ŷ, there
exist optimal scenarios f? and p? to (1), satisfying:

( f ?i , p?i ) =


( f

i
, p

i
) if xi < x̂i

( f i, pi) if xi > x̂i

( f
i
, p

i
) or ( f i, pi) if xi = x̂i.

Proof. If xi < x̂i, it is easy to see that the result holds from
(5) since (xi − x̂i) < 0 and (yi − ŷi) ≤ 0. Similarly for the
two other cases.

3. The algorithm

In this section we propose a dynamic programming
(DP) algorithm that decomposes the MRULS problem
into subplans, defined by the regeneration intervals at the
first level and the incoming and outgoing inventory at the
second level.

3.1. The dynamic programming algorithm

We construct a network with nodes (k, m̂k, l̂k) in which
the DP moves from node (k, m̂k, l̂k) to (t + 1, m̂t+1, l̂t+1),
defining the subplan [(k, m̂k, l̂k), (t + 1, m̂t+1, l̂t+1)], for 1 ≤
k ≤ t ≤ n, 1 ≤ m̂k ≤ k ≤ l̂k ≤ l̂t+1, and m̂k ≤ m̂t+1 ≤

t + 1 ≤ l̂t+1 ≤ n + 1. In this subplan, [k, t] is a regeneration
interval for the first-stage ULS model, while in the second
stage, dk,l̂k−1 units enter the subplan and dt+1,l̂t+1−1 leave.
This shows the correctness of the decomposition at the
flow level. The incoming inventory is produced at period
m̂k. If m̂k is not a period in [k, t], i.e., m̂k < k, then xm̂k ≤

dm̂k ,k−1 ≤ dm̂k ,l̂k−1 = x̂m̂k , and by Lemma 2.2

α?m̂k ,i = αm̂k ,i
for i = m̂k, . . . , l̂k − 1. (6)

This shows the validity of the decomposition at the uncer-
tainty level.

We denote by φ(k, m̂k, l̂k, t + 1, m̂t+1, l̂t+1) the minimax
regret for periods [k, t] within the subplan [(k, m̂k, l̂k), (t +

1, m̂t+1, l̂t+1)]. Let G(t+1, m̂t+1, l̂t+1) be the minimax regret
over the first t periods, where m̂t+1 is the last second-stage
production period in [1, t + 1], and H(k, t + 1, m̂t+1, l̂t+1)
be the minimax regret over the first t periods, where k is
the last first-stage production period in [1, t + 1] and m̂t+1
the last second-stage production period. We can derive a
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recursion for G(t + 1, m̂t+1, l̂t+1) and H(k, t + 1, m̂t+1, l̂t+1):

G(1, 1, 1) =0

G(t + 1, m̂t+1, l̂t+1) = min
1≤k≤t

H(k, t + 1, m̂t+1, l̂t+1)

H(k, t + 1, m̂t+1, l̂t+1) = max
1≤m̂k≤k≤l̂k≤l̂t+1

m̂k≤m̂t+1

{G(k, m̂k, l̂k)+

+ φ(k, m̂k, l̂k, t + 1, m̂t+1, l̂t+1)},

for 1 ≤ m̂t+1 ≤ t + 1 ≤ l̂t+1 ≤ n + 1.

If all values of φ(k, m̂k, l̂k, t + 1, m̂t+1, l̂t+1) are known,
we can show that the outer DP runs in O(n6) time. Indeed,
for given t, m̂t+1, and l̂t+1, calculating G(t + 1, m̂t+1, l̂t+1)
can be done in O(n) time due to the minimization over
k. For each H(k, t + 1, m̂t+1, l̂t+1), we need to consider the
maximization over m̂k and l̂k , which takes O(n2) time.
Therefore, all values of H(k, t + 1, m̂t+1, l̂t+1) and G(t +

1, m̂t+1, l̂t+1) can be calculated in O(n6) time. Next, we
will show that all costs φ(k, m̂k, l̂k, t +1, m̂t+1, l̂t+1) can also
be obtained in O(n6) time. Therefore, the DP solves the
MRULS model in O(n6) time.

3.2. Subplan properties

Below, we present two useful properties of the sub-
plans. In Proposition 3.3, we derive the structure of an
optimal d?, and its proof uses two lemmas in Zhang [4],
while Proposition 3.4 enables us to handle f, p, and d se-
quentially.

Lemma 3.1. [4] For a given first-stage regeneration in-
terval [k, t], a realization of p, and a second-stage deci-
sion vector ŷ, if αkk > αm̂k ,k, there exists an optimal sce-
nario d? such that d?i = di for i = k, . . . , t.

Lemma 3.2. [4] For a given first-stage regeneration in-
terval [k, t], a realization of p, and a second-stage deci-
sion vector ŷ, if αkk ≤ αm̂k ,k and ŷi = 0 for i = k + 1, . . . , t,
there exists an optimal scenario d? such that d?i = di for
i = k, . . . , t.

Proposition 3.3. Given the subplan [(k, m̂k, l̂k), (t +

1, m̂t+1, l̂t+1)] with m̂t+1 ≤ t, a realization of p, and a
second-stage decision vector ŷ, there exists an optimal d?
such that:

If m̂k < m̂t+1,

(d?k , . . . , d
?
t ) =



b(i) : (dk, . . . , dt) if αkk > αm̂k ,k

b(ii) : (dk, . . . , dt)
if αkk ≤ αm̂k ,k and
αk,m̂t+1 ≤ αm̂t+1,m̂t+1

b(iii) :
(dk, . . . , dγ−1,

dγ, . . . , dt)
if αkk ≤ αm̂k ,k and
αk,m̂t+1 ≤ αm̂t+1,m̂t+1 ,

in which γ = min{i : l̂k ≤ i ≤ m̂t+1, ŷi = 1, αki > αii}.

and if m̂k = m̂t+1,

(d?k , . . . , d
?
t ) =

{
a(i) : (dk, . . . , dt) if αkk > αm̂k ,k

a(ii) : (dk, . . . , dt) if αkk ≤ αm̂k ,k;

Proof. Note that, by construction, mi = k for i = k, . . . , t.

• Cases a(i) and b(i): The result follows directly from
Lemma 3.1. Please note that the condition m̂t+1 ≤ t is not
required.

• Case a(ii): Since m̂k = m̂t+1, ŷi = 0 for i = k+1, . . . , t,
and the result follows from Lemma 3.2. Please note that
the condition m̂t+1 ≤ t is not required.

• Case b(ii): From Lemma 2.1, it will be enough to
show that αki ≤ αm̂i,i for i = k, . . . , t. From the state-
ment of the proposition, the inequality holds for i = k.
For i = m̂t+1, . . . , t, the inequality holds by observing
that αki ≤ αm̂t+1,i from (2) and the fact that m̂i = m̂t+1.
It remains to analyze i = k + 1, . . . , m̂t+1 − 1. By
(3), αm̂t+1,m̂t+1 ≤ αm̂i,m̂t+1 . Combining this inequality with
αk,m̂t+1 ≤ αm̂t+1,m̂t+1 , we obtain αk,m̂t+1 ≤ αm̂i,m̂t+1 and the de-
sired inequality follows again using (2).

• Case b(iii): Using a similar argument as in Case b(ii),
the result holds for periods i = k and i = m̂t+1, . . . , t. For
k + 1, . . . , m̂t+1 − 1, we need to consider whether there
exists a period i, k + 1 ≤ i ≤ m̂t+1 − 1, such that ŷi = 1 and
αki > αii. If such a period does not exists, then αki ≤ αm̂i,i

for i = k +1, . . . , m̂t+1−1, and the result follows by letting
γ = m̂t+1. Otherwise, from the definition of γ, αk,m̂i ≤

αm̂i,m̂i , and using (2), αki ≤ αm̂i,i for i = k + 1, . . . , γ − 1.
For i = γ, . . . , m̂t+1 − 1, we have αkγ > αγγ, which implies
αki > αγi by (2), while αγi > αm̂i,i by (3). Combining the
two inequalities, the result follows by Lemma 2.1.

Proposition 3.4. Given the subplan [(k, m̂k, l̂k), (t +

1, m̂t+1, l̂t+1)], a realization of d, and a second-stage de-
cision vector ŷ, there exists an optimal p? such that:

(p?k , . . . , p?t ) =



I : (pk, . . . , pt) if l̂k = l̂t+1

II :
(pk, . . . , pl̂k−1,

p
l̂k
, . . . , p

t
) if k < l̂k < l̂t+1

III :
(pk, . . . , pθ−1,
p
θ
, . . . , p

t
) if k = l̂k < l̂t+1,

where

θ =

 k
if ŷi = 0 for
i = k + 1, . . . , t,

min{i : k < i ≤ t, ŷi = 1} otherwise.
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Proof. We consider each case separately.

• Case I: In this case l̂k ≥ t +1 and therefore x̂i = 0 ≤ xi

for i = k, . . . , t. We can assume without loss of optimality
that p?i = pi for i = k, . . . , t by Lemma 2.2.

• Case II: In this case l̂k ≤ t. Since k < l̂k, we can
use the same argument as in Case I to show that the result
holds for i = k, . . . , l̂k − 1. For i = l̂k, . . . , t, the result
follows by using xi = 0 ≤ x̂i.

• Case III: We need to consider whether ŷ has a pro-
duction period in [k + 1, t]. If such a period does not exist,
xk = dkt ≤ dk,l̂t+1

= x̂k and xi = 0 = x̂i for i = k + 1, . . . , t.
So, we can assume p?i = p

i
for i = k, . . . , t, and the desired

result follows by choosing θ = k.

Now suppose that such a production period exists and
θ = min{i : k < i ≤ t, ŷi = 1}. By construction we have
xk = dkt ≥ dk,θ−1 = x̂k and xi = 0 = x̂i for i = k +1, . . . , θ−
1, which implies that p?i = pi for i = k, . . . , θ − 1. For
i = θ, . . . , t, xi = 0 ≤ x̂i implies that p?i = p

i
and the

desired result follows.

3.3. Minimax regret of a subplan

In this section we calculate φ(k, m̂k, l̂k, t + 1, m̂t+1, l̂t+1).
We start with diagonal subplans, i.e., m̂t+1 ≤ t. For con-
venience, we let L j

i be the optimal objective value of the
ULS model defined between periods i and j with all un-
certain parameters at lower bounds. We define L

j
i in a

similar fashion, but where the demands are at their upper
bounds.

3.3.1. Case I: l̂k = l̂t+1, m̂t+1 ≤ t

Using Proposition 3.4, (p?k , . . . , p?t ) = (pk, . . . , pt),
while α?m̂k , i

= αm̂k , i
, i = k, . . . , t, by (6). In addition, ac-

cording to Proposition 3.3, we need to consider demand
scenarios in Cases a(i)-a(ii). Therefore,

φ =

 f k +
∑t

i=k αkidi −
∑t

i=k αm̂k , i
di if αkk > αm̂k ,k

f k +
∑t

i=k αkidi −
∑t

i=k αm̂k , i
di if αkk ≤ αm̂k ,k

.
(7)

3.3.2. Case II: k < l̂k < l̂t+1, m̂t+1 ≤ t

We have (p?k , . . . , p?t ) = (pk, . . . , pl̂k−1, p
l̂k
, . . . , p

t
) by

Proposition 3.4, while again α?m̂k , i
= αm̂k , i

, i = k, . . . , l̂k −
1. In addition, according to Proposition 3.3, we need to
consider demand scenarios in Cases (b)(i)-(b)(iii).

• Case II(b)(i): αkk > αm̂k ,k

In this case, (d?k , . . . , d
?
t ) = (dk, . . . , dt). In the second

stage, there is no production in [k, l̂k − 1] or [m̂t+1 + 1, t].
Therefore,

φ = f k +

t∑
i=k

αkidi −

l̂k−1∑
i=k

αm̂k , i
di − L

m̂t+1−1
l̂k −

− f
m̂t+1
−

t∑
i=m̂t+1

αm̂t+1, i
di.

(8)

• Case II(b)(ii): αkk ≤ αm̂k ,k
and αk,m̂t+1 ≤ αm̂t+1,m̂t+1

In this case, φ is identical to (8) with (d?k , . . . , d
?
t ) =

(dk, . . . , dt), i.e.,

φ = f k +

t∑
i=k

αkidi −

l̂k−1∑
i=k

αm̂k , i
di − L

m̂t+1−1
l̂k

−

− f
m̂t+1
−

t∑
i=m̂t+1

αm̂t+1, i
di.

• Case II(b)(iii): αkk ≤ αm̂k ,k
and αk,m̂t+1 > αm̂t+1,m̂t+1

We need to go through all candidates to γ, i.e., l̂k ≤
γ ≤ m̂t+1 where αkγ > αγγ, and force ŷγ = 1 and

(dk, . . . , dt) = (dk, . . . , dγ−1, dγ, . . . , dt). By optimizing
over all these candidates we get

φ = f k + max
l̂k≤γ≤m̂t+1
αkγ>αγγ

[
γ−1∑
i=k

αkidi +

t∑
i=γ

αkidi −

l̂k−1∑
i=k

αm̂k ,i
di−

− L
γ−1
l̂k
− L

m̂t+1−1
γ ] − f

m̂t+1
−

t∑
i=m̂t+1

αm̂t+1, i
di.

3.3.3. Case III: k = l̂k < l̂t+1, m̂t+1 ≤ t

Since m̂k = k, we cannot have demand scenarios a(i) or
b(i). If m̂t+1 = k, the demands in both stages are satisfied
at period k and φ = 0. Otherwise, k < m̂t+1 ≤ t and
α∗k,m̂t+1

= αk,m̂t+1 while α∗m̂t+1,m̂t+1
= αm̂t+1,m̂t+1

.

• Case III(a)(ii): m̂k = m̂t+1

As argued above, φ = 0.

• Case III(b)(ii): m̂k < m̂t+1 and αk,m̂t+1 ≤ αm̂t+1,m̂t+1

In this case (d?k , . . . , d
?
t ) = (dk, . . . , dt). In the second

stage, we need to go through all candidates for θ, k < θ ≤
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m̂t+1. We force ŷθ = 1, ŷi = 0 for i = k, . . . , θ − 1, and
(pk, . . . , pt) = (pk, . . . , pθ−1, p

θ
, . . . , p

t
), and optimise over

all these candidates. Therefore,

φ = max
k<θ≤m̂t+1

[
t∑

i=θ

αkidi − L
m̂t+1−1
θ

] − f
m̂t+1
−

t∑
i=m̂t+1

αm̂t+1, i
di.

• Case III(b)(iii): m̂k < m̂t+1 and αk,m̂t+1 > αm̂t+1,m̂t+1

Besides θ, we need to optimize over all the candidates
for γ as in Case II(b)(iii):

φ = max
k<θ≤γ

θ≤γ≤m̂t+1
αkγ>αγγ

[
γ−1∑
i=θ

αkidi +

t∑
i=γ

αkidi − L
γ−1
θ − L

m̂t+1−1
γ ]−

− f
m̂t+1
−

t∑
i=m̂t+1

αm̂t+1, i
di.

3.3.4. Non-diagonal subplans

In this section, we focus on non-diagonal subplans, i.e.,
m̂t+1 = l̂t+1 = t + 1. Note that if l̂k = l̂t+1, then (7) still
holds. Therefore, we will assume that l̂k ≤ t, i.e., there is
at least one second-stage production period in [k, t].

For given k, m̂k and l̂k, let us define Φ(t) =

φ(k, m̂k, l̂k, t, t, t). If m̂k < k, we have

Φ(l̂k) = f k +

l̂k−1∑
i=k

αkid?i −
l̂k−1∑
i=k

αm̂k , i
d?i

Φ(t + 1) = max{ max
l̂k≤m̂t<t

[φ(k, m̂k, l̂k, t, m̂t, t + 1)+

+ (αkt − αm̂t ,t
)d?t ], Φ(t) − f t+

+ (αkt − αtt)d
?
t },

for t = l̂k, . . . , n, where the direction of bounds of α fol-
lows from k < m̂t ≤ t, and d?i is determined using Lemma
2.1. If m̂k = k, the first period to be considered by the
recursion is l̂k + 1, and the initial condition should be re-
placed by Φ(l̂k + 1) = 0.

3.4. The running time

In this section we show that all values of φ can be calcu-
lated in O(n6) time. Note that L

j
i , L

j
i and

∑ j
s=i α

?
rsd

?
s can

be calculated in O(n3) time for all values of r ≤ i ≤ j in
a preprocessing procedure. For diagonal subplans, φ can
be calculated in constant time, except for Cases II(b)(iii)
and III(b)(ii), in which it takes O(n) time, and for Case

III(b)(iii), in which it takes O(n2) time. The desired run-
ning time follows by observing that there are O(n4) Case
III subplans, while for Case II(b)(iii) there are only O(n5)
relevant subplans since

φ(k, m̂k, l̂k, t + 1, m̂t+1, a + 1) = φ(k, m̂k, l̂k, t + 1, m̂t+1, a), (9)

with a > t + 1 Once the values of φ for all diagonal sub-
plans are available, it is straightforward to see from Sec-
tion 3.3.4 that all non-diagonal subplans can be handled
in O(n5) time.

4. Single type uncertainty

In this section, an O(n5) time algorithm is proposed for
demand uncertainty only (the MRULSd model), and an
O(n4) time one for production cost function uncertainty
only (the MRULSp model).

4.1. Demand uncertainty

When only the demand is uncertain, the nodes of the
network proposed in Section 3 can be simplified to (k, m̂k)
and the number of subplans is reduced to O(n4). Let
φd(k, m̂k, t + 1, m̂t+1) denote the minimax regret for pe-
riods [k, t] within the subplan [(k, m̂k), (t + 1, m̂t+1)]. By
including the O(n3) time preprocessing procedure in Sec-
tion 3, we show below that any diagonal subplan can be
computed in at most O(n2) time. Noting that

φd(k, m̂k, t + 1, b) = φd(k, m̂k, t, b) + (αkt − αbt)d?t ,

for k ≤ b ≤ t, all diagonal subplans can be handled in
O(n5) time, and the desired running time for the MRULSd

model follows. To calculate φd(k, m̂k, t+1, m̂t+1), m̂t+1 ≤ t,
we use Proposition 3.3.

4.1.1. Case a: m̂k = m̂t+1

Please note that m̂k = m̂t+1 implies m̂t+1 ≤ t. We have

φd =


fk +
∑t

i=k αkidi −
∑t

i=k αm̂k , idi if αkk > αm̂k ,k

fk +
∑t

i=k αkidi −
∑t

i=k αm̂k , idi
if αkk ≤ αm̂k ,k

and m̂k < k

0
if αkk ≤ αm̂k ,k

and m̂k = k.

4.1.2. Case b: m̂k < m̂t+1 ≤ t

• Case b(i): αkk > αm̂k ,k

In this case, m̂k < k. If η is the first second-stage pro-
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duction period in [k + 1, m̂t+1], then

φd = fk +

t∑
i=k

αkidi − min
k<η≤m̂t+1

[
η−1∑
i=k

αm̂k , idi +L
m̂t+1−1
η ]−

− fm̂t+1 −

t∑
i=m̂t+1

αm̂t+1, idi.

• Case b(ii): αkk ≤ αm̂k ,k and αk,m̂t+1 ≤ αm̂t+1,m̂t+1

In this case, φd is similar to that in Case b(i), where
(d?k , . . . , d

?
t ) = (dk, . . . , dt). Thus,

φd = fk +

t∑
i=k

αkidi − min
k<η≤m̂t+1

[
η−1∑
i=k

αm̂k , idi +Lm̂t+1−1
η

]−

− fm̂t+1 −

t∑
i=m̂t+1

αm̂t+1, idi

if m̂k < k, and

φd = fk +

t∑
i=k

αkidi − L
m̂t+1−1
k − fm̂t+1 −

t∑
i=m̂t+1

αm̂t+1, idi

if m̂k = k.

• Case b(iii): αkk ≤ αm̂k ,k and αk,m̂t+1 > αm̂t+1,m̂t+1

In addition to η, and similarly to Cases IIb(iii) and
IIIb(iii) in Section 3.3, we need to optimize over candi-
dates for γ. Therefore,

φd = fk + max
k<η≤γ

η≤γ≤m̂t+1
αkγ>αγγ

[
γ−1∑
i=k

αkidi +

t∑
i=γ

αkidi −

η−1∑
i=k

αm̂k ,idi−

− Lγ−1
η
− L

m̂t+1−1
γ ] − fm̂t+1 −

t∑
i=m̂t+1

αm̂t+1, idi

if m̂k < k, and

φd = fk + max
k≤γ≤m̂t+1
αkγ>αγγ

[
γ−1∑
i=k

αkidi +

t∑
i=γ

αkidi − L
γ−1
k − L

m̂t+1−1
γ ]−

− fm̂t+1 −

t∑
i=m̂t+1

αm̂t+1, idi

if m̂k = k.

4.2. Production cost function uncertainty

The nodes of the network for the MRULSp model
can be simplified to (k, l̂k) and again the number of sub-
plans is reduced to O(n4). Let φp(k, l̂k, t + 1, l̂t+1) denote

the minimax regret for periods [k, t] within the subplan
[(k, l̂k), (t + 1, l̂t+1)], and Lp(i, t, j), i ≤ t ≤ j, denote the
optimal objective value of a ULS model from periods i
to t with demands (di, . . . , dt−1, dt, j−1) and setup and unit
production costs at their lower bounds. We have

φp =


f k + pkdkt if l̂k = l̂t+1

f k + pkdkt − L
p(l̂k, t, l̂t+1) if k < l̂k < l̂t+1

max{p
k
dt+1,l̂t+1−1,maxk<θ≤t[pkdθt−

−Lp(θ, t, l̂t+1)]}
if k = l̂k < l̂t+1.

For a given value of j,Lp(i, t, j) can be calculated inO(n3)
time for all values of i and t. Hence we can calculate all
Lp(i, t, j) in O(n4) time in a preprocessing procedure. It is
then straightforward to see that φp(k, l̂k, t + 1, l̂t+1) can be
calculated in constant time for l̂k = l̂t+1 and k < l̂k < l̂t+1.
For k = l̂k < l̂t+1, the running time is O(n), but there
are only O(n3) of these subplans. Therefore, the overall
running time remains at O(n4), and the desired running
time for the MRULSd model follows.

5. Conclusions

In this paper, we have formulated the minimax regret
ULS model with both production cost function and de-
mand uncertainty. We gave a theoretical analysis to re-
duce the number of optimal uncertainty scenarios and pro-
posed an algorithm that solves the problem in O(n6) time.
Lower running times were found for the case in which
only one single type of uncertainty is present. In partic-
ular, an O(n4) time algorithm is proposed for production
cost function uncertainty only, and an O(n5) time one for
demand uncertainty only. The latter reduces the running
time of the O(n7) time algorithm proposed in [4].
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