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Abstract

We show that the worst case moment bound on the expected optimal value of a mixed integer

linear program with a random objective c is closely related to the complexity of characterizing

the convex hull of the points {
(
1
x

)(
1
x

)′ | x ∈ X} where X is the feasible region. In fact, we

can replace the completely positive programming characterization of the moment bound on X ,

with an associated semidefinite program, provided we have a compact reformulation of this

convex hull. We illustrate the usefulness of the semidefinite programming bounds in estimating

the expected range of random variables with two applications arising in random walks and

best-worst choice models.

1 Introduction

Given a n-dimensional random vector c̃ and a set X ⊆ <n, define Z(c̃) as a maximum of a set of

linear functions of the random variables:

Z(c̃) , max
{
c̃′x

∣∣∣ x ∈ X} . (1)

We assume that the set X is specified by one of the following two representations:

(a) X is given as a finite set of points:

X =
{
x(1),x(2), . . . ,x(m)

}
, (2)
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(b) X is the bounded feasible region to a mixed integer linear programming formulation:

X =
{
x ∈ <n

∣∣∣ x ≥ 0, Ax = b, xi ∈ Z, ∀i ∈ B ⊆ [n]
}
. (3)

Given the mean µ and the second moment matrix Π of a random vector c̃ with support contained

in <n, we focus on the following moment problem:

Z∗ = sup
{
Eθ (Z(c̃))

∣∣∣ Eθ (c̃c̃′) = Π, Eθ (c̃) = µ, Eθ (1) = 1, θ ∈M(<n)
}
. (4)

M(<n) is the set of finite positive Borel measures supported on <n and θ is a probability measure for

the random vector satisfying the first and second moment conditions. The study of moment bounds

on functions of random variables play an important role in diverse areas such as random walks (see

Feller [17], Anis and Lloyd [3], Hurst [21]), option pricing (see Boyle and Lin [11], Bertsimas and

Popescu [7]) and distributionally robust optimization (see Ben-Tal et. al. [6], Delage and Ye

[13], Bertsimas, Doan, Natarajan and Teo [9], Zymler, Kuhn and Rustem [50], Natarajan, Teo

and Zheng [36]). The standard approach to computing tight moment bounds is with semidefinite

programming. In this paper, we develop a new semidefinite programming formulation to bound the

expected value of the maximum of linear functions of random variables with second order moment

information. The structure and contributions of the paper are as follows:

(a) In Section 2, we review the current semidefinite programming and completely positive pro-

gramming approaches used to find the moment bound.

(b) In Section 3, we provide a technique to extend a rank one factorization of a smaller matrix

to a larger positive semidefinite matrix. Using this technique, we develop a new semidefi-

nite programming formulation. When the set X is given by a finite set of points, the new

semidefinite program is significantly smaller than the current semidefinite program. When

the set X is given as the feasible region to a mixed integer linear program, we show that the

complexity is closely related to the complexity of characterizing the convex hull of the points

{
(
1
x

)(
1
x

)′ | x ∈ X}.
(c) In Section 4, we apply the result to the specific case of the range of random variables. We

show that size of the semidefinite program to find the maximum expected range of a set of

random variables with given mean, variance and covariance information can be reduced from

O(n4) variables to O(n2) variables.

(d) In Sections 5 and 6, we provide applications of the bound to estimating the expected range

of partial sums for a problem arising in random walks and in computing best-worst choice

probabilities for a problem arising in discrete choice models.
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Terminology and Notation

We use standard letters such as x to denote scalars, bold letters such as x to denote vectors, bold

capital letters such as X to denote matrices, tilde notation such as c̃ to denote random variables.

The notation [n] is used to denote an index set {1, . . . , n}. <n denotes the n-dimensional Euclidean

space and <+
n denotes the nonnegative orthant. Z denotes the set of integers. The transpose of

a column vector x ∈ <n is denoted by x′. The trace of a matrix X, denoted by trace(X), is

sum of the diagonal entries of the matrix. For two vectors x and y in <n, the inner product is

x′y = x1y1 + . . . + xnyn while the inner product between two matrices of the same dimension is

denoted as X · Y = trace(X ′Y ). The vector e consists of all components equal to one, while ei

is the vector with the ith component equal to 1 and 0 otherwise. In is used to denote the identity

matrix of dimension n×n and 0n,m denotes a matrix of n by m zeros. Diag(x) denotes a diagonal

matrix with the vector x along the diagonal entries and diag(X) denotes a vector formed with the

diagonal entries of X. Sn is the set of n× n symmetric matrices, S+n is the set of n× n symmetric

positive semidefinite matrices, S++
n is the set of n × n symmetric positive definite matrices and

Nn is the set of n × n symmetric nonnegative matrices. We use X � 0 to represent X ∈ S+n ,

X � 0 to represent X ∈ S++
n and X ≥ 0 to represent X ∈ Nn. For a closed convex cone K, the

generalized completely positive cone over K is defined as the set of n× n symmetric matrices that

is representable as a sum of rank one matrices:

C(K) =

X ∈ Sn : ∃v(1),v(2), . . . ,v(p) ∈ K such that X =
∑
k∈[p]

v(k)v(k)
′

 .

The cone C(<n) is equivalent to the positive semidefinite cone S+n and C(<+
n ) is the cone of com-

pletely positive matrices. The convex hull of a set X is denoted as conv(X ).

2 Literature Review

In this section, we review the following two approaches to find second order moment bounds:

(1) Semidefinite programming based approach, and (2) Completely positive programming based

approach.

2.1 Semidefinite Programming Bounds

Semidefinite programming has emerged as a computational paradigm under which bounds on func-

tions of random vectors are computed with moment information. In a series of papers over fifty
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years ago, Olkin and Pratt [38] and Marshall and Olkin [29, 30] developed bounds on expected

value of functions of random variables using mean, variance and covariance information. In these

papers, the authors describe the possibility of using an optimization technique over the cone of

positive semidefinite matrices. However no computational evidence was provided in these works

due to the unavailability of semidefinite programming solvers at that time. The book of Karlin

and Studden [23] provides a detailed discussion on these bounds. With the development of interior

point methods and convex optimization solvers, solving moment problems with semidefinite pro-

gramming is however now possible (see Nesterov [37], Bertsimas and Popescu [8], Lassere [24]). We

review the approach next.

Consider the moment problem in (4) with X described by a finite set of points:

Z∗ = sup

{
Eθ

(
max
j∈[m]

c̃′x(j)

) ∣∣∣ Eθ (c̃c̃′) = Π, Eθ (c̃) = µ, Eθ (1) = 1, θ ∈M(<n)

}
. (5)

Define dual variables Y ∈ Sn, y ∈ <n and y0 ∈ < for the moment constraints in Problem (5). The

dual problem is formulated as:

Z∗D = min Y ·Π + y′µ+ y0

s.t. c′Y c+ y′c+ y0 ≥ max
j∈[m]

c′x(j), ∀c ∈ <n.

For given mean, variance and covariance information, Isii [22] showed that strong duality holds

under the assumption that Π − µµ′ � 0. Under this assumption, Z∗ = Z∗D. Disaggregating the

constraints in the dual results in the equivalent semidefinite program:

Z∗D = min Y ·Π + y′µ+ y0

s.t.

 Y
y − x(j)

2
y − x(j)

2
y0

 � 0, ∀j ∈ [m].
(6)

The dual of (6) provides the primal semidefinite programming formulation:

Z∗ = max
∑
j∈[m]

wj
′x(j)

s.t.
∑
j∈[m]

 Wj wj

wj
′ λj

 =

 Π µ

µ′ 1


 Wj wj

wj
′ λj

 � 0, ∀j ∈ [m],

(7)
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where the decision variables are Wj ∈ Sn, wj ∈ <n and λj ∈ < for j ∈ [m]. The decision variables

in (7) can be interpreted as scaled conditional moments: Wj wj

wj
′ λj

 = P (jth point is max)

 E
(
c̃c̃′

∣∣∣ jth point is max
)

E
(
c̃
∣∣∣ jth point is max

)
E
(
c̃′
∣∣∣ jth point is max

)
1

 ,

where λj is the probability that the jth point attains the maximum value. The first set of feasibility

constraints in (7) is obtained from expressing the probability, the mean and the second moment

matrix as the sum of the scaled conditional moments. The positive semidefiniteness constraint is

obtained from the feasibility condition on the scaled conditional moments. The primal semidefinite

program has m positive semidefinite matrices of size (n + 1) × (n + 1) each and O(n2) moment

equality constraints. When m and n are large, solving this semidefinite program is a computational

challenge.

The dual formulation in (6) was developed by Boyle and Lin [11] in a finance setting. Their

motivation was to find a distribution-free upper bound on the price of an European call option

with payoff defined by the maximum of a set of asset prices. The primal semidefinite program in

(7) was developed by Mishra, Natarajan and Teo [33] in the area of discrete choice models to find

the maximum expected utility given the mean and the covariance matrix of the utilities. Bertsimas

and Popescu [8, 7] and Lasserre [24] have developed a general semidefinite programming approach

to solve a wide range of moment problems arising from applications in probability and finance.

Delage and Ye [13], Bertsimas, Doan, Natarajan and Teo [9] and Zymler, Kuhn and Rustem [50]

have applied these semidefinite programs to solve distributionally robust optimization problems

with second order moment information. A closely related work in this area is the tight lower bound

developed by Vandenberghe, Boyd and Comanor [48] for the probability of a random vector lying

in a set defined by quadratic inequalities, given the first two moments of the distribution.

2.2 Completely Positive Programming Bounds

Natarajan, Teo and Zheng [36] recently computed second order moment bounds using the theory

of completely positive matrices. We present their main result next.

Assume that Z(c̃) is the optimal objective value of a maximization problem with the feasible

region defined by the intersection of the nonnegative orthant with a set of equality constraints with

some of the variables possibly being binary:

Z(c̃) = max
{
c̃′x

∣∣∣ x ∈ <+
n ,ak

′x = bk, ∀k ∈ [p], xi ∈ {0, 1}, ∀i ∈ B ⊆ [n]
}
. (8)
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This includes 0-1 integer programs and linear programs as special cases. To find the tightest upper

bound on the expected optimal value, they defined x(c) as the optimal value of the decision vector

x to Problem (8) for a fixed c. When c̃ is random, x(c̃) is also random. For the objective coefficient

vectors with multiple optimal solutions, x(c) is chosen arbitrarily from one of the optimal solutions,

without affecting the objective value. The set of decision variables is defined as:

x = E[x(c̃)],

X = E[x(c̃)x(c̃)′],

Y = E[x(c̃)c̃′].

(9)

Assuming that the feasible region is bounded and under the following additional minor assumption:{
x ∈ <+

n

∣∣∣ ak′x = bk, ∀k ∈ [p]
}

=⇒ xi ≤ 1,∀i ∈ B,

Natarajan, Teo and Zheng [36] showed that the tight bound is computable by solving an optimiza-

tion problem over the generalized cone of completely positive matrices:

Z∗ = max trace(Y )

s.t. ak
′x = bk, ∀k ∈ [p]

ak
′Xak = b2k, ∀k ∈ [p]

Xii = xi, ∀i ∈ B ⊆ [n]
Π µ Y ′

µ′ 1 x′

Y x X

 ∈ C(<n ×<+
1+n).

(10)

The tightness of the formulation in (10) was shown using results from Burer [12]. Problem (10) is

however NP-hard to solve. The difficulty arises due to the complexity of characterizing the cone

C(<n×<+
1+n) and it’s dual cone, both of which are intractable for general n (see Murty and Kabadi
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[34]). A simple relaxation is to use the cone of doubly nonnegative matrices as follows:

Z∗DNN = max trace(Y )

s.t. ak
′x = bk, ∀k ∈ [p]

ak
′Xak = b2k, ∀k ∈ [p]

Xii = xi, ∀i ∈ B ⊆ [n]
Π µ Y ′

µ′ 1 x′

Y x X

 � 0,

x,X ≥ 0.

(11)

Clearly, every completely positive matrix is doubly nonnegative, i.e., it is both positive semidefinite

and nonnegative. The reverse however need not be true. Hence, Z∗ ≤ Z∗DNN . While the formulation

in (11) is computationally more tractable, it is in general not tight.

Remark: It is useful to observe that the tightest lower bound on the expected maximum of linear

functions of random variables with given mean and covariance information reduces to Jensen’s

lower bound. The tightness of this bound was shown in Bertsimas, Doan, Natarajan and Teo [9]

by constructing the following random vector:

c̃ = µ+
b̃z̃√
ε
,

where b̃ is a Bernoulli random variable with distribution:

b̃ =

 0, with probability 1− ε,

1, with probability ε,

and z̃ is a multivariate normal random vector that is generated independently of b̃ with mean 0

and covariance matrix Π − µµ′. Then it is easy to verify that E
(
c̃c̃′
)

= Π and E (c̃) = µ for all

ε > 0. Taking the limit as ε ↓ 0, one can check that the Jensen bound is tight in this case.

3 Main Results

3.1 Extending a Rank One Factorization

In this section, we derive a factorization of a larger positive semidefinite matrix of size (n1 + n2)×

(n1+n2) by using an explicit rank one factorization of a smaller principal submatrix of size n2×n2.
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Salce and Zanardo [45] and Bomze [10] derive completely positive factorizations of matrices of size

(1+n)× (1+n) using a completely positive factorization of a principal submatrix of size n×n. We

provide an alternate factorization approach which is the key step to proving the tightness of the new

semidefinite programs for moment bounds. To develop the factorization, we start by recollecting

the definition of the Moore-Penrose pseudoinverse of a matrix.

Definition 1. [Rao and Mishra [44], Penrose [43]] Let X be a matrix of dimension n1 × n2. The

Moore-Penrose pseudoinverse of X is a matrix X† of dimension n2 × n1 and is defined as the

unique solution to the set of four equations:

(1) XX†X = X,

(2) X†XX† = X†,

(3) XX† =
(
XX†

)′
,

(4) X†X =
(
X†X

)′
.

The pseudoinverse in Definition 1 also satisfies the following properties (see [44, 43]):

(5) (X†)′ = (X ′)†,

(6) X = (X†)′X ′X = XX ′(X†)′,

(7) X† = X−1 if X is square and nonsingular,

In addition, we need the following two lemmas. The first lemma characterizes the positive

semidefiniteness of a block matrix using the Schur’s complement.

Lemma 1 (Albert [1]). Let T be a (n1 + n2)× (n1 + n2) positive semidefinite block matrix of the

form:

T =

 A B′

B C

 � 0,

where A ∈ Sn1 and C ∈ Sn2 are symmetric matrices. Then,

T � 0 if and only if C � 0, CC†B = B, A−B′C†B � 0.

The second lemma characterizes the Moore-Penrose pseudoinverse of a matrix in terms of a

rank one factorization.

Lemma 2 (Salce and Zanardo [45]). Let C be a real matrix such that C = V V ′ for some matrix

V . Then C+ = (V ′)†V †.
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This brings us to the main result of this section.

Theorem 1. Assume that the following two conditions hold:

(a) The matrix T is a (n1 + n2)× (n1 + n2) positive semidefinite block matrix of the form:

T =

 A B′

B C

 � 0

where A ∈ Sn1 and C ∈ Sn2 are symmetric matrices.

(b) The matrix C lies in C(K) with an explicit factorization given by C = V V ′ where each column

vector of V lies in the closed convex cone K.

Then T lies in the generalized completely positive cone C(<n1 ×K) with a factorization given by:

T =

 B′(V †)′

V

 B′(V †)′

V

′ +
 U

0

 U

0

′ (12)

where the matrix U is defined such that A−B′C†B = UU ′ � 0.

Proof: Assumption (b) and Lemma 2 implies that the pseudoinverse of the matrix C is C+ =

(V ′)†V †. Assumption (a) and Lemma 1 implies that: A B′

B C

 � 0 if and only if C � 0, CC†B = B, ∆ , A−B′C†B � 0 (13)

Taken together, this implies the following set of equalities:

B = CC†B [From the equality condition in (13)]

= V V ′(V ′)†︸ ︷︷ ︸V †B [Substituting C = V V ′ and C† = (V ′)†V †]

= V V †B [Since V V ′(V ′)† = V from property (6)].

Furthermore, ∆ = A −B′C†B is positive semidefinite from (13). This implies that the exists a

decomposition of ∆ given by U with ∆ = UU ′ � 0. Hence, we have: B′(V †)′

V

 B′(V †)′

V

′ +
 U

0

 U

0

′ =

 B′(V †)′V †B + ∆ B′(V †)′V ′

V V †B V V ′


=

 B′C†B + ∆ B′

B C


=

 A B′

B C

 .
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A similar result has been recently shown by Dickinson [15] (see Section 2.5, Page 32 in [15]) who

develops a characterization of the generalized completely positive cone C(<n1 × <+
n2

) in terms of

the larger positive semidefinite cone S+n1+n2
and a smaller completely positive cone C(<+

n2
).

3.2 A New Semidefinite Program

In this section, we use the factorization in Theorem 1 to develop a new semidefinite programming

formulation to compute the second order moment bound. Our key result is provided next.

Theorem 2. Define:

Z∗ = sup

{
Eθ

(
max
x∈X

c̃′x

) ∣∣∣ Eθ (c̃c̃′) = Π, Eθ (c̃) = µ, Eθ (1) = 1, θ ∈M(<n)

}
,

where X is specified in representation (2) or (3). Let Ẑ∗ be the optimal objective value to the

semidefinite program:

Ẑ∗ = max
x,X,Y

trace(Y )

s.t.


Π µ Y ′

µ′ 1 x′

Y x X

 � 0

 1 x′

x X

 ∈ conv


 1

z

 1

z

′ ∣∣∣∣∣ z ∈ X
 .

(14)

Then, Ẑ∗ = Z∗.

Proof:

Step 1: To show Z∗ ≤ Ẑ∗.

Consider the rank one matrix of size (2n+ 1)× (2n+ 1) defined in terms of the random objective

vector c̃ and the random optimal decision vector x(c̃):
c̃c̃′ c̃ c̃x(c̃)′

c̃′ 1 x(c̃)′

x(c̃)c̃′ x(c̃) x(c̃)x(c̃)′

 =


c̃

1

x(c̃)




c̃

1

x(c̃)


′

� 0.
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Taking expectations and using the decision variables as defined in (9), we obtain the positive

semidefinite constraint:
Π µ Y ′

µ′ 1 x′

Y x X

 = Eθ




c̃

1

x(c̃)




c̃

1

x(c̃)


′ � 0.

Furthermore, feasibility of the optimal decision vector implies that: 1

x(c̃)

 1

x(c̃)

′ ∈

 1

z

 1

z

′ ∣∣∣∣∣ z ∈ X
 .

Taking expectations, implies that the (n+ 1)× (n+ 1) matrix satisfies the following constraint: 1 x′

x X

 = Eθ

 1

x(c̃)

 1

x(c̃)

′ ∈ conv


 1

z

 1

z

′ ∣∣∣∣∣ z ∈ X
 .

Since Eθ(c̃
′x(c)) = trace(Y ), it is follows that Z∗ ≤ Ẑ∗.

Step 2: To show Ẑ∗ ≤ Z∗.

Consider an optimal solution to the semidefinite program (14) given by (x∗,X∗,Y ∗). Note that

the feasible region to the semidefinite program is bounded. The convex hull constraint implies that

the (n+ 1)× (n+ 1) principal submatrix has a factorization given by: 1 x∗′

x∗ X∗

 =
∑

x∈ext(X )

α∗x

 1

x

 1

x

′ ,
where ext(X ) is the set of extreme points of X and α∗x ≥ 0 for all x ∈ ext(X ). Theorem 1 implies

that there exists a decomposition of the (2n + 1) × (2n + 1) matrix that extends the convex hull

decomposition of the principal submatrix of size (n+ 1)× (n+ 1) as follows:
Π µ Y ∗′

µ′ 1 x∗′

Y ∗ x∗ X∗

 =
∑

x∈ext(X )

α∗x


d∗x

1

x



d∗x

1

x


′

+


∆∗ 0n,1 0n,n

01,n 0 01,n

0n,n 0n,1 0n,n

 ,

where d∗x ∈ <n, α∗x ≥ 0 and ∆∗ ∈ S+n . Generate a probability distribution θ∗ for the random

vector c̃ as follows:

(a) Choose a point x ∈ extX with probability α∗x.

(b) Generate a normally distributed random vector d̃x in <n with mean vector d∗x and second

moment matrix d∗xd
∗
x
′ + ∆∗ (since ∆∗ � 0).
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Under the distribution θ∗, the first two moments of the random vector satisfy:

Eθ∗

 c̃

1

 c̃

1

′ =
∑

x∈ext(X )

α∗x

 d∗xd
∗
x
′ + ∆∗ d∗x

d∗x
′ 1


=

 Π µ

µ′ 1

 .

Lastly, evaluating the expected maximum value of the linear functions of the random variables

leads to the following set of inequalities:

Z∗ ≥ Eθ∗

[
max

x∈ext(X )
c̃′x

]
[Since θ∗ is a feasible distribution]

=
∑

x∈ext(X )

α∗xEθ∗

[
max

y∈ext(X )
d̃
′
xy

]
[Using conditional expectations]

≥
∑

x∈ext(X )

α∗xEθ∗
[
d′xx

]
[Using the x solution]

=
∑

x∈ext(X )

α∗xd
∗
x
′x

= trace(Y ∗)

= Ẑ∗.

Taken together, this implies that Z∗ = Ẑ∗.

When X is specified as the feasible region of a mixed integer linear program (see (3)), Theorem

2 shows that the computing Z∗ is related to the complexity of characterizing the set:

conv

{(
1

x

)(
1

x

)′ ∣∣∣∣∣ x ∈ <+
n , Ax = b, xi ∈ Z, ∀i ∈ B ⊆ [n]

}
. (15)

This transforms the difficulty of the stochastic problem of evaluating the maximum expected opti-

mal value with mean, variance and covariance information to the difficulty of evaluating the convex

hull of quadratic forms defined on the feasible region. The set (15) has been of keen interest to

researchers who develop algorithms for quadratic mixed integer nonlinear programming problems.

For example, Padberg [39] studied the Boolean quadric polytope while solving unconstrained 0-1

quadratic programs:

BQPn = conv

{(
1

x

)(
1

x

)′ ∣∣∣ xi ∈ {0, 1}, ∀i ∈ [n]

}
, (16)
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and derived various valid inequalities such as triangle, cut and clique inequalities for this polytope.

The reader is referred to Deza and Laurent [14] for examples of other such polytopes.

In general, computing the convex hull of
{(

1
x
)(

1
x
)′}

for x ∈ X is a difficult problem, since

quadratic optimization problem over X is NP-hard in general. Note that when the elements in X

corresponds to the incidence vector of a clique in a graph G = (V, E), then naturally xi + xj ≤ 1

for (i, j) /∈ E , since every pair of nodes in a clique must share a common edge. In this case,

conv


 1

x

 1

x

′ ∣∣∣∣∣ x ∈ X
 ⊆


 1 x′

x X

 � 0

∣∣∣∣∣Xii = xi, Xij = 0 if (i, j) /∈ E

 .

The convex object on the RHS, known as Lovasz’s Theta Body in the literature, is a well known

semidefinite relaxation of the clique polytope in combinatorial optimization. In the simplest case

when G is a null graph, then a clique is just a singleton, and so X =
{
x :
∑

i xi = 1, xi ∈ {0, 1}
}

.

It is easy to see that

conv


 1

z

 1

z

′ ∣∣∣∣∣ z ∈ X
 =


 1 x′

x X

 ∣∣∣∣∣
∑
i

xi = 1, Xii = xi,

xi ≥ 0, Xij = 0 ∀ i 6= j

 .

Z(c̃) reduces to finding the maximum element in a set of random variables, a basic problem in the

order statistic literature. Our approach produces the tightest estimation to this problem using only

the first two moments of the random variables.

In the case when G is a bipartite graph, a clique in G has size of at most 2. In this case,

X =
{
x :

∑
i xi = 2, xi + xj ≤ 1 if (i, j) /∈ E , xi ∈ {0, 1}

}
. Now, we can also use a natural

decomposition argument to show that

conv


 1

z

 1

z

′ ∣∣∣∣∣ z ∈ X
 =


 1 x′

x X

 ∣∣∣∣∣
∑
j:j 6=i

Xi,j = xi, Xii = xi ≥ 0,

∑
i xi = 2, Xij = 0 ∀ (i, j) /∈ E

 .

Hence a tight bound based on the first two moments of the random weights in a maximum clique

problem on bipartite graph can be obtained by solving the SDP, instead of the Completely Positive

program.

More generally, when X is specified as a set of m points (see (2)), the semidefinite program in

13



Theorem 2 is formulated as:

Z∗ = max
Y ,α

trace(Y )

s.t.


Π µ Y ′

µ′ 1
∑

j αjx
(j)′

Y
∑

j αjx
(j)

∑
j αjx

(j)x(j)′

 � 0

∑
j∈[m]

αj = 1

αj ≥ 0, ∀j ∈ [m].

(17)

This formulation has 1 positive semidefinite matrix variable of size (2n + 1) × (2n + 1) with m

additional nonnegative variables and O(n2) moment equality constraints. On the other hand,

the semidefinite program (7) involves optimization over m positive semidefinite matrices, each of

dimension (n+ 1)× (n+ 1) and O(n2) moment equality constraints. When m is large, the size of

the semidefinite program (17) is much smaller than the size of the semidefinite program (7).

4 Range of Dependent Random Variables

Bounds on the expected range:

E

(
max
i∈[n]

c̃i −min
i∈[n]

c̃i

)
have been developed over half a decade ago with most of the early studies focussing on independent

and identically distributed random variables (see Gumbel [19], Hartley and David [20] and Plackett

[42]). Over the past few decades, there has been a growing interest in generalizing these results

to dependent random variables. In this section, we use the semidefinite programming approach to

compute bounds on the expected range of dependent random variables

4.1 Closed Form Bounds and SDP Bounds

Starting from the early 1950s, researchers have found closed form upper bounds on functions of

order statistics of random variables using the first two moments of the random variables. Assuming

identically and independently distributed random variables with mean µ and variance σ2, Plackett

[42] and Gumbel [19] evaluated an upper bound on the expected range:

E

(
max
i∈[n]

c̃i −min
i∈[n]

c̃i

)
≤ σn

√
2

(2n− 1)!
((2n− 2)!− [(n− 1)!]2). (18)

14



The bound in (18) was also shown to be the tightest possible, namely they constructed a distribution

that for any given mean µ and variance σ2 attains the bound. Dropping the assumptions of

independence and identical distributions, Arnold and Groeneveld [2] developed a closed form bound

on the expected range of order statistics using only the mean µi and variance σ2i for each random

variable:

E

(
max
i∈[n]

c̃i −min
i∈[n]

c̃i

)
≤
√

2

√∑
i∈[n]

[
(µi − µ̄)2 + σ2i

]
. (19)

For the special instance of identical means and identical variances, the bound on the expected range

from the results in [2] reduces to:

E

(
max
i∈[n]

c̃i −min
i∈[n]

c̃i

)
≤ σ

√
2n. (20)

For identical means and covariances, the bound is tight since there exists a distribution that attains

the bound. Aven [4] and Lefevre [25] extended these bounds to dependent random variables by

incorporating covariance information among the random variables. Papadatos [41] and Nagaraja

[35] improved on these covariance based bounds to develop the following upper bound on the

expected range:

E

(
max
i∈[n]

c̃i −min
i∈[n]

c̃i

)
≤
√

2

√√√√√∑
i∈[n]

[
(µi − µ̄)2 + σ2i

]
− nVariance

∑
i∈[n]

c̃i
n

, (21)

where µ̄ =
∑

i µi/n. Papadatos [41] showed that for exchangeable random variables with identical

means µi = µ, identical variances σ2i = σ2 and identical covariances Cov[c̃i, c̃j ] = ρσ2 for i 6= j, the

bound in (21) is tight and reduces to:

E

(
max
i∈[n]

c̃i −min
i∈[n]

c̃i

)
≤ σ

√
2(n− 1)(1− ρ). (22)

Note that to be a valid correlation matrix in this case, the correlation coefficient ρ must lie in the

interval [−1/(n− 1), 1]. This condition guarantees that the bounds in (22) are at least as tight as

the bounds in (20). To the best of our knowledge, the Papadatos and Nagarajan bound in (21) is

the “sharpest” known closed form upper bound on the expected range using the mean, variance

and covariance information. While this bound has a simple closed form expression, there is no

guarantee that the bound is tight for arbitrary means, variances and covariances.

The tight upper bound on the expected range of a set of random variables is found by solving

the following moment problem:

Z∗range = sup

{
Eθ

(
max
i∈[n]

c̃i −min
i∈[n]

c̃i

) ∣∣∣ Eθ (c̃c̃′) = Π, Eθ (c̃) = µ, Eθ (1) = 1, θ ∈M(<n)

}
.
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One representation for the range maxi c̃i −mini c̃i is obtained by enumerating all combinations of

maximum and minimum as maxi,j c̃
′ (ei − ej). Applying (7), we obtain the semidefinite program-

ming representation for the moment problem as:

Z∗range = max
∑
i∈[n]

∑
j∈[n]

(ei − ej)′wij

s.t.
∑
i∈[n]

∑
j∈[n]

 Wij wij

wij
′ λij

 =

 Π µ

µ′ 1


 Wij wij

wij
′ λij

 � 0, ∀i, j ∈ [n].

(23)

This formulation involves m = O(n2) positive semidefinite matrices, each of dimension (n + 1) ×

(n + 1). By applying the result in Section 3, we now provide a reduced semidefinite program to

solve the problem involving a single positive semidefinite matrix of dimension (2n+ 1)× (2n+ 1):

Z∗range = max trace(Y )

s.t.


Π µ Y ′

µ′ 1
∑

i,j αij(e
(i) − e(j))′

Y
∑

i,j αij(e
(i) − e(j))

∑
i,j αij(e

(i) − e(i))(e(i) − e(j))′

 � 0

∑
i∈[n]

∑
j∈[n]

αij = 1

αij ≥ 0, ∀i, j ∈ [n].

(24)

This leads to a reduction in the number of variables in the semidefinite program from O(n4) to

O(n2).

5 Application to Random Walk

In this section, we use the reduced semidefinite program to find tight bounds on the expected range

of partial sums from a problem arising in random walk theory. Consider a set of n random variables

c̃1, . . . , c̃n with the partial sums defined as:

s̃k = c̃1 + . . .+ c̃k, ∀k ∈ [n].

The range of the partial sum of the random variables is defined as:

r̃n = max (s̃1, . . . , s̃n)−min (s̃1, . . . , s̃n) .

16



Capacity planning of water reservoirs is an application where a significant amount of research has

been devoted to evaluating the expected range of partial sums of random variables. In this setting,

c̃1, . . . , c̃n denotes the random inflows into a reservoir for n different periods. The sample mean

s̃n/n denotes the ideal release from the reservoir. Define the adjusted partial sums to represent the

actual water storage in the reservoir across the n periods:

s̃∗k = s̃∗k −
k

n
s̃n, ∀k ∈ [n].

The adjusted range of the partial sums is defined as:

r̃∗n = max (s̃∗1, . . . , s̃
∗
n)−min (s̃∗1, . . . , s̃

∗
n) .

The expected range E(r̃n) and the expected adjusted range E(r̃∗n) form useful measures of the

reservoir capacity as discussed by several researchers (see Feller [17], Anis and Lloyd [3] and Hurst

[21]).

Assume that the c̃1, . . . , c̃n is a set of independent and identically distributed normal random

variables with mean 0 and standard deviation 1. Feller [17] showed that asymptotically the expected

range and the expected adjusted range converge to the following constants:

E(r̃n)→ 2

√
2n

π
and E(r̃∗n)→

√
nπ

2
as n approaches ∞.

Anis and Lloyd [3] evaluated explicitly the exact expected range of the partial sums for a finite set

of independent standard normal random variables for arbitrary n:

E(r̃n) =

√
2

π

n−1∑
k=1

1√
k
.

As n approaches ∞, this result converges to the result of Feller [17]. Hurst [21] analyzed the

records of annual values of different natural phenomena such as rainfall, water levels, riverflows

and found that the empirical observed range does not necessarily scale as
√
n as predicted by the

theory, but closer to nα where α ranged from 0.69 to 0.8. The exponent α is known as the Hurst

exponent. Hurst’s empirical findings led to a flurry of research providing alternate explanations to

this observation including long range dependence among the random variables, non-stationarity in

the stochastic process, possibility of infinite second moments, and transient behavior of the limiting

process (see Mesa and Poveda [32]).
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5.1 Numerical Results

In this section, we use the semidefinite program to compute the tight upper bound on the expected

range of partial sums for uncorrelated and correlated random variables. We solve the following

moment problem:

Z∗range = sup

{
Eθ

(
max
i∈[n]

s̃i −min
i∈[n]

s̃i

) ∣∣∣ Eθ (s̃s̃′) = Πs, Eθ (s̃) = µs, Eθ (1) = 1, θ ∈M(<n)

}
.

To compute the moments of the random vector s̃, define the transformation matrix:

D =


1 0 0 . . . 0

1 1 0 . . . 0
...

...
...

. . .
...

1 1 1 . . . 1


The mean µs and the second moment matrix Πs for s̃ is computed in terms of the mean µ and

the second matrix Π of the random vector c̃ as follows:

µs = Dµ and Πs = DΠD′.

The numerical experiments were implemented in Matlab R2012a on an Intel Core, 2.5 GHz laptop

with 4 GB of RAM. The semidefinite programming (SDP) problems were solved with SDPT3

[46, 47] using the YALMIP interface [26].

In the first set of numerical experiments, we assume that c̃1, . . . , c̃n is a set of n uncorrelated

random variables with identical mean 0 and standard deviation 1. The tight Jensen’s lower bound

on the expected range is exactly 0 and is an optimistic estimate of the reservoir capacity. We

evaluate the expected range of the partial sums for n = 1 to n = 35. For normal random variables,

the expected range for the partial sums is known in closed form in this case (see Anis and Lloyd

[3]). We also evaluate the tight upper bound on the expected range using semidefinite programming

and the weaker Papadatos and Nagarajan upper bound. The results are provided in Figure 1. In

Figure 2, we plot the probability that the ith partial sum attains the maximum value. The figure

indicates that the maximum value is attained for the extreme values i = 1 and i = n with the

highest probability while the probability of attaining the maximum reduces towards the center as

i→ n/2 (see Mishra, Natarajan, Tao and Teo [33]). In Figures 3 and 4, we plot the joint probability

that the ith partial sum attains the maximum value and the jth partial sum attains the minimum

value simultaneously. The figures clearly indicate that this probability gets larger as |i−j| increases

and gets smaller as |i− j| approaches 0.
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Figure 1: Expected range of partial sums for uncorrelated random variables with µ = 0 and σ = 1.

Figure 2: Probability that the ith partial sum is the maximum.
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Figure 3: Probability that the ith partial sum is the maximum and the jth partial sum is the

minimum for the SDP.

Figure 4: Probability that the ith partial sum is the maximum and the jth partial sum is the

minimum for the simulation.
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To compare the results, we also test the scaling behavior of the SDP bound as a function of

nα by varying α. For n = 1, . . . , 35, the scaling result is provided in Figure 5. As indicated in the

figure, the SDP bound scales roughly as n0.7 at least for n = 1 to n = 35 which is close to Hurst’s

original findings. An interesting open research question is to find the asymptotic scaling behavior

of the SDP bound for uncorrelated random variables with identical means and variances.

Figure 5: Scaling of the SDP bound with nα by varying α for n = 1 to n = 35.

In the second set of numerical experiments, we assume that c̃1, . . . , c̃n is a set of n correlated

random variables with means generated randomly in the range [−1, 1] and standard deviations

generated randomly in the range [0, 2]. The correlation matrices are also generated randomly

with eigenvalues chosen randomly from a uniform distribution using the MATLAB command

gallery(‘randcorr’,n). We compare the range for the multivariate normal distribution using simu-

lation with the tight Jensen’s lower bound, the tight SDP upper bound and the weaker Papadatos

and Nagarajan bound for n = 20. The results are provided in Figure 6 across 100 randomly gen-

erated sets of parameter values. As indicated in the figure, the SDP upper bound is the closest to

the simulation estimate. Note that the SDP estimate on the expected range can also be interpreted

as a pessimistic estimate on the capacity of the reservoir across all multivariate joint distributions

with the given mean, variance and covariance information.
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Figure 6: Expected range of partial sums for correlated random variables.

6 Application to Best-Worst Choice Probabilities

In this section, we use the reduced semidefinite program to compute best, worst and best-worst

choice probabilities for a random utility model. Consider a finite set of alternatives indexed by [n].

Each alternative is associated with an additive random utility of the form:

c̃i = vi + ε̃i, ∀i ∈ [n]

where vi is the systematic term that captures the known attributes of the alternative and ε̃i is the

random error term that accounts for features not captured in the model. Consider a homogeneous

population of agents. An agent chosen randomly from this population has a preference list over the

alternatives. From the point of the view of the agent, the realization of the utility values is exactly

known but for the researcher, the realizations are unknown and hence the utilities are treated

as random variables. Suppose that the vector of random error terms is continuously distributed.

Assuming that the agent expresses preferences for the most preferred (or best) alternative, the

expected maximum utility is given as:

E

(
max
i∈[n]

(vi + ε̃i)

)
.
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The probability that alternative i is the best alternative is evaluated as:

B(i) = P

(
vi + ε̃i ≥ vk + ε̃k, ∀k ∈ [n]

)
, ∀i ∈ [n]. (25)

A special instance in which a simple analytical formula for the best choice probability is available is

the Multinomial Logit (MNL) model (see Luce and Suppes [27] and McFadden [31]). In the MNL

model, the error terms are assumed to be independent and identically distributed Gumbel variables

with cumulative distribution function given as:

P (ε̃i ≤ ε) = e−e
−ε
, ∀i ∈ [n].

The best choice probability in MNL has a simple closed form given as:

Blogit(i) =
evi∑

k∈[n]

evk
, ∀i ∈ [n].

This analytical formula for the best choice probabilities is the workhorse of discrete choice models

in areas such as marketing (see Greene [18]) and transportation (see Ben-Akiva and Lerman [5])

where the agents are asked to identify their most preferred alternative.

More recently, there has been a growing interest in an alternative choice design known as the

“best-worst” choice design where the agent is asked to select the most preferred and the least

preferred alternative (see Marley and Louviere [28]). The rationale behind the best-worst choice

design is that psychologically agents identify their extreme preferences more reliably as compared

to ranking based choice designs which involves ranking all the alternatives that often leads to

agent fatigue and lesser reliability. Under the maximum-difference model of best-worst choice, the

expected maximum difference in the best and worst utilities is given as:

E

(
max
i∈[n]

(vi + ε̃i)−min
i∈[n]

(vi + ε̃i)

)
.

The probability that i is the best alternative is as in (25). The probability that alternative j is the

worst alternative is evaluated as:

W (j) = P

(
vj + ε̃j ≤ vk + ε̃k, ∀k ∈ [n]

)
, ∀j ∈ [n],

and the joint probability that i is the best alternative and j is the worst alternative is given as:

BW (i, j) = P

(
vi + ε̃i ≥ vk + ε̃k ≥ vj + ε̃j , ∀k ∈ [n]

)
, ∀i, j ∈ [n], i 6= j.
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However even for the simplest MNL model, the worst and best-worst choice probabilities have

complicated closed form representations. For MNL, the worst choice probability has been explicitly

evaluated as (see Van Ophem et. al. [49], Palma et. al. [40], Dijk et. al. [16]):

Wlogit(j) =
∑

j⊆S⊆[n]

(−1)|S|−1
evj∑

k∈S
evk

, ∀j ∈ [n],

where |S| is the cardinality of the set S. This formula for the worst choice probability is derived

using the inclusion-exclusion counting technique and involves the summation of 2n−1 best case

choice probabilities. The formula for the joint best-worst choice probabilities for MNL is similarly

given as:

BWlogit(i, j) =
evi∑

k∈[n]

evk

∑
j⊆S⊆[n]\{i}

(−1)|S|−1
evj∑

k∈S
evk

, ∀i, j ∈ [n], i 6= j.

An alternative to MNL that incorporates correlation information is the Multinomial Probit (MNP)

model where the error terms are assumed to be normally distributed random variables. The ad-

vantage of this model is that it captures arbitrary correlation information. However there is no

analytical formula for the best, worst and best-worst choice probabilities and simulation remains

the popular approach to estimate choice probabilities for MNP models. Mishra, Natarajan and Teo

[33] recently proposed using the semidefinite program in (7) to estimate the best choice probabilities

assuming only knowledge on the mean and covariance information but dropping the assumption of

normality. Inspired from this, we propose the use of the reduced semidefinite program in (24) to

compute the best-worst choice probabilities (the αij decision variables) for the joint distribution

that attains the upper bound on the maximum difference.

6.1 Numerical Results

In the first set of numerical experiments, we assume that the error terms ε̃i are uncorrelated with

mean γ ≈ 0.5772 and standard deviation of π/
√

6. These values for the mean and the standard

deviation of the error terms are chosen so as to fit the Gumbel distribution. The systematic com-

ponent of the utility vi was randomly generated in the interval [0, 2] for each i independent of each

other. We estimate the best, worst and best-worst choice probabilities for n = 10 alternatives across

100 randomly generated sets of parameter values. In this instance, the probabilities are known in

closed form for MNL. The choice probabilities for MNP were estimated through simulations while

the choice probabilities for the SDP were evaluated by solving the semidefinite program. The choice

probabilities are plotted in Figure 7 and provide fairly similar insights across different models.
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Figure 7: Scatter plots of best, worst and best-worst choice probabilities using MNL, MNP and

SDP for n = 10 uncorrelated random variables.
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To compare the choice probabilities across different models, we adopt the total variation dis-

tance. Consider two set of discrete probability measures P (k) and Q(k) defined on the same finite

sample space k ∈ [K]. The total variation distance between the two probability measures is defined

as:

d(P,Q) =
1

2

∑
k∈[K]

|P (k)−Q(k)| .

Note that the minimum total variation distance between the probability measures P (·) and Q(·)

is 0 if and only if P (k) = Q(k) for all k. Also, the maximum total variation distance between the

probability measures P (·) and Q(·) is 1 and this happens if an only if the measures are supported

on disjoint subsets of [K]. The minimum, average and maximum total variation distance between

MNL and MNP, MNL and SDP, SDP and MNP across the 100 instances are provided in Table 1.

Table 1: Total variation distance between MNL, MNP and SDP choice probabilities for n = 10

uncorrelated random variables.

Choice Probabilities
d(MNL,MNP) d(MNL,SDP) d(SDP,MNP)

Min Average Max Min Average Max Min Average Max

Best 0.0362 0.0616 0.0866 0.0865 0.1242 0.1578 0.0330 0.0650 0.0829

Worst 0.0655 0.1128 0.1570 0.0220 0.0668 0.1139 0.0319 0.0660 0.0898

Best-Worst 0.0876 0.1285 0.1680 0.1557 0.2148 0.2659 0.1298 0.2041 0.2685

In the second set of numerical experiments, we assume that the error terms ε̃i are correlated

with mean γ ≈ 0.5772 and standard deviation randomly chosen in the range [0, 2π/
√

6]. The error

terms hence no longer have identical distributions. The correlation matrix was randomly generated.

The systematic component of the utility vi was randomly generated in the interval [0, 2] for each

i independent of each other. We estimate the best, worst and best-worst choice probabilities for

n = 10 alternatives across 100 randomly generated sets of parameter values. The probabilities for

MNL were computed by ignoring the correlation information. The choice probabilities for MNP

were estimated through simulations while the choice probabilities for the SDP were evaluated by

solving the semidefinite program. The choice probabilities are plotted in Figure 8. In this case the

MNL model is a poor fit as should be expected since we drop correlation information in computing

the choice probabilities. The MNP and SDP models are fairly similar in the scatter plot for the

choice probabilities. These results are also highlighted in Table 2.
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Figure 8: Scatter plots of best, worst and best-worst choice probabilities using MNL, MNP and

SDP for n = 10 correlated random variables.

Table 2: Total variation distance between MNL, MNP and SDP choice probabilities for n = 10

correlated random variables.

Choice Probabilities
d(MNL,MNP) d(MNL,SDP) d(SDP,MNP)

Min Average Max Min Average Max Min Average Max

Best 0.1199 0.2902 0.4305 0.0998 0.2910 0.4833 0.0187 0.0511 0.0911

Worst 0.1450 0.3305 0.5687 0.1426 0.3085 0.5764 0.0217 0.0538 0.0890

Best-Worst 0.2962 0.4809 0.6365 0.4362 0.6000 0.7509 0.1940 0.2918 0.3871
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