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Abstract A key procedure in proximal bundle methods for convex minimization problems is the defi-
nition of stability centers, which are points generated by the iterative process that successfully decrease
the objective function. In this paper we study a different stability-center classification rule for proximal
bundle methods. We show that the proposed bundle variant has three particularly interesting features:
(i) the sequence of stability centers generated by the method converges strongly to the solution that lies
closest to the initial point; (ii) the entire sequence of stability centers is contained in a ball with diame-
ter equal to the distance between the initial point and the solution set; (iii) if the sequence of stability
centers is finite, x̂ being its last element, then the sequence of non-stability centers (null steps) converges
strongly to x̂. Property (i) is useful in some practical applications in which a minimal norm solution is
requested. We show the interest of this property on several instances of a full sized unit-commitment
problem.
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1 Introduction

In this paper we deal with problems of the form

f∗ := min
x∈X

f(x) , (1)

where X is a nonempty convex and closed subset of a real Hilbert space H, endowed with the norm
‖ · ‖ induced by an inner product 〈 ·, ·〉. Throughout this paper we assume that f : H → R is a lower
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semicontinuous and convex function, possibly nondifferentiable, and the solution set S∗ of problem (1)
is nonempty.

Bundle methods are designed to solve nonsmooth convex optimization problems like (1) (mainly when
H = Rn) by only making use of first-order information on f . Such methods are well known by their
robustness and by having an efficient stopping test. Moreover, differently from cutting-plane methods
[17], most bundle methods, e.g., [18,21,5,25,9,10] have limited memory: the bundle of information built
along the iterations can be kept bounded. In this way, we can save computer memory without impairing
convergence. This feature is particularly interesting for large-scale optimization problems.

At any given iteration k, a general bundle algorithm makes use of a convex model fM

k (in general a
cutting-plane approximation) of f satisfying fM

k ≤ f , and a stability center x̂` ∈ X. In particular, the
new iterate xk+1 of a proximal bundle method depends on x̂` and fM

k in the following manner:

xk+1 := arg min
{

fM

k (x) +
1

2tk
‖x− x̂`‖2 : x ∈ X

}
, (2)

where tk > 0 is the so-called proximal parameter; see for instance [9].

Generally, in proximal bundle methods the stability center x̂` is some previous iterate, usually the “best”
point generated by the iterative process so far. A classification rule decides when to update the stability
center x̂`. Invariably, such a rule depends on the decrease of the function in the following manner, for
given vk ≥ 0 and γ ∈ (0, 1):

If f(xk+1) ≤ f(x̂`)− γvk, then x̂`+1 ← xk+1 and ` ← ` + 1 . (3)

In general, the predicted decrease vk is defined as vk := f(x̂`) − fM

k (xk+1), but other alternatives are
also possible; see for instance [10]. As mentioned in [10], the inequality in (3) is a sort of Armijo rule,
used in line-searches or trust-region algorithms for smooth optimization. When the inequality in (3) is
not satisfied, then xk+1 is said to be a null iterate: the algorithm performs an unsuccessful step towards
improving (significantly) the threshold f(x̂`). However, null steps are useful to update the model fM

k . A
descent step is said to be performed when inequality (3) is satisfied: in this case, the iterate xk+1 is a
point that improves the threshold f(x̂`). As we are interested in minimizing f , it makes sense to take
the best known value f(xk+1) as the new threshold after a descent step. Therefore, we may take xk+1 as
the new stability center: x̂`+1 ← xk+1. By construction, rule (3) ensures that the sequence of stability
centers (or descent iterates) (x̂`)`∈N is a subsequence of (xk)k∈N, the sequence of iterates generated by
solving subproblem (2).

Instead of employing rule (3), the present paper proposes a more general classification rule aiming to
provide strong results on the sequence of stability centers:

If f(xk+1) ≤ f(x̂`)− γvk then x̂`+1 ← PXk
(x0) and ` ← ` + 1 . (4)

In rule (4), PXk
(x0) stands for the projection of a given initial point x0 ∈ X onto a well-chosen subset

Xk ⊆ X (see (17) below).

Notice that by taking Xk = {xk+1} rule (4) coincides with (3) for any given x0 in H. However, other
alternatives to Xk are also possible and may imply that (x̂`)`∈N is not a subsequence of (xk)k∈N. We are
particularly interested in projection sets Xk that provide the following properties:

(i) the sequence of stability centers (x̂`)`∈N generated by the method converges strongly to PS∗(x0);
(ii) the entire sequence of stability centers is contained in a ball with diameter equal to the distance

between the initial point and the solution set;
(iii) if the sequence of stability centers is finite, x̂ being its last element, then x̂ is the solution of

problem (1) closest to x0, and the sequence of null steps (xk)k∈N converges strongly to x̂.

The above three properties improve the results given in [9, Proposition 4.3 and Theorem 4.4] for proximal
bundle methods employing (3), that we recall here:

(i’) if the sequence of stability center is infinite, then the sequence (f(x̂`))`∈N converges to f∗. Moreover,
if H a is finite-dimensional space, then (x̂`)`∈N converges to a solution of problem (1);
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(iii’) if the sequence of stability centers is finite, x̂ being its last element, then x̂ is the solution of
problem (1), and the sequence of null steps (xk)k∈N converges strongly to x̂.

Notice that item (i’) from [9] does not mention anything about the behavior of (x̂`)`∈N when H is
an infinite-dimensional space. Moreover, item (ii) above is not present in [9], that employs rule (3) to
define the stability centers. Since the proposed rule (4) only has an impact over the sequence of stability
centers (x̂`)`∈N, it is natural to expect that when (x̂`)`∈N has finitely many elements, strong convergence
of (xk)k∈N to the last stability center x̂ follows from [9, Theorem 4.4], see item (iii’). In contrast to (iii),
item (iii’) from [9] does not state that x̂ is the solution of problem (1) closest to x0.

We emphasize that property (i) establishes a connection between convex nondifferentiable minimization
problems and minimal norm solution problems, that have been mostly studied in the differentiable
setting; see [4,16] and references therein. Notice that property (i) states that the limit of the sequence
(x̂`)`∈N is a point in the solution set S∗ of problem (1) that also solves the following second-stage problem

min ‖x− x0‖ s.t. x ∈ S∗ , (5)

known as the minimal norm solution problem of (1) (mainly when x0 = 0 belongs to X).

The main contributions of the present paper are the following:

– improvement of the proximal bundle method given in [9], showing strong convergence of the whole
sequence of stability centers (compare properties (i) and (i’) above);

– we show that as long as problem (1) has a solution, the sequence of stability centers is contained in a
certain ball with fixed radius;

– strong converge is shown without knowing the optimal value f∗ of problem (1). This differs from the
analysis of [6];

– provided that x0 belongs to X, the proposed bundle algorithm solves the minimal norm solution
problem associated to (1) without requiring either differentiability or Lipschitz continuity of f , in
contrast to the methods given in [4].

This paper is organized as follows. Section 2 presents the connection of minimal norm solution problems
and property (i). In Section 3 we rely on the proximal bundle method given in [9] to provide our algorithm.
Moreover, we propose an easy manner to define the projection set Xk in (4) in order to ensure the stated
properties (i)-(iii). Section 4 gives the convergence analysis of the proposed method. The interest of
property (i) is highlighted in Section 5 on several unit-commitment problem instances.

Notation

Our notation is standard. For any points x, y ∈ H, 〈x, y〉 stands for an inner product in a real Hilbert
space H, and ‖ · ‖ for its associated norm, i.e., ‖x‖ =

√
〈x, x〉. The closed ball centered at x with radius

R is denoted by B[x, R]. For a set X ⊂ H, we denote by iX its indicator function, i.e., iX(x) = 0
if x ∈ X and iX(x) = +∞ otherwise. The relative interior of X, denoted by ri(X), is the interior
of X relative to its affine hull. The affine hull of X is the intersection of all affine sets that contain
X. Given a convex function f , we remind the definition of the subdifferential of f at the point x, i.e.,
∂f(x) = {g ∈ H | f(y) > f(x) + 〈g, y − x〉 ∀ y ∈ H}. Throughout this paper we assume that f satisfies
the following property:

∂f is bounded on bounded sets, (6)

which holds automatically when H is a finite-dimensional space in view of Theorem 4.6.1(ii) in [8]. For
some equivalences with condition (6) see for instance [3, Proposition 16.17]. Assumption (6) has been
considered in the convergence analysis of many optimization methods in infinite-dimensional spaces; see
for instance [1,5,6] and references therein. In [9], the assumption (6) is also used, although this hypothesis
is not explicitly stated in [9, Proposition 4.3].
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2 Minimal norm solution problem

Let S∗ be the solution set of problem (1), which is convex and closed (remember that X is a convex and
closed set, and f is a convex and lower semicontinuous function). Suppose that problem (1) has multiple
optimal solutions. In this case, one may be interested in finding a point in S∗ satisfying some specific
criterion: for instance, the minimal norm solution with respect to the initial point, x0, that is the unique
solution of the second-stage problem (5).

The recent work [4] proposes a gradient-based method for solving minimal norm solution problems
assuming in (1) that H = Rn, x0 is an arbitrary point, f is differentiable, and Lipschitz continuous on
Rn. As in this paper, [4] finds the optimal solution of problem (5) dealing explicitly only with the core
problem (1). In what follows we present an example illustrating the usefulness of property (i).

2.1 Unit-commitment problem

Consider a hydro-thermal system composed of m power plants (hydro-valleys, thermal or nuclear-plants),
and the task of determining which power plants are to be used in order to generate enough power to
satisfy an electrical load demand d ∈ RT , with minimum operating cost and reliability. Depending on
the time-horizon T of planning, this problem is known as a unit-commitment problem, and it can be
written schematically as:

minp∈Rn

m∑

i=1

ci(pi)

s.t.

m∑

i=1

hi(pi) ≥ d (7)

pi ∈ P i ⊆ Rni ,

where a unit is represented by i, with ci : Rni → R and hi : Rni → RT its cost and production functions,
respectively. The decision variable pi stands for the production schedule, which lies in the feasible set of
technical constraints P i, and has operating cost ci(pi). The constraint

∑m
i=1 hi(pi) ≥ d links the decision

variables in order to satisfy the offer-demand equilibrium constraints. These can also cover spinning
reserve requirements (e.g., [14,11]). The main difficulties of the problem reside in its large scale (m, n)
and heterogeneity: hydro valleys have fundamentally different constraints (e.g., [13,28]) than thermal
units (e.g., [19,20]) and potentially stochastic nature; see for instance [27,7,23] and references therein.

Due to the presence of multiple coupling constraints, Lagrangian Relaxation appears as a natural ap-
proach for dealing with this kind of problems; see [24] and references therein. The dual problem of (7)
can be represented as (1) by taking

f(x) = 〈x, d〉 −
m∑

i=1

(
min

pi∈P i
ci(pi)− 〈x, hi(pi)〉

)
, (8)

and X = RT
+. The key advantage of moving to the dual is that the above inner problem is separable and

can be solved by special dedicated approaches that can exploit specific structures.

Let x̄ be an optimal dual solution. Due to its economic interpretation, x̄ represents the marginal costs
of power production. Since the price of electricity is decided by taking into account the marginal costs,
power companies and/or governmental entities may wish to keep x̄ as small as possible (high marginal
costs imply a high price for the electricity). Therefore, for the unit-commitment problem the aim is
to find a solution to the dual problem like (1) with the minimal norm, i.e., finding x∗ solution of the
second stage problem (5) with reference point given by x0 = 0 in Rn. In other words, one wishes to
find x∗ = PS∗(x0). Alternatively, x0 could be a specific smooth signal and we may wish to single out a
dual solution closest to such a signal. The suggested method can thus be interpreted as a natural way
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of obtaining stabilized prices, without penalizing the oscillation behavior of x in the dual objective f , as
proposed in [29].

We emphasize that the proposed algorithm that solves problem (1) finds the optimal solution of (5)
without explicitly dealing with the latter problem. This is a consequence of property (i).

3 Strongly convergent proximal bundle method

The proposed method for solving problem (1) generates two sequences of feasible iterates: (xk)k∈N and
(x̂`)`∈N both contained in X. For each point xk (respectively x̂`) an oracle is called to compute f(xk)
and a subgradient gk ∈ ∂f(xk) (respectively f(x̂`) and ĝ` ∈ ∂f(x̂`)). With such information, the method
creates the linearization

fL

k (x) := f(xk) + 〈gk, x− xk〉 ≤ f(x) , (9)

where the inequality follows from the convexity of f . At iteration k a polyhedral cutting-plane model of
f is available:

fM

k (x) := max
j∈Bk

fL

j (x) with Bk an index set, e.g., Bk ⊂ {1, . . . , k} . (10)

The index set Bk gathers the bundle of information: {xj , f(xj), gj}j∈Bk
.

As already mentioned, given a stability center x̂` and a prox-parameter tk > 0, the next iterate xk+1 is
obtained by solving subproblem (2). Some properties of the minimizer xk+1 are given in the following
lemma.

Lemma 1 Suppose that one of the following constraint qualifications holds: X is a polyhedral set or
ri(X) 6= ∅. Denoting by iX the indicator function of the set X, the optimality conditions for (2) imply

xk+1 = x̂` − tkpk with pk = pk
f + pk

X , (11)

where pk
f ∈ ∂fM

k (xk+1) and pk
X ∈ ∂iX(xk+1). Moreover, the affine function

fL

ka(x) := fM

k (xk+1) + 〈pk, x− xk+1〉 (12)

is an underestimate of the model: fL

ka(x) ≤ fM

k (x) for all x ∈ X.

Proof Under the current constraint qualification, relation (11) comes from the optimality conditions of
the problem

min
x

fM

k (x) +
1

2tk
‖x− x̂k‖2 + iX(x) ,

which is equivalent to problem (2) in terms of optimal value and solution xk+1.

Since pk
f ∈ ∂fM

k (xk+1) and pk
X ∈ ∂iX(xk+1), the subgradient inequality gives

fM(xk+1) + 〈pk
f , x− xk+1〉 ≤ fM

k (x)

〈pk
X , x− xk+1〉 ≤ iX(x)

for all x ∈ X. By summing the above inequalities and using (11) we get (12). ut

We next provide useful connections between the predicted decrease vk and the aggregate linearization
error defined as:

êk := f(x̂`)− fL

ka(x̂`) . (13)

We also establish a key relation that will be the basis for the subsequent convergence analysis.
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Proposition 1 Let ` ≥ 0, vk = f(x̂`)− fM

k (xk+1) in (4), and K` be an index set gathering the iterates
issued by the `-th stability center x̂`, i.e.,

K` := {k ∈ N | xk+1 = x̂` − tkpk} .

It holds that
êk ≥ 0, êk + tk‖pk‖2 = vk ≥ 0 for all k ∈ K`. (14)

Moreover, the following inequality holds:

f(x̂`) ≤ f(x) + êk + ‖pk‖‖x̂` − x‖ for all x ∈ X and k ∈ K` . (15)

Proof Let k ∈ K`. The fact that êk ≥ 0 follows directly from (9) and (12). To show (14), note that

êk = f(x̂`)− fL

ka(x̂`)
= f(x̂`)− (fM

k (xk+1) + 〈pk, x̂` − xk+1〉)
= vk − 〈pk, x̂` − xk+1〉
= vk − tk‖pk‖2,

where the last equality follows from (11). This completes the proof of (14).

We next verify (15). Using again (9), for all x ∈ X, it holds that

f(x) ≥ fL

ka(x)
= fM

k (xk+1) + 〈pk, x− xk+1〉
= f(x̂`)− (f(x̂`)− fM

k (xk+1)) + 〈pk, x− x̂`〉+ 〈pk, x̂` − xk+1〉
= f(x̂`)− vk + 〈pk, x̂` − xk+1〉+ 〈pk, x− x̂`〉
= f(x̂`)− êk + 〈pk, x− x̂`〉

and (15) follows by taking into account (14) and the Cauchy-Schwartz inequality. ut

Provided that the stability sequence (x̂`)`∈N is bounded (this feature comes from item (ii) to be shown in
Proposition 3 below), it follows from inequality (15) that convergence amounts to obtaining the following
property:

a subsequence ((êk, pk))k∈A such that limk∈K êk = 0 and limk∈K ‖pk‖ = 0. (16)

Hence, a proximal bundle algorithm can stop with a satisfactory solution x̂` when both êk and ‖pk‖ are
small.

3.1 Definition of the projection set

In order to obtain the properties (i)-(iii) stated in the introduction, a crucial requirement for the pro-
jection set Xk is the inclusion S∗ ⊆ Xk ⊆ X for all k, where S∗ is the solution set of problem (1). With
the aim of providing property (ii), the projection set Xk must contain the points x ∈ X that satisfy the
angular constraint 〈x0 − x̂`, x− x̂`〉 ≤ 0, for a given initial point x0 ∈ X (see Proposition 3 below). We
will provide a certain minimal requirement for the projection set, which is crucial to obtain (i)-(iii). We
will refer to this set as Xmin

k . Then convergence will be shown for all sets Xk satisfying S∗ ⊆ Xk ⊆ Xmin
k .

The minimal projection set is defined as:

Xmin
k :=

{
x ∈ X

∣∣∣∣
〈ĝ`, x− x̂`〉 ≤ fbest

k − f(x̂`)
〈x0 − x̂`, x− x̂`〉 ≤ 0

}
with fbest

k = min
1≤j≤k+1

f(xj) . (17)

A tighter projection set can be obtained by inserting the cutting-plane model in definition (17), that is

Xk :=



x ∈ X

∣∣∣∣∣∣

fM

k (x) ≤ fbest
k

〈ĝ`, x− x̂`〉 ≤ fbest
k − f(x̂`)

〈x0 − x̂`, x− x̂`〉 ≤ 0



 ⊆ Xmin

k , (18)
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with fbest
k defined in (17). An even tighter set is available when the optimal value f∗ of (1) is known:

just replace fbest
k in (18) by f∗. Naturally, the tighter is Xk ⊇ S∗ the better is the stability center

x̂`+1 = PXk
(x0). Ideally, one wishes to have Xk = S∗ so that x̂`+1 would be the solution of problem (1)

that is nearest to the initial point, solving in this way a sort of minimal normal solution problem.
However, having Xk = S∗ is, of course, impossible in practice.

We recall that we have assumed that S∗ 6= ∅. We now proceed to show that the sequence of points
generated by rule (4) is well defined. In order to do so, we follow the lead of [5] to define the following
set

V := {x ∈ H | 〈x0 − x, z − x〉 ≤ 0, for all z ∈ S∗} ,

which is nonempty because x0 belongs to V.

Proposition 2 Let k be an iteration index such that the point xk+1 satisfies the inequality in (4).
Moreover, let Xk be defined in (17), and x̂`+1 = PXk

(x0). If x̂` ∈ V , then

(a) S∗ ⊆ Xk ⊆ X and x̂`+1 ∈ V ;
(b) as a result of (a), the whole sequence (x̂`)`∈N is contained in V , and the inclusion S∗ ⊆ Xk holds.

Proof Let z ∈ S∗ be a solution of problem (1). It follows from the convexity of f that

〈gx̂`
, z − x̂`〉 ≤ f(z)− f(x̂`) ≤ fbest

k − f(x̂`) ,

where the last inequality follows from definition of fbest
k . This shows that z satisfies the first inequality

in (17). Since x̂` belongs to V by assumption, we have 〈x0 − x̂`, z − x̂`〉 ≤ 0 and z satisfies the second
inequality in (17) as well. Hence, we have shown that S∗ ⊆ Xk. Since S∗ 6= ∅, then Xk is nonempty
and thus x̂`+1 = PXk

(x0) is well defined. The inclusion Xk ⊆ X is trivial. Since x̂`+1 is the orthogonal
projection of x0 onto the projection set Xk, the inequality

〈x− x̂`+1, x0 − x̂`+1〉 ≤ 0 holds true for all x ∈ Xk .

In particular, 〈z − x̂`+1, x0 − x̂`+1〉 ≤ 0 for all z ∈ S∗, i.e., x̂`+1 belongs to V , showing item (a). In
order to show item (b), notice that x0 ∈ V . To prove that the whole sequence (x̂`)`∈N is contained in V
apply item (a) inductively. Since xk+1 satisfying (4) was arbitrary, we have S∗ ⊆ Xk ⊆ X as it was to
be shown. ut

Corollary 1 The statements of Proposition 2 also hold when Xk is defined as in (18).

Proof In order to show that S∗ ⊆ Xk, we need only establish fM

k (z) ≤ fbest
k for all z ∈ S∗. The latter

inequality readily follows from fM

k (z) ≤ f(z) ≤ fbest
k . The remainder of the proof is a verbatim copy of

that of Proposition 2. ut

Remark 1 Obviously convexity of Xk, orthogonal projection, and S∗ ⊆ Xk are the important properties
for deriving a result similar to Proposition 2. The choice Xk = {xk+1}, which results in rule (3), can not
be shown to have properties (a) and (b) above.

3.2 Strong proximal bundle algorithm

The strong proximal-bundle algorithm can be written as follows:

Algorithm 1 Strongly convergent proximal-bundle algorithm

Step 0. (Initialization) Select γ ∈ (0, 1) and t1, tmin such that t1 ≥ tmin > 0. Choose x0 ∈ X and
stopping tolerances Tolê, Tolp > 0. Call an oracle to compute (f(x0), g0).
Set x̂0 ← x0, k ← 0, ` ← 0 and B0 ← {0},
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Step 1. (Next iterate) Obtain xk+1 by solving (2)
Set pk ← (x̂` − xk+1)/tk, vk ← f(x̂`)− fM

k (xk+1), and êk ← vk − tk‖pk‖2
Step 2. (Stopping test) If êk ≤ Tolê and ‖pk‖ ≤ Tolp, stop
Step 3. (Oracle call) Call the oracle to compute (f(xk+1), gk+1)

Step 3.1.(Descent test) If f(xk+1) ≤ f(x̂`)− γvk, then
Set Xk as in (17) (or as in (18)) and obtain x̂`+1 ← PXk

(x0)
Call the oracle again to compute (f(x̂`+1), ĝ`+1)
Set ` ← ` + 1 and choose tk+1 ≥ tk

Step 3.2.(Null step) Else, choose tk+1 ∈ [tmin, tk]
Step 4 (Bundle management) Choose Bk+1 ⊃ {k + 1, ka}

Set k = k + 1 and go back to Step 1.

The aim of the algorithm is to estimate a solution to problem (1) as accurately as possible. The stability
centers x̂` provide such an estimation.

We emphasize that the aggregate linearization fL

ka must enter into the bundle (i.e., ka ∈ Bk+1) only
when some active linearization fL

j is excluded (we say that fL
j is an active linearization at iteration k

when fL
j (xk+1) = fM

k (xk+1)). This is the so called bundle compression mechanism, that allows for a
limit-memory algorithm.

Essentially Algorithm 1 is a classical proximal bundle method, except for Step 3.1. Notice that if we
choose Xk = {xk+1} for all k, then the next stability x̂`+1 coincides with xk+1, and we have the classical
rule (3) to define the stability center. Convergence can then be established following classic lines of proof
(see for instance, [9] and [10]). However, when Xk is defined as in (17) (or (18)), then (x̂`)`∈N converges
strongly to PS∗(x0), as we will show in the next section.

4 Convergence analysis

We start this section by showing that property (ii) stated in Section 1 holds.

Proposition 3 Let x∗ ∈ S∗ be the projection of the initial iterate x0 onto S∗, i.e., x∗ = PS∗(x0).
Moreover let Xk be such that S∗ ⊆ Xk. Then, the sequence (x̂`)`∈N is contained in the closed ball centered
in (x0 + x∗)/2 with radius ‖x∗ − x0‖/2, i.e.,

(x̂`)`∈N ⊂ B

[
x0 + x∗

2
,
‖x∗ − x0‖

2

]
. (19)

Proof Define the points y` = x̂` − 1
2 (x0 + x∗) and y∗ = x∗ − 1

2 (x0 + x∗). With this definition we can
write x0 as x0 = −y∗ + 1

2 (x0 + x∗). Since x∗ ∈ S∗ ⊆ Xk, it follows from the angular inequality defining
Xk that

0 ≥ 〈x∗ − x̂`, x0 − x̂`〉
=

〈
[y∗ +

1
2
(x0 + x∗)]− [y` +

1
2
(x0 + x∗)], [−y∗ +

1
2
(x0 + x∗)]− [y` +

1
2
(x0 + x∗)]

〉

= 〈y∗ − y`,−y∗ − y`〉 = ‖y`‖2 − ‖y∗‖2.

Hence, we have shown that

∥∥∥∥x̂` − x0 + x∗
2

∥∥∥∥ ≤
∥∥∥∥x∗ − x0 + x∗

2

∥∥∥∥ =
‖x∗ − x0‖

2
,

establishing (19). ut
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In what follows we assume that Tolê = Tolp = 0 and that Algorithm 1 does not stop. If the algorithm
stops, then by (15) the last stability center x̂` is a solution to problem (1), and by Proposition 3 all the
stated properties (i)-(iii) are automatically satisfied (since the sequences (x̂`)`∈N and (xk)k∈N are finite).
In order to establish the stated properties (i) and (iii), assuming that the algorithm does not stop, we
split our analysis into the two exclusive cases below:

– either the stability center x̂` = x̂ remains unchanged after a finite number of iterations;
– or there are infinitely many stability centers.

The first case is addressed in [9, Proposition 4.3], since Algorithm 1 coincides with the one given in
[9] when finitely many descent steps are performed. However, since assumption (6) is required in [9,
Proposition 4.3] but not explicitly stated, we provide the complete proof here.

4.1 Finitely many stability centers

Notice that for iterates in which the stability center x̂` is fixed, i.e., null steps, Algorithm 1 works like
the classical proximal bundle method. We assume in this subsection that there exists a last stability
center x̂` = x̂, i.e., the descent step counter ` is no longer updated for all iteration indices k greater than
a certain k̄. Let k ≥ k̄; we start by defining the following two useful functions:

fS

k (x) := fM

k (x) +
1

2tk
‖x− x̂‖2 (20)

fS

ka(x) := fL

ka(x) +
1

2tk
‖x− x̂‖2 (21)

= fM

k (xk+1) + 〈pk, x− xk+1〉+
1

2tk
‖x− x̂‖2 .

Notice that fS

ka is twice differentiable:

∇fS

ka(x) = pk +
x− x̂

tk
and ∇2fS

ka(x) =
1
tk

I ,

where I is the identity operator in H, i.e., I(x) = x for all x ∈ H. It follows from (11) that ∇fS

ka(xk+1) =
0, i.e., the point xk+1 is the unique solution of the problem minx∈H fS

ka(x) . Moreover, since fS

ka is
quadratic, its second-order Taylor expansion is exact:

fS

ka(x) = fS

ka(xk+1) + 〈∇fS

ka(xk+1), x− xk+1〉+
1
2
〈∇2fS

ka(xk+1)(x− xk+1), x− xk+1〉

= fS

ka(xk+1) + 〈0, x− xk+1〉+
1

2tk
〈I(x− xk+1), x− xk+1〉

= fS

ka(xk+1) +
1

2tk
‖x− xk+1‖2

= fS

k (xk+1) +
1

2tk
‖x− xk+1‖2 , (22)

where the last equality follows from (20) and (21). The above development is crucial to show the following
Lemma, which is essentially a reformulation of [10, Lemma 6.3] to our setting.

Lemma 2 Let fS

k be the model given in (20) and xk+1 be a null iterate, obtained from the stability
center x̂. If tk+1 ≤ tk ≤ tk−1, then

(a) the sequence (fS

k (xk+1))k∈N is nondecreasing and satisfies

fS

k (xk+1) +
1

2tk
‖xk+2 − xk+1‖2 ≤ fS

k+1(xk+2) ;
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(b) the sequence (fS

k (xk+1))k∈N is bounded from above:

fS

k (xk+1) +
1

2tk
‖x̂− xk+1‖2 ≤ f(x̂) ;

(c) the inequality

fM

k+1(xk+1)− fM

k−1(xk) ≤ fS

k (xk+1)− fS

k−1(xk) +
1

tmin
‖xk+1 − xk‖‖x̂− xk‖

holds true.

Proof As the aggregate index ka enters the bundle in Step 4 of Algorithm 1, it follows that fL

ka(x) ≤
fM

k+1(x) for all x ∈ H. Thus, using (21), we have

fS

ka(x) = fL

ka(x) +
1

2tk
‖x− x̂‖2

≤ fM

k+1(x) +
1

2tk
‖x− x̂‖2

≤ fM

k+1(x) +
1

2tk+1
‖x− x̂‖2 = fS

k+1(x) ,

where the last inequality follows from the assumption tk+1 ≤ tk. Set x = xk+2 in (22) to obtain (a), and
x = x̂ to obtain (b) (it follows from definition (20), with k replaced by k + 1, that fS

k+1(x̂) = fM

k+1(x̂) ≤
f(x̂)). In order to show (c), note that

fS

k (xk+1)− fM

k (xk+1) =
1

2tk
‖xk+1 − xk + xk − x̂‖2

≥ 1
2tk

‖xk − x̂‖2 +
1
tk
〈xk+1 − xk, xk − x̂〉

≥ 1
2tk−1

‖xk − x̂‖2 +
1
tk
〈xk+1 − xk, xk − x̂〉

≥ fS

k−1(xk)− fM

k−1(xk) +
1
tk
〈xk+1 − xk, xk − x̂〉 ,

where the second inequality is due to tk ≤ tk−1. The result follows by applying the Cauchy-Schwartz
inequality and assumption tk ≥ tmin > 0. ut

Items (a)-(c) in Lemma 2 are useful in the next lemma, which shows that the cutting-plane model
evaluated at the iterate xk asymptotically approximates the value of the function.

Lemma 3 In addition to the setting of Lemma 2, assume (6). Then the following holds

lim
k→∞

[f(xk)− fM

k−1(xk)] = 0 .

Proof By Lemma 2(a) the sequence (fS

k (xk+1))k∈N is nondecreasing. Thus, there exists a constant C > 0
such that fS

k (xk+1) ≥ −C for all k. Using Lemma 2(b), we conclude that

1
2tk

‖x̂− xk+1‖2 ≤ f(x̂)− fS

k (xk+1) ≤ f(x̂) + C ,

showing that the sequences (‖x̂− xk‖)k∈N and (xk)k∈N are bounded, since (tk)k∈N is nonincreasing. By
assumption (6), the subdifferential of f is bounded on bounded sets. It thus results that (gk)k∈N is a
bounded sequence.

By Lemma 2(b) the sequence (fS

k (xk+1))k∈N is bounded from above by f(x̂). Lemma 2(a) shows that
(fS

k (xk+1))k∈N is nondecreasing and hence

lim
k→∞

[fS

k+1(xk+2)− fS

k (xk+1)] = 0 and lim
k→∞

‖xk+2 − xk+1‖2 = 0 , (23)
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where the second limit follows from Lemma 2(a) and the assumption that tk is nonincreasing. Since
k ∈ Bk, we have:

f(xk) + 〈gk, x− xk〉 = fL

k (x) ≤ fM

k (x) for all x ∈ H.

Setting x = xk+1 in the above inequality, we get f(xk) = fL

k (xk+1) + 〈gk, xk − xk+1〉. Therefore,

f(xk)− fM

k−1(xk) = fL

k (xk+1) + 〈gk, xk − xk+1〉 − fM

k−1(xk)
≤ fM

k (xk+1) + 〈gk, xk − xk+1〉 − fM

k−1(xk)
≤ fS

k (xk+1)− fS

k−1(xk) + 1
tmin
‖xk+1 − xk‖‖x̂− xk‖+ 〈gk, xk − xk+1〉 ,

where the last inequality is due to Lemma 2(c). Applying the limit with k →∞ in the above inequalities
and taking into account (23), remembering that (xk)k∈N and (gk)k∈N are bounded sequences, we conclude
that lim supk→∞[f(xk) − fM

k−1(xk)] ≤ 0. Since f is convex, we have f(xk) ≥ fM

k−1(xk) and the result
follows. ut

We can now show that property (iii) holds:

Proposition 4 (Finitely many stability center) Assume that (6) holds and suppose that there exists
a last stability center x̂ such that the descent test (4) does not hold for k large enough. Then (16) holds,
x̂ = PS∗(x0), and the sequence (xk)k∈N converges strongly to x̂.

Proof Lemma 3 ensures that limk→∞[f(xk)− fM

k−1(xk)] = 0. Since the descent test (4) does not hold for
k large enough, it follows from (4) that

0 = lim
k→∞

[f(xk)− fM

k−1(xk)] ≥ lim
k→∞

(f(x̂)− γvk−1 − fM

k−1(xk)) = lim
k→∞

(1− γ)vk−1 ,

i.e., vk → 0 because vk ≥ 0 (c.f. Proposition 1). Since tk ≥ tmin > 0, it follows from (14) that

0 = lim
k→∞

vk = êk + tk‖pk‖ ≥ êk + tmin‖pk‖ ≥ 0 , (24)

i.e., property (16) holds because êk ≥ 0. Applying the limit with k → ∞ in (15) for a fixed x̂` = x̂, we
conclude that

f(x̂) ≤ f(x) + lim
k→∞

[êk + ‖pk‖‖x− x̂‖] = f(x) .

Since x ∈ X is arbitrary, we conclude that x̂ is a solution to problem (1).

Moreover, it follows from Proposition 3 that x̂ belongs to the ball B defined in (19), whose diameter is
‖PS∗(x0)−x0‖. It is readily seen that x0 belongs to B as well. Hence, by defining x∗ = PS∗(x0) we have
the inequality

‖x̂− x0‖ ≤ ‖x∗ − x0‖ .

Since the solution set S∗ is convex and the projection is orthogonal, then x∗ satisfies the strict inequality:

‖x∗ − x0‖ < ‖z − x0‖ for all z ∈ S∗\{x∗} .

It thus follows from the two inequalities above that x̂ = x∗ = PS∗(x0), because x̂ ∈ S∗.
In order to show the last assertion, note that by (24), limk→∞ tk‖pk‖ = 0. By using (11) we conclude
that limk→∞ ‖xk+1 − x̂‖ = 0, i.e., (xk)k∈N converges strongly to x̂. ut

In what follows we deal with the case of infinitely many stability centers. The choice of Xk then becomes
crucial.
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4.2 Infinitely many stability centers

We start by providing the following useful result.

Lemma 4 Let Xk be such that Xk ⊆ Xmin
k , and let k(`) = k be the iteration in which the (` + 1)-th

stability center was determined by Algorithm 1, i.e., x̂`+1 = PXk(`)(x0). Then, it holds that

‖x0 − x̂`+1‖2 ≥ ‖x0 − x̂`‖2 +
γ2

‖ĝ`‖2 v2
k(`), (25)

for all ` ≥ 0 and with γ ∈ (0, 1).

Proof Since Xk ⊆ Xmin
k , any x ∈ Xk satisfies the two inequalities (17) defining Xmin

k . Hence, since x̂`+1 =
PXk(`)(x0), it follows by the first inequality in (17) that

〈ĝ`, x̂`+1 − x̂`〉 ≤ fbest
k(`) − f(x̂`) .

Since by definition fbest
k(`) ≤ f(xk+1) = f(xk(`)+1), we conclude that

〈ĝ`, x̂`+1 − x̂`〉 ≤ f(xk(`)+1)− f(x̂`) ≤ −γvk(`) ,

where the last inequality is due to (4). By changing the sign and applying the Cauchy-Schwartz inequality,
we get

‖ĝ`‖‖x̂` − x̂`+1‖ ≥ γvk(`) . (26)

It also follows from definition (17) of Xk(`) that 〈x0 − x̂`, x̂`+1 − x̂`〉 ≤ 0. Therefore, by developing the
squares in ‖x0 − x̂` + x̂` − x̂`+1‖, we have

‖x0 − x̂`+1‖2 ≥ ‖x0 − x̂`‖2 + ‖x̂` − x̂`+1‖2 .

Inequality (25) then follows from (26) and the above inequality. ut

Lemma 5 Let Xk be such that S∗ ⊆ Xk ⊆ Xmin
k . Assume moreover that ∂f is bounded on bounded sets,

i.e., (6) holds. Then, condition (16) holds and each weak cluster point of the sequence (x̂`)`∈N belongs to
the solution set S∗.

Proof We first recall that by Proposition 3 the sequence (x̂`)`∈N is bounded. Let k(`) be the iteration in
which the (` + 1)th stability center was determined, i.e., x̂`+1 = PXk(`)(x0). Recalling that the expected
decrease vk is nonnegative by (14), it follows from Lemma 4 that the sequence (‖x0 − x̂`‖)`∈N is nonde-
creasing. It follows from Proposition 3 that the sequence (‖x0 − x̂`‖)`∈N is bounded (from above), and
hence convergent by combining these two features. Therefore, by using (25)

0 ≤ v2
k(`)

γ2

‖ĝ`‖2 ≤ ‖x̂`+1 − x0‖2 − ‖x̂` − x0‖2,

we conclude that lim`→∞
γ2

‖ĝ`‖2 v2
k(`) = 0.

Since (x̂`)`∈N is bounded, assumption (6) ensures that (ĝ`)`∈N is also bounded. Thus,

0 = lim
`→∞

vk(`) = lim
`→∞

(êk(`) + tk(`)‖pk(`)‖) ≥ lim
`→∞

(êk(`) + tmin‖pk(`)‖) ≥ 0 ,

and (16) holds for A := {k(1), k(2), . . .}, because êk ≥ 0 for all k. Let (x̂`′)`′∈N be any weakly convergent
subsequence of (x̂`)`∈N, with weak cluster point x̄ (since (x̂`)`∈N is a bounded sequence in a Hilbert
space H, the existence of such a subsequence is ensured). Let x ∈ X be an arbitrary point and K`′ be
an index set gathering the iterates issued by the `′-th stability center, as defined in Proposition 1. It
follows from the definition that k(`′) belongs to K`′ . Writing (15) with ` replaced by `′ gives:

f(x̂`′) ≤ f(x) + êk(`′) + ‖pk(`′)‖‖x̂k(`′) − x‖ .
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We recall that f is lower semicontinuous by assumption, and hence f is also weakly lower semicontinuous.
Therefore,

f(x̄) ≤ lim inf
`′→∞

f(x̂`′) ≤ f(x) + lim inf
`′→∞

[êk(`′) + ‖pk(`′)‖‖x̂k(`′) − x‖] = f(x) ,

because (x̂`′)`′∈N is a bounded subsequence of (x̂`)`∈N. Therefore, we have shown that any weak cluster
point x̄ of (x̂`)`∈N belongs to the solution set S∗ of problem (1). ut

The following result shows that the sequence of stability centers converges strongly to the solution that
lies closest to the initial point.

Proposition 5 (Infinitely many stability centers) Let Xk be such that S∗ ⊆ Xk ⊆ Xmin
k . Assume

moreover that ∂f is bounded on bounded sets, i.e., (6) holds. Then (x̂`)`∈N converges strongly to x∗,
where x∗ is defined as x∗ = PS∗(x0).

Proof The point x∗ is well defined, since S∗ 6= ∅ is a closed and convex set. Definition of x̂` gives the
following inequality:

‖x̂` − x0‖ ≤ ‖x− x0‖ for all x ∈ Xk(`−1) , (27)

with k(` − 1) the iteration in which the `-th stability center was determined, i.e., x̂` = PXk(`−1)(x0). In
particular, it follows from Proposition 3 that S∗ ⊆ Xk(`−1) and thus,

‖x̂` − x0‖ ≤ ‖x∗ − x0‖, for all ` ≥ 0. (28)

It follows from Lemma 5 that every weak cluster point of the sequence (x̂`)`∈N belongs to S∗. Let (x̂`′)`′∈N
be a subsequence of (x̂`)`∈N that converges weakly to x̄ ∈ S∗. By adding and subtracting x0 in the term
‖x̂`′ − x∗‖2 we get ‖x̂`′ − x∗‖2 = ‖x̂`′ − x0‖2 + ‖x∗ − x0‖2 − 2〈x̂`′ − x0, x∗ − x0〉. Therefore, inequality
(28) provides

‖x̂`′ − x∗‖2 ≤ 2‖x∗ − x0‖2 − 2〈x̂`′ − x0, x∗ − x0〉 .
By applying the limit with `′ →∞ and recalling (x̂`′)`′∈N converges weakly to x̄ ∈ S∗, we obtain

lim sup
`′→∞

‖x̂`′ − x∗‖2 ≤ 2(‖x∗ − x0‖2 − 〈x̄− x0, x∗ − x0〉). (29)

We now proceed to show that the right-hand side of the above inequality is nonpositive. Since x∗ =
PS∗(x0), then 〈x0 − x∗, x̄− x∗〉 ≤ 0. This inequality gives

0 ≥ 〈x0 − x∗, x̄− x∗〉 = 〈x0 − x∗, x0 − x∗〉+ 〈x0 − x∗, x̄− x0〉
= ‖x∗ − x0‖2 − 〈x∗ − x0, x̄− x0〉 .

Thus, it follows from (29) that lim sup`′→∞ ‖x̂`′ − x∗‖2 ≤ 0, showing that (x̂`′)`′∈N converges strongly
to x∗. As (x̂`′)`′∈N is an arbitrary weakly convergent subsequence of (x̂`)`∈N, we have shown that every
weakly convergent subsequence of (x̂`)`∈N converges strongly to x∗. Hence, the whole sequence (x̂`)`∈N
converges strongly to x∗ = PS∗(x0). ut

4.3 Convergence

We summarize the results of this paper in the following theorem.

Theorem 1 Consider problem (1) with f a convex and lower semicontinuous function having ∂f bounded
on bounded sets. Suppose that X is a convex and closed subset of a real Hilbert space H. Let Tolê =
Tolp = 0 in Algorithm 1, and let Xk be defined such that S∗ ⊆ Xk ⊆ Xmin

k , where Xmin
k is defined in (17).

In addition, suppose that the solution set S∗ of problem (1) is nonempty. Then (16) is satisfied, and
properties (i)-(iii) stated in the Introduction hold true.
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Proof Proposition 5 gives item (i). Item (ii) is ensured by Proposition 3. Finally, Proposition 4 gives
item (iii) (see also Proposition 4.3 in [9], assuming (6)). ut

The following Corollary follows directly from Corollary 1:

Corollary 2 Theorem 1 holds for Xk defined as (18).

5 Some numerical experiments in unit-commitment

In this section we will present some numerical results obtained by solving specific unit-commitment
problems (7). The instances are those coming from EDF (Électricité de France). Modeling details can
be found in [11]. The main difficulty in solving the problem lies in the fact that P i is a very complex
(essentially discrete) set for several power units. The inner problem in (8) requires specific methods for
its solution. Dynamic programming methods are used for solving the subproblems related to thermal
units and special interior-point methods are used for solving the hydro-valley subproblems [15].

Beyond the derived production schedule p̄, which is obviously of great importance, the optimal dual
signal x̄ is important on its own. We begin by recalling that in order to derive p̄, additional Lagrangian
heuristics (e.g., [26,12,11]) or Augmented Lagrangian based heuristics [2] are required. We will not
investigate p̄ further, but focus on x̄ instead. This optimal dual solution x̄ can be interpreted as a price
signal explaining the optimal solution. Its information can be exploited to make minor changes to p̄ in
an economic way. For this reason properties of x̄, such as “visual” smoothness, are desirable features.
Price stabilization approaches such as those investigated in [29] are one way to obtain such features.

In the numerical tests we have used a standard proximal bundle Algorithm with elementary updating of
the proximal parameter tk. This is basically Algorithm 1 except that the projection set is Xk = {xk+1}.
Consequently, the need for a second oracle in Step 3.1 is eliminated. We refer to this algorithm as
Reference algorithm. The second version of Algorithm 1, hereafter named Strong Bundle, uses definition
(18) for Xk, which we believe is more promising. The minimal requirement set Xmin

k was experimented
on several academic cases and it was found to lead to significantly slower convergence. This choice was
therefore not retained.

The interest of the specific projection step in Algorithm 1 is well demonstrated for two different EDF
unit-commitment problems in Figures 1 and 2, where it is readily shown that the obtained price signal is
indeed closer to the initial price signal (as it should be): xref and xstrong stand for the solutions obtained
by the Reference and Strong Bundle algorithms, respectively. In particular, in Figure 1, the price spike
showing at time step 86 is reduced significantly (by 10%). This is of interest for the operator, which can
smoothen the initial price signal in order to have control over the smoothness of the optimal dual signal
provided by the algorithm. In figure 2 the prices are significantly reduced over time steps 65 to 82.

In table 1 we present some numerical results obtained with both the Reference and Strong Bundle
algorithms for the first instance. This table shows that the Strong Bundle algorithm requires significantly
more iterations and oracle calls than the Reference algorithm in order to satisfy the stopping tests given
at Step 2 of Algorithm 1. In Table 1 and 2, m is the Armijo-like constant employed in the descent test
(4).

Table 1 A comparison of the Strong Bundle algorithm with the Reference algorithm (nnex stands for nn10x)

Method Nb. Iter Nb. Oracle Calls f∗ Parameters
Reference 57 57 −3.4842e7 m = 0.1

Strong Bundle 161 267 −3.4837e7 m = 0.1
Strong Bundle 168 265 −3.4837e7 m = 0.2

Similarly, in Table 2 we show the result for the second instance of the problem. As in Figure 2, the initial
point was set as zero: x0 = 0.
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Fig. 1 A comparison of prices. Initial point x0 carefully chosen for the first problem.
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Fig. 2 A comparison of prices. Initial point x0 = 0 for the second problem.

Table 2 A comparison of the Strong Bundle algorithm with the Reference algorithm (nnex stands for nn10x)

Method Nb. Iter Nb. Oracle Calls f∗ Parameters
Reference 40 40 −5.68001e7 m = 0.1

Strong Bundle 128 243 −5.68024e7 m = 0.1
Strong Bundle 111 207 −5.67896e7 m = 0.2
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We have verified in our numerical experiments that the Strong Bundle algorithm provides a similar
function value even when stopped after a maximum number of oracle calls. For this reason we have
looked at 28 reputedly very hard instances and set the maximum number of oracle calls to 500. This
means that the Reference algorithm performs 500 iterations, whereas the Strong Bundle algorithm can
roughly perform only 250 iterations. Results are provided in Figure 3. We can observe here that the Strong
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Fig. 3 A comparison of approximate optimal values.

Bundle algorithm provides a similar dual value (even slightly better). Altogether we have sketched the
interest of using the Strong Bundle algorithm despite the increased number of iterations, that can be
effectively reduced by considering a hybrid approach, as described below.

5.1 Hybrid algorithm

A hybrid approach combining both Reference and Strong Bundle algorithms could be of interest to
reduce the number of iterations and oracle calls, bringing these quantities down to a more reasonable
level. Such a hybrid approach could simply consist of the following two phases:

First phase: run a classical proximal bundle method for several iterations or until satisfying a loose
stopping test;

Second phase: run and warm start the strong bundle method. For warm starting purposes, we can use
the previously obtained cutting-plane model and the (better) estimate fbest for f∗, constructed in the
first phase.

In both phases, it is probably desirable to employ a more efficient rule to update the prox-parameter tk

(e.g., poor-man Newton formulæ as in [22]).

In Table 3, we provide more detailed statistics on the number of iterations needed to obtain convergence.
We have also included the above described hybrid approach for comparaison. These statistics were
obtained on 50 easier instances. Consequently we have set the maximum number of oracle calls to 1000.
The results of Table 3 clearly show that by combining both the Reference and Strong Bundle algorithms,
in addition to an efficient rule for updating the prox-parameter, one should not be concerned to much
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about the increase in the number of oracle calls of the basic Strong Bundle algorithm versus the Reference
one.

Table 3 Statistics on the number of oracle calls on 50 easy instances

Method Average Standard deviation Minimum Maximum Parameters
Reference 157.5 70.8 57 392 m = 0.1

Strong Bundle 388.9 138.0 189 762 m = 0.1
Strong Bundle 390.0 134.2 189 702 m = 0.2
Strong Bundle 398.5 143.2 189 784 m = 0.3
Strong Bundle 406.4 149.6 189 861 m = 0.4

Hybrid 65.9 66.9 19 327 m = 0.1

6 Concluding Remarks

We have proposed a strongly convergent proximal bundle method in a real Hilbert space. Other strongly
convergent proximal variants may be obtained by changing the definitions of the predicted decrease vk

and the projection set Xk in (4). In order to obtain the stated properties (i)-(iii) is crucial to choose
the projection so that the results of Proposition 2 remain valid. Essentially, the projection set must be
selected at each iteration in such a way to contain the solution set of the optimization problem, and to
be contained in the minimal requirement set defined in (17).

Among the three properties of the proposed method, we emphasize that property (i) is of great interest
in some practical applications, such as unit-commitment in which a minimal norm solution is requested.
In particular, this feature was highlighted on unit-commitment problems coming from EDF.

Finally, we mention that a hybrid approach combining a classical proximal bundle method with the
proposed strong bundle method was shown to be competitive with the former method, yet providing the
interesting properties of the latter one.
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