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Abstract

We consider the method of alternating projections for finding a point in
the intersection of two possibly nonconvex closed sets. We present a local
linear convergence result that makes no regularity assumptions on either set
(unlike previous results), while at the same time weakening standard transver-
sal intersection assumptions. The proof grows out of a study of the slope of a
natural nonsmooth coupling function. When the two sets are semi-algebraic
and bounded, we also prove subsequence convergence to the intersection with
no transversality assumption.
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1 Introduction

Finding a point in the intersection of two closed, convex subsets X and Y of R"
is a ubiquitous problem in computational mathematics. A conceptually simple and
widely used method for solving feasibility problems of this form is the method of
alternating projections — discovered and rediscovered by a number of authors, no-
tably von Neumann [30]. The method presupposes that the nearest point mappings
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to X and to Y can be easily computed — a reasonable assumption in a variety of
applications. The algorithm then proceeds by projecting a starting point onto the
first set X, then projecting the resulting point onto Y, and then projecting back
onto X, and so on and so forth. Sublinear convergence of the method for two inter-
secting closed convex sets is always guaranteed [10], while linear convergence holds
whenever the relative interiors of X and Y intersect [3].

The method of alternating projections makes sense even for nonconvex feasibility
problems and has been used extensively, notably for inverse eigenvalue problems
[11,12], pole placement [32], information theory [29], control design [15,16,27], and
phase retrieval [5,31]. Aiming to explain the success of the method in nonconvex
settings, the authors of [24,25] established the first (linear) convergence guarantees
for the method of alternating projections in absence of convexity. More recently,
their results have been further refined and extended in a serious of papers [6,7,18].
To date, convergence proofs in the literature combine two distinct ingredients:

(i) an appeal to a transversality-like condition of the intersection, lower-bounding
the “angle” between the two sets at a point of the intersection

(ii) a convexity-like property of one of the sets.

Easy examples immediately suggest that some condition on the intersection of
the two sets is necessary to guarantee linear convergence. The second ingredient, on
the other hand, seems more an artifact of the proofs rather than being inherently
tied to the algorithm. In this work, we entirely dispense with the second ingredient,
using an interesting new argument deviating sharply from the previous techniques.
Moreover, we show that if the two sets X and Y are semi-algebraic (meaning that
they are composed of finitely many sets each defined by finitely many polynomial
inequalities [8,13]) and one of the sets is compact, then the method of alternating
projections initiated sufficiently close to the intersection always generates iterates
whose distance to the intersection tends to zero. A result of the same flavor for
averaged projections appears in [2]; it does not subsume the result we present here.

The outline of the manuscript is as follows. In Section 2, we record the relevant
background about the method of alternating projections and we summarize the
main results of the manuscript. Section 3 contains the proof of our basic linear
convergence result. In Section 4, we compare various notions of transversality needed
to guarantee linear convergence of alternating projections. In Sections 5 and 6,
we study the slope and the coupling function, key ingredients in our convergence
argument. Finally, in Section 7 we consider alternating projections in the context
of semi-algebraic intersections. We mention in passing that all results of the latter
section hold much more generally for tame functions; see [22] for the role of such
functions in nonsmooth optimization.



2 Background on alternating projections

We consider a Euclidean space E with inner product (-,-) and norm |- |. For any
point y € E and any set X C E, the distance from y to X and the projection of y
onto X are

d(y7X> = 1nf{|y—x|x€X},
Px(y) = argmin{|y —z|:z € X},

respectively. For any point « € X, vectors in the cone
Ny(x) = {Mu:NeRy, x € Px(z+u)}

are called prozimal normals to X at x. Limits of proximal normals to X at points
rn, € X approaching x are called limiting normals, and comprise the limiting normal
cone Nx(x).

The method of alternating projections for finding a point in the intersection of
two nonempty closed sets X,Y C E iterates the following pair of steps: given a
current point x, € X,

choose  y, € Py(z,)
choose x,11 € Px(yn).

Convergence proofs typically combine two distinct ingredients, each involving angles
(which we always consider to lie in the interval [0, 7]), along the following lines; see
Figure 1 for an illustration.

e Appeal to a transversality-like condition on the intersection of X and Y to
show that the angle between the vectors

Tpn — Yn € Ng(yn) and Tn+1l — YUn € —N§($n+1)
is always larger than some constant angle 6 > 0.

e Then appeal to a convexity-like property of the set X to show that the angle
between the vectors
Tp— Tppr and Y — Tpp

cannot be much less than 7/2.

A consequence, via the elementary geometry of the triangle with vertices x,,, ¥,
and .41, is
[Yn — Tni1]

< cosf,
|xn - yn|



Figure 1: Convergence proof strategy.
L

and then a routine argument proves that the sequence of iterates converges to a point
Z in the intersection with R-linear rate cosf. In other words, the error |z, — Z| is
uniformly bounded by a multiple of (cos)".

Classically, the second ingredient above consisted simply of the assumption that
both sets X and Y were convex; see for example [4,17]. Recent nonconvex work
[1,6,7,18,24] showed that, to guarantee local linear convergence, a weaker property of
the set X suffices, a property slightly stronger than the familiar variational-analytic
notion of “Clarke regularity” [28, Definition 6.4].

Definition 2.1 (Super-regularity) A closed set X C E is super-regular at a point
z € X when, for all 6 > 0, if distinct points w,x € X are sufficiently near z, then
their difference w — z makes an angle of at least § — ¢ with any nonzero normal
v € Nx(x).

In particular, this property holds providing the projection operator Py is single-
valued on a neighborhood of z, a property known as “prox-regularity” [28, Exer-
cise 13.38]. This property was even further weakened in [26] for subanalytic inter-
sections.

In this work, we dispense entirely with this second ingredient: we make no
assumptions whatsoever about regularity properties of either set X or Y. Instead
we rely solely on transversality-like behavior of the intersection, as follows.

Definition 2.2 (Intrinsic transversality) Two sets X,Y C E are intrinsically
transversal at a point z € XNY if there exists k € (0, 1] (a constant of transversality)
and a neighborhood Z of 2z such that the difference x — y between any points = €
XNY‘NZandy €Y NX°N Z cannot simultaneously make an angle strictly less
than arcsin £ with both the cones Ni.(y) and —N% ()

For notational convenience, we introduce the normalization map ~: E \ {0} — E,
defined by z = ﬁ Then, more succinctly, this angle condition is:

—

max {d(u, Ny (y)), d(u, —Nf((m))} >k foru=u1xz-—y.



For future reference, if we replace proximal normal cones with normal cones in this
definition, we call the resulting property strong intrinsic transversality. Clearly we
have

strong intrinsic transversality = intrinsic transversality,

with the same constant k. (In a later section, we prove these properties are in fact
equivalent. )
The following is our main result.

Theorem 2.3 (Linear convergence) Suppose two closed sets X, Y C E are in-
trinsically transversal at a point z € X NY, with constant k > 0. Then, given
any constant c in the interval (0, k), the method of alternating projections, initiated
sufficiently near z, must converge to a point in the intersection X NY with R-linear
rate 1 — c2.

As we discuss later, this theorem immediately implies local linear convergence of
alternating projections near any point z where the two sets X and Y intersect
transversally: Nx(z) N —Ny(z) = {0}. The authors of [24] prove the same result,
but under the additional assumption that at least one of the two sets is super-regular
at z.

It is clear that without intrinsic transversality, local linear convergence is difficult
to guarantee. However, one may ask whether local (perhaps sublinear) convergence
is always assured. It is easy to concoct pathological examples where, without in-
trinsic transversality, no matter how close the initial point is to the intersection, the
iterates generated by the method of alternating projections never tend to the inter-
section. On the other hand, such pathologies rarely appear in practice. In particular
we will show that this does not happen when both of the sets are semi-algebraic

(Theorem 7.3).

3 Proof of the basic result

Our main result, Theorem 2.3 (Linear convergence), follows quickly from the fol-
lowing appealing geometric tool. This tool concerns the distance from a point y to
a set X. Given a trial point x € X, it shows how to improve the upper bound on
|z — y| under the assumption of a uniform lower bound on the angle between normal
vectors to X at points w near z and line segments from w to y.

Theorem 3.1 (Distance decrease) Consider a closed set X C E and points x €
X andy & X with p = |y — z|. Given any constant § > 0, if

ul)relg( {d(y—/\w,NX(w)) cw € By(y) N Bs(x)} = p > 0,

then
d(y, X) < |y — x| — po.



This result is a consequence of the Ekeland Variational Principle. We prove it later,
but we first observe how our basic result follows.

We consider two closed sets X, Y C E that are intrinsically transversal at a point
z € X NY, with constant x € (0,1]. As we shall see (Proposition 6.9 (Intrinsic
transversality)), we can assume strong intrinsic transversality holds. Hence there
exists a constant ¢ > 0 such that for any distinct points x € X and y € Y, both
lying in the open ball B.(z), we have

max {d(u, Ny (y)),d(u, —Nx(z))} > & foru= -y
Now consider any point z € X and y € Py (z). We aim to deduce the inequality
d(y, X) < (1 =)y —al.

The result will then follow by a routine induction. We can assume y ¢ X, since
otherwise there is nothing to prove.
Define p = |z — y| and assume

I,y € BE—HP(Z)7

as certainly holds if z is sufficiently close to z. Consider any point w € X N By,(z).
Since |w — x| < K|z — y| < dy(x), we see w € Y, and in particular w # y. We have

d(w/—\y,Ny(y)) < d(w/—\%R+($—y)),

since z—y € Ny (y). The following simple result is useful in bounding the right-hand
side.

Lemma 3.2 Any nonzero vectors p,q € E satisfy

~ p—q
Proof The following more precise inequality is simple to verify algebraically:
g A pP—q
p— @24 < p—dl
gl
The result follows. |

Applying this result with p = w — y and ¢ = x — y shows, for any w € X N B,,(x),
the inequality
d(w - Y, NY<y>) < K,

and hence, using intrinsic transversality
d(y — w, Nx(w)) > &.
We next apply Theorem 3.1 with 6 = ¢p, and deduce
d(y, X) < (1=c*)ly —al,

as required. The result now follows.



4 Transversality and related work

We next pause to study the idea of intrinsic transversality in the context of re-
lated notions. Once again, we consider two sets X, Y C E and a point z in their
intersection X NY.

The standard variational-analytic idea of transversality (in the finite dimensional
case) is simply the property

Nx(2) N =Ny (2) = {0}.

In that case, an easy limiting argument shows that the quantity

(4.1) min max {d(u, Ny(z)),d(u,—Nx(z))}

fu=1

is strictly positive, and consequently that strong intrinsic transversality holds for
any strictly smaller constant x > 0. We immediately deduce the following corollary.

Corollary 4.2 (Transversality and linear convergence)

Suppose two closed sets X, Y C E intersect transversally at a point z € XNY . Then
the method of alternating projections, initiated sufficiently near z, must converge R-
linearly to a point in the intersection X NY . Indeed, if the minimal angle between
vectors in the closed cones Ny (z) and —Nx(z) is 0 € (0,x], then for any positive
constant ¢ < cos g, the method of alternating projections, initiated sufficiently near
z, must converge to a point in X N'Y with R-linear rate 1 — 2.

The simple example of two intersecting lines in R? shows that transversality is a
strictly stronger property than intrinsic transversality. Indeed, if the affine span of
the union X UY fails to be E, it is easy to see that transversality must fail. On the
other hand, such a deficit in the affine span has no direct bearing on the method of
alternating projections, making it appealing to consider an appropriately modified
version of transversality. We proceed as follows.

If the point zero lies in the intersection X NY, we say that X and Y intersect
relatively transversally at zero if, when considered as subsets of the Euclidean space
span(X UY'), they intersect transversally at zero. In general, we say that X and Y
intersect relatively transversally at a point z € X N'Y when the translates X — z
and Y — z intersect relatively transversally at zero. Relative transversality is easy
to recognize in the convex case, as the following result shows.

Proposition 4.3 (Relative transversality and relative interiors)
Two convex sets intersect relatively transversally at a point in their intersection if
and only if their relative interiors intersect.



The proof is a straightforward exercise in convex analysis.

Essentially the same argument as before shows that relative transversality im-
plies intrinsic transversality. We deduce a version of the linear convergence result
Corollary 4.2 with the assumption of transversality weakened to relative transver-
sality. In the convex case we retrieve classical convergence results in the case of
intersecting relative interiors.

Summarizing, we have the following implications.

transversality
—> relative transversality
—> strong intrinsic transversality

= intrinsic transversality

Of these four properties, the first is strictly stronger than the second, as shown by
the example of two intersecting lines in R?. Equally simple convex examples show
that the second is strictly stronger than the third: consider for example the space
E = R? with sets X = R x {0} and Y = {0} x R, at their point of intersection 0.
We later show the equivalence of the third and fourth properties.

Bauschke, Luke, Phan and Wang [6,7] weaken the assumption of transversality
(and indeed relative transversality) in a different way, also attuned to the method
of alternating projections. They introduce a notion of restricted normal cone that
leads (though not in their precise language) to the following idea.

Definition 4.4 (Inherent transversality) Two sets X,Y C E are inherently
transversal at a point z € X NY if there exists a constant ¢ > 0 and a neigh-
borhood Z of 2z such that, for any points x € X NY°NZandy € YN X°NZ, and
any corresponding nearest points p € Py (z) and w € Px(y), the angle between the
differences x — p and w — y is at least e.

With this assumption, along with an additional super-regularity assumption, the
authors of [6] prove linear convergence. In this context, the following result is
notable.

Proposition 4.5 (Inherent versus intrinsic transversality)

Suppose two closed sets X, Y C E are inherently transversal at a point z € X NY.
If both X and Y are super-reqular at z, then they are also strongly intrinsically
transversal at z.

Proof Suppose strong intrinsic transversality fails. Then there exists sequences
of points (z,) in X NY*° and (y,) in Y N X€, both approaching the point z, and
corresponding nonzero normals v, € Nx(z,) and ¢. € Ny(y,) (for r = 1,2,3,...),
such that the angles 6, and 1, between the difference x, — y, and the vectors —wv,
and ¢, both converge to zero.



Fix any constant 6 > 0. Choose a point w, € Px(y,) (for r =1,2,3,...). Since
the set X is super-regular at the limit point z, the angle between the difference
w, — x, and the normal vector v, is eventually always at least 5 — ¢. Similarly, the
angle between the difference x, — w, and the normal vector y, — w, € Nx(w,) is
eventually always at least § — 4. It follows, geometrically, that the angle between
the two vectors w, — vy, and x, — y, is no larger than 6, + 20, and hence converges
to zero, since J was arbitrary.

We now argue, symmetrically, that for any sequence of points p, € Py (x,) (for
r=1,2,3,...), the angle between the two vectors p, — x, and y, — x, is eventually
no larger than 1, + 2. Combining this with our previous observation shows that
the angle between x, — p, and w, — y, is eventually no larger than 0, + ¢, + 46, and
hence converges to zero, since the constant 6 > 0 was arbitrary. O

5 Slope

The intrinsic transversality properties are closely related to a coupling function,
which we discuss in the next section, and its “slope”, a notion to which we turn
next. Denoting the extended reals [—oo, +-oc] by R, if a function f: E — R is finite
at a point z € E, then its slope there is

(@) = f(w)

|V f|(x) = limsup
w—a |z — w|

wt
unless x is a local minimizer, in which case we set |V f|(z) = 0. A vector v lies
in the prozimal subdifferential OPf(x) whenever (v, —1) is a proximal normal to the
epigraph of f at (z, f(Z)); the limiting subdifferential Of(x) is defined analogously.
We always have the inequality

(5.1) V() < d(0,0(x)),

relating the slope and the proximal subdifferential. In contrast, the limiting slope

[VF|(z) = liminf [V f|(w),

f(w)—=f(z)

has an exact relationship with the limiting subdifferential

(5:2) [Vl(@) = d(0,0f (),

when f is lower semicontinuous. For a proof, see for example [14, Proposition 4.6].

Our approach to linear convergence of alternating projections relies on the follow-
ing key tool from Ioffe [19, Basic Lemma, Chapter 1], giving a slope-based criterion
for f to have a nonempty level set

f<a]l = {ueE: f(u) <a}.

9



We note in passing that the result holds more generally, with E replaced by any
complete metric space.

Theorem 5.3 (Error bound)
Suppose that the lower semicontinuous function f: E — R is finite at the point
x € E, and that the constants § > 0 and a < f(z) satisfy

inf {[Vf](w) -0 < flw) < (@), w2 <3} > LD=2

Then the level set [f < a] is nonempty, and furthermore its distance from x is no
more than %(f(a:) — a), where K denotes the left-hand side of the inequality above.
Proof We apply the Ekeland variational principle to the function g: E — R,
defined as the positive part of the function f — «. We deduce, for any constant
v € (3(f(z) — @), K), the existence of a point v minimizing the function g+ 7| —v|
and satisfying the properties g(v) < g(z) and |v — z| < %g(:p) < 6. The minimizing
property of v shows |Vg|(v) < < K. Hence g(v) = 0, since otherwise |Vg|(v) =
|V f|(v) > K. The result now follows by letting v approach K. O

Our main geometric tool, Theorem 3.1, is a special case. To see this, we apply
the first part of Theorem 5.3 (Error bound) to the function f = |- —y| 4+ dx, and
use the inequality

—_ o —

Vfl(w) = [Vfl(w) = d(y—w, Nx(w)),

which follows from equation (5.2). For any constant o < |z — y| such that p >
2(Jz — y| — @), we deduce d(y, X) < o. The result now follows.

6 The coupling function

Proving the equivalence of various intrinsic transversality notions relies on a careful
analysis of a “coupling” function for the two nonempty closed sets X, Y C E. We
define a function ¢: E?> — R by

¢(x,y) = ox(z) + |z —y| + v (y),

where dx and dy denote the indicator functions of the sets X and and Y respectively.
We also consider the marginal function ¢,: E — R (for any fixed point y € E)
defined by ¢,(x) = ¢(r,y), and the marginal function ¢,: E — R (for any fixed
point = € E) defined by ¢,(y) = ¢(x,y). Standard subdifferential calculus applied

10



to the coupling function and its marginals shows, for distinct points z € X and
yeY, withu=2x—uy,

(6.1) 0¢y(r) =u+ Nx(x) and 0%,(r) =u+ N%(x)
(6:2) 002(y) = —u+ Ny(y) and 0%.(y) = —u+ Ny (y)
(6.3)  0¢(x,y) = 0dy(x) X 09.(y) and 0(x,y) = 0", (x) x P.(y)

Using the relationships (5.1) and (5.2), we arrive at the following expressions for
the slopes and limiting slopes:

(6.4) [Vo,|(z) = d(u,—Nx(z)) and |V¢,|(z) <d
(6.5) [Voal(y) = d(u, Ny(y)) and |Vé,|(y) <d

We also note

(6.6) Val(@.y) =/ (Vo ]@) + (Va.l(v)"

Thus equipped, we can rewrite strong intrinsic transversality at a point z € X NY
in an equivalent form.

Definition 6.7 Two sets X, Y C E are strongly intrinsically transversal at a point
z € X NY if there exists k > 0 (a constant) and a neighborhood Z of z such that,

for any points x € X NY°NZ and y € Y N X°N Z, the limiting slopes |V¢,|(x)

and |V¢,|(y) cannot both be strictly less than k.

Crucial to our development is the corresponding property with slopes replacing
limiting slopes.

Definition 6.8 Two sets X, Y C E are strictly intrinsically transversal at a point
z € X NY if there exists k > 0 (the constant) and a neighborhood Z of z such that,
for any points x € XNY°NZ and y € Y NX°NZ, the slopes |V, |(z) and [V, |(y)
cannot both be strictly less than x:

max {|Vo,|(2), [Veal(y)} = &

Proposition 6.9 (Intrinsic transversality) Consider a point z in the intersec-
tion of two closed sets X, Y C E. For any constant k > 0, the properties of intrinsic
transversality, strong intrinsic transversality, and strict intrinsic transversality are
all equivalent.

Proof Clearly strong intrinsic transversality implies strict intrinsic transversal-
ity, because the limiting slope is never larger than the slope. On the other hand,
strict intrinsic transversality implies intrinsic transversality, due to the inequalities

11



in (6.4) and (6.5). It remains to prove intrinsic transversality implies strong intrinsic
transversality.

Suppose strong intrinsic transversality fails. Then, given any open neighborhood
Z of z, there exist points x € XNY°NZ and y € Y N XN Z with both the limiting
slopes |V, |(x) and |V¢,|(y) strictly less than x. Equation (5.2) then ensures the
existence of subgradients p € 0¢,(z) N kB and ¢ € 0¢.(y) N KB, where B denotes
the open unit ball. The relationship (6.3) shows (p,q) € 9¢(z,y), so there exist
points ' € X NY°NZ and ¢y € Y N XN Z and a proximal subgradient

(p',q") € Po(a',y') N k(B x B) = (0" (') NkB) X (P (y') N KB).

Applying the inequalities in (6.4) and (6.5), we deduce that both the slopes |V, |(2)
and |V, |(y') are strictly less than . Since the neighborhood Z was arbitrary,
intrinsic transversality also fails. |

Notice that, according to equation (6.6), our intrinsic transversality properties
amount to assuming that the slope of the coupling function |Vo|(z,y) is uniformly
bounded away from zero as points x € X NY* andy € Y N X approach z.

7 Semi-algebraic intersections

In our main result, Theorem 2.3 (Linear convergence), we showed that intrinsic
transversality implies local linear convergence of alternating projections. Motivated
by this result, we begin this section by asking: to what extent is intrinsic transver-
sality a common property? Classically (and reassuringly) two smooth manifolds
“typically” intersect transversally: that is, almost all linear perturbations to the
manifolds yield a transverse intersection. The following theorem show that the anal-
ogous result holds much more generally for semi-algebraic sets — those sets that are
finite unions of sets, each defined by finitely many polynomial inequalities. Semi-
algebraic sets and functions (those whose graphs are semi-algebraic) nicely exemplify
concrete optimization problems; see [22] for their role in nonsmooth optimization.
We mention in passing that all results of this section extend from semi-algebraic to
“tame” sets [22].

Theorem 7.1 (Generic transversality)
Consider closed semi-algebraic subsets X and 'Y of a Euclidean space E. Then for

almost every vector e in E, transversality holds at every point in the intersection of
the sets X and 'Y — e.

Proof Consider the set-valued mapping F' from E to E? defined by

F(z) = (X —2) x (Y —2).

12



In standard variational-analytic language, a value of this mapping (a,b) € E? is
critical exactly when F' is not metrically regular for (a,b) at some point

z€ F Y a,b)= (X —a)N (Y —b).

A simple coderivative calculation (cf. [24]) shows that this is equivalent to the sets
X —a and Y — b intersecting transversally at z. The semi-algebraic Sard theorem
20, 21] now shows that the semi-algebraic set of critical values (a,b) € E? has
dimension strictly less than 2dim E. The result now follows by Fubini’s theorem. O

It is interesting to ask whether convergence of alternating projections is guaran-
teed (albeit sublinear) even without intrinsic transversality. This is particularly im-
portant, since in practice to check whether transversality holds requires knowledge of
a point in the intersection. Easy examples show that, without intrinsic transversal-
ity, even limit points of alternating projection iterates may not lie in the intersection.
Nevertheless, such pathologies do not occur in the semi-algebraic setting. A key tool
for establishing this result is the following theorem based on [9, Theorem 14|, a re-
sult growing out of the work of [23] extending the classical Lojasiewicz inequality
for analytic functions to a nonsmooth semi-algebraic setting. See [20, Corollary 6.2]
for a related version.

Theorem 7.2 (Kurdyka-Lojasiewicz inequality)

Consider a lower-semicontinuous semi-algebraic function f: E — R and let U be a
bounded open subset of the Euclidean space Ei. Then for any value 7 € R there exist
a constant p > 0 and a continuous semi-algebraic function 6: (7,7 + p) — (0, 400),
such that the inequality

[V Fl(x) = 0((f(x))
holds for all x € U with T < f(x) <1+ p.

We now arrive at the main result of this section.

Theorem 7.3 (Semi-algebraic intersections)

Consider two nonempty closed semi-algebraic subsets X and Y of the Fuclidean
space E, and suppose that X is bounded. If the method of alternating projections
starts at a point in Y sufficiently close to X, then the distance of the iterates to
X NY converges to zero, and consequently every limit point of the sequence lies in
the intersection X NY .

Proof Define a bounded open set
U={z:d(z,X) < 1}.
Observe that the coupling function

¢(x,y) = dx(z) + |z — y| + dv(y),

13



is semi-algebraic. The Kurdyka-Lojasiewicz inequality above implies that there
exists a constant p € (0, 1) and a continuous function h: (0, p) — (0, +00) such that
all points x € X and y € Y NU with 0 < |x — y| < p satisfy the inequality

Vol(z,y) > V2-h(lx - y|),
and hence, using equation (6.6),

(7.7) max { [V, [(y), [Ve,|(z)} = h(lz —yl).

Suppose the initial point yo € Y satisfies d(yo, X) < p. The distance between
successive alternating projection iterates |x, — y,| is decreasing: we will prove its
limit is 0. Arguing by contradiction, suppose in fact |z, — y,| L a € (0, p).

Associated with the continuous function h, around any nonzero vector v, we
define a radially symmetric open “cusp”

Kw) == {zeE:0<|z| <p and d(z,R4v) < h(]z])},
where R, v is the ray generated by v. See the figure below for an illustration.

0,

S

For each iteration n = 1,2,3,..., consider the normal vector v,, = z,, — y, €
Ny (y,). Note |v,| > a. Obviously the open set K(v,) contains the point v,: we
next observe that in fact it also contains a uniform neighborhood. Specifically, we
claim there exists a constant € > 0 such that = — y,, € K(v,,) whenever |z — x,| < e.

Otherwise there would exist a sequence (z],) in E satisfying

|z), — x| = 0 and 2], — y, € K(v,).

Notice that the distance between the vector z!, — y,, and the vector v,, converges to
0, so the same is true after we normalize them (normalization being a Lipschitz map
on the set {v € E: [v| > §}). But continuity of h now gives the contradiction

—

|2l =y — 0| > d($mn,R+vn) > h(|z), —ya|) — h(a) > 0.
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We deduce that any point x € X with |z — y,| < p and |z — z,| < € satisfies

_— e~

Vbl (yn) = d(z — g, Ny (y)) < d(z — g, Revn}) < B(|7 = yal),

and hence, using inequality (7.7),

(7.8)

Voy,l(x) = h(|z — yal).

Denote by 8 the minimum value of the strictly positive continuous function A on
the interval [a, d(yg,X)}, so > 0. Inequality (7.8) implies

d(mv Nx(z)) > 8,

and hence, using Theorem 3.1 (Distance decrease),

‘anrl — yn+1| < ’xn+1 - yn| < ‘xn - ynl —€f3,

giving a contradiction for large n. The result follows. O
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