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Abstract. In this paper, we use the concept of barrier-based smoothing approxima-
tions introduced by Chua and Li [7] to extend various smoothing Newton continuation
algorithms to variational inequalities over general closed convex sets X. We prove that
when the underlying barrier has a gradient map that is definable in some o-minimal
structure, the iterates generated converge superlinearly to a solution of the variational
inequality. We further prove that if X is proper and definable in the o-minimal struc-

ture RRalg
an , then the gradient map of its universal barrier is definable in the o-minimal

expansion Ran,exp.

1. Introduction

Let E denote a finite dimensional real vector space equipped with inner product 〈·, ·〉,
let X denote a closed convex subset of E with nonempty interior int(X), let Ω denote
a subset of E that contains X, and let F : Ω → E denote a continuous map that is
differentiable in the interior int(Ω) of its domain Ω. The variational inequality V I(X,F )
is the problem of finding x ∈ X such that

〈F (x), y − x〉 ≥ 0 for all y ∈ X. (1)

The variational inequality (1) can be solved directly by interior point methods (see, e.g.,
[16, 34]), or indirectly via a reformulation (see, e.g., [5, 15, 17, 18]). For our approach,
we use two of the most general nonsmooth reformulation equations of (1):

(1) the natural map equation(
x− ΠX(x− y)
F (x)− y

)
= 0;

and
(2) the normal map equation

F (ΠX(z)) + z − ΠX(z) = 0.

Here, ΠX denotes the Euclidean projector onto X; i.e.,

ΠX(z) = arg min
x∈X

1

2
‖x− z‖2 ,

where ‖·‖ is the norm induced by the inner product 〈·, ·〉. We denote by Gnat the natural
map

(x, y) ∈ Ω× E 7→ (x− ΠX(x− y), F (x)− y),
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and by Gnor the normal map

z ∈ E 7→ F (ΠX(z)) + z − ΠX(z).

Note that the domain of the natural map involves the domain Ω of F . This typically
restricts the iterates in solution algorithms, unless the domain Ω is whole space E. To
avoid this restriction, we shall assume that Ω = E when the natural map is used.

Since the Euclidean projector ΠX is generally nonsmooth, typical Newton-based meth-
ods do not apply to the natural map nor the normal map equations. One way to overcome
this is to consider smoothing approximations. The study of smoothing approximations
of Euclidean projectors is mostly limited to specific classes of convex sets, such as non-
negative orthants, second-order cones, positive semidefinite cones, symmetric cones and
box-constrained sets.

To the best of the authors’ knowledge, there are only two known approaches to de-
veloping smoothing approximations of Euclidean projectors onto general convex sets; Qi
and Sun [22] developed convolution-based smoothing approximations, while Chua and
Li [7] developed barrier-based smoothing approximations. Although the former can be
used to smooth any nonsmooth map, it is generally computed as a multivariate integral,
whence uncomputable in practice. In contrast, the latter applies only to the Euclidean
projector onto any convex cone with nonempty interior, and can be computed via prox-
imal mappings of smooth maximal monotone maps, which is generally no more difficult
than computing the projector itself.

In a subsequent work [26], Qi and Sun studied the use of convolution-based smoothing
approximations in a smoothing merit function algorithm to solve the natural map equa-
tion; and proved that the algorithm converges globally under the assumption of a certain
P-type property on F and the boundedness of the solution set of V I(X,F ). They further
proved that the algorithm converges superlinearly to a solution x∗ under nonsingularity
of the Clarke generalized Jacobian of the smoothing approximation at (x∗, 0), and the
semismoothness of F at x∗, and of the projector at x∗ − F (x∗). Besides being applicable
to all variational inequalities, the approach of Qi and Sun also avoid the need for the Ja-
cobian consistency of the smoothing approximation (i.e., the convergence of the distance
between Jacobians of the smoothing approximation and the Clarke generalized Jacobian
to 0, when the smoothing parameter converges to 0), which plays a crucial role in almost
all other superlinearly convergent smoothing algorithms.

In this paper, the barrier-based smoothing approach is extended to convex sets, and the
barrier-based smoothing approximation is shown to be semismooth whenever the barrier
used to define the smoothing approximation has a gradient map that is definable in some
o-minimal structure. This result allows us to deduce the local superlinear convergence
of various existing smoothing Newton continuation algorithms—including the algorithm
of Qi and Sun in [26]—for certain definable convex sets under assumptions of uniform
nonsingularity (i.e., boundedness of the least singular value of the Jacobian away from
0) of the Newton system, and semismoothness of F . Just as in the work of Qi and Sun,
the Jacobian consistency of the smoothing approximation is not required in establishing
superlinear convergence.

In [22], Qi and Sun also considered a different smoothing approximation of the Eu-
clidean projector onto a convex set finitely generated by twice-differentiable convex func-
tions. This smoothing approximation is in fact a barrier-based smoothing approximation.
Qi and Sun proved that when this smoothing approximation is used in a smoothing New-
ton continuation algorithm to solve the normal map equation, the algorithm converges
superlinearly to a solution x∗ under the linear independence constraint qualification at
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x∗. Our result with the barrier-based smoothing approximation will show that when the
generating convex functions are definable in some o-minimal structure, the assumption
of linear independence constraint qualification can be dropped.

The paper is organized as follows. In the next section, some basic definitions and results
on smoothing approximations, semismoothness and o-minimal structures are given. In
Section 3, the barrier-based smoothing approximation is defined, and its semismoothness
under the definability of the gradient of the barrier is established. We then present a
common technique in proving the superlinear convergence of various existing smoothing
Newton continuation algorithm in Section 4. Finally, in Section 5, we demonstrate the
definability of the gradient of the universal barrier when the set X is definable in the

o-minimal structure RRalg
an .

1.1. Notations. We shall use Rm
+ (respectively, Rm

++) to denote the cone of nonnegative
(respectively, positive) vectors in Rm. For two vectors x, y ∈ Rm, the notation x ≥ y
(respectively, x > y) means x − y ∈ Rm

+ (respectively, x − y ∈ Rm
++). For any function

f : E → R with limx→0 f(x) = 0 and f(x) 6= 0 near 0, we use ‘g(x) = o(f(x)) as x → 0’
to mean that g is a function with domain containing a neighborhood of 0 and satisfying

lim
x→0

g(x)

f(x)
= 0.

For any function f : E → R, we use ‘h(x) = O(f(x)) as x → 0’ to mean that h is a
function with domain containing a neighborhood of 0, and there exists C > 0 such that

|h(x)| ≤ C|f(x)|

for all x near 0. For any sequence {xk} of real numbers with limk→∞ xk = 0 and xk 6= 0
for all k, we use yk = o(xk) to mean that {yk} is a sequence of real numbers satisfying

lim
k→∞

yk
xk

= 0.

For any sequence {xk} of real numbers, we use zk = O(xk) to mean that {zk} is a sequence
of real numbers and there exists C > 0 such that

|zk| ≤ C|xk|

for all k. For a Fréchet-differentiable function f : Ω ⊆ E→ R, we use ∇f to denote the
gradient of f . For a Fréchet-differentiable map F : Ω ⊆ E → E′, we use JF to denote
the derivative of F . For a Fréchet-differentiable map

F : Ω× Ω′ ⊆ E× E′ → E′′ : (x, y) 7→ F (x, y),

we use JxF and JyF to denote the partial derivatives of F with respect to x and y,
respectively.

2. Background

This section gives various basic definitions on smoothing approximations, semismooth-
ness and o-minimal structures, and establishes several basic results required in this paper.
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2.1. Smoothing approximations. A smoothing approximation of a continuous map
G : E → E′ is a continuous map H : E × Rm

+ → E′ such that H(·, 0) = G, and for each
µ ∈ Rm

++, H(·, µ) is differentiable. The variable µ is called the (m-tuple of) smoothing
parameters. When H(·, µ) converges uniformly to G as µ→ 0, we say that H is a uniform
smoothing approximation. When H(·, µ) is Lipschitz in the smoothing parameters (i.e.,
there exists L > 0 such that ‖H(x, µ)−H(x, ν)‖ ≤ L ‖µ− ν‖ for all x ∈ E and all
µ, ν ∈ Rm

+ ), we say that H is a Lipschitzian smoothing approximation.
For convenience, we shall extend the domain of a smoothing approximation H to

include negative smoothing parameters, by defining

H(·, µ) := H(·,ΠRm
+

(µ)) for any µ ∈ Rm \ Rm
+ ,

and call it an extended smoothing approximation. We note that the extended smoothing
approximation remains continuous, and retain any uniform convergence or Lipschitzian
property.

A (extended) smoothing approximation H : E × Rm → E′ of G : E → E′ is said to
approximate superlinearly at x̄ ∈ E if for any (x, µ)→ (x̄, 0),

‖H(x, µ)−G(x̄)− JxH(x, µ)(x− x̄)‖ = o(‖x− x̄‖) +O(‖µ‖);

see [22]. For any γ > 0, it is said to approximate with order (1 + γ) at x̄ if o(‖x− x̄‖)
is replaced by O(‖x− x̄‖1+γ) in the above equation. An order-2 approximation is also
called a quadratic approximation.

2.2. Semismoothness. A locally Lipschitz continuous map F : E 7→ E′ is said to be
semismooth at x if the limit

lim
V ∈∂F (x+th′)
h′→h, t↓0

V h′

exists for every h ∈ E, where ∂F (x+ th′) denotes the generalized Jacobian of F at x+ th′

as defined by Clarke [8, §2.6]; see [23]. If a locally Lipschitz continuous map F : E 7→ E′
is semismooth at x, then the directional derivative

F ′(x;h) := lim
t↓0

F (x+ th)− F (x)

t

exists, and equals the limit

lim
V ∈∂F (x+th′)
h′→h, t↓0

V h′;

see [23, Proposition 2.1].
It follows from [23, Theorem 2.3] and [10, Proposition 3.1.3] that a locally Lipschitz

continuous map F : E 7→ E′ is semismooth at x if and only if it is directionally differen-
tiable at x and

lim
x+h∈DF
h→0

‖F (x+ h)− F (x)− F ′(x+ h;h)‖
‖h‖

= 0.

where DF denotes the set of points at which F is Fréchet-differentiable. This observation
leads to the following notion of higher-order semismoothness: a locally Lipschitz contin-
uous map F : E 7→ E′ is said to be γ-order semismooth at x for some γ ∈ (0, 1] if it is
directionally differentiable at x and

lim sup
x+h∈DF
h→0

‖F (x+ h)− F (x)− F ′(x+ h;h)‖
‖h‖1+γ

<∞
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see [27, Theorem 3.7]. A 1-order semismooth map is also said to be strongly semismooth.
Finally, we note that a map is (γ-order) semismooth if its component functions are (γ-
order) semismooth, and that compositions of (γ-order) semismooth maps are (γ-order)
semismooth. These follow from [23, Corollary 2.4], [19, Theorem 5] and [11, Theorem
19].

Theorem 2.1. If a locally Lipschitz continuous smoothing approximation H : E×Rm →
E′ of G : E → E′ is semismooth (respectively, γ-order semismooth) at (x̄, 0), then it
approximates superlinearly (respectively, with order 1 + γ) at x̄.

Proof. Since H is locally Lipschitz continuous at (x̄, 0), the Jacobian JµH is locally
bounded near (x̄, 0). Therefore for any (x, µ)→ (x̄, 0),

‖H(x, µ)−G(x̄)− JxH(x, µ)(x− x̄)‖
≤ ‖H(x, µ)−H(x̄, 0)−H ′(x, µ;x− x̄, µ)‖+ ‖JµH(x, µ)µ‖
= o(‖(x− x̄, µ)‖) +O(‖µ‖)

(respectively, O(‖(x− x̄, µ)‖1+γ)+O(‖µ‖)). Finally, ‖(x− x̄, µ)‖ = O(max{‖x− x̄‖ , ‖µ‖}).
�

2.3. O-minimal structures. An o-minimal structure on the real ordered field R is a
sequence of Boolean algebras O = {On}∞n=1 of subsets of Rn such that for each n ≥ 1,

(1) if A ∈ On, then both A× R and R× A belong to On+1;
(2) On contains every algebraic subsets of Rn;
(3) if A ∈ On+1, then π(A) ∈ On, where π : Rn+1 → Rn : (x1, . . . , xn, xn+1) 7→

(x1, . . . , xn) is the projector on the first n coordinates; and
(4) the sets in O1 are exactly the finite unions of intervals and points.

The sets in each On are said to be definable in O. A map F : A ⊆ Rn → Rm is said to
be definable in O if its graph is a definable set in O; i.e., {(x, y) ∈ A×Rm : y = F (x)} ∈
On+m.

Example 2.1 (Semialgebraic sets). The smallest o-minimal structure on R is the class SA
of all semialgebraic sets. A set is semialgebraic if it can be written as a finite union of
sets of the form

{x ∈ Rn : p1(x) = · · · = pk(x) = 0, q1(x) > 0, . . . , ql(x) > 0} ,

where p1, . . . , pk, q1, . . . , ql ∈ R[X]. This example appeals to the fact that the projection
of a semialgebraic set is semialgebraic by the Tarski-Seidenberg principle; see, e.g., [2].

Example 2.2 (Globally subanalytic sets). A set is said to be globally subanalytic if its
image under the map

(x1, . . . , xn) ∈ Rn 7→

(
x1√

1 + x21
, . . . ,

xn√
1 + x2n

)
is a subanalytic set; see, e.g., [28]. The collection of all globally subanalytic sets is an
o-minimal structure Ran on R. It is the smallest o-minimal structure that contains sets
of the form

{(x, t) ∈ [−1, 1]n × R : f(x) = t} ,
where f : Rn → R is a restricted analytic function; i.e., a function such that f |[−1,1]n is
analytic and vanishes identically off [−1, 1]n; see [32].
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Example 2.3 (Ran,exp). The smallest o-minimal structure that contains Ran and the set
{(x, ex) : x ∈ R} is denoted by Ran,exp. We say that Ran,exp is the o-minimal expansion
of Ran by the exponential function; see, e.g., [30, 31].

Example 2.4 (RR
an and RRalg

an ). We denote by RR
an the o-minimal expansion of Ran by all

power functions

x 7→

{
xr if x > 0,

0 if x ≤ 0;

see, e.g., [20]. When we restrict the powers to real algebraic numbers, we get a smaller

o-minimal expansion of Ran, which we denote by RRalg
an .

The o-minimal structures in these examples satisfy the following strict inclusions [32,
Part 2.5]

SA $ Ran $ RRalg
an $ RR

an $ Ran,exp.

From the definition of an o-minimal structure, especially closure under projection, one
can establish many stability results for definable sets and functions. We list some of these
results here as they will be used in this paper. We refer the readers to [9, Theorem 1.13],
[3], and [29] for their proofs.

Proposition 2.1 (Stability results). Let O be an o-minimal structure on R.

(1) If A ⊆ Rm, and B ⊆ Rn+m are definable in O, then the sets {x : ∀y ∈ A, (x, y) ∈
B} and {x : ∃y ∈ A, (x, y) ∈ B} are definable in O.

(2) The closure, interior and product of definable sets in O are definable in O.
(3) If a map G : U ⊆ Rn → Rm is definable in O, then its derivative JG and its

partial derivatives JxiG (if they exist) are definable in O. If, in addition, G is
injective, then its inverse map is definable in O.

(4) If the maps G : U ⊆ Rn → Rm and F : V ⊇ G(U)→ Rp are definable in O, then
the composition F ◦G : U → Rp is definable in O.

(5) A vector-valued map is definable in O if and only if each of its component function
is definable in O.

3. Barrier-based smoothing approximations of closed convex sets

For each differentiable barrier f : int(X) → R on a closed convex set X ∈ E with
nonempty interior (i.e., f(xk) → ∞ for any convergent sequence {xk} in int(X) with
limit in the boundary of X), we define the map p : E× R→ E via{

p(z, µ) + µ2∇f(p(z, µ)) = z when µ > 0,

p(·, µ) = ΠX when µ ≤ 0.
(2)

We note that for each µ > 0, the map p(·, µ) is the proximal mapping of x 7→ µ2∇f(x),
which is maximal monotone by Löhne’s characterization (cf. [7, Proposition 3.1]), whence
is a bijection between int(X) and E by Minty’s criterion. Thus p is well-defined.

Theorem 3.1 (Barrier-based smoothing approximation). If f is a twice continuously
differentiable barrier on X ⊂ E, then the map p : E × R → E defined via (2) is an
extended smoothing approximation of the Euclidean projector ΠX .

Proof. By the Implicit Function Theorem, the continuous differentiability of ∇f implies
the differentiability of p over E× R++.
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It remains to show that for each fixed z ∈ E, {p(wk, µk)} converges to ΠX(z) for
any sequence {(wk, µk)} in E × R++ converging to (z, 0). We first show that the se-
quence {p(wk, µk)} is bounded. Pick an arbitrary but fixed e ∈ int(X). The sequence
{ek := e + µ2

k∇f(e)} is bounded. Moreover, p(ek, µk) = e by definition. For each k, the
nonexpansiveness of the proximal mapping p(·, µk) implies

‖p(wk, µk)‖ ≤ ‖p(wk, µk)− p(ek, µk)‖+ ‖p(ek, µk)‖ ≤ ‖wk − ek‖+ ‖e‖ ;

thus {p(wk, µk)} is bounded. Finally, we note that since µk > 0, it follows that p(wk, µk) is
the unique minimizer to the barrier problem min{1

2
‖x− wk‖2 +µ2

kf(x)}, and every limit
point of these minimizers must be the unique minimizer ΠX(z) of the convex optimization
problem min{1

2
‖x− z‖2 : x ∈ X}.1 �

Definition 3.1 (Barrier-based smoothing approximation). Given a twice continuously
differentiable barrier f on S ⊂ E, the (extended barrier-based) smoothing approximation
defined by f is the map p : E×R→ E that satisfies (2). It is a smoothing approximation
of the Euclidean projector ΠX .

Definition 3.2 (ϑ-barrier). The barrier parameter of a twice continuously differentiable
barrier f on X ⊂ E is

inf

{
ϑ ≥ 0 : inf

x∈int(X), h∈E
ϑ
〈
h,∇2f(x)h

〉
− 〈∇f(x), h〉2 ≥ 0

}
.

A ϑ-barrier is a twice continuously differentiable barrier with a finite barrier parameter
ϑ.

Theorem 3.2 (Barrier-based uniform smoothing approximation). The smoothing ap-

proximation p defined by a ϑ-barrier f : int(X) → R is
√
ϑ-Lipschitzian; i.e., Lipschitz

continuous with modulus
√
ϑ in the smoothing parameter.

Consequently, in this case, p is a uniform smoothing approximation of the Euclidean
projector ΠX .

Proof. By appealing to the continuity of the smoothing approximation, it suffices to only
consider positive smoothing parameters. Since

ϑ(µ− ν)2 − ‖p(z, µ)− p(z, ν)‖2

= ϑ(µ− ν)2 − 〈p(z, µ)− p(z, ν), p(z, µ)− p(z, ν)〉
= ϑ(µ− ν)2 +

〈
p(z, µ)− p(z, ν), µ2∇f(p(z, µ))− ν2∇f(p(z, ν))

〉
=
〈
(p(z, µ)− p(z, ν), µ− ν), (µ2∇f(p(z, µ))− ν2∇f(p(z, ν)), ϑµ− ϑν)

〉
,

it suffices to show that the map (x, µ) ∈ int(X) × R++ 7→ (µ2∇f(x), ϑµ) is monotone.
To this end, we check that its Jacobian

(h, τ) ∈ E× R 7→ (µ2∇2f(x)h+ 2µ∇f(x)τ, ϑτ)

is a monotone linear map at each (x, µ) ∈ int(X)× R++. Indeed, its symmetric part

(h, τ) ∈ E× R 7→ (µ2∇2f(x)h+ µ∇f(x)τ, µ 〈∇f(x), h〉+ ϑτ)

is positive semidefinite if and only if the Schur complement

h ∈ E 7→ µ2

ϑ
(ϑ∇2f(x)h− 〈∇f(x), h〉∇f(x))

is positive semidefinite. �

1See, e.g., [1, Proposition 4.1.1].
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Henceforth, we assume that the barrier f is a ϑ-barrier.
With the uniform smoothing approximation p defined by f , we can now define a

smoothing approximation

Hnat : (x, y, µ, ε) ∈ E2 × R2 7→
(

x− p(x− y, µ)
F (x) + ΠR+(ε)x− y

)
(3)

of the natural map, which incorporates a regularization of the map F ; and a smoothing
approximation

Hnor : (z, µ) ∈ E× R 7→ F (p(z, µ)) + z − p(z, µ) (4)

of the normal map.
We note that the local Lipschitz continuity of F carries over to the smoothing ap-

proximations Hnat and Hnor under the
√
ϑ-Lipschitz continuity of p in the smoothing

parameter.

Proposition 3.1. If f is a ϑ-barrier, and F is locally Lipschitz continuous, then the
smoothing approximations Hnat and Hnor are locally Lipschitz continuous.

3.1. Definability and superlinear approximations. As shown by Bolte et al [3], a
locally Lipschitz definable function (more generally a locally Lipschitz tame function) is
semismooth. Moreover, a locally Lipschitz function that is definable in a polynomially
bounded o-minimal structure is γ-order semismooth for some γ > 0; see Remarks 3 and
4 of [3]. Examples of polynomially bounded o-minimal structures are substructures of
RR

an; see, e.g., [25, p 184]. Thus if the smoothing approximation p is definable in some
o-minimal structure (respectively, polynomially bounded o-minimal structure), then it is
semismooth (respectively, γ-order semismooth), and hence we may apply Theorem 2.1 to
deduce that it approximates superlinearly (respectively, with order 1 + γ). The following
proposition gives a necessary and sufficient condition for p to be definable.

Proposition 3.2. The smoothing approximation p defined by f is definable in an o-
minimal structure O if and only if ∇f is definable in O.

Consequently, p is semismooth when f is definable in O. Moreover, p is γ-order semis-
mooth for some γ > 0 when f is definable in a polynomially bounded o-minimal structure
O.

Proof. The graph of p is{
(z, µ, x) : x ∈ int(K), µ > 0, x+ µ2∇f(x) = z

}⋃
{(z, µ, x) : µ ≤ 0, x ∈ K, 〈x, z − x〉 = 0 and ∀w ∈ K, 〈w, z − x〉 ≤ 0} ,

which is definable when ∇f and K are definable. Since K is the closure of the domain
of ∇f , it is definable whenever ∇f is.

Conversely, the graph of ∇f is {(x, y) : x = p(x + y, 1)}, which is definable when p is
definable.

The final statements then follow from Theorem 1, and Remarks 3 and 4 of [3]. �

As consequences of Propositions 3.1 and 3.2, and Theorem 2.1, we deduce sufficient
conditions for the smoothing approximations of the natural and normal maps to approx-
imate superlinearly (respectively, with order 1 + γ).

Proposition 3.3. For any x, y ∈ E, if f is a ϑ-barrier with a gradient map that is
definable in an o-minimal structure (respectively, polynomially bounded o-minimal struc-
ture), and F is semismooth (respectively, γ′-order semismooth) at x, then the smoothing
approximation Hnat defined in (3) is semismooth (respectively, γ-order semismooth for
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some γ ∈ (0, γ′]) at (x, y, 0). Consequently, it approximates superlinearly (respectively,
with order 1 + γ) at (x, y, 0).

Proposition 3.4. For any z ∈ E, if f is a ϑ-barrier with a gradient map that is defin-
able in an o-minimal structure (respectively, polynomially bounded o-minimal structure),
and F is semismooth (respectively, γ′-order semismooth) at ΠX(z), then the smoothing
approximation Hnat defined in (3) is semismooth (respectively, γ-order semismooth for
some γ ∈ (0, γ′]) at (z, 0). Consequently, it approximates superlinearly (respectively, with
order 1 + γ) at (z, 0).

We now give a few examples of twice continuously differentiable barriers with finite
barrier parameters and with gradients that are definable is some o-minimal structures.

Example 3.1 (Polyhedral sets). A barrier of the polyhedral set {x : aTi x − bi ≤ 0 i =
1, . . . ,m}, where a1, . . . , am ∈ Rn and b1, . . . , bm ∈ R, is x 7→ −

∑m
i=1 log(bi − aTi x). Its

barrier parameter is m, and its gradient is definable in the o-minimal structure SA of
semialgebraic sets.

Example 3.2 (Symmetric cones). A symmetric cone K is the cone of squares of some
Euclidean Jordan algebra J, and is thus definable in the o-minimal structure SA. Its
standard log-determinant barrier is x ∈ int(K) 7→ − log det(x), where the determinant
det(·) is a polynomial in x. The gradient of the log-determinant barrier is thus definable
in the o-minimal structure SA. Its barrier parameter is the rank of the symmetric cone.

Example 3.3 (Homogeneous cones). A homogeneous cone K is the cone associated with
some T -algebra A; see, e.g., [6, Theorem 1]. It is thus definable in the o-minimal struc-
ture SA. The only known optimal self-concordant barrier of K [6, Section 3.1] has the
form x 7→ −

∑r
i=1 log ρi(ux)

2, where x 7→ ρi(ux)
2 are rational functions; see [33, §III.3].

Thus the gradient of this barrier is definable in the o-minimal structure SA. Its barrier
parameter is the rank of the homogeneous cone.

Example 3.4 (Hyperbolicity cones). By Proposition 18 and Theorem 20 of [24], the hyper-
bolicity cone defined by a hyperbolic polynomial q is definable in the o-minimal structure
SA. A barrier of this hyperbolicity cone is x 7→ − log q(x). The barrier parameter of this
barrier is the degree of the polynomial q. Since q is a polynomial, the gradient of this
barrier is definable in the o-minimal structure SA.

Example 3.5 (Power cones). A (high-dimensional) power cone is{
(x1, . . . , xn, z1, . . . , zm) ∈ Rn

+ × Rm :
n∏
i=1

xαi
i ≥ ‖z‖

}
where the exponents α1, . . . , αn ∈ (0, 1] sum to 1. A barrier of this cone is− log(

∏n
i=1 x

2αi
i −

‖z‖2), whose gradient is definable in the o-minimal structure RR
an. It has barrier parameter

2.

Example 3.6 (Finitely generated convex sets). Consider the convex set X = {x : gi(x) ≤
0 for i = 1, . . . , N} generated by a finite number of twice continuously differentiable
convex functions g1, . . . , gN : E→ R. When we assume that for i = 1, . . . , N , gi(x) < 0 for

all x ∈ int(X), and that int(X) 6= ∅, the function f : x ∈ int(X) 7→ −
∑N

i=1 log(−gi(x))
is a barrier of X. This barrier has gradient and Hessian

∇f : x 7→
N∑
i=1

−∇gi(x)

−gi(x)
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and

∇2f(x) : h 7→
N∑
i=1

∇2gi(x)h

−gi(x)
+

N∑
i=1

〈∇gi(x), h〉∇gi(x)

gi(x)2
,

respectively. The gradient is definable in an o-minimal structure whenever the func-
tions g1, . . . , gN are definable in the same o-minimal structure. Since ∇2gi(x) is positive
semidefinite for each i, we have that, for any x ∈ int(X) and any h ∈ E,

〈∇f(x), h〉2 =

(
N∑
i=1

〈−∇gi(x), h〉
−gi(x)

)2

≤ N
N∑
i=1

(
〈−∇gi(x), h〉
−gi(x)

)2

≤ N
〈
h,∇2f(x)h

〉
;

i.e., f has a finite barrier parameter ϑ ≤ N . The uniform smoothing approximation
defined by f coincide with the one defined in [22, Section 4].

4. Smoothing Newton continuation algorithms

Given G : E → E and a smoothing approximation H : E × Rm → E of G, consider
an algorithm that generates an infinite sequence {(wk, µk)} in E×Rm

+ such that µk → 0
and ‖H(wk, µk)‖ → 0. The continuity of H then implies that any accumulation point
of {wk} is a zero of G. We shall now consider the local superlinear convergence of such
algorithms.

Lemma 4.1. Suppose {wk} is a convergent sequence in E converging to a zero w∗ of
G. If, in addition, H is Lipschitz continuous near (w∗, 0) and approximates superlinearly
(respectively, with order 1 + γ) at (w∗, 0), and {µk} and {νk} are sequences in Rm

++ such
that

(1) {JwH(wk, µk)} is uniformly nonsingular (i.e., each term is nonsingular with the
sequence of inverses having uniformly bounded norms), and

(2) ‖µk‖ , ‖νk‖ = o(‖H(wk, 0)‖)
(respectively, ‖µk‖ , ‖νk‖ = O(‖H(wk, 0)‖1+γ)),

then the sequence of solutions {dk} to H(wk, νk) + JwH(wk, µk)dk = 0 satisfies

‖wk + dk − w∗‖ = o(‖wk − w∗‖)

(respectively, ‖wk + dk − w∗‖ = O(‖wk − w∗‖1+γ)).
Moreover, for any sequences {µ̃k}, {ν̃k}, {ν̂k} in Rm such that ‖µ̃k‖ , ‖ν̃k‖ , ‖ν̂k‖ =

o(‖H(wk, 0)‖),

(i) ‖H(wk + dk, µ̃k)‖2 − ‖H(wk, µ̃k)‖2 + ‖H(wk, ν̃k)‖2 = o(‖H(wk, ν̃k)‖2) and
(ii) ‖H(wk + dk, ν̂k)‖ = o(‖H(wk, ν̂k−1)‖+ ‖ν̂k − ν̂k−1‖).

Proof. We first note that the Lipschitz continuity of H near (w∗, 0) implies that

o(‖H(wk, 0)‖) = o(‖H(wk, 0)−H(w∗, 0)‖) = o(‖wk − w∗‖) and

O(‖H(wk, 0)‖1+γ) = O(‖H(wk, 0)−H(w∗, 0)‖1+γ) = O(‖wk − w∗‖1+γ).
(5)
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Under the hypothesis of the boundedness of {JwH(wk, µk)
−1},

‖wk + dk − w∗‖ =
∥∥wk − JwH(wk, µk)

−1H(wk, νk)− w∗
∥∥

= O(‖JwH(wk, µk)(wk − w∗)−H(wk, νk)‖)
= O(‖JwH(wk, µk)(wk − w∗)−H(wk, µk) +H(w∗, 0)‖)

+O(‖H(wk, µk)−H(wk, νk)‖).
The local Lipschitz continuity of H near (w∗, 0) bounds the second term by O(‖µk − νk‖).
The first term is o(‖wk − w∗‖) + O(‖µk‖) (respectively, O(‖wk − w∗‖1+γ) + O(‖µk‖))
under the hypothesis that H is a superlinear (respectively, order-(1 + γ)) approximation
at (w∗, 0). Subsequently, we deduce from the hypothesis ‖µk‖ , ‖νk‖ = o(‖H(wk, 0)‖)
(respectively, ‖µk‖ , ‖νk‖ = O(‖H(wk, 0)‖1+γ)) and (5) that

‖wk + dk − w∗‖ = o(‖wk − w∗‖) (6)

(respectively, ‖wk + dk − w∗‖ = O(‖wk − w∗‖1+γ)).
(i) We now show that ‖H(wk + dk, µ̃k)‖2−‖H(wk, µ̃k)‖2+‖H(wk, ν̃k)‖2 = o(‖H(wk, ν̃k)‖2).

The last two terms on the left can be bounded by

‖H(wk, ν̃k)‖2 − ‖H(wk, µ̃k)‖2

= (‖H(wk, ν̃k)‖ − ‖H(wk, µ̃k)‖)(‖H(wk, ν̃k)‖+ ‖H(wk, µ̃k)‖)
≤ ‖H(wk, ν̃k)−H(wk, µ̃k)‖ (2 ‖H(wk, ν̃k)‖+ ‖H(wk, µ̃k)−H(wk, ν̃k)‖)
= O(‖µ̃k − ν̃k‖ (‖H(wk, ν̃k)‖+ ‖µ̃k − ν̃k‖))
= o(‖wk − w∗‖ (‖H(wk, ν̃k)‖+ ‖wk − w∗‖))

via the Lipschitz continuity of H near (w∗, 0), (5), and the hypothesis ‖µ̃k‖ , ‖ν̃k‖ =
o(‖H(wk, 0)‖). To bound the first term on the left, we note from (6) that wk +dk →
w∗, whence we may apply the Lipschitz continuity of H near (w∗, 0) to deduce

‖H(wk + dk, µ̃k)‖ = ‖H(wk + dk, µ̃k)−H(w∗, 0)‖
= O(‖wk + dk − w∗‖+ ‖µ̃k‖)
= o(‖wk − w∗‖),

(7)

where we have used the hypothesis ‖µ̃k‖ = o(‖H(wk, 0)‖), (5) and (6) in the last
equality. It remains to show that ‖wk − w∗‖ = O(‖H(wk, ν̃k)‖). This follows from

‖wk − w∗‖ =
∥∥wk + dk − w∗ − JwH(wk, µk)

−1H(wk, νk)
∥∥

= o(‖wk − w∗‖) +O(‖H(wk, νk)‖)
= o(‖wk − w∗‖) +O(‖H(wk, ν̃k)‖+ ‖νk − ν̃k‖)
= o(‖wk − w∗‖) +O(‖H(wk, ν̃k)‖),

(8)

where we have used (6), the boundedness of {JwH(wk, µk)
−1}, the Lipschitz conti-

nuity of H near (w∗, 0), the hypothesis ‖νk‖ , ‖ν̃k‖ = o(‖H(wk, 0)‖) and (5).
(ii) Since the equations in (7) and (8) holds when, respectively, µ̃k and ν̃k are replaced

by ν̂k, we can further deduce that

‖H(wk + dk, ν̂k)‖ = o(‖wk − w∗‖)
= o(‖H(wk, ν̂k)‖)
= o(‖H(wk, ν̂k)−H(wk, ν̂k−1)‖+ ‖H(wk, ν̂k−1)‖)
= o(‖ν̂k − ν̂k−1‖+ ‖H(wk, ν̂k−1)‖),

where we have used the Lipschitz continuity of H near (w∗, 0).
11
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We now consider three algorithms for solving either the natural map equation or the
normal map equation, and prove their local superlinear convergence. The three algo-
rithms, Algorithms 4.1, 4.2 and 4.3, were analyzed, respectively, in [13], [4] and [22] for
their global and local superlinear convergence. These algorithms, although only stated in
the context of specific classes of variational inequalities and smoothing approximations,
have been shown in the respective works to be globally convergent for general variational
inequalities and smoothing approximations, albeit with various additional assumptions
on the problem instance and the sequence of iterates generated by the algorithms.

The first algorithm, Algorithm 4.1, solves the natural map equation. Regularization is
incorporated to ensure the boundedness of the level sets of Hnat(·, µ, ε) for all µ, ε > 0. We
note the slight difference in the update of µ; the additional condition in the update formula
in [13] was imposed to exploit the Jacobian consistency of the smoothing approximation,
and has no effect on global convergence. We drop this additional condition here because
we no longer assume the Jacobian consistency of the smoothing approximation.

Algorithm 4.1 (Algorithm 2 of [13]).
Inputs: Initial data w0 = (x0, y0) ∈ E × E, and parameters β > 0, α, η ∈

(0, 1), η̄ ∈ (0, η], σ ∈ (0, 1/2), and κ > 0.

Set k = 0 and µ0 = ε0 =
∥∥Gnat(w0)

∥∥, and repeat the following steps until∥∥Gnat(wk)
∥∥ = 0.

Step 1. Set j = 0 and vk0 = wk.
Step 1a. Find dkj ∈ E2 such that

Hnat(vkj , µk, εk) + JwH
nat(vkj , µk, εk)dkj = 0.

Step 1b. If
∥∥Hnat(vkj + dkj , µk, εk)

∥∥ ≤ βηk, set wk+1 = vkj + dkj and
proceed to Step 2.

Step 1c. Otherwise, find the largest λkj ∈ {1, α, α2, . . . } such that∥∥Hnat(vkj + λkjdkj , µk, εk)
∥∥2 − ∥∥Hnat(vkj , µk, εk)

∥∥2
≤ −2σλkj

∥∥Hnat(vkj , µk, εk)
∥∥2 ,

and set vk,j+1 = vkj + λkjdkj .

Step 1d. If
∥∥Hnat(vk,j+1, µk, εk)

∥∥ ≤ βηk, set wk+1 = vk,j+1 and proceed
to Step 2.
Otherwise, update j = j + 1 and return to Step 1a.

Step 2. Set µk+1 = min{κ
∥∥Gnat(wk+1)

∥∥2 , µ0η̄k+1}
and εk+1 = min{κ

∥∥Gnat(wk+1)
∥∥2 , ε0η̄k+1}, and update k = k + 1.

Theorem 4.1. If

(1) F : E→ E is locally Lipschitz continuous and monotone, and
(2) the solution set of V I(X,F ) is nonempty and bounded,

then Algorithm 4.1 generates a bounded sequence {wk = (xk, yk)} with an accumulation
point w∗ = (x∗, y∗) that is a zero of Gnat.

If, in addition,

(1) Hnat is based on the smoothing approximation defined by a ϑ-barrier with a gra-
dient map that is definable in an o-minimal structure (respectively, polynomially
bounded o-minimal structure),

(2) F is semismooth (respectively, γ′-order semismooth) at x∗, and
12



(3) for any subsequence {wkl} converging to w∗, {JwHnat(wkl , µkl , εkl)} is uniformly
nonsingular,

then the full Newton step is eventually always taken (i.e., wk+1 = wk + dk0 for all k
sufficiently large), and the x-component of the sequence {wk} converges superlinearly
(respectively, with order 1 + γ for some γ ∈ (0, γ′]) to the solution x∗ of V I(X,F ).

Proof. The global convergence of the algorithm is proved in Theorem 4.3 of [13].
To prove superlinear convergence, construct a subsequence {wkl} by taking k0 =

0, and recursively taking kl+1 ≥ kl to be the least index satisfying
∥∥wkl+1

− w∗
∥∥ ≤

1
2
‖wkl − w∗‖. This subsequence is well-defined since w∗ is an accumulation point of

{wk}. Since ‖(µkl , εkl)‖ ≤ κ
√

2 ‖Hnat(wkl , 0)‖2 = O(‖Hnat(wkl , 0)‖2) = o(‖Hnat(wkl , 0)‖),
we can apply Lemma 4.1, together with Proposition 3.3, on this subsequence by taking
{µk}, {νk}, {µ̃k}, {ν̃k}, {ν̂k} in the lemma to be {(µkl , εkl)} to get

(1) ‖wkl + dkl0 − w∗‖ = o(‖wkl − w∗‖)
(respectively, ‖wkl + dkl0 − w∗‖ = O(‖wkl − w∗‖

1+γ)),

(2) ‖Hnat(wkl + dkl0, µkl , εkl)‖
2

= o(‖Hnat(wkl , µkl , εkl)‖
2
), and

(3) Hnat(wkl+dkl0, µkl , εkl) = o(‖Hnat(wkl , µkl−1, εkl−1)‖+‖(µkl − µkl−1, εkl − εkl−1)‖),
where dkl0 is the search direction determined in Step 1a for j = 0. The third conclusion,
together with ‖Hnat(wkl , µkl−1, εkl−1)‖ ≤ βηkl−1 and

(|µkl − µkl−1|, |εkl − εkl−1|) ≤ (µkl−1, εkl−1) ≤ η̄kl−1(µ0, ε0) ≤ ηkl−1(µ0, ε0),

implies that ‖Hnat(wkl + dkl0, µkl , εkl)‖ ≤ βηkl eventually always hold. Thus the full
Newton step is eventually always taken at Step 1b. It then follows from the first conclusion
that for all sufficiently large l,

‖wkl+1 − w∗‖ = ‖wkl + dkl0 − w∗‖ ≤
1

2
‖wkl − w∗‖ ,

whence kl+1 = kl + 1 . This means wk+1 = wk + dk0 for all k sufficiently large, and wk
converges superlinearly (respectively, with order 1 + γ) to w∗. �

Algorithm 4.2, on the other hand, solves the normal map equation. A significant
difference between this algorithm and the other two is in the computation of the Newton
direction; here, the value of the normal map Gnor is used, instead of that of the smoothing
approximation Hnor. Such algorithms are often called Jacobian smoothing algorithm
(since only the Jacobian of the smoothing approximation is used) or splitting algorithm
(where the normal map Gnor is seen to be split into a smooth part Hnor(·, µ) and a
nonsmooth part Gnor−Hnor(·, µ)). Once again, we drop, from the original algorithm, the
condition that exploits the Jacobian consistency of the smoothing approximation, which
has no effect on global convergence.

Theorem 4.2. If F : E→ E is continuously differentiable and strongly monotone, then
Algorithm 4.2 generates a sequence {zk} converging to a zero z∗ of Gnor.

If, in addition,

(1) Hnor is based on the smoothing approximation defined by a ϑ-barrier with a gra-
dient map that is definable in an o-minimal structure (respectively, polynomially
bounded o-minimal structure),

(2) F is semismooth (respectively, γ′-order semismooth) at ΠX(z∗), and
(3) for any subsequence {zkl} converging to z∗,

(a) {JzHnor(zkl , µkl)} is uniformly nonsingular,

(b) µkl = o(‖Hnor(zkl , 0)‖) (respectively, µkl = O(‖Hnor(zkl , 0)‖1+γ
′
)),
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Algorithm 4.2 (Algorithm 3.1 of [4]).

Inputs: Initial data z0 ∈ E, parameters α, ρ, η ∈ (0, 1), σ ∈ (0, 12(1 − ρ)),

and L = supz∈E, µ∈R++

1
µ ‖H

nor(z, µ)−Gnor(z)‖ ∈ (0,∞).

Set k = 0, δ0 = ‖Gnor(z0)‖ and µ0 = ρ
2Lδ0, and repeat the following steps

until ‖Gnor(zk)‖ = 0.

Step 1. Set j = 0 and vkj = zk.
Step 1a. Find dkj ∈ E such that

Gnor(vkj) + JzH
nor(vkj , µk)dkj = 0.

Step 1b. Find the largest λkj ∈ {1, α, α2, . . . } such that

‖Hnor(vkj + λkjdkj , µk)‖2 − ‖Hnor(vkj , µk)‖2 ≤ −2σλkj ‖Gnor(vkj)‖2 ,
and set vk,j+1 = vkj + λkjdkj .

Step 1c. If

‖Gnor(vk,j+1)‖ ≤ max{η ‖Gnor(zk)‖ , ρ−1 ‖Gnor(vk,j+1)−Hnor(vk,j+1, µk)‖},
set zk+1 = vk,j+1 and proceed to Step 2.
Otherwise, update j = j + 1 and return to Step 1a.

Step 2. Choose 0 < µk+1 ≤ min{ ρ2L ‖G
nor(zk+1)‖ , 12µk}, and update k =

k + 1.

then the full Newton step is eventually always taken (i.e., zk+1 = zk + dk0 for all k
sufficiently large), and the sequence {ΠX(zk)} converges superlinearly (respectively, with
order 1 + γ for some γ ∈ (0, γ′]) to the solution ΠX(z∗) of V I(X,F ).

Proof. The global convergence of the algorithm is proved in Corollary 4.1 of [4].
To prove superlinear convergence, construct a subsequence {zkl} as in the proof of

Theorem 4.1. Applying Lemma 4.1, together with Proposition 3.4, on this subsequence
by taking {νk}, {ν̃k}, {ν̂k} in the lemma to be the zero sequence, and by taking {µk}, {µ̃k}
in the lemma to be {µkl}, gives

(1) ‖zkl + dkl0 − z∗‖ = o(‖zkl − z∗‖)
(respectively, ‖zkl + dkl0 − z∗‖ = O(‖zkl − z∗‖

1+γ)),

(2) ‖Hnor(zkl + dkl0, µkl)‖
2 − ‖Hnor(zkl , µkl)‖

2 + ‖Gnor(zkl)‖
2 = o(‖Gnor(zkl)‖

2), and
(3) Gnor(zkl + dkl0) = o(‖Gnor(zkl)‖).

The second conclusion implies that the step size λkl0 is eventually always 1, while the third
conclusion implies that ‖Gnor(zkl + dkl0)‖ ≤ η ‖Gnor(zkl)‖ eventually always hold. Thus
the full Newton step is eventually always taken, and we can follow the same argument as in
the proof of Theorem 4.1 to deduce superlinear (respectively, order-(1 + γ)) convergence.

�

The last algorithm, Algorithm 4.3, also solves the normal map equation. This algorithm
was designed to be as generally applicable as possible, by introducing a fallback search
direction when the Jacobian of the smoothing approximation fails to be nonsingular, or
when the Newton direction is almost orthogonal with the steepest descent direction; cf
[12]. For this algorithm, the smoothing approximation is not assumed to be Jacobian
consistent.

Theorem 4.3. If

(1) there exists µ̄ > 0 such that the set

{z : ‖Hnor(z, µ)‖ ≤ µβ for some 0 < µ ≤ µ̄}
14



Algorithm 4.3 (Algorithm 5.1 of [22]).
Inputs: Initial data z0 ∈ E and µ0 > 0, and parameters β > 0, α ∈ (0, 1),

σ ∈ (0, 1/2), ρ1 > 0, and ρ2 > 2.

Set k = 0 and repeat the following steps until ‖Gnor(zk)‖ = 0.

Step 1. Set j = 0 and vkj = zk.
Step 1a. If there exists hkj ∈ E satisfying

Hnor(vkj , µk) + JzH
nor(vkj , µk)hkj = 0

and

〈Hnor(vkj , µk),JzH
nor(vkj , µk)hkj〉 ≤ −ρ1 ‖hkj‖ρ2 ,

then set dkj = hkj .
Otherwise set dkj = −JzHnor(vkj , µk)H

nor(vkj , µk).
Step 1b. Find the largest λkj ∈ {1, α, α2, . . . } such that

‖Hnor(vkj + λkjdkj , µk)‖2 − ‖Hnor(vkj , µk)‖2

≤ 2σλkj 〈Hnor(vkj , µk),JzH
nor(vkj , µk)dkj〉 ,

and set vk,j+1 = vkj + λkjdkj .

Step 1c. If ‖Hnor(vk,j+1, µk)‖ ≤ µkβ or ‖Gnor(vk,j+1)‖ ≤ 1
2 ‖G

nor(zk)‖,
set zk+1 = vk,j+1 and proceed to Step 2.
Otherwise, update j = j + 1 and return to Step 1a.

Step 2. Choose 0 < µk+1 ≤ min{12µk,
1
2 ‖G

nor(zk+1)‖2}, and update k =
k + 1.

is bounded,
(2) for any µ > 0, the function θµ : z 7→ ‖Hnor(z, µ)‖2 has bounded level sets, and all

stationary points of θµ are zeros of θµ, and
(3) the function ‖Gnor(·)‖ has a bounded level set,

then Algorithm 4.3 generates a bounded sequence {zk} with an accumulation point z∗ that
is a zero of Gnor.

If, in addition,

(1) Hnor is based on the smoothing approximation defined by a ϑ-barrier with a gra-
dient map that is definable in an o-minimal structure (respectively, polynomially
bounded o-minimal structure),

(2) F is semismooth (respectively, γ′-order semismooth) at ΠX(z∗), and
(3) for any subsequence {zkl} converging to z∗, {JzHnor(zkl , µkl)} is eventually uni-

formly nonsingular,

then the full Newton step is eventually always taken (i.e., zk+1 = zk + dk0 for all k
sufficiently large), and the sequence {ΠX(zk)} converges superlinearly (respectively, with
order 1 + γ for some γ ∈ (0, γ′]) to the solution ΠX(z∗) of V I(X,F ).

Proof. The global convergence of the algorithm is proved in Theorem 6.1 of [22].
To prove superlinear convergence, construct a subsequence {zkl} as in the proof of

Theorem 4.1. Since µkl ≤ 1
2
‖Hnor(zkl , 0)‖2 = O(‖Hnor(zkl , 0)‖2) = o(‖Hnor(zkl , 0)‖),

we can apply Lemma 4.1, together with Proposition 3.4, on this subsequence by taking
{µk}, {νk}, {ν̃k}, {µ̃k} in the lemma to be {µkl}, and by taking {ν̂k} in the lemma to be
the zero sequence, to get

(1) ‖zkl + hkl0 − z∗‖ = o(‖zkl − z∗‖)
(respectively, ‖zkl + hkl0 − z∗‖ = O(‖zkl − z∗‖

1+γ)),

(2) ‖Hnor(zkl + hkl0, µkl)‖
2 = o(‖Hnor(zkl , µkl)‖

2), and
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(3) Gnor(zkl + hkl0) = o(‖Gnor(zkl)‖)
whenever JzH

nor(zkl , µkl) is nonsingular. Assuming that {JzHnor(zkl , µkl)} is eventually
uniformly nonsingular, it follows from the local Lipschitz continuity of Hnor at (x∗, 0) and
the first condition that ‖Hnor(zkl , µkl)‖ = ‖JzHnor(zkl , µkl)hkl0‖ = O(‖hkl0‖) converges to
0; whence

ρ1 ‖hkl0‖
ρ2 = ρ1

∥∥JzHnor(zkl , µkl)
−1Hnor(zkl , µkl)

∥∥ρ2
= O(‖Hnor(zkl , µkl)‖

ρ2)

= o(‖Hnor(zkl , µkl)‖
2)

= o(−〈Hnor(zkl , µkl),JzH
nor(zkl , µkl)hkl0〉)

means that dkl0 = hkl0 for all sufficiently large l. The second conclusion then implies
that the step size λkl0 is eventually always 1, while the third conclusion implies that
‖Gnor(zkl + dkl0)‖ ≤ 1

2
‖Gnor(zkl)‖ eventually always hold. Thus the full Newton step is

eventually always taken, and we can follow the same argument as in the proof of Theorem
4.1 to deduce superlinear (respectively, order-(1 + γ)) convergence. �

5. Barriers with definable gradients

A twice-differentiable barrier f : int(X) → R with a finite barrier parameter and a
definable gradient map is necessary to employ Theorems 4.1, 4.2 and 4.3 to deduce the
superlinear convergence of, respectively, Algorithms 4.1, 4.2 and 4.3 when solving either
the natural map or normal map equation. For every closed convex set X that is proper
(i.e., has nonempty interior and does not contain any affine subspace), it is well-known
that the universal barrier is a twice-differentiable barrier with a finite barrier parameter;
see [21, Theorem 2.5.1]. The universal barrier of X is

f : x ∈ int(X) 7→ log(vol(X](x))),

where

X](x) = {y ∈ E : ∀z ∈ X 〈y, z − x〉 ≤ 1}
is the polar set of X at x, and vol(·) denotes the Lebesgue measure on E.

It remains to check the definability of the gradient of the universal barrier. We shall

use a recent result of Kaiser [14]—which states that the Lebesgue measure is RRalg
an -

compatible—to prove the definability of ∇f when f is the universal barrier of a proper

closed convex set X definable in RRalg
an .

Given an o-minimal structure O, a Borel measure λ on Rn is said to be O-compatible,
if there exists an o-minimal expansion O∗ of O such that for every A ⊆ Rm×Rn definable
in O, the set

{(x, λ(Ax)) : λ(Ax) <∞}
is definable in O∗, where Ax denotes the set {y ∈ Rn : (x, y) ∈ A}. We call O∗ an O-
measuring o-minimal structure of λ. The measure λ is said to be strongly O-compatible
if the projection of the above set on the x-component is definable in O.

Theorem 5.1 (Theorem 1.9 of [14]). The Lebesgue measure vol on Rn is strongly RRalg
an -

compatible, and Ran,exp is a RRalg
an -measuring o-minimal structure of vol.

Theorem 5.2. The universal barrier f of a proper closed convex set X ∈ Rm that is

definable in the o-minimal structure RRalg
an has a gradient map ∇f that is definable in the

o-minimal expansion Ran,exp.
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Proof. Let A be the set {(x, y) : x ∈ int(X), y ∈ X](x)} ∪ {(x, y) : x /∈ int(X)}. Since

X is definable in RRalg
an , so are X](x) and A. Moreover, for every x ∈ Rm,

{y ∈ Rn : (x, y) ∈ A} =

{
X](x) if x ∈ int(X),

Rn otherwise.

Therefore, the function g : x ∈ int(X) 7→ vol(X](x)), whose graph is

{(x, vol(Ax)) : vol(Ax) <∞},

is definable in Ran,exp by Theorem 5.1. Thus the gradient map ∇f = ∇g
g

of the universal

barrier of X is definable in Ran,exp. �

We conclude this paper by mentioning a conjecture of Kaiser [14]:

The Lebesgue measure in any arity is O-compatible for every o-minimal
structure O.

If this conjecture is true, then we can trivially extend the above proof to deduce that the
universal barrier of any definable proper closed convex set always have a gradient map
definable in some o-minimal expansion. This will, of course, allows us to apply the main
results in this paper to variational inequalities on any definable proper closed convex set.
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