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Abstract

Relaxations of the bilinear term, x1x5 = x3, play a central role in constructing relaxations of
factorable functions. This is because they can be used directly to relax products of functions with
known relaxations. In this paper, we provide a compact, closed-form description of the convex
hull of this and other more general bivariate monomial terms (which have similar applications
in relaxation constructions) in the space of the original variables assuming that the variables
and the monomial are restricted to lie in a hyperrectangle. This description is obtained as an
intersection of convex hulls of related packing, xlxgz < x3, and covering, :Elflscgz > x3, sets, where
b, and by are constants greater than or equal to one. The convex hull of each packing/covering
set is first obtained as an intersection of semi-infinite families of linear inequalities, each derived
using lifting techniques. Then, each family is projected into a few linear/nonlinear inequalities
which are fully characterized in the space of the original problem variables.

1 Introduction

The problem of constructing convex relaxations of nonconvex programs is central to global opti-
mization. McCormick [9] proposes a scheme to construct such convex relaxations for factorable
programs, i.e., optimization problems whose objective and constraint functions are defined recur-
sively through sums and products of a collection of univariate functions. This scheme requires that
convex and concave relaxations of each univariate function in the collection are available, and that
a convex relaxation of the bilinear constraint s = x122 can be constructed over any hyperrectan-
gle. Given these basic postulates, McCormick’s scheme produces relaxations that can be utilized
inside of branch-and-bound algorithms to obtain e-optimal solutions to factorable programs. In
order for the branch-and-bound algorithm to converge, the feasible region must be compact and
the partitioning scheme must be exhaustive. Further, the relaxation scheme must produce convex
relaxations that converge to the original problem when the bounds on the variables collapse to a
point.

In [9], McCormick proposes a polyhedral relaxation for x3 = z1z2 which depends on lower and
upper bounds on the variables x; and z9, and which is shown in [1] to be convex hull of the set
when z3 is not bounded. Sherali [14] develops a general characterization of the convex envelope of
multilinear functions over a unit hypercube and special discrete sets by applying the reformulation-
linearization techniques of Sherali and Adams [15]. Meyer and Floudas [10] generalize the results of
[9] to develop explicit envelopes for trilinear terms. Jach et al. [5] describe a technique to construct
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convex envelopes of indefinite (n-1)-convex functions and apply this technique to obtain convex
envelopes of certain two-dimensional functions. Meyer and Floudas [11] provide the concave enve-
lope for a multilinear form with positive coefficients and non-negative variables. More recently, [8]
investigates the strength of relaxations of multilinear functions, and compares the concave and con-
vex envelopes of these functions with the relaxations that are obtained with standard McCormick’s
relaxations. Moreover, the authors extend some results of [11] to situations where lower bounds
on variables are not positive. In [4], it is shown that the natural relaxations of multilinear con-
vex envelopes obtained using duality are more computationally efficient than traditional methods.
Locatelli and Schoen [7] develop techniques to derive the convex envelope of bilinear functions
where the generating set of the envelope is the set of edges of the underlying polytope. In [19],
the authors provide techniques to develop convex envelopes of general polyhedral functions, which
include multilinear functions as a special case. When the restriction of the function to the corners
of a hypercube is submodular, they provide a closed-form expression for the corresponding convex
envelope. In [6], the authors develop the convex envelope of :1:11:32, where bs is a constant greater
than or equal to one.

In all the above cases, x3 is assumed to be unbounded. Notwithstanding, if finite bounds on
xg are available, exploiting them can help improve the quality of the relaxation. In this paper, we
derive convex hulls for the following sets:

Sz = {(xl,xg,xg) € [l1,ua] x [l2, u2] X [l3,us] ‘ Vgt > 503}
S= = {(ﬂfl,xz,:zg) € [l1,ur] x [l2, ug] X [l3, us] ‘ piay? < 5’33}
S= = {(xl,:vg,xg) € [l1,u1] X [l2, ua] x [I3,u3] ‘ 2 = ;1:3}

where l1,1l2,l5 € Ry, up,us,us € Rs, I; < u; for ¢ = 1,2,3, and by,b2 > 1. Observe that b; and
bo are not restricted to be integers. Therefore, the function on the left-hand-side of the defining
inequalities is not necessarily a polynomial. We say that S< is the packing relazation of S=. When
by = 1, we say that SZ is the covering relazation of S=. It is easy to see that the sets SZ, S<
and ST are typically not convex. For instance, consider the situation where by = bs = 1. Let
l1 =1y =1I3=1, u; = ug = 2, and ug = 4. Then, consider S= or S~ along with the points (1,1,1)
and (2,2,4). Observe that these points belong to SZ and S=, while their convex combination with
equal weight (1.5,1.5,2.5) does not, since 1.52 < 2.5. Similarly, consider S< along with the points
(1,2,2) and (2,1,2). Observe that these points belong to S< while their convex combination with
equal weight (1.5,1.5,2) does not, since 1.5% > 2. To see that the bounds on 3 can have an impact
on the relaxation, consider the sets with modified bounds I3 = 2 and ug = 2.5. Any relaxation
scheme that ignores the bounds on z3 will include (1.5,1.5,23) in the relaxation of SZ or S~ for
all x3 € [I3,us]. However, since x3 = 2.5 defines a face of the above sets, SZ is already convex on
this face, and 1.5% < 2.5, it follows that (1.5,1.5,2.5) does not belong to the convex hull of S or
to the convex hull of S=.

Throughout the paper, we assume, for notational convenience that [ > 0. However, with minor
modifications, our results also apply to the case when the lower bound is zero. Observe that since
the set is compact, its convex hull is compact as well. Then, consider an [ € RS for which some
coordinates are zero and a decreasing monotone sequence {I*}, where each (¥ € RS and I¥ — [ as
k — oco. Let SZ(a) = {z € (a,u) | 28252 > x3}. Then, the convex hull of the S is obtained as a
limit of the convex hulls of S=(I%).

The techniques we develop also apply to the more general case involving variables that may
take negative values. The convex hull descriptions, however, require modifications. When [ ¥ 0,



we can define z} = x1 — [y, o4 = 23 — lp, and 2% = x3 — loz1 — liza + l1lz. Then, consider the set
in the space of '}, 7, and x4 variables. For S, the resulting set is defined by z)z% > x5, where
bounds on each variable are implied from the bounds on z1, xo, and x3. This set is contained in a
linear transformation of SZ, where bounds on x3 have been relaxed. Since McCormick’s relaxation
is valid for S= with no bounds on z3, the convex hull of the set in the space of 2}, x5, and
variables is contained inside the McCormick’s relaxation.

The set S with by = bs = 1 has been studied in the past. In particular, its convex hull is
computed in [17] when at least one of z; or za is unbounded. Further, [2] describes the convex
hull of quadratic terms in two variables through extended reformulations that involve semi-definite
constraints. In [3], the authors sketch a procedure to describe the convex hull of S with by = by =1
through an infinite collection of linear inequalities. Instead, we provide, in this paper, a closed-form
nonlinear convex hull description of S in the original space of variables z1, 22, and z3. To the best
of our knowledge, such a description has not been obtained before. The work presented in this
article is a concrete illustration of the general technique [16] that can be used to construct convex
hulls of disjunctive sets.

We seek a compact formulation of the convex hull in the original space of variables for a variety
of reasons. First, the derived nonlinear inequalities can be used in factorable programming solvers.
If polyhedral relaxations are sought, simple linearization strategies can be adopted. Second, we
wish to expose the structure of the nonlinear inequalities that describe the convex hull of the
above sets. Knowing the form of these inequalities explicitly may facilitate the exploration of
new relaxation techniques for constraints involving polynomial functions. Although convex hull
representations of certain special cases of the sets we study, i.e., with by = bs = 1, are known in
a higher-dimensional space [2], the structural properties of the required inequalities in the original
space are not known. For example, projections of spectrahedra (sets defined using semidefinite
constraints) are in general not spectrahedra. Third, it was shown in [18] that the convex hull of
bilinear inequalities with multiple terms on the left-hand-side can still be obtained relatively easily
if the variables are unbounded and the right-hand-side is a constant. The current work relaxes these
assumptions but treats the case with just one term on the left-hand-side. Interestingly, the convex
hull descriptions obtained here are much more complex than the ones obtained in [18] although
the sets treated here contain only three variables. Fourth, although many techniques exist for
generating valid linear or lifted semidefinite constraints for nonlinear sets, techniques to generate
convex nonlinear cuts in the space of the original variables are not widely explored.

In Section 2, we give preliminary results that help streamline the presentation of the paper. In
particular, we argue that the convex hull of ST can be obtained as the intersection of the convex
hulls of its packing and covering relaxations. In Section 3, we derive the convex hull of SZ. In
Section 4, we derive the convex hull of S<. To obtain the desired convex hulls, we first obtain a semi-
infinite representation of the convex hull of the sets through lifting. We then project parametric
coefficiencts from the families of the resulting linear inequalities into nonlinear inequalities in the
original space. This procedure follows the approach we described in [12], where we obtained a
nonlinear convex hull description for a specific bilinear covering example in three variables. We
conclude the paper with remarks and directions for future research in Section 5.

2 Preliminary results

In the remainder of this paper, we use the notation conv(7") to denote the convex hull of set T'. For
a function f : R™ — R and a convex set X C R", we denote by convy f, the convex envelope of
the restriction of the function f to set X. Let S< and SZ be the packing and covering relaxations



of S=, respectively. It is clear that conv(S~) C conv(S<) N conv(SZ) since S~ = SN S, i.e., a
convex relaxation of S= can be obtained from the convex hulls of SZ and S<. For this particular
set however, it can be shown that this relaxation is, in fact, the convex hull of S=. This result
follows from Proposition 2.1, which is proven in [16].

Proposition 2.1. Let f : R" — R be a continuous function, and let X C R" be a convex set.
Consider T= = {x € X | f(x) =0}. DefineT> ={zx € X | f(z) >0}, and TS ={z € X | f(z) <
0}. Then, conv(T~) = conv(T=) N conv(T<). O

Proposition 2.1 yields the following corollary.

Corollary 2.2. Let S and SZ be the packing and covering relazations of S=, respectively. Then
conv(S~) = conv(S=) N conv(S<).

Proof. Take f(x) to be x3 — z1252 and X = [I,u)® in Proposition 2.1. O

In the ensuing sections, we make use several times of the following result, which help reduce
the study of conv(S2) and conv(S<) down to a few canonical cases.

Lemma 2.3. Let T C [l,u] CR". Forj e N :={1,...,n} and 0 € [l;,u;]|, assume further that
A={z eT|x; <0} = [l,u'] where u; = u; fori € N\{j} and v} = 6. Then conv(T') = AUconv(B)
where B ={z € T'|x; > 6}.

Proof. 1t is clear that T'= A U B. Therefore conv(T') O A U conv(B). We next argue that the
reverse inclusion also holds. Assume by contradiction that there exists 2/ € conv(T) C [l,u] such
that 2’ ¢ AU conv(B). If 2 < 0, then 2’ € A, a contradiction. We may therefore assume that
z; > 0. It follows from the definition of conv(7'), the fact that A is convex, and the fact that
a’ ¢ conv(B) that 2’ € [2,%] where & € A and & € conv(B). Segment [#,%] must contain a point
& such that &; = 6 as ©; < § and &; > 0. Because A and conv(B) are both subsets of [[,u], then
# € [l,u]. It now remains to observe that £ € ANB C B C conv(B) and that 2’ € [z, Z] to conclude
that 2’ € conv(B), a contradiction. O

Intuitively, Lemma 2.3 argues that if 7' contains a “slab,” this slab can be removed from the
set before convexification, and can be added back to the convexified object. Therefore, Lemma 2.3
states that the main difficulty in studying conv(T") resides in the construction of conv(B). The
following result follows using the same proof (after transforming z; to —x;).

Lemma 2.4. Let T C [l,u] CR". Forj e N :={1,...,n} and 0 € [l;,u;]|, assume further that
A={z €T |x; >0} = [l',u] where l; =1; fori € N\{j} andl’; = 0. Then conv(T") = AU conv(B)
where B ={z € T'|x; < 6}. O

3 Convex hull of 5=
In this section, we study the convex hull of
5= = {a; e [1,u)? | il > x3},

where by > 1, by > 1, and where [; € R>, u; € R> and [; < u; for ¢ = 1,2, 3. To streamline notation,
we define a; := b1_1 and ag := by ! In studying this set, we make the following assumptions:

(A1) l; =1and s =1,



(A2) up > 1, us > 1, and ug > I3,
(A3) 1 < us,

(A4) uz < ulul?,

(A5) I3 > 1,

(A6) I5 < minfult, ulp},

(A7) ug > max{ult, up},

(AS) (5] Z u9.

Assumption (Al) is without loss of generality (wlog) since the variables z; and xy can be
rescaled. If, in addition, Assumption (A2) is not satisfied, the set S is not full-dimensional. In
particular, when u; = I; = 1, then conv(SZ) is polyhedral and is straightforward to derive. The
case where up = Iy = 1 is symmetric. When uz = I3, then S is convex since its defining inequality

by bo 1
can be rewritten as a:lb”b? :z:é’ﬁb2 > l;”bQ where the left-hand-side is a concave function. When

Assumption (A3) is not satisfied, inequality :L‘l{IxSQ > x5 is redundant in the description of SZ.

In this case conv(SZ) = [l,u]. Assumption (A4) is also wlog. In fact, when us > u?lu?, no
point xz with x3 = wug satisfies inequality x?lmgg > x3. Therefore, the bound u3z on z3 can be

tightened to ulflul; without changing S=. When Assumption (A5) is not satisfied, Lemma 2.3 can

be applied with j = 3 and § = 1. It is therefore sufficient to assume that I3 > 1. Assumption

(A6) is also wlog. Assume I3 > u%. We observe that, for any feasible point, z'u%? > I3 and
u?lx? > l3. Therefore, 21 > lgluz_‘”b2 and z9 > max{l,l§2u1_b1a2}. Now, define &1 = xluglb%gal,

Fo = zomin{1,u}"*21;?}, and 3 = r3ul?l;? min{ub', 13}, Then, 2323 > z3 reduces to 7175 >

Z3 and the bound inequalities reduce to 1 < 7y < 1L1u‘2”l’2l3_‘”7 1 <2y <wugly™ min{u?laz, 157}, and
ub2l3 P min{ul, I3} < 73 < ugulPlz? min{ul', I3}, Tt is easy to check that the new system satisfies
the above assumption. Further, the new system continues to satisfy Assumptions (A3) and (A4).
A similar discussion shows that assuming I3 < u?l is wlog. Suppose that Assumption (A7) is not
satisfied. Then Lemma 2.4 can be applied with j = 1 and § = u3' or with j = 2 and 6 = u3®.
Therefore, we may reduce the upper bound of z; to u3'and/or reduce the upper bound of z3 to
us?. Finally, Assumption (A8) is wlog since variables z1 and 5 can be interchanged.

3.1 Linear description of conv(S=)

It is well-known that a full-dimensional closed convex set can be described as the intersection of all
its tangent halfspaces; see [13, Theorem 18.8]. We will use this basic result to construct conv(S=)
as it is clear that conv(S=) is compact since S= is.

In particular, we derive all nondominated linear valid inequalities for conv(S=) that are lifted
from valid linear constraints in the space of variables (x1,x2). We thereby provide a semi-infinite
description of conv(S=). We turn this semi-infinite description into one that contains only a finite
number of linear and nonlinear inequalities in Section 3.2.

The derivation of the desired inequalities requires the solution of a certain optimization problem,
called lifting problem. The solution of this problem involves the function ¢q, a,(.) : R — R that we
define as

bar,a0(t) = min {alxl + a9y xlflng >t 1<x <up, 1<y < u2} , (1)

1,22



where a1, as € R, and t € R. If (1) is infeasible for some ¢t € R, then we write that ¢q, a,(t) = co.
For t € R, we denote SZ N {x € R3 | 23 =t} by S7.
Given (a1, az) € R?, we wish to determine suitable values of (a3, d) for which

a171 + axg + azry > 0 (2)

is valid for S=. First, observe that if for a given (a1, as), (24, 2%, 2%) and (4,28, 28) are tight on
(2) and are such that z¢ # 2%, then ag and § are uniquely determined. In general (2) is valid for

SZ if and only if (a3, 6) € Va, o, Where

Var,ae = {(ag7 J) | (m’rziﬁl)es 11 + asxo + agt > 6}
= {(a3,5) ’ lte1r[rllin ]{agt + min{az1 + aoxe | (x1,22) € St}} > 5}
3,u3
= {((13,(5) | min {a3t+ <Z>a1,a2(t)} > 6}
te[lg,ug}
= {(043,5) | o — ast < Cbal,ag(t)a Vt € [lg,Ug]}.

The previous derivation shows that V,,, o, corresponds to the set of linear underestimators of the
epigraph of ¢, a,(t) over t € [l3,us]. Therefore, the only linear inequalities that are non-dominated
are those that support the convex envelope of ¢4, o, (t) over [l3,us3], together with the inequalities
that define the domain of ¢. If a pair (as,d) describes an inequality that supports the epigraph of
Gay.a0(t) at two distinet points, (t1, ¢a,,a,(t1)) and (t2, ¢a,.as(t2)) then

_¢a17a2 (t2) — Pas,an (t1) t2Pay,an (t1) — t1Pay 0 (t2)
ty —t1 ’ ty —t '

(@3.9) = ( (3

In particular, when ¢q, ,(t) is concave over [l3, us], its convex envelope over [l3,us] is affine,
and supports its epigraph at the points t = I3 and ¢t = u3. In this case, (2) can be rewritten, after
scaling, as

dzonz1 + d3a2m2 — Pay ay(13) (U3 — 73) — Pay 0y (u3)(r3 —13) >0 (4)
where d3 = us — l3.

We next derive in Section 3.1.1 linear inequalities that describe the part of conv(S=) whose
geometry is simple. We refer to these inequalities as trivial. In Section 3.1.2, we derive inequalities
that belong to the part of conv(SZ) that may not be polyhedral. We refer to these inequalities as
nontrivial.

3.1.1 Trivial inequalities for conv(S~)

In this section, we derive all nondominated valid inequalities (2) for conv(SZ) where a; < 0 or
az < 0. Proposition 3.1 provides a closed-form expression for ¢q, o, (t) for these values of o and
Q9.

Proposition 3.1. Assume that oy <0 or ag < 0. Fort € [1,ul{1u32],
(1) bay.a0(t) = crur + agug if a1 <0 and ag < 0.
(i) oy (t) = a1y + op max{t?u; 2,1} if ay <0 and ag > 0.

(i1i) Doy (t) =y max{t™uy "2 1} + agug if ay > 0 and ag < 0.



Proof. Assume that ¢t € [1,ulf1ugz]. In this case, (1) has (u1,ug2) for feasible solution. It then

follows from Weierstraf’ theorem that (1) has an optimal solution. Let (z7,z3) be such an optimal
solution. First assume that oy < 0. It is clear that we can choose z} = uy. In fact, if ] < uq,
increasing x7 by € > 0 maintains feasibility of the solution and does not deteriorate its objective
value. Similarly, if ap < 0, we can choose x5 = uy. Using these observations, we consider three
cases. If ag < 0 and ap > 0, then 27 = u;. Since the objective function of (1) is increasing in xa,
it is optimal to let x2 take its lowest admissible value, i.e., x5 = max{t“2u1_b1a2, 1}, yielding (ii).
The case where a1 > 0 and ag < 0 is symmetric, yielding (iii). Finally, if oy <0 and ag < 0, then
(u1,u2) is optimal for (1), yielding (i). O

We next derive lifted inequalities for all values of (a1, ag) studied in Proposition 3.1. We obtain
the inequalities

x> 1, (if I3 < u), (5)

-z > —uq, (6)

xg > 1, (if I3 < u), (7)

—x9 > —ug, (8)

ry > 3, 9)

—x3 = —us, (10)

(us — uf )z + (1 —uPu; " )zs > ug —ul " 2ug, (if ug > '), (11)
(us — ug2):v1 +(1- uglug_albz)ccg > ug — uSQ_“leugl, (if ug > uSZ), (12)

as shown in the following proposition.

Proposition 3.2. The only linear inequalities (2) with coefficients aq < 0 or as < 0 necessary in
the description of conv(S=) are among (5)-(12).

Proof. We have established earlier that nondominated lifted inequalities (2) are either of the form
(9) or (10), or can be derived from the convex envelope of ¢, a,(t) over [l3,us]. There are three
cases:

(i) Assume that oy <0 and ap < 0. In this case, the function ¢q, a,(t) is constant, and therefore
convex over [l3,us]. By (3), the corresponding lifting coefficients (as,d) are (0, aju; + agua).
Since these coefficients are linear in (o, a2), it is sufficient to consider the cases where (aq, a2)
equals (—1,0), (0,—1) and (0, 0), which correspond to the extreme points and rays of the region
{(a1,9) € R? |y < 0,2 < 0}. Ray (—1,0) yields (6) and ray (0, —1) yields (8).

(ii) Assume now that oy < 0 and az > 0. In this case, ¢q,.q,(t) is a piecewise function that
is constant over [lg,ulil] and increasing concave over [Ulil,u:g]. We conclude that the convex
envelope of Ga, a, (t) over [1,ub'u?] is constant over [I3,u?'] and affine over [ub", u3]. We can
therefore develop two inequalities for each (aj,2) when the corresponding intervals do not

reduce to a single point. By (3), the corresponding lifting coefficients are (ag,d) = (0, aqu; +

b w2y b2 ua—u2b17b192 b
052) if I3 < u11 and (053,(5) = —QQW70¢1U1 +a2% if ug > ull‘ Since
3~ Uy 37Uy

the coefficients (a3, d) are linear in (aq, a2), it is sufficient to consider the ray (a1, a2) = (0,1).
This ray yields (7) and (11), respectively.

(iii) Assume finally that a3 > 0 and as < 0. Because this case is symmetric to the one discussed
in (ii), we obtain (5) and (12).

O



3.1.2 Nontrivial inequalities for conv(S>)

In this section, we derive all nondominated valid inequalities (2) for conv(S=) where a; > 0 and
as > 0. To streamline notation, we let B := by + by , A := B™! = (by + by) 7!, 31 := afl and
B2 =0y . Further, we define

b1/ b1+b2) b2/ b1+52)
c:= (21> ( > (alb2)Ab1 + (blaz)Ab27
«

¢:= c(oz1 g )1/ (brtb2) — cafblabe.

We first derive in Proposition 3.3 a closed-form expression for the lifting function ¢q, o, (t) that
we use to construct these inequalities.

Proposition 3.3. Assume that oy > 0 and gz > 0. For t € [1,u}'u}?],
, b
gbéizzgg z; i i Z z when — a1f2 > A(t),
Gar,as(t) = o a0 (t) ' . when  p(t) < ai1fBy < A(t),
¢§1"12 ®) ifots uéi when 1Pz < p(t),
o 0 () if t>u
where
aras (t) = a1 + ast®,
o B 0 (t) = cnuy Pt + aguy,
* Daran(t) =t?,
o ¢ o, (1) = art™ + ay,
® 9 0 (t) = arus + auy 202

and
o A\(t) = byag min{t%2, ub¥1¢—1},
o u(t) = biag max{t—,u; P*2¢e2},

Proof. Assume that ¢ € [1,u’ub2]. WeierstraB’ theorem implies that (1) has an optimal solution
since (u1,u2) belongs to its feasible region. We claim that there is an optimal solution (Z1,Z2)
with :Bbl b2 = t. Assume by contradiction that le’lzngz > t. There are two cases. Assume first that
I > 1. For € positive but sufficiently small, the solution (Z1,Z2) = (Z1 — €, Z2) is feasible and has
a better objective value than (Z1,Z3). Assume second that ; = 1. It follows that Zo > t > 1.
For € positive but sufficiently small, the solution (Z;,Z2) = (Z1, &2 — €) is feasible and has a better
objective value than (Z1,Z2).

By eliminating variable xo using the relation xo = t*2x]

Par.ar (t) = min{fe(21) | L(t) <21 <U(D)}, (13)

where f;(z) = aqz + apz™?%2¢%2 | L(t) == max{1,t%u;***?} > 0 and U(t) := min{t™,u;}. Tt is
easily verified that L(t) < U(t) when ¢ € [l,u(flqu] Since f¢(-) is convex over R, an optimal
solution to (13) is (i) a% = L(t) if f/(L(t)) > 0, i.e., a2 > bragL(t)~P®t%2 = \(t), and (ii)

b192  we can reformulate (1) as



i = U(t) if fl(U®t) <0, ie., a1fBe < biagU(t)~B2t%2 = p(t). When u(t) < a1f2 < A(t), the
intermediate value theorem implies that f/(.) takes value zero for some z; € (L(t),U(t)). It is
then simple to verify that the only point that makes f/(.) equal to zero is 2] = (bragBras) P2 ¢4,
Since (13) is a convex program, zj must be an optimal solution. This yields the desired result.
In particular, when ajf; > A(t) and ¢t < u%?, then 2% = L(t) = 1, yielding ¢u, a,(t) = fi(1) =

2 . (t). The other cases are similar. O

Q1,02
We now make a few observations that can be verified through direct computation.

(01) For t € [1,ubub?], u(t) < A(2).

(02) Fort e {1, ul u22} p(t) = A(t).

(03) For t € [1,u4'], (i) p(t) = pi(t) = bragt™, (ii) p(t) is decreasing, and (iii) p([1,u}]) =
[blagufl,blag].

(04) For t e [uf",uf ul?], (i) u(t) = po(t) = biaguy P*2t%, (ii) p(t) is increasing, and (iii)
pl[u’ ui ui?]) = [bragui!, braguy Mus).

(05) For t € [1,uR], (i) A(t) = Ai(t) := bragt®, (ii) A(t) is increasing, and (ii1) A([1,u%]) =

[b1ag, biagus].

(06) For t € [ubz,uf uR], (i) A(t) = o(t) = bragus™t=, (ii) A(t) is decreasing, and (iii)
)‘<[“l2)27 ul{1u12> ]) [blazufluz7 bla2u2]-

(O7) Fort € [L,ul'uR], functions ¢, o, (£), ¢4, ay (1), G5, 0y (t), O, o, () and ¢S . (t) are concave.

Further by combining Observations (O3) and (O4), and by combining Observations (O5) and (O6),
respectively, we obtain using Assumption (A8) that

(08) For t € [1,ulub?], bragu; < u(t) < bias.
(09) For t € [1,ub'ub?], bagu] uy < A(t) < bragus.

Our next goal is to determine properties of the function ¢, a,(t) that help in deriving its convex
envelope over [l3, us].
The following ancillary result establishes relations between the slopes of the functions ¢, ,, (%),

oY (lsal az( )
Lemma 3.4. Fort > 0,

(i) Lod () > Lt . (t) if and only if t > t% := (biazBraz)®.
(i) LS, 0y(t) = £02, o, (1) if and only if t <t := (arbya fo)2uf
(i11) F6 0n(t) = Sb (1) if and only if t <t := (biazBiaz)P uf

(t) (t) ( )

| \/

(iv) dt¢’a1,a2 t arbac1 B2)2.

Proof. First, it is simple to compute that .00 (t) = Qast®™ 1 4 v gbal ay(t) = araruy

_b _ .
dtd)al oy () = CAtATL, dt¢a1 a(t) = alaltal at , and dt¢a1 a, (1) = azaguy M2t~ We now (ij)rlve
e =

dt¢a1 ay (t) if and only if t > 1€ :=

a1b2ta1—].
)

the desired inequalities. In these derivations, we make use of the fact that ¢ = (a1by)4? +(bras
(braz)A? Ba; or equivalently that ¢ = (a1by)4? Bay. Therefore

(i) ¢= afbl(blagag)AbQBal, and (i) ¢= a?bQ (albgal)AblBag. (14)

It follows from the above expressions that



t¢a1,a2( ) > tgf)al o, (t) iff t > (€Aby By)PP192 = 19¢. The equality holds because of (14i).
dt¢a1,a2( ) > dt¢a1 ay (1) iff £ < (éAbgulflaQﬂg)Balb2 = t°. The equality holds because of (14ii).
dt¢a1,az( ) > dt¢o<1 ay (1) iff £ < (EAbyub2® 1) Be2br = b The equality holds because of (14i).
dt¢a1,a2( ) > dt¢a1 o, (1) iff t > (€Aby3)Pa1b2 = ¢3¢ The equality holds because of (14ii).

O]

We next show that ¢, a, () is concave for most values of a; > 0 and ag > 0 using Lemma 3.4.

Lemma 3.5. For a; > 0 and as > 0,

(i) When ;P2 < blagul_l, then ¢a, ,a,(t) = ¢a1 a,(t) fort e [l,ulf] and P, oy (t) = o ay(t) for

tE [ug' utuy’].

by bg]

(ii) When a1fa € [braguy’, biagus), then ¢a, .oy (t) is concave over [1,u5 us

(1it) When aqB2 > biagusa, then ¢o, a,(t) = o (t) fort e [l,ugz] and ¢a, a0 (t) = a1 ay (1) for

t € [ul,ui'ul?].

Proof. We make use of the notation introduced in the statement of Lemma 3.4.

(i)

(i)

(iii)

From Observation (O8), we know that u(t) > biasuy® for t € [1,ub'u5?2]. The result then
follows directly from Proposition 3.3.

There are three subcases. Assume first that 162 € [blagufl,blaguflug]. It follows from
Observations (03), (04) and (09) that ¢, .a,(t) = @2, o, (t) for t € [1,79], ¢ayay(t) =

a0

6 o (t) for t € [TdC,Tce], and @q; a,(t) = (;5&1 a2( ) for t € [t ulflqu], where ,ul(Tdc) =

pa (7€) = alﬁg Direct computations show that 7% = ¢4¢ and 7°¢ = t°°. Lemma 3.4 then
d d . .

shows that £¢d o (tde) = dt¢a1,a2 (t%), and dt¢a1,a2(tce) = 7%, .a, (). Combined with

Observation (O7), this establishes that ¢q, a,(t) is concave over [1, ulflqu]

Assume next that a;0; € [bl(lQUl_ ug, biag]. It follows from Observations (03), (04), (05),
(06) and (09) that ¢, a, (t) = ¢F, az( ) for ¢ € [1, 7%, Gay a5 (t) = 65, 0, (t) for t € [79, 7],
and ¢, 0, (t) = 2617062( ) for t € [r°¢ ulflqu], where p1(79) = Ao (7%) = alﬁQ Direct com-
putations show that 7 and 7% = ¢ Lemma 3.4 then shows that ¢a1 GOES
dt¢cx1 a, (1%), and dt¢041 0 (t?) = 4 ¢a1 0y (t?). Combined with Observation (07), this estab-

lishes that @a, a,(t) is concave over [1,ub'ub?].

Assume finally that ayf2 € [biag, biagus]. It follows from Observations (O5), (O6) and (O8)
that oy, (1) = gq ag( ) for t € [1,7%], day,an(t) = gq,ag( ) for t € [T, Cb] and ¢, a, (t) =

de __ tdc

¢a1 ay(t) fort € [ ulflu?] where A1 (79€) = Ao (7%) = alﬁg Direct computatlons show that
79¢ = 1% and 7% = t®. Lemma 3.4 then shows that <% yan (19€) = dt¢a1 a, (1%9), and
dt¢a17a2( =4 <;5a1 0, (t?). Combined with Observation (07), this establishes that ¢q, o, (t)

is concave over [1, u?l ub?].

From Observation (09), we know that \(¢) < bjagus for ¢ € [1, ulil USQ] The result then follows
directly from Proposition 3.3.

O

10



It follows from Lemma 3.5 that ¢q, «,(t) is either concave or piecewise concave on two intervals.
It is therefore clear that the convex envelope of ¢q, a,(t) over [l3,us] is piecewise affine. When
®a1,a0 (t) has two concave pieces, we still need to determine whether its envelope has one or two affine
pieces in order to derive lifting coefficients. To streamline the discussions associated with computing
the slope of convex envelope of ¢q, ,(t), we introduce the notation A(ty,ts) = fay. (tg:fl“l’”(tl)
for to # t1. We also define

—biaz  as b1 —biaz  as —by
oo [ s -1 uyt — I3 gt [ -1 1—uy s
1= b1 lal - " —by —1jyaq )
Uz — Uy Uy — g u; tug —1 1—wujly

where I3 < ull'1 < ug, and

ug — ul ug — 13* uy 2uz — 1 1 —uy g

K = = U
2 —aibz, a1 g b2 -1 2 saiby a1 g 1-— _bzl
Ugy Us Ugy 3 Ug Us Ug "3

where I3 < ug2 < ug.

Lemma 3.6. The following inequalities hold true

K < b1a2u1_1, when I3 < ull’l < ug,and (15)
Ky > biasus, when I3 < USQ < us. (16)

Proof. Let I C R be an open interval and let f(x) : I — R be a differentiable concave function over
I. Given zp € I, we know that f(x) < f(zo)+ f'(x0)(x — x0) for x € I. For y € I with y > x9 and
for z € I with z < xg, we write that

Y — g Ty — %

(17)

To prove (15), we apply (17)(i) with I = R, f(z) = 2% where a3 € (0,1], zop = 1, and y =

—bjag az
ul_bIU3 (observe that y > xg because of the assumption that ulfl < ug.) We obtain %T%ll < as.
Uy uz—
e then app i) wi =R7, f(x) = 2™ where a1 € (0,1], zg = 1, and z = u; 'l3 (observe
We th ly (17)(ii) with I = R+ 9 wh 0,1 1, and Tb113 (ob
a1
that z < zp because of the assumption that I3 < ulfl.) We obtain a1 < % Multiplying the
1

two inequalities derived above, we obtain (15) after scaling throughout by u;l.

For (16), we apply (17)(ii) with I = R*, f(z) = 2% where ay € (0,1], 2o = 1, and z = uy I3

12
observe that z < zg because of the assumption that I3 > u%2.) We obtain % > as. We then
2 1 2

u, “l3

apply (17)(i) with I = R*, f(z) = 2% where a; € (0,1], zo = 1, and y = uy u3 (observe that

—ayiby ajp

y > xzo because of the assumption that ug > uSQ.) We obtain a; > %2 = s 1 Multiplying the
Uy “U3—
two inequalities derived above, we obtain (16) after scaling throughout by us. O

Observe that ¢q,,q,(t) can be overestimated using ¢%, . (t) (resp. ¢%, ,,(t)) whent > ub? (resp.

t > u?l) irrespective of the values of a3 and ao. Combining this observation with the geometric
insights about the solutions that attain ¢q, ,(t), it is possible to argue that the convex envelope
of Pa, ay(t) is piecewise affine over various regions as detailed in Lemma 3.7. We provide a direct
algebraic proof instead.

Lemma 3.7. For a1 > 0 and ay > 0,

11



(1) If a1B2 < K, the convex envelope of ¢u; as(t) 2’5 piecewise affine over [lg,ulil] and [ulil,ug]
with CONV(i5 u3] ¢a1,a2 (t) - ¢a1,a2 (t) fort e {l37 u117u3}'

(11) If K1 < a1 2 < Ko, the convex envelope of ¢u, o, (t) is affine over [l3, ug] and fort € {l3,us},
CONVIi3 uz) ¢0417012 (t) = ¢a1,a2 (t)

(111) If a2 > Ka, the conver envelope of ¢, ay(t) Z’s piecewise affine over [I3,u2] and [u%?, us]
with convy, .1 a0 (t) = Payas(t) for t € {I3,uy’, us}

Proof. (i) We have that o152 < K1 < b1a2u1_1, where the inequality holds because of Lemma 3.6.
It follows from Lemma 3.5 that the convex envelope of ¢q, q,(t) is affine over [lg,ulil] and
[ulil,u;;] If i3 = ull’l or ug = ull’l, the result is clear. Therefore, we assume that I3 < ull’1 < us.

We have that

a1 —biaz, a2
b up —lg Uy uz® —1 b
A(lz,ug') = 5 < a2—b1 = A(uj', u3),

where the inequality holds because of the definition of K7 and the fact that a3 < asKj. It
follows that the convex envelope of ¢, a,(t) over [l3, us] has two affine pieces.

(i) When K; < ayf2 < blagul_l, the expressions for A(lg,ulfl) and A(ul ,us) are identical to
those computed in (i). If I3 = ulf or uz = ul{I, the result is clear. Therefore we assume that
I3 < ul' < uz. Tt can be readily verified that A(l3,u5") > A(ub', u3) as aa K1 < ay. Tt follows
that the convex envelope of ¢, a,(t) over [l3,us] is affine. When a2 € [blagufl,blaguﬂ,
Lemma 3.5 shows that ¢, o, (t) is concave over [l3, u3]. It follows that the convex envelope of
bar,a0(t) is affine over [l3, uz]. When bjagug < alﬁg < Ko, Lemma 3.5 shows that the convex
envelope of ¢, .a,(t) is affine over [I3,us2] and [u%, uz). If I3 = u%? or uz = ul?, the result is
clear. Therefore, we assume that I3 < ug < uz. We compute that

uy — 1 U Ust — 1
A(ls,uy’) = ag— 3 > 2—3 = 3b2 = A(ub?, u3),
Uy~ — 13 U3 — Uqy

where the inequality holds because of the definition of K5 and the fact that ay > a1 K, L We
conclude that the convex envelope of ¢q, «,(t) over [l3,us] is affine.

(iii) We have that bjasus < Ky < «jf3, where the inequality holds because of Lemma 3.6. It

follows from Lemma 3.5 that the convex envelope of ¢, a, (1) is affine over [I3, u%] and [u5?, us).

If I3 = uSQ or uz = USQ, the result is clear. Therefore, we assume that l3 < uZQ < ug. Observe

that the expressions for A(ls, u2 ) and A(u22,u3) are identical to those computed in (ii). It

is simple to verify that A(l3,u5?) < A(ub?,u3) as ag < a1 Ky ' Tt follows that the convex
envelope of ¢q, a,(t) over [l3, U3] has two affine pieces.

0

As the convex envelope of ¢q, o, (t) over [l3,us] is polyhedral, the values of ¢q, a,(t) at t = I3
and t = ug are of particular interest. These values can be obtained directly from Proposition 3.3.

Lemma 3.8. We have that

a1 + ()égl3a2 when alﬁg > b1a2l§2
Para(l3) = { clg? when  brasly ™ < 1B < brasly?
arl3™ +ay  when  aify < bragly ™,

12



and

aluQ_alb?u;),al + agus  when 1P > blagufalugal
Do (u3) = § cuz? when  biaguy Pug? < a1y < braguduz ™
oajug + agul_blazu;3a2 when a1By < blagul_B”qu.
O
It is simple to verify that
blagul_l < bragly ™ < brasls? < biagus (18)
because of Assumptions (A6), (A5), and (A6), respectively, and that
—1 —Bas a2 Bai —aq
biagu; - < braguy " Pus® < biaguy “Mug < bragsus (19)

because of Assumptions (A7), (A4), and (A7), respectively. Further, bjagu; ?*2us? < byagli? be-
cause of Assumptions (A4), (A5) and (A8). The exact relations between byasly * and byagu; *2us?,
between bjasly “* and b1a2u23a1u3_“1, and between bagl5? and blagugalugal depend on the partic-
ular instance studied.

Next, we derive lifted valid inequalities for each (o, 2) when ag > 0 and ag > 0. During this

process, we obtain the isolated inequalities

a (5] ugllgl — u1l3

l
T —I—Kl_lxg + 3b1 3 > b + Kl_l, (if I3 < ulfl) (20)
Uq —l3 Uq —13
132 — uRl§? — upl
Kowy +mg+ S — 223 > 23— 28 4 [0, (if Iy < uf?) (21)

together with the families of inequalities

d30&1$1 + d30¢2$2 — (Oéllgal + OQ)(U?, — .7}3) — (EU3A)($3 — 13) > O,

22
if bl&QUIBa2U§2 < aifs < min{blaglgal,b1a2u§“1u§a1} (22)
d30¢1$1 + d30¢2$2 — (ElgA)(u?, — xg) — (a1u1 + agul_bl‘lng“?)(xg — l3) > 0, (23)
if blazl??al S alﬁQ S blagufBazu?
dsoixr1 + dgaszy — (ElgA)(u;; — 333) — (EU3A)($3 — lg) >0, (24)
if max{blaglg_al,blagul_B”ug?} < ai1f2 < min{bjasls?, blagufalugal}
d30¢11‘1 + d30¢2$2 - (041 + a2l3“2)(U3 - SL‘3) - (EU3A)($3 — 13) Z O, (25)
if b1a2l§2 S Oélﬁg S blagugalugal
dzan 1 + dzaors — (l3?)(uz — 3) — (a1uy “Pus™ + asus)(ws — I3) > 0, (26)

if max{blagl?:al,blagufalugal} S 04152 S b1a2l§2.

Proposition 3.9. The only linear inequalities with coefficients ac; > 0 and as > 0 necessary in the
description of conv(SZ) are among (20)-(26).

Proof. In light of (18), (19) and Lemma 3.5, we differentiate several cases based on the value that
a1 3o takes.

13



Case 1: 0 < a1 < Ky. Assume first that I3 < ulfl < ug, an assumption that implies that the two
intervals [I3,u5'] and [u5',u3] do not reduce to a point. Tt follows from Lemma 3.7 that the
convex envelope of ¢, o, (t) over [l3,uz] has two pieces. Because ¢q, a,(t) = 1t + ag for
t e [I3,ud] and ¢ay 0, (t) = arug + aguy2t% for ¢ € [ul, us), it follows from (3) that the
corresponding lifting coefficients (a3, d) are linear in (o, a2). Since the interval of interest
for a1Bs is open, these inequalities are not needed in the description of conv(S=). When
s = ulf (resp. wuz = ulfl), ®ar,a0(t) is concave over [l3,us]. It follows that the convex
envelope of ¢q, a,(t) is affine over [l3,us]. Since ¢a,.a,(l3) = a1l3" + ag and ¢g, o, (uz) =

arul + agufbla%@”, we obtain from (3) that lifting coefficients (s, ) are linear in (aq, a2).

Therefore, no such lifted inequality is needed in the description of conv(S=).

Case 2: K; < a1 < Kj. It follows from Lemma 3.7 that the convex envelope of ¢, o, () is affine
over [l3,us], we therefore only need to compute the values of ¢, a,(t) at t = I3 and t = us.
There are three subcases.

Case 2.1: K1 < a1 < min{blaglgal,blagufB’”ug?}. Since @ay,a.(l3) = aqlz™ + a2 and
bar a0 (U3) = ayus + agul_bWng“?, we obtain from (3) that lifting coefficients (a3, d) are
linear in (aq,z). Therefore, since the interval of interest for ;s is semi-open, the
only such lifted inequality that is needed in the description of conv(S=) is that for which

a1f2 = K;. Using (4), we obtain (20).

Case 2.2: min{blaglgal,blagufB”qu} < a1 2 < max{biasls?, blagufalugal}. We consider
two subcases.

Case 2.2.1: bjagly™ < blagul_B”ug?, i.e., u?‘” < [5'us?. Whenever biasl; ™ < a1y <
blagufB”qu then ¢q,.0,(l3) = cls4, and bay,as(U3) = arug + aguIbIang‘”, yielding
(23). When byaguy 5*2ul2 < ay 8y < min{byagli?, biagub™ uz ™} then ¢u, o, (l3) = &s?,
and Pa, ap(uz) = cuz?, yielding (24). When min{byasls?, bjagub®uz; ™} < a1y <
max{b1azl§?, byagud®uz ™}, we have two possibilities. Tf I2uS! < ud* then Ga, a, (I3) =
a1 +aol3®, and G, g, (uz) = cug?, yielding (25). TfI§2us' > ub™ then ¢o, s, (I3) = cls?,
and o, 0, (u3) = a1y ™"

Case 2.2.2: bjagly ™ > blagul_Ba2u§2, i.e., uf‘” > 137 ug®. We assume first that biagly * <
blazufalugal, i.e., I3Mugt < uf‘“. When blagufB”ugz < a1f2 < bragly™ then
Bar.as(13) = a1l3™ + a2, and ¢, ., (u3) = cug?, yielding (22). When biasl; ™ < a1z <
min{byasl$?, byagus ™ uz ™} then doy a,(l3) = ez?, and Ga, s, (uz) = cuz?, yielding (24).
When min{b;asl5?, blaguzBalugal} < ai1f2 < max{biasls?, blagufalugal} then similar to
Case 2.2.1, we have two possibilities. If [52u$' < uf™ then ¢, a,(l3) = a1 + a2l3®,
and Ga, ., (uz) = Cuz?, yielding (25). If I2ul" > ul™ then ¢a,.a,(l3) = clz?, and

aras(U3) = QqlUe us™ 4+ agug, yielding . e next assume that bjasl; "' >
Doy vy 5 11230 lding (26). We next that bjagly ™
b1a2u§a1u§a1, i.e., I3 ugt > uf‘“. When blagul_B‘”ugz < a1fs < blagufalugal then

Do s (13) = aql3™ + as, and ¢a, o, (ug) = cusz?, yielding (22). When brasuBUuz ™ <

1,02 1,02 2 3

05152 < blagl:;al then ¢a1,a2 (lg) == Oéllgal +042, and ¢a1,a2 (U3) = Oélu;aleU?)al + aauUsg. It

follows from (3) that the corresponding lifting coefficients (as,d) are linear in (aq, ).

Therefore, none of these inequalities are required in the description of conv(SZ) as

the interval of interest for ;82 is open. When blaglgal < apfe < b1a2l§2 then

Gy (13) = &z, and Gy o, (u3) = a1y P2uz™ + agug, yielding (26).

Case 2.3: max{b1a2l§2,blagufalugal} < a1 < Ko. This case is symmetric to Case 2.1.

AS ¢aya.(l3) = a1 + a2l3® and ¢, 0, (us) = alugaleU?,al + aoug, we obtain from
(3) that lifting coefficients (a3, d) are linear in (o, a2). Therefore, the only such lifted

uz™ + agug, yielding (26).
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inequalities needed in the description of conv(SZ) is that for which ay82 = K. We
obtain (21).

Case 3: Ky < a182. Assume first that I3 < uSQ < ug, an assumption that implies that these two
intervals [I3,u52] and [ub2,u3] do not reduce to a point. It follows from Lemma 3.7 that the
convex envelope of ¢q, a,(t) over [l3,u3] has two pieces. Because Lemma 3.5 shows that
Gaysn (1) = a1 4 at® for t € [I3,ul?] and Ga, ay(t) = aruy 219 + aguy for ¢ € [ub?, ug), it
follows from (3) that the corresponding lifting coefficients (a3, d) are linear in (aq, a2). Since
the interval of interest for 52 is open, these inequalities are not needed in the description
of conv(S=). When I3 = UZQ (resp. ug = uSQ), bar,a0(t) is concave over [l3,us]. It follows
that the convex envelope of ¢q, a,(t) is affine over [I3,u3]. Since ¢q, a,(l3) = a1 + @2l3%? and
Doy sovn (U3) = 15 “*P2u3% + g, we obtain from (3) that lifting coefficients (a3, §) are linear
in (a1, ag). Therefore, the corresponding lifted inequalities are not needed in the description
of conv(S2).

O]

Observe that the families of inequalities (22)-(26) are applicable for all values of a;152 in a
certain (possibly empty) interval. Because the intervals on a2 associated with inequalities (22)-
(23) cannot be nonempty simultaneously (unless they reduce to a single point), and because the
intervals on a1 33 associated with inequalities (25)-(26) cannot be nonempty simultaneously (unless
they reduce to a single point), it can be verified that at most three of the five identified families of
linear inequalities are needed in any instance of conv(S2).

Also we observe that, when by = by = 1, K7 = ul_l and Ky = us. It follows that, in this case,
inequalities (20) and (21) simplify to x1 + ujxe — uy > x3 and usxy + T2 — ug > x3, which can be
easily derived from McCormick envelopes of the function xjxge over [1,u1] % [1, ua].

3.2 Nonlinear description of conv(S=)

In this section, we turn the infinite families of linear inequalities (22)-(26) obtained in Proposi-
tion 3.9 into nonlinear inequalities. Since as > 0, We may assume that g = 1 through scaling. It
is then simple to verify that (22)-(26) can be written as

ap+g— () "s>0, for g<ar<h 27)

where p, ¢, and s are affine functions of (z1, z2, z3) and (g, h) are nonnegative parameters. It is easy
to see that including the boundaries of the interval (g, h) for (24) is admissible. We next describe
these functions and parameters for (22)-(26), in this order:

p1 = dzzy — 15" (uz — 3)

q1 = d3za — (u3 — x3)

51 = cuj (z3 — I3) (28)
g1 = blagul_B”qu

hi = min{byasls ", blagufalugal 1

p2 = dsz1 — ui(xz — l3)

42 = d3z> = uy M ug? (g — ls)
sg = cli (u3 — 3) (29)
g2 = bragly ™

—Bas a9

h2 = b1a2u1 U3 s
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p3 = d3zy

q3 = d3x2

s3 = c(I§ (uz — x3) + ud (x5 — 13)) (30)
g3 = max{biasl; ", blagul_B“2u§2}

. a Ba; —a
hs = min{byasl5?, biaguy “ ug “' },

p4 = dzxy — (uz — 3)

q4 = dzxg — 5% (u3 — x3)

54 = cuf (z3 — I3) (31)
g4 = brasly?

Bai, —a
hy = braguy “'uz ™',

D5 = d3£L'1 — ug‘“bzugl (1‘3 — 13)

g5 = dzxo — uz(w3 — [3)

S5 = cl{?(ug — x3) (32)
g5 = max{biasly blagufalugal}

h5 = b1a21§2.

Proposition 3.10. For the values of (p, q, s, g, h) presented in (28)-(32), the families of inequalities
(22)-(26) for which g < h can be expressed as

gp+q—g"s>0 (33)
when p > Ablg_AbQS,

B (alp)Abl (a2q)Ab2 2 S (34)
when p > 0, Abih 425 < p < Ablg_Ab2s,
hp 4+ q — hA1s >0

when p < Abih~4%2. (3)

Proof. Tt can be readily verified that, for each family (in (28)-(32)), s > 0 whenever = € [I,u]3. For
(21,2, x3), the value of oy that yields the tighter valid inequality in the family (27) is obtained by
solving

min{ap + q — (Cm)AblS | g <aqg <h}, (36)

which is a feasible convex program since its objective function is strictly convex as 0 < Ab; < 1,
s> 0 and g < h. We claim that an optimal solution to (36) is given by

g _p= Abyg~Ab2s,
a
a] = (A’;13> ’ Abih= 425 < p < Abig~Ab2s,
h p < Ab h—Ab2s.

We next give a proof of this claim. If p < 0, an optimal solution is obtained by setting a] = h
since the objective function is nonincreasing. We can therefore assume that p > 0. If s = 0, then
an optimal solution is obtained by setting o = g, since the objective function is increasing. We
therefore assume that s > 0. In this case, the derivative of the objective function of (36) is zero

Ba
at v = (%) *. It is then clear that o = min{max{g, 7}, h}, yielding the desired result. In
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fact, a} = g when v < g, i.c., Abjg~4%s < p, producing (33). Similarly a} = h when v > h, i.c.,
Abyh=4b25 > p, producing (35). Otherwise, af = 7. Plugging the expression for v in (27) yields
the inequality ¢ > (Abg)(%)bl“?s, which implies that ¢ > 0. This nonlinear inequality is therefore
valid when (p, ¢, s) € F where

F={(p,q,5)|p>0,q > 0, Abth~ s < p < Abrg~""s}.
Over F N [l,u], it can be rewritten as (34). -

We mention that each of the above inequalities (33)-(35) is associated with a subset of values
of (x1,x2,x3) over which the inequality is valid and strong. In the case of (33) and (35), these
inequalities are valid outside of their prescribed subsets, since they were obtained for a specific
value of « that is clearly feasible, even if not optimal. The same conclusion does not hold in general
for the nonlinear inequality (34), which may become invalid outside of its prescribed range.

We summarize the description of conv(S2) in the following theorem.

Theorem 3.11. Under Assumptions (A1)-(A8), a description of conv(SZ) is obtained by combin-
ing inequalities (5)-(12), (20)-(21), and (33)-(35) for all (p,q, s, g, h) defined in (28)-(32) for which
g <h. O

Among the nonlinear inequalities developed above, inequality (34) with (ps, g3, 3,93, h3) is
special in that it does not involve bounds on variables x; and x9, and admits a straightforward
derivation. First, after filling in the functional forms for ps, g3 and s3, we see that (34) can be
written as

by bo 1 1

b1+by _ b1+bg bitby [ U3 — T3 bitbgy [ L3 — I3

P, >, — + ug —. ) (37)
us 3 us 3

The validity of (37) can be argued as follows. First, we observe that the inequality defining S=
b1 bo 1

1
. . . b1+b b1+b b1 +b . 3 b1+b
can be equivalently written in the form z," "2 2,1 > 27" . Since the function z;' "

is concave

1 1
over [I3, ug], it can be lower-estimated by the linear function I, " (%) +ugt <%>, which

1 1
takes values lgﬁb? at 3 = I3 and u§1+b2 at x3 = wug, yielding the desired result. In particular,

the above derivation shows that (37) is globally valid for conv(S=). Theorem 3.11 shows that this
inequality is in fact, an important component of the convex hull of S=.
We conclude this section by illustrating the result of Theorem 3.11 on an example.

Example 3.12. Consider an instance of S= where ly =1y =1, I3 = 16, u; = 36, ug = 5, uz = 54,
by =1 and by = 2. The trivial inequalities (5)-(12) can be written as

1§$1§367

6
1879 + (1 - {) z3 > 54 — 18V/6,

25x1 —x3 > 0.
Further, inequalities (20)-(21) take the form
36 36
X1+ ———T9 — I3 >

V6 —2 \/6—27
25 n 1 >20
— |z To— | = |z —
9 1 2 9 3_97
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since K = % and Ky = 2
V6 1 _ 125

Next, we compute that g1 = 347 < h1 = 312, g2 = 353 > hy = iﬁ, g3 = 3—12 < h3 = 155,
g1 =2>hy = %, and gs = 25 < hs = 2. This shows that families 1, 3, 5 are applicable while

108
the other two families are not. For the first family, we obtain
1
\/6 \/6 3 9 3
- s — (X2 ) 2 —16) >
(144 (381 + 1623 — 864) + (3829 4 3 — 54) i 2\/1(;63 16) > 0,

2
38 —54\5 _ 9
3 (3821 + 1625 — 864)3 (W’) > S V/i(as - 16),

Wl

1 1 9.
(32> (38ZE1 + 16x3 — 864) (38332 + I3 — 54) — (32> 5\3/21(1’3 — 16) >0,

where the nonlinear inequality is applicable when 38x1 + 16x3 — 864 > 0 and 8x3 + 480 < 38x; <
20x3 + 288. For the third family, we obtain

<312)(38x1) (38952)—( ) ~Vdas +90V/4 > 0,

2
38z5\3 _ 3
3(383:1):1'»( “) > =V + 90V/4,
1
125 125\ 3 3
<108>(38x1)+(38x2)—( ) “V4xs +90v4 >0,

where the nonlinear inequality is applicable when 38x1 > 0 and 18x3 + & < 38z < 8x3+480. For
the fifth family, we obtain

1
125 54 864 1251\ 3
( ) <38x1 —x3 + ) + (381’2 —b5x3 + 80) — <> 3\3/41(54 — .%'3) >0,

108 25 25 108
1 2
54 864\ 3 [ 38xs — bxs+80)\3 3
3|38z — — — > 3vV4(54 —
( TN 25) ( 2 ) > 3VA(54 — z3),
54 864 1
<38.Z‘1 — 51‘3 + 25) + (38332 — dxs + 80) — (2)}3 3\3/1(54 — 1‘3) >0,
where the nonlinear inequality is applicable when 38x, — w + 864 >0 and 29;163 + 42856 < 38z1 <
18 . 216
3+ ==,
253 T 5

In Figure 1, we give a representation of the region defined by the nontrivial inequalities. In
particular, we clearly observe that the three families of nonlinear inequalities have a preponderant
role in this description.

4 Convex hull of 5=
In this section, we study the convex hull of
SS ={z e [l,u)® | x?lx? < x3},

where by > 1, by > 1, and where [; € R> and u; € R> with [; <w; for 7 =1,2,3. In the remainder
of this section, we also impose the following restrictive assumption
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55

50

Figure 1: Convex hull description of Example 3.12

(BO) by = 1.

When Assumption (B0) is not satisfied, the geometry of the problem is more complicated and,
as a result, the derivation of lifted inequalities is harder. In studying S<, we pose the following
additional assumptions

(B1) lo =1, and l3 = 1,

(B2) I} < min{1,u; 2us},

(B3) up > 1, up > 1, and uz > 1,
(B4) I} > u; ™,

(B5) u; > max{1, uy 2us},

(B6) u; < us.

We next argue that Assumptions (B1)-(B6) are made without loss of generality. Assumption
(B1) can be achieved by scaling variables xo and x3. For Assumption (B2), we observe that there
is no feasible solution with x3 = 1 when {; > 1 as the relation x3 > :vla;gQ > 1 must be satisfied
by all feasible solutions of S<. The lower bound on z3 can therefore be increased to ;. After
rescaling variables x; and x3 so that the lower bound on x3 equals 1, we obtain that I; < 1.
Similarly, we observe that the defining inequality of S< implies that ach < %i’ < 7;—13 in all feasible
solutions. If u%? > 17 u3, we can tighten the upper bound on variable z2 to be I; *2u3?. After this
tightening, l1u,> < ug. For Assumption (B3), we note that S= is convex when u; = [; for i € {1,2},
and therefore does not warrant further study. When ug = I3, S = {(z1,72) € [l,u)?|21 <
I3z5 "} x {I3}. Tt is readily verified that conv(S<) is a polyhedron with a simple linear description.
For Assumption (B4), we note that, when I < uy"?, S< = AU B where 4 = [I,u] N {z; < uy "}
and B = S< N {r; > uEbQ}. Applying Lemma 2.3 with j = 1 and 6 = u;bQ, we obtain that
conv(S<S) = A U conv(B). Therefore conv(S<) can be obtained by focusing on the case where
L > uy b2 We proceed similarly for Assumption (B5). When u; < 1, we see that S = AU B
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where A = [l,u] N {z2 < u]*} and B = S= N {z2 > u;**}. Applying Lemma 2.3 with j = 2 and
f = u; ", we obtain that conv(S<) = A U conv(B). When ujub? < us, we see that S = AU B
where A = [I,u] N {3 > ujub?} and B = S< N {z3 < uyul?}. Tt then follows from Lemma 2.4 with
j =3 and § = uyu? that conv(S<) = AU conv(B). For Assumption (B6), we observe that, when
w1 > us, there is no solution in S< with 2; = u;. In this case, we can tighten the upper bound on
variable x1 to min{u, us}.

4.1 Linear description of conv(S<)

In this section, we derive all nondominated linear valid inequalities for conv(S<) that are lifted from
linear constraints in the space of variables (x2, x3). We thereby provide a semi-infinite description
of conv(S<). We turn this semi-infinite description into one that contains only a finite number of
linear and nonlinear inequalities in Section 4.2.

To obtain the desired linear inequalities, we introduce the function, ©a, as() : R — R, defined
as

Vg s (t) = min{—asxs + azxs ]txgz’ <as3,1 <z <wug, 1l <xs <ugt, (38)

where g, 3 € R, and ¢t € R. If (38) is infeasible for some t € R, then we write that ¢, o (t) = c0.
Similar to Section 3, the problem of finding, for each (ao, a3), coefficients (a1, d) that make

Q1T — QaTo + 3Tz > 0 (39)

valid and undominated for S< corresponds to finding the convex envelope of ¥a, a4 (t) over [I1, u1].
If a pair (a1, 6) describes a hyperplane that supports the epigraph of 1, o4 (t) at two distinct points

(tlv waz,ag (tl)) and (t27 waz,a:; (tQ))a then

(041, 5) - <_¢°‘2’a3 (t2) — wazag <t1) t2wa2’a3 (t1> B tlwag,a:& (t2)> .

40
to — 11 ’ to — 11 (40)

In particular, when the convex envelope of ©q, q,(t) over [li,u;] supports the epigraph of
Yag,as(t) at t1 =11 and t2 = uq, (39) can be written, after scaling, as

Yag.as (1) (U1 — 1) + Yag.as(w1)(x1 — 1) + aodiza — agdizs <0, (41)

where dq1 = u; — [4.

We next derive in Section 4.1.1 linear inequalities that describe the part of conv(S<) whose
geometry is simple. We refer to these inequalities as trivial. In Section 4.1.2, we derive inequalities
that belong to the part of conv(S<) that may not be polyhedral. We refer to these inequalities as
nontrivial.

4.1.1 Trivial inequalities for conv(S<)

In this section, we derive all nondominated valid inequalities (39) for conv(S<) where agp < 0 or
a3 < 0. Proposition 4.1 provides a closed-form expression for 1)n, q,(t) for these values of ap and
ag.

Proposition 4.1. Assume that as <0 or ag < 0. Fort € [u2_b2,u;3], then
(1) Yag,a3(t) = —ao + azus, if @ <0 and az <0,

(11) Yoy .as(t) = —a2 + agmax{t, 1}, if ag <0 and a3 > 0,
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15) Voo s (t) = —ap min{usg, us2t~*?} + asus, if s > 0 and az < 0.
2,03 3

Proof. Let t € [uy %2 us). In this case, (38) has (1,us3) for feasible solution. It then follows from
Weierstrafl’ theorem that (38) has an optimal solution. Let (23, x%) be such an optimal solution.
First assume that oz < 0. It is clear that we can choose x5 = u3. In fact if 235 < us, increasing z3
by € > 0 maintains feasibility of the solution, and does not deteriorate its objective value. There
are two possible situations. If ap > 0, increasing x5 does not deteriorate the solution value. It is
therefore optimal to let xo take its highest admissible value, i.e., 5 = min{us, u3*t~*2}. It is clear
that =3 > 1 since ¢ < uz. We obtain that a, y(t) = —a2 min{ug, us?t=*?} + azusg, yielding (iii).
If ap < 0, we can similarly choose 25 = 1. We obtain that 1q, q,(t) = —a2 + agus, yielding (i).
Second assume that ag > 0. Because in this case as < 0, we can choose as before x5 = 1 and
xs = max{t, 1}. It is clear that 23 < usz since t < uz. We obtain that ¥q, o, (t) = —a2+ag max{t, 1},
yielding (ii). O

We next derive lifted inequalities for all values of (a2, ag) studied in Proposition 4.1. We obtain
the inequalities

- < -l (42)

1 < w (43)

-y < -1 (44)

o < up  (if I < uyus) (45)

oy < -1 (if L <1) (46)

r3 < ug (47)

ry < w3 (ffu >1) (48)

(ug — ul_@ugz) x1 + (ug — u2_b2u3)x2 < wjug — ul_a2u2_b2u§+“2 (if up > ugbzug) (49)

as shown in the following proposition.

Proposition 4.2. The only linear inequalities (39) with coefficients ag < 0 or ag < 0 necessary
in the description of conv(S<) are among (42)-(49).

Proof. Tt follows from our discussion in Section 3.1 that nondominated lifted inequalities (39) are
either of the form (42)-(43), or can be derived from the convex envelope of ¥, a4 (t) over [I1,uq].
There are three cases.

(i) Assume that as < 0 and a3 < 0. In this case, function 9, a4 (t) is constant, and therefore
convex, over [l1,u1]. By (40), the corresponding lifting coefficients (a1, 9) are (0, —a2 + azus).
Since these coefficients are linear in (aw, o), it is sufficient to consider the cases where (aq, a3)
equals (—1,0), (0,—1) and (0, 0), which correspond to the extreme rays and point of the region
{(a2,a3) € R?|ag < 0,a3 < 0}. Ray (—1,0) yields (44) and ray (0, —1) yields (47). Extreme
point (0,0) does not yield a useful inequality.

(ii) Assume now that as < 0 and a3 > 0. In this case, ¥, a4(t) is a piecewise affine function
over [l1,1] and [1,u;]. Further, it is convex as the maximum of two convex functions. We
can therefore develop two inequalities for each (g, s), when the corresponding intervals do
not reduce to a single point. By (40), the corresponding lifting coefficients are (a1,d) =
(0,—ag + a3) if I3 < 1, and (a1,0) = (—as, —ag) if ug > 1. Since these coefficients are linear
in (ag,as), it is sufficient to consider the ray (o2, a3) = (0,1). This ray yields (46) and (48),
respectively.
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(iii) Assume finally that ap > 0 and a3 < 0. In this case, 1q,,q, () is a piecewise concave function.
Since Yuy.as(t) is constant over [I1, uy "us] and nondecreasing concave over [uy us, 1], the
convex envelope of Y, o5 (t) is affine over [Iy,uyus] and [u;™u3,u;]. We can therefore
develop two inequalities for each (ag,as3) when the corresponding intervals do not reduce to
a single point. By (40), the corresponding lifting coefficients are («1,d) = (0, —aus + asus)

ug—u %2422 —ag b2 1+ ag

_ l_b2 3

UL —Usqy

Since these coefficients are linear in (aw, a3), it is sufficient to consider the ray (a2, a3) = (1,0).

This ray yields (45) and (49), respectively.

u u —Ulu . —
g, Y2 Y3, “2ag + agug | if ug > uy b245.
u3 ul—uy 2us

if 1) < uyuz, and (a1,0) =

O]

Note that (45), (46), (48), and (49) are valid for conv(S<), even when the inequality in the
associated condition on parameters is not strict. In this case, however, these linear constraints are
not necessary in the description of conv(S<).

4.1.2 Nontrivial inequalities for conv(S<)

In this section, we derive all nondominated valid inequalities (39) for conv(S<) where ag > 0 and
ag > 0. When by > 1, we pose cz := (by — 1)~1. We first derive in Proposition 4.3 a closed-form
expression for ¥, o4 (t), which we use to construct these inequalities.

Proposition 4.3. Assume that as > 0 and az3 > 0. Fort € [u;bQ,u;;],

aalf) i< u2_b2u3 when a3 > u(t)
327% (t) iof t> u2_b2u3 -
Va5 (t) = %2,&3 (t) when  A(t) < agfBs < p(t)
gsz g; Zj Ii § 1 when  azfB3 < A(t)
where
Oéz,a3 (t) = —aoua + OéguSQt,

o U, oy (t) = —0us*t™ + agus,

® U5, s (t) = an(az — 1) (aganfi3)? t2,

o Yl (1) = —ast™ + az,

® U5, as(t) = —a2 + ast,

and
o pu(t) = by min{ul> e, ul 212},
e \(t) = bomax{t,t*2}.

Proof. Assume that t € [u, %2 ). WeierstraB’ theorem implies that (38) has an optimal solution
since (1,u3) belongs to its feasible region. We claim that all optimal solutions (Z2,Z3) satisfy
tjlf = Z3. Assume by contradiction that (Z2,Z3) is an optimal solution that satisfies ti‘g2 < 3.
There are two cases. Assume first that 3 > 1. For € positive but sufficiently small, the solution
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(Z2,Z3) = (T2, T3 — €) is feasible and has a better objective value than (Z2,Z3), a contradiction.
Assume second that 3 = 1. It follows that xo < t79 < wo. For € positive but sufficiently small,
the solution (Z2,%3) = (T2 + €, &3) is feasible and has a better objective value than (Z2, Z3).

By eliminating variable x5 using the relation x5 = thQ, we can reformulate (38) as

Pan a5 (t) := min{ fi(z2) [ L(t) < 22 <U()}, (50)

where fi(r2) = —aors + astab?, L(t) == max{1,t7%} > 0 and U(t) := min{ug, u§>t~}. Tt is
easily verified that L(t) < U(t) when t € [uy",u3]. Since f;(.) is convex over R>, an optimal
solution to (50) is (i) @5 = L(t) if f{(L(t)) >0, i.e., agBs < batL(t)2~1 = A(t), and (ii) =} = U(¢)
if f{(U(t)) <0, i.e., agBs > botU(t)?271 = pu(t). When A(t) < a3 < p(t) (which also implies that
by > 1), the intermediate value theorem implies that f/(.) takes value zero for some zo € (L(t), U(t)).
It is then simple to verify that the only point that makes f/(.) equal to zero is x% = (agagfst~1)°2.
Since (50) is a convex program, z3 must be an optimal solution. This yields the desired result.
In particular, when asf3 > p(t) and t < uy %245, the optimal solution found above is x5 = us,

yielding Yo, o () = fi(uz) = —agus + azubt = 89,05 (t). The derivation of the other functions is
similar. O
Observe that, in the above description, function 95, ,,(-) is not well-defined when by = 1.

However, in this case A(£) = u(t) for t € [uy ", us] and therefore, the interval of values of a3 over
which it would be applied is empty. Also observe that in this case, we define the function tq, a4 (t)
twice for values of ¢ with agfS3 = p(t) = A(t). It is simple to verify, however, that the two values
we assign to g, a4 (t) are identical in such cases.

We now make a few observations that can be verified through direct computation.

(P1) For t € [u;"2,us), A(t) < u(t).

(P2) For t € [uy ", us), A(t) and u(t) are continuous increasing functions.

(P3) Fort € [uy™, us), Vs as(t), @Dg%ag (1), Yoy .as(t), ¢g2,a3 (t) and 95, ., (t) are concave functions.
Observation (P2) directly implies:

(P4) For t € [l1,u1], A(t) > A(l1) = balf?.

(P5) For t € [I1,u1], p(t) < p(ur) = bouf2ug 2.

Our next goal is to derive, in Lemma 4.5, properties of the function tq, 4(t) that help in
constructing its convex envelope over [l1,u1] in Lemma 4.7. To facilitate the proof of these results,
we first derive the following ancillary results.

Lemma 4.4. The following inequalities hold true:

b1
boub2 ™! > u22 — (51)
b
Us? — 1
by < u‘i — (52)
1—uy ™
bz Z us Uy — 1 (53)
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The following inequalities also hold

1—1792

az < 57— lll : (54)
1 — uguPuz?!

b2 < 172 Eaz’ (55)

if i1 <1 and uy > uQ_bQU3, respectively.

Proof. Let I C R be an open interval and let f(x) : I — R be a differentiable convex function.
Given xg € I, we know that f(z) > f(xo) + f'(z0)(x — x¢) for x € I. For y € I with y > xg, and
for z € I with z < xg, we write that

R (R L) B ) i (O]

Y — T o — 2

To prove (51), we apply (56)(ii) with I = R*, f(z) = 22 where by € [1,00), 29 = ug, and

z =1 (observe that z < zg because of Assumption (B3).) For (52), we apply (56)(i) with I = R>,

f(z) = 22 where by € [1,00), 9 = 1, and y = ua (observe that y > z¢ because of Assumption

(B3).) To prove (53), we apply (56)(ii) with I = Rs, f(z) = 2°2 where by € [1,00), o = 1, and

z = 1712 (observe that z < zy because of Assumption (B3).) To prove (54), we apply (56)(ii) with

I =R>, f(z) = —2% where ag € (0,1], z =1; <1 and xo = 1. Finally for (55), we apply (56)(7)
with I = R>, f(z ) = 2% where by € [1,00), y = uf?uguz®* > 1, and z¢ = 1.

(56)

O]

The requirements that [ < 1 and uq > uy %243 in the statements of (54) and (55) are satisfied

by most of our problem instances since Assumption (B2) requires that /; < 1 and Assumption
b

1-1 uruy’ —uz

(B5) requires that u1u22 > ug. Further, the quantities —="- and L5
I, =-1 Ug—U; “Ug

play an important

role in the ensuing derivations. When [; = 1 and ulugz = wug, however, these expressions are not
well-defined. In these cases, we will take them to be equal to by and bouj? ué 2 respectively (which

can be shown to be their limit as [; — 1 and (;})*?ug — 1.)
In light of the previous discussion, it follows from (54) that l_lil < byl{?, and from (55) that

—ay
b

b
boui? u3 T2 L % for the problems we study. We can then establish that
U2 —Uy
Lol s <y <y < byl < 108 U3 (57)
— - S 02l < b2 < boup < baugtu S ——— o
ll az 1 1 %3 ug — u; agu(;z
using Assumptions (B2), (B5), and (B6), respectively. Similarly, we can show that
1-14 _ wul? —u
—— < hl* < b2l1u22 1< b27 < baui? Ugl), < 12—711?; (58)
7" -1 U2 up — Uy Cug®

using Assumptions (B4), (B2) and ( 5), respectively. Note that the exact ordering of the points
by and bouy with respect to bgllug and bg depends on the problem instance.
Next, for given as and (3, we define

I(ag, B3) = {t€[l,w]|aBs > p(t)},
I(az,B3) = {te[li,w]|At) < B3 <p(t)},
I(ag,B3) = {t€ [l u]]aBs < At)}.
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In the sequel, we do not explicitly write the dependence of the sets 1%, I¢, and I% on as and
3 to streamline notation. It is clear from its definition that 7%’ describes the subset of [I1,u1]
where ¥, a4 (t) equals ¥y, . (t) or ngwg (t). I¢ and I have similar interpretations. Because of
Observations (P1) and (P2), it is easily verified that

(P6) I, I¢ and I9 are (possibly empty) intervals.

(P7) For t® ¢ 1% t¢ ¢ I° and t?¢ € 1%, then t® < t¢, t% < t%€ and t© < tde,

(PS) [ll, ul] = Job ey I,

Next, we use Proposition 4.3 to describe intervals 1¢°, I¢ and 1% more precisely. We obtain
(P9) When asf33 € (bol$?, bouf2uy ®?), then

1. J% = [ll,max{agu%*bQ(ozgﬁg;),agzuzl,;bz(ozgﬁg)b2 }

2. int(I1°) = (max{agul " (asfs), aPul "2 (asB3)" }, min{aR? (as3)P?, as(azBs)}) N (I, uy),
and

3. 1% = [min{a? (aaf3)", as(aafs)}, ui).
(P10) When agf33 € (bol$2, bouf2uz ®?) and by > 1, then int(I¢) # 0.

We can then define I* = I% 0 [Iy,u; 2ug], I = 1% N (uyus, uy], 19 = I% N [l;,1] and
I¢ = I N (1,u1]. With these definitions, it is clear that ¥a, as(t) = V5, as(t) for t € 17 for all
o€ {a,b,c,d, e}, i.e., Ya,as(t) is piecewise concave over the nonempty intervals among I¢, Ib, I°,
I¢ and I°¢. Given a function t(¢) that is concave over nonempty intervals [t1, %] and [to, t3], we say
that 1(t) is concave at to if 1(t) is concave over [t1,t3].

Lemma 4.5. (i) When asf3 < bal{?, oy as(t) is piecewise concave over [ly,1] and [1,u4].

(ii) When bl$? < agfs < boufPuy ", thay.as(t) is piecewise concave over [ll,min{u5b2u;3,1}],
[min{uy *2ug, 1}, max{u; 2us, 1}] and [max{uy 2uz, 1}, u1]. Purther, Yy o5(t) is concave over
[[1,1] and [1,u1] if a2fBs < ba i and Ya,,a4(t) is concave over (11, u5 P2us) and [ug *2us, u1] if
@23 > bo.

(iii) When agf3 > baul2us ™2, oy as(t) is piecewise concave over [l us 2us] and [uy *us, uy].

Proof. (i) In this case, we have that asf3 < bal{? < A(¢) for ¢t € [l1,u1], because of Observa-
tion (P4). We conclude that 1, o4(t) = wg%% (t) for t € [l1, 1], and thay a5(t) = V6, a, (t) for
t € [1,u1]. The result follows because of Observation (P3).

(i) We first show that the only points at which 14, s () might not be concave are % = uy b2y
and t9¢ = 1. There are two cases. First assume that by > 1. Since bol(? < apfis < bgu‘fQué_”,
we conclude from Observation (P10) that int(I¢) # (. We verify next that ¢4, a4 (t) is concave
over 1% UJ¢. Define t%¢ = agu%_bQ (a2f33) and t¢ = aSQ ué_bQ (a233)?2. Tt follows from Observa-
tions (P9-1) and (P9-2) that I N cl(I°) = @ if max{t®, "} < Iy, i.e., aafs < boul2™'ly,
and 1% N cl(I¢) = {max{t®,t*}} otherwise. In the former case, I is empty and the

claim is trivial. In the latter case, direct computation shows that % o s (19€) = ozgug2 =

by, b - .
%wgzjas(t“), and %wg%as(tbC) = asby’ug’ (azf3) b2 — % 32703(#’0). We verify next that
Vag.as(t) is concave over I¢ U I%. Define t¢ = CL32(<34253)Z’2 and t° = az(aefs). It fol-

lows from Observations (P9-2) and (P9-3) that cl(1¢) N I% = § if min{t°?,t°°} > wy, i.e.,
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a3 > boup, and cl(1¢) N 1% = {min{t*?, +°}} otherwise. In the former case I de is empty
and the claim is trivial. In the latter case, direct computation shows that iy, ., (ted) =
a3bb? (apf3) 2 = dtwaz o (1%, and dtwaL% (t) = a3 = dtwam% (t¢). We conclude from Ob-
servation (P7) and the fact that int(I€) # () that 1ha, a4 (f) is concave over [I1, min{uy "usz, 1}],
[min{u; ®2usz, 1}, max{uy u3,1}] and [max{uyus,1},u1]. Second, assume that by = 1.
Since A(t) = p(t) for t € [uy %2 3], we conclude that I¢ = . It follows from Observa-
tions (P9-1) and (P9-3) with by = 1 that 1% N I% = {asB3}. Direct computation shows

d 02
that %wg%ag(oaﬁ?)) = (3uU2 2 ?—13 > 072

(B4) and «asf83 > I, %wg%ag(agﬁg) = a3uy > a3 = dt¢a2 as(@2f3) since uz > 1 by As-
0‘3

2
sumption (B5), %1&327&3(&253) = 22 32 40 = %q/;g{wg(aﬁg) since uz > 1 by Assumption

= %T/Jggm(aﬁs) since ljug > 1 by Assumption

2
(B3), and %1/}22,,13@253) = %u:g > Baz > az = %¢22’a3(a2ﬂ3) since a3 < up and since
uz > uy by Assumption (B6). It follows that 1ha, a4 (t) is concave over [I1, min{uy "usz,1}],
[min{u; ®2us, 1}, max{uy "us, 1}] and [max{u; 2us, 1}, uy).
Next we give conditions for 94, a4 (t) to be concave at t® and t4¢. We verify that %1#327&3 () =

asuy? > oppoul = Lyb (1) if and only if afs < 2%, This shows that o, a(t) is

tab boug

22%. Finally, we compute that %wg%% (t%) = anas > a3z =
%Wimag (t%) if and only if asB3 > by. This shows that 1a,.as(t) is concave at % when
azfi3 > bo.

concave at when asf3 <

(iti) In this case, we have that asf3 > bouf?uy~® > u(t) for t € [l1,u1], because of Observa-
tion (P5). We conclude that 1, a4 (t) = e s (t) for t € [Iy, u5b2u;;], and Yo, a4 (t) = wa,z as(t)
for ¢ € [ug "2uz,u1]. The result follows because of Observation (P3).

O

It follows from Lemma 4.5 that, for each value of aof3, there exists tg < t1 < ... < t; where
to = l1 and ¢; = uy such that 1, «,(t) is concave over [t;, ;1] for each j = 0,...,l—1. Computing
the convex envelope of g, a4(t) over [l1,u1] is therefore equivalent to determining the convex
envelope of the piecewise function 1n, s (t) that, for each j = 0,...,1 — 1 is affine in [t;,t;41] and
takes the value Ya, a,(t;) at ¢, and o, as(tj+1) at tj41. In turn, this implies that the convex

envelope of tq, 5(t) over [l,u1] is polyhedral. To streamline the discussions associated with

waz asg (t2) wQQ,(Xg (tl)
to—t1

for t9 # t;. We will shown next in Lemma 4.7 that the function ¢a2,a3 (t) is often concave. It follows
that, when deriving the convex envelope of 1q, 5 (t) Over [I1,u1], the values of ¥, oy(t) at t =1y
and ¢t = uy are of particular interest.

computing the slope of function 9u, o5 (t), we introduce the notation A(ty, ) =

Lemma 4.6. We have that

T/Jgg,ag(ll) = —Qou2 + 04311qu when bgllugrl < anfi3
Vas,as(l1) = wag,ag (I1) = aa(ag — 1)1~ (a20283)*  when bgl(llz < agfs < b2l1u1272—1
¢a2,a3(l1) = —anli " + a3 when  azfs < bal{?,
and
¢(l;2,043 (ul) = _a2ulia2ugz + a3us when b2’U,1 ’U,3 —a2 < CVQBg
Yag,az (u1) = 1/’82,043 (u1) = ag(ag — 1)u; = (azaz,@g)CQ when boup < agfs < bgui@ué a2
¢22,0¢3 (’LL]_) = —Q2 + a3uy when Oégﬁg S bQ'LL]_.
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Proof. The proof follows directly from Proposition 4.3 since l; < uy %2u3 by Assumption (B2), and
uj > 1 by Assumption (B3). O

The shape of the convex envelope of 1q, q4(t) is obtained next. Observe that 14, o, (t) can be

overestimated using ¢gz,a3 (t) (resp. g, a4(t)) when t > u2_62u;z) (resp. t > 1) irrespective of the
values of ag and ag. Combining this observation with the geometric insights about the solutions
that attain 1, o4 (t), it is possible to argue that the convex envelope of 1, o4 (t) is piecewise affine
over various regions as detailed in Lemma 4.7. We provide a direct algebraic proof instead.

Lemma 4.7. For as > 0 and ag > 0,

(i) If agfs < 22U the conver envelope of ay.as(t) is piecewise affine over [ly,1] and [1,u1]

1;*2-1’

with CONV1y ug] 7/)042,043 (t) = wamag (t) Jort e {ll’ L, ul}'

b27
(i) If Lol Py < U2 the convex envelope of Yas,as(t) s affine over [ly,u1] with

70.2 2 ag?
I, =1 uz—u; ‘U

convy, ] Yag,as(t) = Vag,as(t) for t € {l1,ur}.

by
(iii) If By > —22 " the conver envelope of Yoy as(t) is piecewise affine over [l uy ug] and
U

7(12 a2 )
27Uy TUug

[U2_b2u3, w1 with CONV1y uq] Yas,as (t) = Yas,as (t) fort e {l, u2_b2u37 ur}.

Proof. (i) From Lemma 4.5(i), we know that ¢, o, (t) is piecewise concave over [l1,1] and [1, u1].

(i)

Because the result is clear when I; = 1 or uy = 1, we assume that [y < 1 < uy. Since
Yazias(1) = ¥y 05(1)s Vazas(1) = P8, 0,(1) and Yay,as(u1) = 9§, o, (u1), we compute
that A(l1,1) = a2l1_1ajl:1 and A(l,u;) = ag. Since the relations A(l;,1) < A(1,u;) and
aofy < ll_l(;lil are equivalent, we conclude that the convex envelope of tq, a4 (t) is the linear
interpolation of 1, o4 (t) at the points {l1,1,u;}.

There are 5 cases.

Case 1:1_1;1 T < agf3 < byl{?: From Lemma 4.5(i), we know that 14, a4(t) is piecewise con-
—92_

cave over [l1,1] and [1,u;]. Because the result is clear when [; =1 or u; = 1, we assume

2_
that I} < 1 < u;. Asin (i), we compute that A(l;,1) = a2111_7lll and A(1,u1) = as.

Since the relations A(l1,1) > A(1,u1) and asf3 > l_la_2l11 are equivalent, the convex
~o2

envelope of 1q, a5 (t) over [I1,u;] is affine.

Case 2: hyl]? < agf3 < min{bg,bzllu32_1}: This case only occurs when by > 1. We know
from Lemma 4.5(ii) that g, a4 (t) is piecewise concave over [lj,1] and [1,u;]. Be-
cause the result is clear when [y = 1 or u; = 1, we assume that [; < 1 < u;. Since
wOLQ;aS(ll) = 1[)32’a3(l1), ¢a2,a3(1) = /liz)glg,ag,(]‘) = ¢22703(1) and ¢a2,a3(ul) = 1/}22’043(11,1),
we compute that A(ly,1) = _a2+a3_a2(a2_11_)l(1hb2)762(”53)62 and A(l,u1) = as. We
claim that A(ly,1) > A(1,u;), which is equivalent to £(a2f3) > —I1 where £(t) =
—t — (ag — 1)(Iyby) ~e2t2 T > |y for t € R>. Function £(t) is strictly convex over R> as
co+1 > 0and (ag—1) < 0. Setting its derivative to zero, we can verify that its minimum
is t* = l1by as (¢ + 1)(1 — az) = 1. Direct computations then show that (t*) = —I; as
azby = 1. It follows that the convex envelope of ¥, o4 (t) is affine over [I1, uq].

Case 3: min{bo, thugz—l} < agfs < max{bouy, 62%}: There are two subcases.

27



Case 3.1: by < ng—g Consider agf3 € [min{bg, bgllugz_l}, b2). When this case exist, we have
that by > bolyul ™. Lemma 4.5(ii) shows that 1n, s (t) is piecewise concave over [Iy, 1]
and [1,u;]. Because the result is clear when [; = 1 or u; = 1, we assume that [ < 1 < u;.

Since ¢a2,a3 (ll) = wgg,o&g (ll)v ¢a2,a3( ) wag,ag,( ) = 227043(1)7 wcm,oé:s (ul) = wgg,ag (u1)7

we compute that A(ly,1) = az(uz_l)ff‘i(l hz?) and A(1l,u1) = as. Using (51), we

b
write that asf3 > b2l1u32_1 > lllif;:ll. This relation shows that A(l3,1) > A(1,uy),
thereby proving that the convex envelope of 1, o;(t) over [l1,u1] is affine. Consider
next azfs € (b, b232]. Lemma 4.5(ii) shows that 1ay,q,(t) is concave over [l1,u1]. This
implies that the convex envelope of q, a4 (t) over [l1, u1] is affine. Finally consider apf3 €
(bg%, max{bauy, ng—g ]. When this case exist, we have that b2 < bau;. Lemma 4.5(ii)

shows that Ya, o, (t) is piecewise concave over [I1, uy “2u3] and [u2 2us, u1]. Because the
result is clear when [ = UQ_bQItg or u; = u;bzu;;, we assume that {; < u2_b2U3 < uj.

. b —b
Since wamas (Zl) = gcz,as (ll)v wom,as (uz 2U3> = gcz,oc:s (u2 2u3)7 wamas (ul) = w(exz,ocg (u1)7
we compute that A(ll,u;bzu;;) = agug2 and A(u;bng,ul) = az(url”fyf’;ul*“?’). Using

Ul—Uy U3
b
the relation anfB3 < boug < llul, which holds because of (52), it is readily verified

that A(ly, uy 2us) > Auy® U3,U1), showing that the envelope of ¥, a4(t) over [I1, u1]
is affine.

Case 3.2: by > ng—g When a3 € [bgllugrl, bQZ—g], then Lemma 4.5(ii) shows that ¢a, a4 (%)
is piecewise concave over [l1, 1] and [1,u;]. Because the result is clear when Iy = 1 or u; =
1, we assume that [ < 1 < uj. Since Yqy.a5(l1) = 32’013(11), Yag,as(l) = T/)OQ as (1 )b
W 0y (1), a0d Yoy (1) = 6E, o, (1), We compute that A(ly, 1) = 22lelires0lu?)

and A(1,u1) = a3. Using (51), we write that as33 > bgugrlll > L2 — 1. This relation
shows that A(l1,1) > A(1,uy), thereby proving that the convex envelope of ©a, a;(t)
over [I1,u1] is affine. When azf3 € (b272,b2), then Lemma 4.5(ii) shows that 1ay, a4 (t)

b

is piecewise concave over [l1,u, 5 22us), [ug ?ug, 1] and [1,u;]. We assume first that these
intervals do not reduce to a single point. Since Yay as(l1) = ¥4, 0y (11); Vas,as(Uy b243) =

wag,ag (UZ ) wa%aB( ) - wgz,a3(1) = wgg,ag(l) a'nd ¢0127a3 (ul) - waz,ag, (Ul), we com-
pute that A(ll,u2 2ug) = a3u32, A(uz_bng, 1) = a2(u2_1)+f‘3(1_u3), A(l,u1) = ag. Us-

1—uy 2u3
by
ing (52), we write that asfs < by < 1;22_11. This relation shows that A(ll,u;b%g) >
—uTb2
A(uy™us3,1). Using (53), we write that aof3 > U3u2 > 11@“731 This relation shows

that A( _bQU3,1) > A(1,u1). It is also easily verified that A(ly, uy b2u3) > A(1,u1)
since u52 > 1 by Assumption (B3). We conclude that the convex envelope of Yy as(t)
over [l1,u1] is affine. When exactly one of the above intervals reduces to a single point,
repeating the above derivation for the other two intervals shows that the convex en-
velope of q,. a4 (t) over [l1,u1] is affine. When two of the above intervals reduce to a
single point, 1a, a4 (t) is concave, and therefore, its convex envelope over [I1,u1] is affine.
When a3 € [ba, boui], then Lemma 4.5(ii) shows that 1, o, (t) is piecewise concave over
(11, u5 *2u3) and [uy *2us, u1]. Because the result is clear when I} = uy "ug or u; = uy us,
we assume that [} < u2_62u;>, < up. Since Yayas(l1) = ¥4, as(l1), 1/}a27a3(u2_b2ui),) =
Vs as (ugbgu;),), and Yo, a5 (1) = ¢227O{3 (u1), we compute that A(ly, ungU;),) = agugz’ and

-1
—U1-

b
A(u;b%g,ul) = a2(u21:11_):f‘b3'2(3;_u3). Using (52), we write that asfs < bouy < 1;22
2
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This relation shows that A(ly, uqy b2u3) > Auy %2us3, uy), thereby proving that the convex
envelope of 1q, a5 (t) over [I1,u;] is affine.

Case 4: max{bouy, 62%} < afly < bQU%ZUé %2 This case only occurs when by > 1. We know

from Lemma 4.5(ii) that 1ha, a4 (t) is piecewise concave over [I1,u; 2us] and [uy 2us, u1].
Because the result is clear when I; = uy b2u;z, or uy; = u_bng, we assume that [; <
up Puy < wr Since Pogag(l) = U, 00 (1) Pagas Uy 2uz) = P8, o, (uy Puz) and
Vag,as(U1) = V5, o,(u1), we compute that A(ly, uy®u3) = azub? and A(uy®us,uy) =

-1 °2 (u1bg)~°2 - . —b —b :
2iCe )(QZﬁsile;bz)U3 Fa2uaTasUs  We claim that A(ly, uy usg) > Auy us, up), which

is equivalent to &(agfs) < ujub?, where £(t) = (az — 1)(urbe) 22! 4+ tuy < ujul?
for t € R>. Function {(t) is strictly concave over R> as ¢a +1 > 0 and (ag — 1) < 0.
Setting its derivative to zero, we can verify that its maximum is t* = (u1b2)u, b1 4
(¢2+1)(az—1) = —1. Direct computations then show that £(t*) = ujub?. Tt follows that
the convex envelope of 1, o, (t) is affine over [I1, uq].

ulug2 —u3
Uo fu;% gQ
piecewise concave over (I, u; us] and [uy"us3,u1]. Because the result is clear when
i = u;bQU3 or u; = u, ‘us, we assume that [; < u2_b2u3 < uy. Since Yay.as(l1) =

1a2

Case 5: buf?uz " < asflz < : From Lemma 4.5(iii), we know that g, o,(t) is

—b —b
¢32,a3(ll)7 ¢a27043(u2 QU3) = gzg,ag(UQ 2u3) and waz,as(ul) = w(I;g,ch(ul)’ we com-
., 02 a2
pute that A(ly,u; 2us) = azul and A(uy2uz,u) = ap 2= 58 As the relations
U —Uy ‘U3
b27
A(ll,u2 ug) > A(uy U3,u1) and asf3 < % are equivalent, the convex enve-
u27’U41 U

lope of 1a,.a5(t) is affine over [I1, u1].

(iii) It follows from Lemma 4.5(iii) that ©a, a4 (t) is piecewise concave over [lj,uy b2445] and over
[ug b2u3,u1]. Because the result is clear when I} = uy b2u3 or up = Uy b2u3, we assume that

i < uyuz < wy. As in (ii)(5), the relations A(ly,uy2u3) < A(uy2uz,u1) and aflz >
ulug2 —ug
Uy — ul—% 32

interpolation of ¥a, a4 (t) at the points {I1, uy 2uz, us }.

are equivalent. We conclude that the convex envelope of g, q4(t) is the linear

O

Next, we derive lifted valid inequalities for all pairs (ag, a3) where ag > 0 and a3 > 0. During
this process, we obtain the isolated inequalities

1-04

1+ —— (19 —1)—23<0
AN L (59)
(if lh < 1),
(1 — b))l ul? (uy — 1) + (uy — bolyub2 ™) (1 — 1h) + d1b2l1u2 Lo — dlxg <0 (60)
(if fiub2 ™! < min{1,uy tus}),
(l1u32 — bQU1UQ)(U1 — 1’1) + (1 — bg)ul(xl — ll) + débgulxg — d1$3 S 0 (61)
a—1

(if max{1, ljus> ™" us tug} < uy),

29



b2
bo u1u2 — us

— o) — a3 <
U w1 + o — U (g —u2) —23 <0 (62)
(if ; < u2_b2u;:, <),
together with the families of inequalities

(a2 — 1)(I1b2) " (@2B3)? T (u1 — 21) + (w1 — a2fBs) (w1 — 1) + aafsdize — dizg <0 (63)

(if bgl?2 < 05253 < min{bgul, lelug&il}, by > 1),
(ag — 1)62_62 (04263)02“([1_02 (u1 — .131) + ul_CQ (a:l — l1)) + agﬁgdlxg —diz3 <0 (64)

(if bouy < cofz < bolyul2™),
(hul? — agB3uz)(ug — 1) + (ag — 1) (u1be) (04253)02“(901 =)+ 04253611-%2 —dizg <0 (65)

(if max{bgul,b2l1u2 } < anfy < bgul u3 a2 , by > 1)

Proposition 4.8. The only linear inequalities (39) with coefficients ag > 0 and as > 0 necessary
in the description of conv(S<) are among (59)-(65).

Proof. Case 1: 0 < apfi3 < == ll : It follows from Lemma 4.7(i) that the envelope of ¥a, a;(t)
1

is piecewise affine over [ll, ] and [1,uq] (if any of these segments reduces to a point, it can

be ignored in the foregoing discussion.) We can therefore develop at most two inequalities

for each such (a2, as). Since thay.a;(l1) = VL, 400 (11), Yagas(1) = Y2, 0y (1) = V&, 4, (1) and

Vag,as(U1) = VG, oy (u1), it follows from (40) that (a1, d) are linear functions of (a2, as). (For

the values of 1q,.q4(-) attained at iy or uy see Lemma 4.6.) As a result, it is sufficient to
i1

consider the situation where asf83 = oy In this case, the convex envelope of 1q, a4 ()

reduces to an affine function over [l1,u;]. We obtain (59).

b
u1u22—U3

—a a
o—ul 2y 2°

Case 2: 1’1“ < agfiy < It follows from Lemma 4.7(ii) that the convex envelope of

Yas d( ) is affine over [ll, ul]. It is therefore sufficient to consider the values of 14, o, (t) at
t=11 and t = u;.

Case 2.1: l_la—2l1 - < azf3 < bal{?: Asin Case 1, it follows from (40) that lifting coefficients (aq, d)
~o2_

are linear in s and ag. Since the interval of interest for as 33 is open, we conclude that these
inequalities are not needed in the description of conv(S<).

Case 2.2: byl{? < asfl3 < min{bg,bgllugrl}: Here, by > 1. Since Yayas(l1) = V5, q4(l1) and
Vag,as(U1) = V5, oy (u1), (41) reduces to (63).

Case 2.3: min{by, b211u2 } < anfl3 < max{bous, ba 2 } There are two subcases.

Case 2.3.1: by < bgllugrrl: In order for this case to occur, we must have that by > 1. It
follows that ¢a2 ag( ) is well-defined. Assume first that byu; < bgllug2_1. When asf3 €

[b2, bau1], we obtain (63) similarly to Case 2.2. When agfl3 € (bgul,bgllug2_1), then
Vag,as(l1) = V5, 0,(11) and Yoy as(u1) = wg%%(ul) Therefore, (41) reduces to (64).
When a3 € [b2l1ugz_17 bQ%]? then vy a5 <l1> = ag as (ll) and Yo, as (ul) wgtz,ocg (ul)
Applying (41), we obtain (65). Assume second that b2l1u2 >~1 < byu;. When agfls €
[bg,bgllug2 1] we obtain (63). When apf3 € (b2l1u22 ! max{bg , bauy }], there are two
cases. If b2—2 < boug, it follows from (40) that lifting coefﬁc1ents (a1,0) are linear in
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oo and a3 when asf33 € (bgllu32_1,bgu1] since Yay.as(l1) = V4, 0, (11) and Yoy ay(u1) =
o0 (u1). Since the interval of interest for a3 is semi-open, we conclude that the
only inequality that is required in the description of conv(S<) occurs when a3 = bouy.

We obtain (61). If ng—g > bouy, it follows similarly that lifting coefficients (aq,0) are

linear in ap and ag when as 33 € (bgllugrl, bouy). Since the interval of interest for agfs
is open, we conclude that none of these inequalities are required in the description of
conv(S<). When asf33 € [baus, ba 2], we obtain (65) since Yay,a5(l1) = ¥4, 4,(l1) and
Vas,az (ur) = wtc)cz,ag (u1).

Case 2.3.2: by > b2l1u32_1: Assume first that bou; > bQZ—z. When as33 € [b211u32_1,b2u1],
it is easily verified from (40) that lifting coefficients (a1, d) are linear in ay and a3 since
Vag,as(11) = Vi, 05(11), Vag.as(U1) = ¥4, 4 (u1). It is therefore sufficient to consider the
case where agfl3 = bgllugrl and ayf3 = bou;. We obtain (60) and (61) respectively.
Assume second that byu; < b23—2. For asf3 € [bgllugrl,bgul), the derivation in the

previous line shows that it is sufficient to consider the case where as 83 = b2l1ugfl. We

obtain (60)' For 042,83 € [b2u17 b2 %]7 ¢a2,a3 (ll) = 1/132@3 (ll) and %2,a3 (ul) = wgg,ag (ul)
We obtain (65).

Case 2.4: max{bouq, bQZ—Z} < agfiy < bgu‘f"’U;aQ: This case only occurs when by > 1 and is similar
to Case 2.2. Since Yoy a5(l1) = V5, a5 (1) and Yoy a5 (U1) = 15, s (u1), (41) reduces to (65).
ulug2 —us3

Case 2.5: byuf?u; “ < apfs < 2

: It follows from (40) that (aq,0) are linear in ay and
ug—ul

2 ugz :
ag since Yoy as(l1) = ¥4, 0y (l1) and Yo, aq(u1) = 1/}32,&3 (u1). Since the interval of interest
for asfs3 is open, we conclude that these inequalities are not needed in the description of
conv(S<).

b2_ i
Case 3: % < agf3: It follows from Lemma 4.7(iii) that the envelope of 14, a4 () is piece-
U—U; “Ug

wise affine over [I1, uy *2u3] and [ug *2us, u1] (if any of these segments reduces to a point, it can
be ignored in the foregoing discussion.) We can therefore develop at most two inequalities
for each such (ag,as). Since Ya,a5(l1) = ¥4, 0y (l1), Vi g (U 2u3) = 327(13(%—[’2%) and
Yag,as(U1) = 1/132’% (u1), it follows from (40) that (aq,d) are linear in (ag, a3). It is therefore

b
u1u227u3
— a5 a5 -
U2 —U; 2uq?

sufficient to consider the case where asf3 = (Observe that the inequality ob-

tained as agfl3 — +0oo was already obtained when considering the case oz = 0). In this case,
the convex envelope of ¥, o4(t) over [l1,u1] reduces to an affine function. We obtain (62).
O

Observe that the families of inequalities (63)-(65) are applicable for all values of asfs in a
certain interval (conditions on slope). These intervals are sometimes empty, and sometimes also
reduce to a single point. An interesting special case is that where by = 1. In that situation, it is
easy to see that conv(S<) is polyhedral. The proof of Proposition 4.2 is simpler as Cases 2.1, 2.2,
2.3.1, 2.4 and 2.5 do not exist. The remaining cases yield only linear inequalities, as desired. We
record this linear description of conv(S<) in Corollary 4.9.

Corollary 4.9. When by = 1, conv(S<) is described by the trivial inequalities 1} < x7 < uq,
1< a9 <wug, 1 <23 <wug, x1 < x3 together with

1+ hry <1y + 3, (66)
Uax] + U1 T2 < uius + 3. (67)
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Proof. The proof follows by simplifying the inequalities obtained in Propositions 4.2 and 4.8 using
bs = 1, by removing unnecessary inequalities, and by using the fact that, when by = 1, inequalities
(63)-(65) do not apply. In particular, inequalities (59) and (60) reduce to (66), while inequalities
(61), and (62) reduce to (67) and inequality (49) is dominated by (67). O

One possible way of deriving valid inequalities for S< is as follows
x3 > 12 > 2 (1+ ba(wy — 1)) = (1 — by)xy + boay o,

where the second inequality holds because 3382 is a convex function and x1 > 0. Then we underesti-
mate x129 by its convex envelope over [l1, u1] X [1, ug], which is max{lixo+x1—11, ugzo+usz) —usus}
to obtain, after rearranging their terms, the two linear inequalities

T3 > x1 + 5211(582 — 1) (68)

z1 — 1
1d1 L+ ((1 = b2)ly — dybousz)

Uy — I

T3 > (1 — bg)ul + bouixs. (69)

dq
Similarly, we can write

T3 > xleQ > :L“l(ug2 + bQUSQ_l(CL‘Q —u2)) =(1- bg)ug2x1 + b2u32_1$1:c2.

and underestimate x1xz9 as above to obtain the following two linear inequalities

— —1
I3 Z (1 — bg)ll’MSQ UId 1 + ((1 — bQ)USQ’ul + dlbgu?il)xld ! + bgu?illll’g (70)
1 1
T3 > ugle + bgugrlul(xg — ug). (71)

When by = 1, the above derivations are equivalent to underestimating zizs by its McCormick
envelopes over [l,u1] X [1,ug]. It is easy to see that, in this case, inequalities (68) and (70) are
identical, and similarly that inequalities (69) and (71) are identical. It is interesting to observe that
inequalities (59), (60), (61) and (62) are in fact, strengthenings of inequalities (68), (70), (69), and
(71), respectively, as =L > baly, (1 — bg)USQ’Ltl -I—dlbgugz_l <up— b2l1u32_1, (1 — bg)ll —dibaug <

R
b
— UL U~ —U
l1u32 — bQUl’le, and bgug2 1U1 > %
U2 —U u
1 3

4.2 Nonlinear description of conv(S<)

We next turn the infinite families of linear inequalities (63)-(65) into nonlinear inequalities. Note
that such an operation is meaningful only for those cases where the convex hull is not polyhedral.
In particular, we assume from here on that by > 1. Since 3 > 0 for all inequalities (63)-(65), we
may assume that S35 = 1 through scaling. After this substitution is performed, (63)-(65) can be
written in the form

azp—i—q—angsSO for g<as<h (72)

where p, ¢, and s are affine functions of (z1,z2,23) and (g, h) are nonnegative parameters. It is
easy to see that including the boundaries of the interval (g, h) for (64) is admissible when by > 1.
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We next describe these functions and parameters for (63)-(65) respectively:

p1=—(z1—lL) + diz2

q1 =ui(xy — 1) — dix3

S1 = (1 — CLQ)(llbg)_CQ(ul — iL'l) (73)
g1 = bali?

h1 = min{bgul, bgllu?il},

p2 = d1x2

q2 = —dix3

SS9 = (1 — CLQ)b;Cz (l;cz (u1 — xl) + UICQ (.1‘1 — ll)) (74)
g2 = bauy

by—1
ha = balyuy’ ™",

ps = —ug(u1 — 1) + dix2
g3 = liub?(uy — 21) — dyza
S§3 — (1 — ag)(ulbg)_” (:U1 — ll) (75)

ba—1
g3 = max{b%ul, b211u22 }
a —a
hg = b2u12u3 2,

Proposition 4.10. For the values of p, q, s, g, and h presented in (73)-(75), the families of valid
linear inequalities (63)-(65) for conv(S<) for which g < h can be expressed as:

gp+q—g=2tts<0

when p < (c2 +1)g%s, (76)
p < b(212 (62 + 1)1_a2(_Q)a231_a2 (77)
when ¢ <0, (c2 +1)g%s < p < (c2 + 1)h%s,
. 62+1 <
hp+q—h=?"s<0 (78)

when p > (ca + 1)h%s.

Proof. Tt can be readily verified that s > 0 (in (73)-(75)) whenever x € [I,u}3. For (x1, 79, x3), the
coefficient ag that yields the tighter inequality in (72) is obtained by solving

max{agp + ¢ — a2 s g < ay < h}, (79)

which is a convex program since its objective function is strictly concave as co +1 > 1 and s > 0.
We claim that an optimal solution to (79) is given by

g p < (ca+1)g%s
ap =19 (Gh)? ™" (e2+1)9%s <p < (c2+1)hs
h p > (c2+1)h%s.

We next give a proof of this claim. If p <0, an optimal solution is obtained by setting a3 = g since
the objective function is nonincreasing. We can therefore assume that p > 0. If s = 0, then an
optimal solution is obtained by setting a3 = h since the objective function is increasing. We can
therefore assume that s > 0. In this case the derivative of the objective function of (79) is zero at

v = ((02_1;1)5)”2*1. It is then clear that o = min{max{g,~}, h}, yielding the desired result.
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In fact, o5 = g when v < g, i.e., (c2 + 1)g®*s > p, producing (76). Similarly a5 = h when
v > h, i.e., (c2+ 1)h®2s < p producing (78). Otherwise, oy = . Plugging the expression for v in

(72) yields inequality ¢ + as 5= < 0, which implies that ¢ < 0. This nonlinear inequality is

pP2
((c2+1)s)
therefore valid when (p, q,s) € F< where

F=={(p,q,5)|p >0, <0,(c2+1)g?s < p < (ca + 1)h?s}.
Over F= N [l,u}3, it can be rewritten as (77). O

Similar to the discussion given in Section 3, we mention that each of the above inequalities
(76)-(78) is associated with a subset of values of (z1,x2,x3) over which the inequality is valid and
strong. Inequalities (76) and (78) are valid outside of their prescribed subsets, since these were
derived for specific values of aof3 which are feasible though not necessarily optimal. The same
conclusion does not hold in general for the nonlinear inequality (77), which may become invalid
outside of its prescribed range.

We summarize the description of conv(S<) in the following theorem.

Theorem 4.11. Under Assumptions (B0)-(B6), a description of conv(S<) for by > 1, is obtained
by combining inequalities (42)-(49), (59)-(62), and (76)-(78) for all (p,q, s, g, h) defined in (73)-(75)
for which g < h. O

Among the nonlinear inequalities developed above, inequality (77) with (p2, g2, s2, g2, h2) is
special in that it does not involve bounds on variables x1 and x3, and admits a straightforward
derivation. First, after filling in the functional forms for po, g2 and so, we see that (77) can be

written as
b 1 1 1
bo—1 ~ bp—1 Thy—1 (U1 — 21 Tyt [ X1 — Iy
T x < {1 +u . 80
S _(1 (Ul—h) ! <U1—11)> (80)

The validity of (80) can be argued as follows. First, we observe that the inequality defining S<
1

bo 1

. . . — — bo — bo—1 bo—1 . .
can be equivalently written in the form 3312’2:% V<artoray? ey 7! < a7, Since the function
1 1

xy 7! s convex over Iy, uy], it can be upper-estimated by the linear function I, "~ (%) t
_ 1 _ 1 _ 1
u, (ii:ﬁ), which takes values I, ™" at 217 = I3 and u; "' at 1 = uy, yielding the de-

sired result. In particular, the above derivation shows that (80) is globally valid for conv(S<).
Theorem 4.11 shows that this inequality is in fact, an important component of the convex hull of
S=<.

We conclude this section by illustrating the result of Theorem 4.11 on an example.

Example 4.12. Consider an instance of S< where l; = %, lo=1l3=1,u = %, ug =5, uz = %,

b1 =1 and by = 2. We note that these parameters match those we use in Example 3.12 after scaling
the variables x1 and x3. It follows from Corollary 2.2 that the inequalities we derive next can be
combined with those of Example 3.12 (after suitable scaling) to obtain a convex hull description of
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the corresponding set S. The trivial inequalities (42)-(49) of conv(S<) can be written as
1 9
—<xp <=
6= "=
1 <ay <5,
l<ay< Y,
- 87
1 < x3
V6 423 1125 — 54f
S——F o+ e < —————
2 200 100

Further, inequalities (59)-(62) take the form

5
B
1+ 16(962 ) —x3 <0,

o1 350 35 463
<

167 2567 T 167 128

299 315 35 1503
—a T o T2 — 23 < TR

16 32 16
423
(IQ*E))*.Z‘;}SO.

4(10 — V/6)

25%1 +

Next, we compute that g1 = % < h = %, g2 = 2 > hy = , and gz = % < hs = %\/6. This shows
that families 1 and 8 are applicable while the family 2 is not For the first family, we obtain

1 1( 16x1 + 3522 + 1) | + L 36 35 ) 1 2( 41 +9) <0
16 xr1 To 16 T xr3 1 5 x1 >V,

1 9\ 2 L1
2 6 —36x1 + 3573 + — 1 (—4x1 +9)2 76 (=161 + 3bz2 + 1),

(Z) <116 (—16x1 + 35x2 + )) + (116 <36$1 — 3573 — Z)) ( ) —4x1 +9) <0,

— 3523 — 9 < 0 and —48x1 + 143 < 35z3 <

where the nonlinear inequality applies when % (36561 4

—64x1 + 179. For the third family, we obtain

9 1 1 225
() (16 (8021 + 35z — 180)) (16 ( 2511 — 3513 + 4))
9\?% /1 1
— = ——1])<
<2) (9( . 16>> 0
1
1 225 1 1\\2 1
76 | 2 a3 — —— “fm——])) <=@® — 180
<16(5x1+3 T3 1 >> <9 <x1 16)) 6(0331—1—353?2 8)
9 1 225
<4 >< 80331+35:U2—180)> (16 (—25x1—35x3+4>>_
9 21 1
= - —— )<

where the nonlinear inequality applies when ( 2bx1 — 3b5x3 + 225) <0 and —64x1+179 < 35xo <

(8v/6 — 80)a1 + 180 — ¥B.
In Figure 2, we give a representation of the region defined by nontrivial inequalities.
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Figure 2: Convex hull description of Example 4.12

5 Conclusion

In this paper, we study a polynomial partitioning set that plays a central role in factorable pro-
gramming. Although this set has been studied for many years, its convex hull was only known for
specific parameters and specific situations where some of the variables are unbounded. We derive a
convex hull description of this set in the space of original variables. To obtain this description, we
study the packing and covering relaxations of the set independently. We then describe the convex
hulls of these relaxations through infinite families of linear inequalities obtained through lifting.
We then project this description into a collection of linear and nonlinear inequalities. We show that
some of linear inequalities we derive dominate inequalities that would be obtained using McCormick
envelopes. Among the nonlinear inequalities we obtain, we observe that some are globally valid
for the set, while some others may only be valid for specific subsets of R3. We present construc-
tive derivations for two of the families of nonlinear inequalities that are part of the description of
conv(S). We generalize this construction in [16].

The technique we use in this paper to obtain the convex hull of S is general and could be
applied to study the convex hull of other sets. It, however, requires that the solution of both lifting
and projection problems can be carried in closed-form. We believe that the results we obtain in
this paper shed light on the functional forms that arise in the description of the convex hulls of
polynomial partitioning sets, and that they provide ways of strengthening factorable relaxations
that are currently used in global optimization software.
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