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Abstract

In this paper, we consider the multi-band robust knapsack problem which
generalizes the ['-robust knapsack problem by subdividing the single devia-
tion band into several smaller bands. We state a compact ILP formulation
and develop two dynamic programming algorithms based on the presented
model where the first has a complexity linear in the number of items and the
second has a complexity linear in the knapsack capacity. As a side effect, we
generalize a result of Bertsimas and Sim on combinatorial optimization prob-
lems with uncertain objective. A computational study demonstrates that the
second dynamic program is significantly faster than the first algorithm, espe-
cially after application of further algorithmic ideas. The improved algorithm
clearly outperforms CPLEX solving the compact ILP formulation.

Keywords: multi-band robustness, knapsack problem, dynamic program

1. Introduction

The classical knapsack problem (KP), one of the most fundamental prob-
lems in discrete optimization, asks to select a subset of items i € N =
{1,...,n} having a (positive) weight a; and a (positive) profit p; such that
a given capacity B is not exceeded and the total profit is maximized. This
problem is NP-hard but can be solved in pseudo-polynomial time via a dy-
namic programming algorithm (DP) with complexity O(nB), see, e.g., [6,
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10]. Further algorithms usually first order the items according to non-
increasing profit-weight ratios and then derive upper and lower bounds which
can be used to fix variables before applying branch-and-bound techniques,
cf. Pisinger [13] and the references therein.

A generalization of the KP is the [-robust knapsack problem (I'-RKP)
which takes data uncertainty, especially in the weights, into account and was
first introduced by Bertsimas and Sim [1]. In this problem, the weights of
at most 0 < T' < n items ¢ € N can deviate from their nominal weights a;
in an interval [a; — a;,a; + @;] and a solution is feasible if the knapsack
capacity is not exceeded for any realization of the weights. Since KP is a
[-RKP with I' = 0, I'-RKP is also NP-hard. However, again DPs exist
which solve fairly large instances within reasonable time. Klopfenstein and
Nace [8] present a DP which is a modification of the DP for the KP and has
complexity O(nB?) while Monaci et al. [12] develop an algorithm explicitly
for the I-RKP improving the complexity to O(nI'B). The crucial part of
the algorithm is the ordering of items according to non-increasing deviation
values a;.

In this paper, we investigate a further generalization of I'-RKP, the multi-
band RKP. Multi-band robustness was first introduced by Bienstock [2] under
the name of histogram models and was applied to portfolio optimization prob-
lems in finance. The first theoretical framework of the multi-band robustness
concept was presented in Biising and D’Andreagiovanni [3]. In this concept,
the deviation range is partitioned into several deviation intervals, so-called
bands, and the total number of realizations in each band is bounded by one
parameter per band. Due to the multiple deviation values, it is not possible
to specify an ordering which could be used in the algorithm for the I'-RKP
by Monaci et al. [12]. Moreover, Kutschka [9] shows that the multi-band
RKP polytope is full-dimensional if and only if the highest possible weight of
every item does not exceed the knapsack capacity. Additionally, the author
states trivial facets of the polytope and derives (extended) cover inequalities,
which are valid.

In [4, 11], the authors also consider a special case of multi-band ro-
bustness where uncertainties occur only in the objective coefficients, i.e.,
min{c’z|r € X N{0,1}"} with ¢ is subject to uncertainty. Mattia [11] shows
that the resulting problem can be solved by solving at most (n + 1) nom-
inal problems, where K is the number of bands. Since uncertain objective
coefficients can be transformed to uncertain weights for KP, the latter algo-
rithm would yield a O(nf*!B) algorithm. However, as we will show by a
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counterexample in Section 3, the stated algorithm is incorrect since the do-
main for the dual variables in the robust counterpart is not correct. Biising
and D’Andreagiovanni [4] present a corrected version requiring the solving
of O(n**) nominal problems, yielding a O(n*’B) algorithm for the multi-
band RKP.

In this paper, we present two DPs for the multi-band RKP. The first al-
gorithm has a complexity linear in the number of items but not in the knap-
sack capacity. As the capacity can be significantly higher than the number
of items, the second DP has a complexity of O(K!nE+YB). Additionally,
we propose improvements to speed-up the solving process in practice. As
a side effect, we generalize a result of Bertsimas and Sim [1] on combinato-
rial optimization problems with uncertain objective. The performance of the
different algorithms is analyzed in a computational study.

The rest of the paper is organized as follows. In Section 2, we briefly
present a compact ILP formulation of the multi-band RKP. Based on this
formulation, we derive a first DP which is an adaption of the DP for the KP
and has complexity O(nB%*!) in Section 3. The main part of this paper is
Section 4 in which we develop a DP with a complexity linear in the capacity
of the knapsack. By some improvements presented in Section 5, we can
speed up the performance of this DP in practice. A computational study
in Section 6 demonstrates the gained speed-ups. We conclude the paper in
Section 7.

2. Compact Formulation of the Multi-Band RKP

In this section, we briefly state the used notation and then present a
compact formulation of the multi-band RKP.

Every item ¢ € N contributes a profit p; € Z>( to the objective and has
an uncertain weight a; which is modeled as an independent random variable
with unknown distribution. Furthermore, we assume that there exist K
deviation bands and a realization a; of the random variable a; has a deviation
value lying in band k € {1,..., K} if and only if a; € (a; + a*~ ', a; + a¥],
where a; € Z>( denotes the nominal weight and al e Z>( the deviation value
in band k. We assume an increasing ordering among the deviation values for
each item i € N, i.e., a¥< af*! for every k € {1,..., K — 1}. The number of
possible deviation values lying in band k is limited by a parameter 'y > 0.
The capacity B of the knapsack is also assumed to be integer.
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We can now formulate the K-band RKP as the following integer program
with binary decision variables x; indicating whether item i is included in the
knapsack.

max Z DiT; (la)

iEN

st. Y @+ DEV(z,a) < B (1b)
1EN
T; € {O, 1} Vie N (1(})

We maximize the profit in (1a) while the knapsack capacity should not be
exceeded which is guaranteed by constraint (1b). The deviation term DEV is
computed via the following ILP for an allocation of the decision variables =z,
where the binary variables y¥ define the selection of the items in a band.

K
DEV(z,a) = max Z Z akayl (2a)

€N k=1

st Y yf < Ty Vke{l,...,K}  (2b)
1EN
K
> ouf<i YieN ()
k=1
yF e {0,1} Vie N,Vke{l,...,K}  (2d)

This formulation maximizes the sum of the deviation values on condition
that at most I'y, many deviations can lie in band &, constraints (2b), and the
weight of each item can deviate at most in one band, constraints (2c).

Since the polytope described by (2) is integral [3], i.e., the underlying
matrix is totally unimodular, by strong duality we can replace DEV(x,a)
in (1) by its dual problem

K
min Z Lpmy, + Z 0i (3a)
k=1

iEN
s.b. T+ pi > Ak Vke{l,...,K},Yie N (3b)
Ty Pi > 0 Vie N,Vke {1,...,K}, (3c)
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where 7, are the dual variables corresponding to constraints (2b) and p;

correspond to constraints (2c). For integer deviation values, optimal dual

variables 7, and p; are also integer and obviously, m, < m%({&f } for all
1€

bands k in an optimal solution. Including (3) in (1), we get the compact
reformulation of the K-band RKP as follows.

max Z it (4a)

iEN

s.t. ZazxZ kawk—i-ZpZ <B (4b)
iEN iEN
m+p¢2aixi Vie Nyke{l,...,K}  (4c)
x; € {0,1}, mp, pi >0 Vie Nyke{l,...,K} (4d)

Note, for fixed values of x and =, the optimal value of p; in (4) can be
computed according to constraints (4c)-(4d) as

Di —max{ke?llax {a T; — 7Tk} ,O}

77777

:max{keglax {af =), o} " (5)

..... K}

since z; € {0, 1}.

3. A Dynamic Programming Algorithm for the K-Band RKP

In this section, we present an exact DP for the K-band RKP which depicts
a straightforward generalization of the DP for the knapsack problem [6, 10]
and its generalization for the RKP [8].

We denote by 7 the vector of dual variables 7y for all bands k € {1,..., K}.
Applying (5), let f(j, b, ) denote the highest profit for given vector 7, a fea-
sible solution of (4) with weight b, and in which only items {1,...,5} C N
with j € N are considered. Hence, f(j,b,7) can be formulated as a classical
equality KP

f(],b,ﬂ’ max{zpl Z

J
> (a;+DEV.(i))2; = b,z; € {0,1}, z'gj}
=1
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with total weight b and

DEV, (i) = max {

H_/

el 18 =m0

To fulfill constraint (4b), b has to lie in {0, 1,...,B—

o

Fkﬂk}. Further-
more, for the dual variables 7 holds
m € Il = {O,l,...,r%%({df}} VEe{l,...,K}. (6)

As described in [6, 10], the DP then consists of the computation of all values
of f by the recursive equation

f(ja baﬂ-) = maX{f(] - 1,b,7T),f(j - 17b - (aj + DEVW(])) 77T> +p.7} (7>
with initial values

0, ifb=0
f(l,b,ﬂ')z P1, lfb:C_Ll+DEV7T(1)

—00, otherwise

K
andwEHl X .. XHK, be {O,l,...,B— Zkak}
k=1
Formally, the optimal solution of (1) is determined by

max {f(n, b, )

K
wEHlx...xHK,be{0,1,...,B—Zkak}}. (8)
k=1

Lemma 3.1. The complexity of the dynamic programming approach (7)-(8)
using the sets Iy, for k € {1,..., K} given in (6) is O(nB%+1).

K
b e {0,1,...,8—21}@}}
k=1

PrOOF. The computation of

max {f(n, b, )
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item ajx; aiw;

1 4 8
2 3 7
3 1 3

Table 1: Deviation values for the counterexample.

for a fixed vector 7 corresponds to solving a (non-robust) KP with a capacity
K

of B— > I'ymg. By (7), this can be done in O(nB). Moreover, |II;| < B+1
k=1

since a¥ < B for alli € N and k € {1,..., K}. Hence, the complexity of the
DP (7)-(8) is O(nBX+1). O

The complexity of the presented DP is linear in the number of items. In many
applications, the knapsack capacity B is larger than the number of items n.
Hence, an algorithm with complexity linear in the capacity is desirable. For
the one-band RKP, Monaci et al. [12] derive such a DP. Its crucial assumption
is an ordering of the items according to non-increasing deviation values. As
no comparable ordering of items with more than one deviation value exists,
an extension of this DP to a DP for the problem studied would result in an
algorithm with complexity O(nI', BX) for one x € {1,..., K}.

Furthermore, conveying the algorithm stated in Mattia [11] for a com-
binatorial optimisation problem with uncertain objective coefficients to the
multi-band RKP, the sets II;, would be defined as

I, =0, = {aFlie NYU {0} Vke{l,... K} (9)

leading to an algorithm with complexity O((n + 1)5*YB). However, this
is not correct. By means of the following counterexample of a two-band
RKP with three items, we show that for an optimal solution of (3) does not
hold m; € f[l and m € fIQ and hence, these sets cannot be used to compute
an optimal solution of the two-band RKP.

The considered deviation values are given in Table 1. Further, we set I'; =
2 and I'y = 1. Then, the lowest objective value for the dual problem (3), we
can compute by using the sets in (9) is 13 with corresponding solution m =
0, mo =3, p1 = 5,p2 =4, p3 = 1. However, the optimal solution value is 12
with, e.g., m; =0, m =4, p1 =4, ps = 3, p3 = 1 and thus, m ¢ Il.
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In the following section, we present a DP with complexity linear in the
capacity which uses modified versions of the sets Il in (9) and which are
smaller compared to (6).

4. An Improved Dynamic Programming Algorithm

4.1. Uncertainty in the Coefficient Matrix

By (5), we can write optimization problem (3) as minimizing the func-
tion x of 7:

K
. K . _ ~k
X R* = R: x(n) ;Fkﬂ'k + ieZNmaX {ke?llf.i..),(K} {af — m} ,O} . (10)
Note, we neglect x; here for simplicity. The inclusion would just cause the
usage of a new set N’ := {i € N|x; = 1} instead of N.

The function y is piecewise linear as every term in the maximum is lin-
ear. Additionally, this function is convex since linear functions are convex,
the maximum of convex functions is convex and the summation of convex
functions is also convex. Hence, any local minimum of function y is also a
global minimum.

To derive properties of a global minimum of the function x for K > 1, we
use a well-known result for the I'-RKP, the one-band RKP. Assuming that
items are sorted by non-increasing weight deviations a;, the following lemma

holds.

Lemma 4.1. (Monaci et al. [12]) A subset I C N s feasible for the I'-RKP
if and only if

Z (@ +aj) + Z a; < B
i€Li<ir i€lii>ip
where ip denotes the I'-th item in I if |I| > T", otherwise ir is the indezx of
the last item in I.

Applying a minor modification of Lemma 4.1, it is easy to see that y also
takes a global minimum at m; = af ,,, where aj. ., denotes the (I'y + 1)-
largest deviation value.

Now, we assume K > 1 and consider the case that all entries of the
vector m but one are fixed and limit the domain for the remaining 7, in such
a way that y is as low as possible regarding the fixed entries of 7.
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For simplicity, we write k # & instead of k € {1,..., K} \ {s} for xk €
{1,..., K} and use the notation ()" for max{c, 0} henceforth.

Lemma 4.2. If 7 is fized for all k # k with k € {1,..., K}, then the
optimal 7, minimizing (10) lies in
1€ N} .

{( ~ max{at m*}f

In fact, the minimum is taken by the (I',, + 1)-largest of these values.

PrOOF. If 7y is fixed for all k # k, then

X(7) = Tem + T + D max {(af —m) "}
k#k 1€EN
= Z Iy + Z I?j? {(&f - 7Tk)+} + X (%)
k#k ieN
with
+
X(”N) =Lme + EZN ((&f - WN)JF - Tﬁf {(df - Wk)Jr})
+
=I'ym, + ;}\; <df - Iil;%}z( {(df —m)t} - 71,{) .
Defining

Jr
df = (df — max {(df — 7Tk)+}> ,

k#k

. -
the function x () is equal to T'ym, + > (df - 7TH> . This function is the
ieN
objective of the dual problem (3) of a I',-RKP with deviation values df.
Applying Lemma 4.1, we know that an optimal solution is given by setting
the m, to the (I', + 1)-largest deviation value. O
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Since every local minimum of the piecewise linear function x as defined
in (10) is a global minimum, we have to find a point with a gradient equal to
zero. If a linear segment with a gradient equalling zero exists, also the corres-
ponding corners have the same property and still constitute global minima
of the function y. At such a corner, x is not differentiable in one direction,
i.e., the directional derivatives differ.

For an index x € {1,..., K} (an index set L C {1,..., K}), we denote
by e, (ex) the unit vector with all entries set to zero apart from position(s)
(K) which is (are) set to 1.

Theorem 4.3. If7 € ]RIZ(O is a point of non-differentiability of the function x
with
venx<ﬂ-) # _v_enx(ﬂ—)

for a k € {1,..., K}, then there exists at least one i € N with m, = af or

ar — m, = ak —m for one l # k.

PRroOOF. First, recall the definition of the directional derivative in the direc-
tion e, and of the negative directional derivative in the direction —e, which
will be used in this proof.

X(m + hex) = x(7)

Ve, x(m) =lim

RN\0 h
= lim X(Trla'"77TR7177TI€+h77TH+17"'77TK) _X(ﬂ->
AN h
. x(m—heg) — x(m
9, () = Jim XT ) Z XD
= lim X<7T17"'77Tn717ﬂ-l€_huﬂ-lﬁ+17"'77TK> —X<7T)
AN —h

Hence, V.. x(7) # —V_¢.x(7) implies x (7 + he,) — x(7) # —x(7 — he,) +
x(m). For h — 0, a difference between x(m + he,) and x(7) can only occur
due to differences in the max-term in the definition of y in (10). We now
define partitions of the set of items N based on the difference values a¥ —

which determine this maximum.

10
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ILy={ieN|af—m <0Vke{l,... K}},
L={ieN|af —m >a,—-mVI<k—1a —my>a,—mVI>k+1,
and af —m, >0}  Vke{l,...,K}

The set Iy is the set of items for which all difference values (deviation minus
dual) are negative. For band k, the set I, is the set of items for which & is the
smallest index whereby the maximum in (5) is defined by the corresponding
difference a¥ — m,. Obviously, the sets I for all bands k € {0,1,..., K}

K

are pairwise disjoint defining a partition of N = Iy U |J I} at the point 7.
k=1

Analogously for the point 7+he,, we define sets I and I! by replacing a5 —m,

by af — (. +h) and for point 7 — he,, sets I;" and I,_" by replacing af —

by a¥ — (m, — h). These sets are also pairwise disjoint and thus,

K K K
N=pnulJn=rulJ=5"ul]J " (11)
k=1 k=1 k=1

The transition from point 7 + he, to point 7 and then to m — he,, leads
to the following subset relations.

(a) I," €Iy € I,
(b) I} € I. C 1",
(c) ["C L, CI} VEk+#r.

This means, the changes in the sets by transition, e.g., from 7+ he, to m can

only be caused by items moving from I" to IoU |J I since @ — (7, + h) <
k#k
ay — m, and all other values remain the same. Hence, the following subset

relations are also immediate.

(d) L\ TE € (I{;\Iou U ([I?\[k>>7
k#k
(e) IN\ I C I, \I! Vk+# k, in particular |J (I} \ 1) C I, \ 1P,
k#k

() IT"\ 1. © (Io\fo_hu U(Ik\f;Zh))?and

k#Kk

(g) kg (I \ I;") CI;M\ I,

11



»s For i€ I, \ I" by (d), either

226 i) i€ Il\Iy=aF—m, <0Vk # rkbut af — 7, > 0and af — (7, +h) <0
227 hence, for h small 7, = af, or

»s i) i€ UM\ ) = af —m < af — 7, and ¥ — mp > af — (7, + h) for

k#k
220 at least one k # k. Hence, for h small a¥ — 7, = af — ..
230 Based on these relations, we can now rephrase the numerators of the

231 directional derivatives as follows.

X(m + he,) — x(m)
= Z Fkﬂ—k + Fn(ﬂ—n + h) + Z r?gz({&f - 7rk} + Z(&f - (WH + h))

k#k ie U If €Il
k#k
K
_ _ ok — — ar —
Y Time— Y max{a; — i} Z(az Tr)
k=1 ie U I i€l
k#kK
CLIP by Z max{a; — my} — |I|h — Z (af — )
k#k ¢ " ’ "
i€ U (IP\I) el
k#K
0D (E, — |2
232 By means of an analogue argumentation applying (b),(c),(f), and (g), we
233 get
X(m = heg) = x(m) = (|| = Ty)h.
23 Hence,

12
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Ve X(T) # =V e, x(7)
X he) = x(x) o x(r — he) = x()
RN\O h h\,0 —h

& Hm (T, = |12 # lim (D = |1,)

: h
& lm [I] 2 | L]

e3ie L\ 1" for h\,0
Z)ilﬁ)m:d’f or af — m, = aF — m, for at least one i € N and k # k.

This concludes the proof. ([l

We have shown now that in an optimal solution of (3) either a dual
variable 7, is equal to a deviation value a or two difference values of the
form a¥ — m;, for two different bands coincide. The following lemma excludes
the latter case from the space of optimal solutions but 7, = 0 remains pos-
sible.

Lemma 4.4. For a point 7 € RE; with = ¢ {a¥|ie N} U {0} Vk €
{1,...,K} and af -y, :&3-—7?[* >0, foronej € N andr,l € {1,..., K}, k #
l, there exists a point w € Rlz{o with 7, € {df |z € N} for at least one k €
{1,..., K} and x(7) < x(7).

PROOF. First, we define o := a§ — n} and K == {k € {1,..., K} |a} — 7} =
a}. We write k ¢ K instead of k € {1,..., K} \ K for simplicity. Similar to
the proof of Theorem 4.3, we define a partition of the item set N into two

sets, one consisting of all items for which argmax{a¥ — 7} € K and the other
kEK
one containing the remaining items:

I = {z eN ‘ max {rilea%{df — it rlrg,xcx{dﬁ- — 7} 0} = rlglealé({df — 7'(']:}} ,

I" =N\ I§.
Then, for the directional derivatives in the direction ex at 7* holds

13
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Vox(n) = =V_ox(@) = 3T - |1, (12)
keK
see Lemma Appendix A.1 for details.

If the derivative is negative, we now increase all 7} simultaneously until
we reach a point 7 € RE) with 7, € {aF|i € N} for (at least) one x €
{1,...,K}. On the other hand, if the derivative is strictly positive, we
decrease all 7} simultaneously until we reach a point 7 € RE, with 7, €
{af|i € N} or m, =0 for (at least) one k € {1,..., K}. -

In case of a negative derivative, i.e, > T'y — |If] < 0, we define the
kek
minimum value possible to add to 7 without changing the partition of the

item set as

g™ == min min  {a¥ — 7}}, min {af —mr—ab+ 77} 5,
keK,ie N: kekK,l¢K,ie N:
ar —7r >0 ay —mp > ak —nf

i.e., the minimum difference between a dual variable 7} and a deviation value

or between two difference values. Note, this minimum exists since ay — 7} =
a > 0. Now, we define
mr+et kek
) = ’i (13)
o k¢ K.

If ™ is defined by the first minimum, the point 7 has the required prop-
erty that m, € {a¥|i € N} U {0}. Otherwise, et = a* — 7% — al + 7}
for v € N,k € K, 1 ¢ K and we define o/ := aF — 7, and a new set ' :=
{k eKl|al —m =d } Then we start again from the beginning repeating
the same steps. We continue this procedure until one 7, has the desired
property.

What remains to show is that the objective is not increased when in-
creasing some 75 by €. For that purpose, we first show that the set If
remains the same. So, we define a set [ analogously to Ig by replacing
every m; by m;. By the definition of these two sets, it holds Ixx C Ix. We
will now show I C I, i.e., these sets are equal. To this end, we consider an
item ¢ € I and show ¢ € Ix. We have

14



@>

>et<af—m—al+nrforallie [, ke Kand | ¢ K:

_ _ L+
r’?eax{a TR} = r’?ax{a T —€"}

>max{a¥ —n; —af +ap+al -7} VigK

kek
=a—7F VigK.
75 Hence, rilealéc{df — T} > rlrg’xcx{dﬁ —m}.

> et <af —mf for alli € I and k € K:

_ _ ot
Iileag{a TR} = I]?ax{a T —€e}
> max{ay — ;- a; + 7}
=0.

2 Hence, ¢ € I and thus, I C Ik.
o7 Then, for the objective function holds

= Zl—‘k(ﬂz +et) + kaﬂz + Z rl?géc{df —nmp—¢et}

ke k§é’€ i€l

K
ZFkﬂk +€+2Fk + Zmax{a — i} — eI
k=1

ke zGI*
+ > max{(@ —m)")
iEN\I}:
A (z I - IIK|>
ke
<x(m).

278 The second case, when the directional derivative is strictly positive, can
a9 be handled quite analogously to the previous case, see Appendix A.1. [

%0 Theorem 4.5. There exists a DP which solves (4) in O(K'n'"*VB), i.e
81 with a complexity linear in the knapsack capacity B.
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ProoF. By means of Theorem 4.3 and Lemma 4.4, we know that for an
optimal 7 holds 7, € {af|i € N} U {0} for at least one k € {1,..., K}. We
will prove the claim by mathematical induction.

For K = 2, we can either first choose m; € {a}|i € N} U {0} or m €
{a?|i € N}U{0} having n+ 1 possibilities each and 2 possibilities to choose
the starting x € {1,2}. For a fixed 7, with x € {1, 2}, the remaining m;, [ #
K, lies in {al — (af —m,)T i € N} U{0} as shown in Lemma 4.2. Again, we
have n + 1 possibilities for the optimal m;. For a fixed 7, the optimal p is
fixed, cf. Lemma 4.2, and the problem reduces to a knapsack problem which
can be solved in O(nB) by the DP (7)-(8). In total, we have a runtime
of O(2n3B) for K = 2.

Now, we assume that the lemma holds for K — 1, i.e., the (K — 1)-band
RKP can be solved in O((K — 1)!nfB). For the K-band RKP, we choose
ake€{l,...,K} and one 7, from {af|i € N}U{0}, i.e., we have K(n+ 1)
many possibilities to fix the first m,. After the fixation, the problem reduces
to a (K —1)-band RKP. Hence, in total we have a runtime of O(K!nE+) B).

U

Note, the set IIy x ... x IIg is implicitly described in this proof but a
closed form is too large to state for K > 2, see Section 6 for K = 2.

4.2. Uncertain Objective Coefficients

Based on the results presented in this section, we give a polynomial algo-
rithm to solve an optimization problem with uncertain objective coefficients,
correcting the result in [11].

The problem with uncertain objective coefficients reads

min Z i (14a)
i€N
st.x € X, (14b)

where ¢; are subject to uncertainty (¢; nominal value and & deviation in
band k) and the feasible region is X C {0,1}". The robust counterpart
of (14) can then be formalized as

min Z Gix; + - DEV(z, ) (15a)
iEN
st.z € X, (15Db)
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321

with

— ~k

DEV(z,m) = Z Ceme + Z max {07 ke?ll?.},(l(}{ci - wk}} z;.  (16)
ke{1,...,.K} i€EN

Rewriting (15) by using (16), we get

i, revenie{ S (coms{o g, @0} o

ke{l,.. K} ieEN

wEHlx...xHK}. (17)

The set Iy x ... x IIx is defined as explained before by replacing a by ¢.

Corollary 4.6. The problem (14) with uncertain objective coefficients can
be solved in O(K'n’).

PROOF. Solve the equivalent formulation (17) and use the same argumenta-
tion as in the proof of Theorem 4.5. 0

5. Implementational Issues

By Theorem 4.3 and Lemma 4.4, we can now define alternatives to the
sets Il as defined in (6). However, a straightforward application of the
former results leads to sets which are still quite large. Hence, in this section,
we present some improvements to reduce the size of the sets and to speed up
the solving process in general.

5.1. Reducing the Size of 11
Recall that a¥ < a*** for all bands k € {1,..., K—1} and all items i € N.

Lemma 5.1. There exists a point © defining a minimum of function x with
T < Try1 forallk € {1,..., K —1}.

PROOF. Assume 7* defines a minimum of x and there existsa k € {1,..., K}
with 7 > 7% ;. We define

% * . ~k+l ~K .
z=mp =T 20, zii=a; —a; >0 VieN

17



2 and construct a point 7 with y(7) < x(7*) as follows.

T =7, —z—min{z}, m = 7 Vk# k.
i€EN

;23 Then it holds

~K 2K * :
af —mp =af —m+ 2+ ?é%l{zi}

_ AR * * * : )
=a; — T, + T — 7Tn+1 + ?é%l{zz}

~AK * ~Kk+1 ~AK
<@ — T ta; T —a;
_ ak+1 *
=Q; T T

324 and hence,

~k ~k *\ ak+1 *
max max a, — T 0 gmax maxya, — T a,; — T 0
{ke{l,...,K}{ i }7 } ktn { [ k}7 7 K41

<max<{ max {a¥—7},0%.
- {ke{l,...,K}{ ¢ 3

w5 Therefore, for the objective function y we have

K
x(m) = Z Ceme + Z max {ke?llaXK}{df — Tk}, O}
k=1

iEN
< ; Fpmp+ Ty (7?,: —z— rlre%l{zl}) + ; max {ke?ll,%.)fl(}{d? — i} O}
=x(7*) = Tx (z +min {zl})
< x(7),
0

326 a contradiction.

327 By means of this lemma, we have to consider only vectors 7 in the DP
ps with mp < mpyq for all £ € {1,..., K — 1}. For a further reduction of the
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334
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337

338

339

number of 7w-vectors to be considered, we define a mapping per band to sort
the corresponding deviation values non-increasingly:

hg : N = N with ay, ;) > ap 0, Vi €{1,...,n =1}, ke {1,..., K}
Lemma 5.2. There exists a point m defining a minimum of function x with
7Tk Sdflk(rk-‘rl) Vk/‘E {1,...7K}.

PROOF. Let 7 be a point defining a minimum of x with 7 > d;H(FNH) =«
for one band k € {1,...,K}. Construct a point 7 with x(m) < x(7*) as
follows.

T =, 2 =7, —7mx >0, m, =7 Vk#k.

Then we define a partition of the sets of items as N = I< U I with I< :=
{ie N|h'(i) <Ty}, I. :={i e N|h;'(i) > T.}. Fori € I< holds

max {a} —m,} =max ¢max{al — 7} ,af — 7+ 2
ke{l,....K} k#r

< max {aF—7m )42
T ke{l,...,K} { ! k}

and

max{ max {af —m} ,0} < max{ max {af —m}} ,0} + 2.
ke{1,...,.K} ke{1,...,.K}

On the other hand, for 7 € I~ holds in particular af < « and thus,

(max {af —m} =max {Iggx {af —mp},ar — a}

< e A= mi)

Hence, regarding the objective value y(m) we have
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355

ZFkﬂk+Zmax{k€?11aX {a —7Tk} O}

iEN
< r | 10
Z pr — Doz + zezl <max {ke?ia%K} {aj — 7}, } - z>
+ Z max {keg{aﬁ(} {a — 7rk} O}
Z€I>
=x(77),
a contradiction. O

Therefore, we have to consider only vectors 7 in the DP with m, < w44
forall k€ {1,..., K — 1} and m, < aj, (o4 forall ke {l,... . K}.

5.2. Speeding-Up the Solving Process

The decrease of the size of the set II := II; x ... x IIg achieved in the
previous section is just of practical relevance as the worst-case size remains
the same. However, even though the size can be reduced in practice, solving
a classical KP for every possible 7 € II still consumes too much time. Hence,
in this subsection we order the elements in II such that the most relevant
elements are considered first and the least relevant are most likely not taken
into account at all.

For a fixed 7 € 11, the following KP has to be solved.

max 5 DiT;

st. Y (@ + DEV,(i))a; < B — ZFW

iEN =
x; € {0,1} Vie N

An upper bound for this problem is an optimal solution of the LP relax-
ation which can be computed by a greedy algorithm. This algorithm sorts the
items by their ratio m non-decreasingly and includes the items with
the largest ratio in the knapsack as long as the capacity is not exceeded. To
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use the capacity completely, just a fraction of the last element, the so-called
critical item, might be put into the knapsack. This bound can be improved
as described in [10] by interchanging items closely before or after the critical
item. We save this upper bound for every = € II and sort the elements non-
decreasingly regarding the bound. A vector m with a large upper bound has a
higher potential to increase the objective. Furthermore, if the upper bound
of 7 is less than or equal to the current best known solution, an optimal
solution of the corresponding KP cannot improve the best known solution
and thus, the KP does not have to be solved to optimality. Additionally, the
whole solving process terminates as the upper bound of the next element is
not higher than the current best solution.

6. Computational Study

In this section, we present an extensive computational study to evaluate
the performance of the derived algorithms in practice. As multi-band RKPs
are quite complex, we consider only two bands for this study.

The considered algorithms are summarized in Table 2. The DP presented
in Section 3 utilizing the sets I1; as defined in (6) is the basic algorithm and
is denoted by SIMPLE. When replacing the Cartesian product of the sets Iy
by Hzgpuerp Which is based on the results from Section 5.1 and will be defined
in (18), we obtain the algorithm REDUCED. If we order the (7, ms)-pairs as
described in Section 5.2 in the algorithm REDUCED, we call the resulting
algorithm IMPROVED. Finally, to evaluate the performance of the best DP,
we additionally solve the ILP (4) for all instances and call this algorithm 1LP.

In all three DPs, we solve the underlying KPs for fixed variables 7 via
algorithm MinKnap from Pisinger [13].

In the following, we derive a closed form expression of the set Iligpucen
which is used in the algorithm REDUCED. Assuming that m € {aj,...,al}
in an optimal solution, we first define

and then for every m; € II;, we define

B
ZSFl—f-l and CAL}H(Z) S \‘F—J},
1
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Algorithm Description

SIMPLE The DP using the simple sets II; as defined in (6) with
complexity O(nB?).
REDUCED The DP using the set Iyppucen as defined in (18) with com-

plexity O(2!n*B).

IMPROVED As algorithm REDUCED but the elements in Ilzppycep are
ordered non-increasingly regarding the upper bounds as de-
scribed in Section 5.2 and the solving process stops as soon
as the current upper bound is less than or equal to the best
solution.

ILP The ILP (4) is solved with CPLEX.

Table 2: Summary of algorithms considered in the computational study.

Ty(m1) == {0}U {a? —(al—m)" ‘ i € N and

. . . B
a? — (az1 — 7r1)+ < min {a,zl2(r2+1), L_‘—J }} .

Furthermore when assuming m, € {a2,...,a2} in an optimal solution, we
define
! . ~2 . ~A2 B
Il = {0} U { @jy5) | # < To+ 1 and aj,, ;) < g

and for every my € I,

T, (75) = {0}U {a} —(@2—m)" ‘ i€ N and

, R ] B
a; — (a? — 7r2)+ < min {a,lll(rlﬂ), L_‘—lJ }} .

Combining these sets, we get the set of all (7, m2)-pairs which have to be
considered in the DP as

Hyrepvesn = ( U {77'1} X H2(7T1)> U U H/1(7T2) X {7T2} . (18>

w1 €Iy SISV
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All computations are performed on a Linux machine with 3.40GHz Intel
Core i7-3770 processor and a general CPU time limit of 2h.

6.1. Generation of Test Instances

Based on Klopfenstein and Nace [7] and Pisinger [14], we randomly gen-
erate instances to study the performance of the presented DP including the
different derived settings. In this subsection, we explain the setting for the
generation of the instances.

The nominal weights are uniformly distributed in a given interval [1, R},
where R = 100 and R = 1000 defines the range, and the profits are pro-
portional to the nominal weights plus a fixed charge, ie., p; = a; + 10.
Hence, the instances are strongly correlated, see [14]. Furthermore, the knap-

sack capacity B is randomly chosen from % > c’zi,é > ai] N Z. To create
1EN 1EN

two-band robust instances, we additionally have to compute two deviation

values a; and a? for each ¢ € N with a; < a?. For that purpose, we de-

fine a maximum deviation ¢ € {0.2,0.5,1.0} relative to the nominal weight,

i.e., a maximum deviation of at most 20 %, 50 % or 100 % of the nominal

weight. Hence, a? = §a;. Assuming an (almost) equal bandwidth in each

52
band, we set a; = {%—‘ Finally, we consider three different numbers of

items n € {200,500,1000}. For each setting, we generate a series of ten
instances.

The number of possible values for the robustness parameters I'; and I’y
is quite large. To focus on the most meaningful values, we assume a normal
distribution of the deviation values, see Figure 1. 95 % of the deviation values
lie between —1.960 and 1.960, where o denotes the standard deviation. In
particular, 97.5% of the values are less than 1.960. This point is reflected
by I's. As we are interested only in positive deviations, we consider 0.980 =
1.960/2 for I'y. At this point, we have a probability of 83.65 %. Furthermore,
we have a probability of 33.65 % = 83.65 % — 50 % between 0o and 0.98¢ and
a probability of 13.85 % = 97.5% — 83.65 % between 0.98¢ and 1.960. This,
means we have the following ratio.

'y 33.65%
— = = 2.43
Iy 13.85%

Thus, we assume I's € {[0.01n], [0.02n], [0.03n], [0.04n], [0.05n]}, where
'y = [0.05n] means that at most 5% of all weights deviate, and I'y =
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Figure 1: Sketch to explain the computation of the robustness parameters I'; and T's.

[2.43-T5|. Note, we round 2.43 - T's to receive only integer values for T'y
since the DP (8) requires that the values of all parameters are integer.

6.2. Comparison of different sets 11

First, we compare the performance of the different Il-sets, i.e., algorithm
REDUCED to SIMPLE. For that purpose, we examine the solving times of the
two algorithms and compute a speed-up factor for REDUCED. For example, a
solving time of 100 sec for SIMPLE and a solving time of 10 sec for REDUCED
gives a speed-up factor of 10. For every setting, i.e, range R, number of
items n, and maximum deviation §, we take the mean over the ten instances.
Furthermore, since differences in the solving time for different values of I'y
are marginal, we also average over I's. A graphical display of the results
can be found in Figure 2, for more detailed results see Tables B.4 and B.5
in Appendix B. The average speed-up factor we can achieve ranges from 1.31
to 12.20. In general, for higher range R and higher §, we can also achieve
higher speed-up factors. In SIMPLE, the size of the sets [1;, which is defined by
the actual deviation values, has the strongest impact on the computing time,
whereas the number of items plays a minor role. In contrast, the number of
items influences the computing time of REDUCED most considerably while
the deviation values are less important. Hence, the high speed-up factors
achieved by REDUCED for n = 200 cannot be retained for higher numbers of
items.

24



443

444

445

446

447

448

449

450

451

452

453

454

456

457

458

459

460

461

12.2
6 —

Iiz =100
I1lE R = 1000

speed-up factor
w

n 200 500 1000 200 500 1000 200 500 1000
0 0.2 0.5 1

Figure 2: Speed-up factors of algorithm REDUCED normalized to SIMPLE averaged over
the ten instances and I's-values for the different settings and sizes.

The individual minimum speed-up factor, i.e., without averaging, achieved
by REDUCED ranges from 1 to 14.09.

6.3. Evaluation of Implementational Improvements

We now compare IMPROVED to REDUCED by means of speed-up factors.
Again, we average over instances and I's>-values. A graphical display of the re-
sults is depicted in Figure 3, for more detailed results see Tables B.5 and B.6
in Appendix B. For R = 100, 6 = 0.2 and n = 200, no speed-up factor
could be computed since the solving times of IMPROVED are strictly be-
low 10~2sec. For better readability, we nevertheless draw a bar of height 1.
For the remaining settings, the average speed-up factor achieved by 1M-
PROVED ranges from 4.67 to 86.05. For an increasing number of items
and R = 1000, the speed-up factor also increases because the stop crite-
rion if the upper bound of a (m,ms)-pair is below the current best known
solution gains more significance for a higher number of items. For example,
the stop criterion catches after 157 (71, 7o)-pairs have been considered for an
instance with n = R = 1000, 6 = 1 and 'y = [0.01n| while 240382 pairs
are considered with IMPROVED. On the other hand, for one of the smallest
instances, i.e., n = 200, R = 1000, 6 = 0.2 and I'y = [0.01n], the number of
considered (7, m2)-pairs is only reduced from 155 to 8. Hence, the reduction
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Figure 3: Speed-up factors of algorithm IMPROVED normalized to REDUCED averaged over
the ten instances and I's-values for the different settings and sizes.

for the highest number of items is the largest.
For R = 100, these effects cannot be seen that clearly since the problems
are quite small and can be solved in less than 1.5sec with both algorithms.
If we do not average, the minimum speed-up factor that can be achieved
by IMPROVED is 2 and the maximum is 500.

6.4. Comparison to ILP Formulation

To solve the ILP (4), we use CPLEX 12.4 [5]. The absolute solving times
averaged over the ten instances and I's for this algorithm and IMPROVED
are displayed in Table 3, see Tables B.7 and B.6 in Appendix B for more
detailed results. Note, some of the 50 problems per average value could not
be solved within the time limit by 1LP. These instances are not considered
in the average. However, we give the number of the remaining instances
in parenthesis (see Table B.8 for the corresponding numbers without the
averaging over I'y). The lowest average time consumption for 1LP is 105 sec
(R =100, 6 = 1.0, n = 1000) but only 4 out of 50 instances are considered in
this values, i.e., could be solved within the time limit. In contrast, IMPROVED
needs at most 16 sec for these largest instances. Hence, for the 2-band RKP,
the presented DP IMPROVED clearly outperforms ILP.

As mentioned before, the runtime of algorithm IMPROVED strongly de-
pends on the number of items. Hence, if the number of items is doubled, also
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the runtime is increased by a factor of 2. Such a factor cannot be computed
for algorithm ILP as more quantities than the number of items influence its
running time.

0 0.2 0.5 1.0
R

n 100 1000 100 1000 100 1000

200 671 (44) 540 (44) 578 (37) 1388 (37) 626 (29) 885 (25)
500 1666 (36) 490 (13) 1501 (23) 571 (12) 1718 (25) 882 (14)
1000 1966 (36) 83 (4) 1161 (17) 103 (6) 362 (7) 105 (4)

ILP

@ 200 0.000 0.213 0.007 0.360 0.025 0.383
% 500 0.002 0.613 0.028 2.075 0.103 4.030
£ 1000 0.012 1.073 0.059 5.705 0.219 16.116

Table 3: Absolute solving times in sec of ILP and IMPROVED for different settings averaged
over the ten instances and T's. The number of instances (out of 50) not exceeding the time
limit with ILP are given in parenthesis.

6.5. Larger Instances

The solving times of the DP IMPROVED are for all instances quite low (at
most 18.01sec). Hence, in this subsection we briefly study the performance
of IMPROVED for larger instances. Therefore, we generate instances with R €
{1000, 10000}, n € {500, 1000, 2000, 5000, 10000}, and § as before. Again, we
generate ten instances for each setting. Note, we generate only instances for a
combination of R and n which has not been considered before. The absolute
solving times are displayed in Figure 4, for more details see Appendix B.
For R = 10000, n = 10000 and 6 = 0.5, only two instance could be solved
within the time limit whereas no instance for § = 1.0 could be solved. For
all other settings, the instances could be solved within a reasonable time of
at most 5811.76 sec on average.

7. Conclusions

In this paper, we considered a generalization of the robust knapsack prob-
lem, the multi-band RKP, where the weights of the items can have several
deviation values lying in different bands. Based on the compact formulation,
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Figure 4: Absolute solving times in sec of algorithm IMPROVED averaged over the ten
instances and I's-values for the different settings and sizes.

we developed a DP with a complexity linear in the number of items n. How-
ever, the complexity also depends on the knapsack capacity which is raised to
the power of the number of bands K plus one. Since the knapsack capacity is
usually higher than the number of items, we additionally develop a DP with
a complexity that is linear in the capacity, i.e., O(K!n®*!'B). From this, it
can be concluded that a combinatorial optimization problem with uncertain
objective can be solved by solving O(K!n®) similar problems with certain
objective. We improve the developed DP algorithm in practice and compare
the performance of the resulting algorithm to the former two DPs by means
of solving times in an extensive computational study with randomly gener-
ated instances of various sizes. On the one hand, the results demonstrate a
clear benefit of the DP with a complexity linear in the capacity compared
to the first DP. On the other hand, the results show the effectiveness of the
presented improvements in practice. Furthermore, a comparison of the im-
proved DP and CPLEX solving the compact ILP illustrates that the improved
DP clearly outperforms the ILP. Finally, we tested the performance of the
improved DP for large instances with up to 10000 items whereupon most
instances could be solved within a time limit of 2h.

As future work, we intend to extend the computational study to instances
generated with different settings and to more than two bands and to study
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the performance of the improved DP for applications containing a multi-
band RKP such as (wireless) network planning problems. In this context,
an evaluation of the price of robustness of the multi-band approach as a
refinement of the I'-robustness is important. Furthermore, theoretical bounds
on the constraint violation based on probabilistic analysis as stated in [4, 11]
require further research to (dis-) prove their tightness.
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Appendix A. Omitted Parts of Proof of Lemma 4.4

Lemma Appendix A.l. Let 7 € RE; be a point with 7, ¢ {a¥ |i e N}uU
{0} Vk € {1,..., K} and af§ — 7w} = a5 — nif > 0, for one j € N and &, €
{1,..., K}, k # l. Furthermore, we need the following notation. Let o :=
af — s and K = {k € {1,... K} |a} — 7} = a}. We write k ¢ K instead
of k€ {1,..., K}\ K for simplicity. Similar to the proof of Theorem 4.3, we
define a partition of the item set N into two sets, one consisting of all items

for which argmax{a¥ — 7z} € K and the other one containing the remaining
keK
items:
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581

582

583

584

585

586

r=1lienN M- N N
= { e e yctal - ) sl =m0 = gt — ) |
— N\ I}

Then, for the directional derivatives in the direction ex at ™ holds

VeX (1) = =V_eex(m') = ) Tu — L],

kek

PRrROOF. In order to define the numerators of the directional derivatives and
analog to N = If UI*, we define a partition of the set of items at points 7* +
hex and ™ — hex as

]h — . N Ak x h Ak x 0
K {Z € ' max {I]?ea’“é({az Ty }7 rl?ga’é({az 7Tk:}7

— max{a¥ — 77 — h}},

kel
"= N\ I,

and analogously, I,C and [7" == N\ I " If h is small enough, Ie =1 = I,Eh
and [* = [" = I=". Then, the numerators can be computed as follows.

X (7" + hex) = x(m%)

—ka T+ h) +ZFkﬁk+Zmax{a — T +}+Zmax{a 75— h}

kek k¢K ierh iell
— Z Ly — Z I?g%é({ ak — )t — Z max{a — i}
iel* ielg
_hZFk+ZFk7rk+ZFk7rk ZkakJrZrl?gé({a —ﬁk)-"_}
kel ke k¢ ielh
+ Z max{a — T} = Z h — Zrl?ia}é({ ar — )ty — Z r’]ilea%{a — i}
iell iell iel* iely
=h Y Ty — [I¢|h,
kek
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587 and

X(m* = hex) = x(n*) = |It|h — by Ty

kek
sss Hence, for the directional derivatives holds
h 3> Ty — [ I¢[h
. x(m* + heg) — x(7*) . keK o 7k
0 h = o h = ;F’“ il
G  — hew) — ()

T _ _h € % - -

= fm (kZFk lffcl) M i h

589 |:|

soo  Appendiz A.1. Second case of Lemma 4.4, strictly positive derivative

501 In this appendix, we show the case of strictly positive directional deriva-
so2 tive for Lemma 4.4, i.e., V. x(7*) = > T'y — |I£] > 0.

kek
503 We handle this case analogously to the case when the derivative is neg-

s ative. Hence, we define the minimum value which is possible to subtract
s0s from 7 without any change of the partition as follows.

€~ = min min {7} —a¥}, min {al —7mF —aF + 75} 5,
keK,ie N: keK,l¢gK,ieN
W;—df>0 dé—ﬂl*>&f—7r;
596 Now, we define
| mp—e7 kek
T = N (Al)
i k¢ K.

sov  Again, if ¢ is defined by the first minimum, we stop the decrease of 7*.
ses  Otherwise, we compute the new value of «, define a new set K and start
s00 again from the beginning as described in the first case.

600 Once, more we have to show that the objective value does not increase
so1 when decreasing n* as described. To this end, let Ix be the set of items
2 Obtained by replacing 7* by 7 in I§.. Obviously, If. C Ix. To prove also Ix C
e0s Ii, we show N\ I C N\ I.

32



604 For that purpose we consider an item i € N \ I, i.e.,

a)
~k * ~l *

v R 0 pummg
max {m%é({al s flfééaKX{az '}, } {b)

ke max{d; — i}
605 a) < rilea]éc{df —m} <0« af — 7 < 0Vk € K. By the definition
oo of 67, af —mp+e” =af —m <OVEk € K. Thus, i ¢ Ix.
607 b) & ri?e%é({df L I}g}g{{dé —7m}eal — a5 < rlnzlxcx{dé — 7 }VEk e K.

es  Again, by the definition of 7, af —7; +e~ = aF —m, < I};&X{&é —mVk e K

s0 and 7 ¢ 1 c-
610 Altogether, we have Ix = I. For the objective function then holds

x(m) = Z Tu(m* —e7) + Z Cemy + Z Iilea’é({&f —mr+e}
ke kgélC i€l
~k %
+ > max{al — i}

iEN\Ix

M=

Dpmp — e ZFk + Z rl?ea%{df — i} 4 e | Ig]

k=1 kek iely.
Ak_ *
+'Z max{a; — i)
iEN\I}:
() — e (z I u,a)
ke
<x (7).

su Appendix B.
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) noop 0.01 0.02 0.03 0.04 0.05
200 100 0.02 0.02 0.02 0.02 0.02

1000 18.09 17.46 16.55 16.08 15.49

0.2 500 100 0.04 0.04 0.04 0.04 0.04
1000 56.41 53.92 52.24 50.32 48.01

1000 100 0.07 0.07 0.07 0.07 0.06

1000 134.28  129.14 124.03 117.84 113.66

900 100 0.12 0.11 0.10 0.10 0.10

1000 100.18 95.44 91.06 87.19 82.94

0.5 500 100 0.28 0.26 0.25 0.23 0.22
1000 310.83  297.10  280.89  268.53  255.01

1000 100 0.53 0.50 0.48 0.44 0.42

1000 694.90 666.11 632.00 599.73  569.37

200 100 0.41 0.38 0.36 0.34 0.31

1000 297.53  277.25  253.78 23252  213.10

1 500 100 0.99 0.91 0.85 0.78 0.73
1000  1021.52 961.34 896.32 833.81 778.34

1000 100 2.16 2.02 1.87 1.73 1.60

1000 2429.64 2281.26 2132.96 1996.59 1852.72

Table B.4: Absolute solving times of algorithm SIMPLE for all considered settings averaged

over the 10 instances.
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I

4] noop 0.01 0.02 0.03 0.04 0.05
200 100 0.02 0.02 0.02 0.01 0.02

1000 8.91 8.57 8.30 8.24 8.03

0.2 500 100 0.03 0.03 0.03 0.03 0.02
1000 39.18 37.47 36.61 3548  34.05

1000 100 0.06 0.06 0.05 0.05 0.05

1000 99.15 95.63 92.37 88.30  85.52

200 100 0.09 0.08 0.07 0.07 0.07

1000 20.02 19.34 18.80 18.15 1741

0.5 500 100 0.20 0.19 0.19 0.17 0.17
1000 152.66  147.49 141.01 136.36 130.45

1000 100 0.39 0.37 0.35 0.33 0.31

1000 463.11  447.03  426.50  406.66 388.47

200 100 0.26 0.25 0.24 0.23 0.21

1000 23.17 22.18 20.85 19.55  18.41

1 500 100 0.72 0.66 0.62 0.58 0.53
1000 279.28  268.31  254.68  241.72 229.20

1000 100 1.57 1.47 1.36 1.26 1.19

1000  1205.41 1145.39 1086.34 1025.87 963.85

Table B.5: Absolute solving times of algorithm REDUCED for all considered settings aver-

aged over the 10 instances.
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d noop 0.01 0.02 0.03 0.04 0.05
200 100 0.00 0.00 0.00 0.00 0.00

1000 0.18 022 025 0.26 0.16

0.2 500 100 0.00 0.00 0.00 0.00 0.00
1000 0.64 064 064 057 0.57

1000 100 0.01 002 001 0.01 0.01

1000 1.10 1.07 100 1.09 1.11

200 100 0.01 0.01 0.01 0.01 0.01

1000 0.50 044 032 0.27 0.27

0.5 500 100 0.03 003 0.03 0.03 0.03
1000 213 188 216 208 214

1000 100 0.06 0.06 0.06 0.06 0.06

1000 6.10 5.75 583 552 5.32

200 100 0.02 002 0.03 0.03 0.02

1000 048 037 031 042 0.35

1 500 100 0.11 0.10 0.10 0.10 0.10
1000 444 402 415 3.63 391

1000 100 023 022 022 021 021

1000  17.04 16.51 16.09 15.60 15.34

Table B.6: Absolute solving times of algorithm IMPROVED for all considered settings av-

eraged over the 10 instances.
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o nooop 0.01 0.02 0.03 0.04 0.05
900 100 42434 14299  613.59 763.92 1408.39

1000 10.78  190.05 1127.03 977.55  393.60

0.2 500 100 48.74 1513.46 1869.82 2361.80 2535.40
1000 230.05  635.91  269.65 - 1314.26

1000 100 663.10 2230.30 2625.76 2886.45 1426.26

1000 - 147.63 170.02 - 99.74

9200 100 115.20  404.09 524.14 1129.77  717.52

1000 388.72 1080.66 2673.58 1083.02 1714.86

0.5 500 100 1406.10 2171.22 1674.14 101542 1236.50
1000 - - 365.52 1111.64 1380.22

1000 100 1161.05  563.50 631.20 1927.82 1523.52

1000 - 99.83 238.44 176.49 -

9200 100 72.73  758.78 73570 1112.14  451.81

1000 741.73 1705.23  709.75 1269.62 -

1 500 100 311.09 1270.36 2510.91 2521.21 1977.53
1000 - 955.01 1508.89 1945.30

1000 100 — 22049 223.75  263.32 1102.87

1000 - 100.43  316.12 - 110.92

Table B.7: Absolute solving times of algorithm ILP for all considered settings averaged
over all of the 10 instances which stopped before the time limit was reached. “-” denotes
the cases in which all instances exceeded the time limit, see Table B.8 for the number of
instances per setting not exceeding the time limit.

37



I

5oon p 0.01 0.02 003 0.04 0.05
0 0 0 o 10 7 s
"2 500 1100000 Z g ? 18 2
1000 1100000 g 1(1) S g ?
S ST S S S
"2 500 1100000 g g ? ? 2
1000 1100000 g i g g g
S AT SR
bs00 1100000 (1) E)l Z g 2
1000 1100000 8 1 ; é 411

Table B.8: Number of instances out of 10 which do not exceed the time limit when solved

with ILP.
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