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Abstract This study investigates a pump scheduling problem for the collection, transfer and storage of water in
water supply systems in urban networks. The objective of this study is to determine a method to minimize the
electricity costs associated with pumping operations. To address the dynamic and random nature of water demand,
we propose a two-stage stochastic programming model with recourse, where the random variables are represented by
a finite, discrete set of realizations or scenarios. The developed mathematical model is an extension of a previously
developed deterministic model in the literature and reflects the basic assumption that a fixed cost could be incurred by
the activating/deactivating activities of the hydraulic pumps. To control the possible violations of the water demand
constraints for different scenarios, we also analyze a robustness technique in an attempt to obtain “almost feasible”
solutions. In addition, we adopt the so-called Mean Absolute Deviation criterion, which is a risk-aversion criterion, to
obtain second-stage costs that are less dependent on the realizations of the scenarios. The scenarios were generated
using a Monte Carlo simulation procedure that may use any probability distribution to produce empirical probabilities
of the random variables. Because the proposed pump scheduling problem with fixed cost is a two-stage stochastic
mixed 0− 1 program, we developed an efficient hybrid heuristic to obtain acceptable solutions for practical scenarios
with a reasonable computational time. The overall results evidence the stability of the scenario generation method,
the sensitivity of the solution based on the key parameters of the mathematical model, and the efficiency of the
heuristic in solving large scenarios. Finally, we show that it is possible to conserve resources by solving the stochastic
programming model rather than adopting simpler approaches based on the expected value.

Keywords Pump Scheduling · Water Supply Systems in Urban Networks · Stochastic Water-Demand · Stochastic
Programming · Robustness Analysis · Mean Absolute Deviation

1 Introduction

The conservation of energy and water resources so that they are available for future generations is a topic that has
created considerable concern worldwide. This concern motivates the proposal of new techniques that lead to efficient
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water management and the rational use of energy. In Brazil, the sector responsible for the water and wastewater
treatment supply accounts for 3% of the country’s electricity consumption, and over 90% of this consumption comes
from water pumping operations. Furthermore, it is estimated that between 35% and 42% of treated water is lost as a
result of leakage (PROSAB 2009), which compromises the supply and contributes to the increased cost of pumping
operations and water distribution in urban networks. Therefore, scheduling pumps for water collection and planning
activities related to water storage and distribution are essential measures to minimize the costs of electricity, minimize
water loss and guarantee the efficiency of urban water supply systems.

Guaranteeing that the demand for water at specified pressure levels is met is the responsibility of the Water
Supply Systems (abbreviated SAA, in Portuguese). A water supply system consists of a set of pumps, pipes, valves,
reservoirs and similar hydraulic components. To analyze the interactions between these components, it is common
for SAAs to be represented by a network known as a water supply network or a distribution network (Amit and
Ramachandran 2009). Basically, the operation of an SAA entails activation of hydraulic pumps to transfer the water
from the water wells to the reservoirs. Subsequently, water is transferred to different consumption centers via the
distribution system. An example of a water supply network topology is shown in Figure 1. In such a network, water is
collected from water wells with an unlimited capacity and, after passing through the treatment plant, is transferred
to the reservoirs through the supply network. Such reservoirs, in turn, can only distribute water to low areas of
consumption or to towers directly connected to them. In addition, each tower can only distribute water to associated
areas of high consumption. The presence of pumps between two plants indicates that pumping operations must be
performed for both water collection and distribution. In contrast, the absence of pumps between two plants in the
network indicates that water transport is performed by the gravitational force, which does not require the use of
electricity.

[Insert Figure 1 here.]

To function efficiently, the sector responsible for the planning of the SAAs must make a number of decisions
involving hydraulic pump activation policies, the volume of water to be moved in the network, and the volume of
water that will remain in reservoirs over the periods of the planning horizon. Thus, it is necessary to consider the
following: (1) the availability of hydraulic pumps in the system, (2) the tariff structure of energy consumption, (3)
water consumption patterns for the reservoirs (demand), (4) water loss caused by leaks in the network, and (5) the
capacity of the reservoirs.

The Brazilian Electricity Regulatory Agency (abbreviated ANEEL, in Portuguese) is responsible for defining
the criteria for the classification of electricity consumers and, depending on this classification, applying different
consumption tariffs. One of the criteria adopted by ANEEL to classify consumers relates to their daily consumption
patterns, and, at the time of billing, consumers are classified as either high-voltage or low-voltage consumers. The
SAAs are classified as high-voltage consumers because of their high energy consumption rate and the electric power
demands of their pumping operations. For this classification, the tariff structure of electricity consumption and power
demand involves applying different rates throughout the day, where this rate is higher during peak hours, which
consists of the period between 6 pm and 9 pm.

Contrary to what common sense would suggest, activating the hydraulic pumps outside the peak periods
to collect as much water as possible would be a bad strategy for SAAs because, in general, network leakage is
proportional to the volume of water maintained in the reservoirs. Thus, appropriate levels of water in the reservoirs
should be established to minimize this loss. Therefore, it is important to schedule the activation of pumps and plan
water distribution in urban supply networks to minimize the costs of energy consumption associated with pumping
activities and, simultaneously, minimize water loss, while also meeting the water demand in reservoirs and respecting
the relevant constraints of the system.

The scheduling of pumps determines which pumps will be used and at what time of day they will be activated.
The planning of water distribution through the supply networks consists of defining the length of time the pumps will
be operated to collect water and meet an expected demand. The problem of scheduling the activation of hydraulic
pumps and planning water distribution in supply networks to optimize the costs associated with energy consumption
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is known in the literature as an Optimal Control Problem (OCP), (Zessler and Shamir 1989; Ormsbee and Lansey
1994). To address the OCP, the planning horizon is usually divided into discrete intervals of 1 hour. Optimal decisions
regarding pump scheduling and water transport are made during each interval. Typically, OCP involves multiple
hydraulic constraints such as conservation of mass, conservation of energy, performance criteria of the system (limiting
pressures and speeds), and operational constraints, such as demand requirements, reservoir volumes, and the maximum
activation frequency of the pumps.

Depending on the decision variables of the optimization model, the OCP associated with the SAAs can be
formulated using a direct or indirect approach. The direct formulation of the optimal control problem is obtained
when, for each discrete interval of the planning horizon, one decision variable is assigned to each pump of the network,
which indicates the length of time that it will remain active. In contrast, the indirect formulation of the OCP occurs
when, in each discrete interval of the planning horizon, the volume of water in the reservoirs corresponds to the
decision variable of the problem. To differentiate these two formulations, the optimal control problem associated with
the direct formulation is commonly cited in the literature as the Pump Scheduling Problem (PSP). In this article,
the terms OCP and PSP will be used to refer to the problem of collecting, storing and transferring water in urban
water supply networks.

However, to determine an optimal policy for the collection, storage and transfer of water, it is necessary to
know the demand for water in the supply network. In practice, it is common for such demand to be specified in
hours because this clearly presents an important daily cycle, and the tariffs vary throughout the day. Nevertheless,
even short-term demand possesses a dynamic nature that is difficult to predict because it depends on a number of
inherently random factors such as temperature, rainfall and humidity. Moreover, the demand also varies based on the
day of the week, month, season, socioeconomic and cultural profile of the population and on the cost of the water
itself (Shvartser et al 1993; Odan and Reis 2012).

Typically, the random nature of water demand is dealt with using forecasting methods, which can be long- or
short-term forecasts (Zhou et al 2000; Jain et al 2001; Froukh 2001; Sjobom and Assfalk 2005; Zhang et al 2006; Alvisi
et al 2007; Adamowski 2008; Herrera et al 2010; Mohamed and Al-Mualla 2010; Nasseri et al 2011; Odan and Reis
2012). Thus, optimal control policies can be implemented based on the demand profiles generated by the forecasting
methods. However, if at any given time a significant difference is found between the estimated and actual demand
during the daylight hours, it will be necessary to re-optimize the model of optimal control by using the updated data
while still considering the estimates on future demands (Alvisi et al 2007). A possible disadvantage of implementing
the optimal control policies using the estimated demands is the inefficiency presented during water collection, storage
and transfer when the estimates are inaccurate. If the estimated demand ignores the pessimistic historical realizations,
extra pumping operations will be necessary during critical periods when the cost of electricity is higher. In contrast,
if the demand estimate is too pessimistic, the hydraulic pumps will most likely be used for longer periods of time
than necessary, resulting in a significant and unnecessary increase in energy consumption.

One way of making optimal control policies less dependent on a single estimated demand is to consider a set
of possible realizations for this demand that would be weighted based on their probability of occurrence. Thus, part
of these policies will be “forced” to simultaneously meet all the demand profiles, generating reasonably good decisions
or even suboptimal decisions to the problem. Among the optimization techniques that are based on this concept is
the two-stage stochastic programming technique, which is one of the most widespread optimization techniques in the
literature that explicitly takes into account the uncertainties involved in a problem. In this case, the control policies
that must simultaneously meet all the demand realizations are called first-stage decisions. Moreover, each possible
demand realization is associated with a set of decision variables called second-stage decisions, whose purpose is to
correct the infeasibility that arises once the random variables are determined given the first-stage choice.

In this context, this paper proposes a two-stage stochastic programming model for the problem of collection,
storage and transfer of water in urban networks, considering the demand for water as a random variable that can
be reasonably approximated by a set of realizations. The mathematical model developed is an extension of the
deterministic model proposed in the work of Toledo et al (2008) and reflects the basic assumption that there may be a
fixed cost incurred by the activation/deactivation of the hydraulic pumps. In scenario-based stochastic programming
a set of realizations of random variable are simultaneously considered in the optimization model. For this reason,
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measures of risk aversion and measures to quantify “deficit” and “surplus” situations are incorporated into the
optimization problem to make the solution and the stochastic programming model less sensitive to the different
realizations of the random variables. The possible realizations of the random variables were determined using Monte
Carlo sampling. Because the proposed mathematical model is a large-scale mixed-integer 0−1 stochastic programming
problem, we propose an efficient heuristic to obtain acceptable solutions within a reasonable computational time.

The remainder of the paper is organized as follows. Section 2 presents a literature review of important papers
that address the problem of pump scheduling. Section 3 develops a mixed-integer 0−1 stochastic programming model
for the problem of pump scheduling with stochastic demand. Section 4 proposes a method for generating scenarios
based on Monte Carlo sampling. Section 5 describes the heuristic algorithm. Section 6 discusses the numerical
results. Finally, Section 8 provides the concluding remarks and a discussion on future research.

2 Literature Review

Water supply systems are controlled to meet several objectives, including hydraulic performance of the network and
economic efficiency. Hydraulic performance measures involve pressure levels at the nodes and reservoirs. Economic
efficiency is influenced by the costs of energy consumption and pump maintenance. In an SAA, the costs related to
energy consumption associated with pumping activities account for the largest share of the total operating costs.
For this reason, most studies that address OCP in the literature attempt to minimize such costs (Ormsbee et al
2009). An optimal control system in SAAs consists of defining the pump scheduling over a predefined time period
so that the demand for water is met without delay, the hydraulic network conditions are met, and the total cost of
the electricity consumed is minimized (Zessler and Shamir 1989). Ormsbee and Lansey (1994) notes that the optimal
control system in an SAA should contain three main components: (1) a hydraulic network model, which ensures that
the hydraulic operating conditions of the network are met; (2) a demand forecasting model that provides an estimate
of the water consumption patterns in reservoirs over the periods of the planning horizon; and (3) an optimal control
model of the system where the decisions regarding the operating policies of the system that minimize a certain cost
are determined. In the following, we present how the literature has addressed these main features and summarize the
information associated with urban network configuration and the types of hydraulic models, demand models, control
algorithms, and control policies given in Table 1.

2.1 Hydraulic Network Models

Hydraulic network models can be represented by mass-balance models (MB), regression models (RM), simplified
hydraulic models (SH) and full hydraulic models (FH) (Ormsbee and Lansey 1994).

Mass-Balance Models: In mass-balance models, the flow rate within the system is determined by the demand
for water plus the rate of variation in water levels in the reservoirs. The pressure requirements for obtaining the flow
of water in the reservoirs are neglected and it is assumed that, to obtain the desired water volume in the reservoirs,
a combination of pumps are available. Furthermore, if the water level in the reservoirs remains within a previously
specified range, the pressure requirements on the nodes of the network will also be omitted. Multidimensional MB
models have also been developed (Sterling and Coulbeck 1975b; Fallside and Perry 1975; Toledo et al 2008; Soler
2008; Ikonen et al 2012). Such models incorporate important functional relations between the level of water in the
reservoirs and the pumped flow. Because hydraulic characteristics of the network in MB models are only determined
using water balance restrictions in the reservoirs, the multidimensional MB models are generally converted into
linear optimization programs. Thus, the main advantage of mass-balance models is the relative tractability of the
corresponding optimization problem.

Regression Models: Unlike mass-balance models, regression models are used as a more accurate represen-
tation of the hydraulic characteristics of the network. In such models, the pressure requirements in the nodes and
reservoirs are considered explicitly and modeled using a set of nonlinear equations. Several strategies can be used
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to model the non-linear equations that represent the hydraulic conditions of the network. For example, for different
water volumes in the reservoirs and different demand estimates, it is possible to perform simulations for each possi-
ble pump combination in the network in an attempt to determine the hydraulic conditions under which the pumps
must operate. The results of these simulations can be plotted and are termed pump operating curves because they
approximate the hydraulic requirements associated with a particular pump operation (Ormsbee and Lansey 1994).
Ormsbee et al (1989); Awumah and Lansey (1992); Beckwith and Wong (1995) and Eker et al (2003) used regression
curves to approximate the hydraulic restrictions of supply network operations. The curves illustrate the hydraulic
operational requirements for each possible pump combination in the supply system for different water levels in the
reservoirs and for a series of demand criteria. Once these curves are defined, the information contained in them is
used as an input in the optimization model. Another approach to generatinge operating curves is to use hydraulic
simulators. In Magalhães et al (2010); Fang et al (2010); Bagirov et al (2013), the authors developed algorithms
that combine optimization techniques with hydraulic simulation models (EPANET) to determine optimal control
policies that minimize electricity consumption costs in SAAs. An EPANET-based simulator allows one to determine
the hydraulic conditions under which the network should operate. Once the operating hydraulic conditions of the
network are defined, an optimization model is used to determine the optimal control policies. Readers interested in
the EPANET simulator can consult Rossman (2002). The main advantage of regression models is the possibility of
incorporating the non-linearity of the hydraulic network. However, the regression curves only provide information for
the configuration of the network under control and for a given series of demand criteria. Any change in the network
configuration or change in the demand series can result in inefficient control policies (Ormsbee et al 1989; Ormsbee
and Lansey 1994).

Full Hydraulic Models: In the full hydraulic models, the hydraulic requirements for the operation of the
network are considered explicitly in the optimization model through a set of nonlinear equations and therefore nonlin-
ear programming models are obtained. The equations that represent the hydraulic conditions of the network include
mass-balance and energy conservation (Almeida and Barboza 2002). These models are more adaptable to changes
in the supply system and to demand variations, which is in contrast to mass-balance and regression models, which
require more data in their formulation and thus require extra effort for calibration. Brion and Mays (1991); Almeida
and Barboza (2002) used a complete hydraulic model and developed a mixed-integer 0 − 1 nonlinear programming
model to determine the optimal control policy of a water supply network that minimizes energy consumption costs.
The configuration of this network consists of multiple reservoirs and a single water treatment plant that supplies
them.

Simplified Hydraulic Models: The simplified hydraulic model is defined as an intermediate model between
the regression model and the full hydraulic model. In this model, the network may be approximated or analyzed
using a macroscopic network model that uses a linear hydraulic equations system. Macroscopic models represent the
system by using a simplified network. In general, by using simplified models, it may be possible to represent the
hydraulic operating conditions of the network using linear equations and, in this way, linear programming models
can be constructed. Jowitt et al (1988); Little and McCrodden (1989); Jowitt and Germanopoulos (1992); Pasha and
Lansey (2009) and Price and Ostfeld (2013) developed linear programming models to address the optimal control
problem of water supply systems.

2.2 Demand Forecasting Models

The demand for water is a key factor in determining optimal control policies for water supply systems. Because,
in most cases, the demand is not known when the control policies of the SAAs are implemented, it is commonly
estimated using forecasting methods. Such forecasting methods can be short-term, mid-term and long-term (Nasseri
et al 2011). Short-term prediction is concerned with low scale planning and management. The resolution of this type
of approach varies from 1 h to several days (Zhou et al 2000; Jain et al 2001; Sjobom and Assfalk 2005; Zhang et al
2006; Alvisi et al 2007; Adamowski 2008; Herrera et al 2010; Odan and Reis 2012). Mid-term prediction is applied
in mid-time management and its resolution is between one month and one year (Nasseri et al 2011). Long-term
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prediction is concerned with large scale planning and management. Most of the long-term development programs in
urban management are based on this type of prediction. The prediction resolution is equal to or greater than one
year (Froukh 2001; Mohamed and Al-Mualla 2010).

To determine the water demand profile in upcoming periods, different methodologies have been used, such as
linear and/or multiple regression (Mohamed and Al-Mualla 2010) and time series analyses (Zhou et al 2000; Froukh
2001). Recently, artificial neural networks have attracted special interest from researchers as a methodology to estimate
the water demand profile of water supply systems (Jain et al 2001; Sjobom and Assfalk 2005; Zhang et al 2006; Alvisi
et al 2007; Adamowski 2008; Herrera et al 2010; Odan and Reis 2012). Genetic algorithms have also been used to
forecast the water demand in water supply systems (Nasseri et al 2011). To develop the above methodologies, data
inputs are required, among them, historical water consumption data, rainfall, temperature, and humidity. According
to Ormsbee and Lansey (1994), the water demand forecast can be incorporated into optimal control models using the
following approaches: (1) lumped, where the system demand is typically represented by a single aggregate value; (2)
proportional, where the regression relations are derived from a single demand pattern that can vary in proportion to
the total demand of the system and (3) distributed, where the aggregate demand is distributed both spatially and
temporally among the different points of demand in the network.

McCormick and Powell (2004) proposed the use of linear regression analyzes to estimate the demand for water
and revealed that variations of future demands depend only on the demands of the immediately preceding periods.
Thus, the authors used a Markov process to model it. To determine the control policies that minimize the expected
operating costs, the authors used stochastic dynamic programming. A discrete set of possible states of demand was
assumed from the results of the regression analysis, which also made it possible to estimate the probabilities of
transitions of the states.

2.3 Optimal Control Model

Finally, the third component of an optimal control system is the optimization model. In this model, the optimal
control policies are defined to optimize an operational objective of the SAAs, respecting the relevant constraints of
the system. In general, the objective of the optimal control problem is to minimize the energy consumption incurred
during the operation of a set of pumps over the planning horizon. The energy consumption associated with pumping
activities varies mainly with the pumping duration and on the electricity unit cost (Ormsbee et al 2009). Most studies
on optimal control problems in SAAs found in the literature attempt to minimize such costs.

In addition to electricity costs, several studies also consider pump maintenance costs (Lansey and Awumah
1994; Barán et al 2005). An operating program where pumps are frequently switched on and off can reduce power
consumption. However, such a program might accelerate the wear and tear of the pumps and result in increased pump
maintenance costs. Lansey and Awumah (1994) emphasized that pump maintenance costs are difficult to measure,
but it can be assumed that the cost is proportional to the pump activation frequency. Thus, the number of times
the pumps are activated during the planning period may be used as an alternative measure to the intangible costs
associated with the wear and tear of the pumps.

Generally, system restrictions include limitations on the volume of water stored in reservoirs, quantities that
can be supplied from a treatment plant, pump and valve configurations, and the maximum activation frequency of
the pumps, among others. Depending on the decision variables used in the optimization model, direct or indirect
formulations of the optimal control problem may be developed. The direct formulation is used, for each period of the
specified horizon, when the decision variable corresponds to the fraction of time that the pumps will be in operation.
In this approach, the optimal control policy can be classified as explicit (Ormsbee and Lansey 1994). The indirect
formulation is used when the water level in the reservoir is used as the control variable. Therefore, the objective is to
determine the optimal path that defines the optimal levels of water storage in the reservoirs (Ormsbee et al 1989).
The pump operation policy generated from these formulations is classified as implicit ((Zessler and Shamir 1989;
Ormsbee and Lansey 1994).



An Improved Stochastic Optimization Model for Water Supply Pumping Systems in Urban Networks 7

Implicit formulations typically require the solution of two subproblems. The first subproblem involves deter-
mining the optimal decision path. The optimal decision path can be defined as the volumes of water to be stored
in reservoirs over the planning horizon and is determined in such a way as to minimize the cost of electricity. The
second problem consists of determining pump operating policies that lead to the optimal decision path. The difficulty
associated with implicit formulations relates to the fact that a considerable number of pump combinations produce
the desired path. Moreover, among all the pump combinations that produce the optimal decision path, one should
choose a combination that incurs the minimal cost (Ormsbee et al 2009).

The optimal control problem for water supply systems with multiple reservoirs, treatment plants and pumps
is a large-scale nonlinear optimization problem with discrete and continuous variables, which makes it one of the
most difficult mathematical problems to solve (Ormsbee et al 2009; Fang et al 2010; Bagirov et al 2013). Thus,
efficient optimal control algorithms must be proposed to solve such problems. Dynamic programming techniques
have successfully been used to solve the optimal control problem of SAAs with a single reservoir (Ormsbee and
Lansey 1994). For example, Sterling and Coulbeck (1975b); Coulbeck (1984); Solanos and Montoliu (1988); Ormsbee
et al (1989); Lansey and Awumah (1994); Zhuan and Xia (2013) developed control algorithms based on dynamic
programming to determine optimal operating policies for water supply systems in real time. However, extensions of
these approaches for systems with multiple reservoirs are limited because of the combinatorial nature of the problem.

Other operational research techniques that address the optimal control problem of supply water systems have
also been used, such as linear programming (Jowitt et al 1988; Jowitt and Germanopoulos 1992; Toledo et al 2008;
Pasha and Lansey 2009; Price and Ostfeld 2013), mixed-integer linear programming (Little and McCrodden 1989;
Awumah and Lansey 1992; Toledo et al 2008) and nonlinear programming (Sterling and Coulbeck 1975a; Whaley and
Hume 1986; Brion and Mays 1991; Chase and Ormsbee 1993; Yu et al 1994; Almeida and Barboza 2002; Cembrano
et al 2000; Eker et al 2003). The differences between these studies primarily involve the physical dimension of the
network, in terms of the number of treatment plants and reservoirs; type of hydraulic models used; manner in which
demand was incorporated into the optimization model; control algorithm used and the objective to be minimized.
These studies are similar in the fact that the control policies used can be considered explicit. Another common aspect
between these studies is the disregard of inherent demand randomness in the problem.

Furthermore, methods based on both mono-objective and multi-objective evolutionary algorithms have also
been developed to address the optimal control problem in SAAs. Beckwith and Wong (1995); Mackle et al (1995); Savic
et al (1997); Barán et al (2005); López-Ibañez et al (2005); Magalhães et al (2010); Fang et al (2010) and Kougias
and Theodossiou (2012) have developed evolutionary algorithms (EA) to determine pump activation policies that
minimize the costs of electricity consumption and pump maintenance. Most of these studies use Genetic Algorithms
(GA) as control algorithms. Constructive heuristics based on a simple analysis of the operational policies of the SAAs
to determine the operating conditions and identify strategies to reduce costs have also been used to solve the problem
under consideration (Soler 2008; Gergely and János 2012; Ikonen et al 2012).

In addition, the optimal control problem can be addressed solely to define optimal reservoir operation policies.
In such cases, the main decision variable corresponds to the amount of water to be delivered from the reservoirs to their
related consumption centers during the day. In general, the hydraulic network model used corresponds to the mass-
balance. The objective function, however, is not aimed at minimizing the energy consumption costs associated with
pumping activities, but at meeting the demand. For example, Ahmed and Sarma (2005); Reddy and Kumar (2006);
Yun et al (2010); Jothiprakash et al (2011) proposed, as their main objective, minimizing the sum of the squared
deviations of the unmet demand for water in reservoirs. These studies used both mono-objective and multi-objective
evolutionary algorithms to determine the optimal pump activation policies.

Table 1 summarizes the most relevant characteristics of several of the aforementioned papers. This table is an
extension of the table presented in Lansey and Ormsbee (1994). The studies were classified based on the following
criteria: (1) the physical dimension of the network, i.e., the number of pumping stations and reservoirs (columns 2 and
3); (2) type of hydraulic model (column 4); (3) type of demand model (column 5); (4) demand representation (column
6); (5) risk measure (column 7); (6) control algorithm (column 8); (7) control policy (column 9); (8) transfer of water
(column 10) and (8) objectives under optimization (column 11). From Table 1, it is possible to infer that most of the
cited papers address the problem of optimal control under an explicit control policy. Moreover, there are few studies
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that consider the full hydraulic model. This reflects the fact that the resulting optimization models are nonlinear,
which limits the use of efficient control algorithms. Most studies cited also ignore the dynamic and random nature of
demand in an attempt to obtain simpler and/or implementable mathematical models. In several studies, the random
nature of demand is treated using forecasting methods. However, erroneous water demand forecasts may generate
inefficient water collection, transfer and storage policies. One method of explicitly considering the randomness of the
demand for water in the pump scheduling problem is to describe it considering a finite set of realizations or scenarios.
Thus, under the assumption that all the possible occurrences of demand (or the most likely ones) are considered
in the mathematical model, it is possible to establish feasible control policies independent of the random variable.
Moreover, it is also possible to incorporate measures of risk aversion in this model to generate feasible policies that
are less sensitive to the numerous demand realizations in an attempt to reduce the reprogramming requirements for
the pumps for each new demand realization. To date, no studies have been found in the literature that consider risk
aversion measures and/or the robustness in the pump scheduling problem and related problems.

[Insert Table 1 here]

3 Problem Definition and Mathematical Model

Here, we closely follow the deterministic mathematical model presented in Toledo et al (2008). To facilitate the
description of the mathematical model, consider the urban supply network shown in Figure 2. In this network, each
well can only fill the reservoir with which it has a direct link. Similarly, each reservoir may supply water to the related
consumption center. However, because the reservoirs are located in regions of the city at higher elevations, it is not
necessary to designate pumps between them and their consumption centers because water distribution takes place
using the gravitational force. In addition, there are pumps between different reservoirs to indicate the existence of
water distribution between them. However, because there may be pairs of reservoirs that have no direct connection
with a water well, the water flow between this pair of reservoirs must pass through the reservoir allocated between
them. Notice that both reservoir j and pump j sometimes have an interchangeable meaning because each well is
associated with a reservoir and a pump.

[Insert Figure 2 here.]

Basically, the proposed pump scheduling problem under stochastic demand involves determining which pumps
should be operated and how long the pumps must be in operation to meet an uncertain demand at minimal electricity
costs. Each hydraulic pump can be either off or on. In addition, activating a pump incurs a fixed charge. To explicitly
consider the cost of electricity consumption associated with the activating/deactivation of the water pumps, let Yjt
be the binary decision variable that takes the value 1 if pump j performs water collection in period t (or, similarly, if
pump j is used in period t), and let Xjt be the fraction of the time period t in which pump j remains in operation
(with water being pumped). Both variables Xjt and Yjt must be mathematically related by the expression Xjt ≤ Yjt.
Notice that, for Xjt > 0, the variable Yjt is activated; i.e., if there is water collection occurring (transfer between
wells and reservoirs), the pump must necessarily be in operation. However, the mathematical expression Xjt ≤ Yjt
only informs whether pump j is in operation at time t but not if the pump is turned on.

To determine whether pump j is turned on or off during period t, one should know the state of the pump
in the immediately preceding period, i.e., the assumed value of the decision variable Xj(t−1). Let Zjt be a binary
variable that indicates whether pump j is activated at the beginning of period t. Therefore, the mathematical relation
that determines whether pump j is activated or not during period t is Zjt ≥ Yjt −Xj(t−1). From this mathematical
relation, it is possible to see that if the binary variable Yjt takes the value of 1 and pump j is not turned on during
the entire immediately preceding period, the variable Zjt is activated and this incurs a pump activation cost of βjt.

In this paper, the uncertain water demand in each consumption center k during period t (dkt) is modeled as a
random variable in a probability space (W ,F , Π), where W is a set of scenarios (with a specific realization ξ(ω) for
scenario ω ∈ W ) equipped with a σ−algebra of events F with a probability measure denoted byΠ. We also assume that
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the random demand for scenario ω is represented by the random vector ξT = {ξ(ω = 1), ξ(ω = 2), · · · , ξ(ω = |W |)}
with a probability of occurrence π(ω) such that π(ω) > 0 and

∑
ω∈W π(ω) = 1. Each component of the random vector

ξ can be written as the following random matrix:

ξ(ω) =


d11(ω) d12(ω) · · · d1|T |(ω)
d21(ω) d22(ω) · · · d2|T |(ω)

...
...

. . .
...

d|K |1(ω) d|K |2(ω) · · · d|K ||T |(ω)

 ,

where |K | and |T | represent the number of consumption centers and the number of time periods, respectively.
All the scenarios ω ∈ W are considered simultaneously in the optimization model by using the two-stage

stochastic programming with recourse paradigm. Using this paradigm, we partition the variables of the problem
into first and second-stage decisions. The first-stage or scenario-independent variables are decisions that must be
taken without complete information on the random variables. The second-stage or scenario-dependent variables are
corrective decisions that serve to adjust the first-stage decisions for the demand in each scenario. Initially, because
the main purpose of water supply systems is to meet the water demand of the consumption centers, it is mandatory
to collect water from wells, which means activating a set of hydraulic pumps even though water demands are only
partially known. Waiting for the realization of the water demands to then make decisions regarding water collection can
cause a high repressed demand or result in the hydraulic pumps having to operate at peak times, which significantly
increases the electricity consumption costs. Therefore, Yjt, Xjt and Zjt are defined as first-stage decision variables.

The impact of first-stage decisions determined using partial knowledge of the water demands can be minimized
by recourse or second-stage decisions. For example, suppose the water demand realization is high and that, in addition,
the water taken from the wells in the current period fails to meet such demand. To meet this repressed demand, the
following recourse decisions may be taken: maintain an adequate store of water in the reservoirs during the previous
period and/or transfer water from reservoirs with lower demands (or greater volumes of water) to those with repressed
demand. Thus, it is sufficient to define the following second-stage (recourse) decisions: Ijt(ω) is the water store in
reservoir j at the end of period t in scenario ω and Vj`t(ω) as the fraction of period t in which water is transferred
from reservoir j to ` in scenario ω. By multiplying Vj`t(ω) by the corresponding pump flow rate to transfer water
from the reservoirs, we obtain the total amount of water transferred.

Next, we will display a complete list of symbols for the two-stage Stochastic Pump Scheduling Problem
(abbreviated SPSP).

Indices and sets:

(j, `) ∈ R Set of reservoirs or pumps.
k ∈ K Set of consumption centers.
t ∈ T Set of periods.
ω ∈ W Set of scenarios.

Kj = {k, such that the center consumer k is supplied by reservoir j}.
Rj = {`, such that ` is a reservoir that can receive water from reservoir j}.
R?
j = {`, such that ` is a reservoir that can send water to reservoir j}.

Deterministic Parameters:

αjt Cost of maintaining the pump j in operation during period t.
βjt Fixed cost of switching on and off pump j during period t.
δj`t Cost of transferring water from reservoir j to ` during period t.
qjt Flow rate of pump j during period t.
νj`t Pump flow rate to transfer water from j to ` during period t.
hmin
j Minimum storage level of water allowed in reservoir j.
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hmax
j Maximum storage level of water allowed in reservoir j.
h0
j Water stored in reservoir j at the beginning of the planning horizon.

θjt Fraction of water lost by leaks in reservoir j during period t.
γ Goal programming weight to control the tradeoff between feasibility and expected total cost.

Stochastic Parameters:

dkt(ω) Water demand of the consumption center k during period t in scenario ω.
π(ω) Probability of scenario ω.

First-Stage Decision Variables:

Xjt Fraction of period t in which pump j remains in operation.
Yjt (= 1) If pump j performs water collection during period t (i.e., Xjt > 0).
Zjt (= 1) If pump j is switched on at the beginning of period t.

Second-Stage Decision Variables:

Ijt(ω) Water stored in reservoir j at the end of period t in scenario ω.
Vj`t(ω) Fraction of period t in which water is transferred from reservoir j to ` in scenario ω.

Let X be the set of all the first-stage decision variables, and let ξ be the random vector formed by all the water
demands scenarios. The two-stage stochastic programming model with recourse in its equivalent deterministic form
for the pump scheduling problem with stochastic demand can be posed as

min
∑
j∈R

∑
t∈T

αjtXjt +
∑
j∈R

∑
t∈T

βjtZjt +
∑
ω∈W

Q[X , ξ] (1)

s.t.: Xjt ≤ Yjt, j ∈ R, t ∈ T (2)
Zjt ≥ Yjt −Xj(t−1), j ∈ R, t ∈ T (3)
0 ≤ Xjt ≤ 1, j ∈ R, t ∈ T (4)
Yjt ∈ {0, 1}, j ∈ R, t ∈ T (5)
Zjt ∈ {0, 1}, j ∈ R, t ∈ T , (6)

where Q[X , ξ] is the optimal value of the second-stage problem (7)−(11):

min
∑
j∈R

∑
`∈Rj

∑
t∈T

∑
ω∈W

π(ω)δj`tVj`t(ω) (7)

s.t.: Ijt(ω) = (1− θj(t−1))Ij(t−1)(ω) + qjtXjt +
∑
`∈R?

j

ν`jtV`jt(ω)−

−
∑
`∈Rj

νj`tVj`t(ω)−
∑
k∈Kj

dkt(ω), j ∈ R, t ∈ T , ω ∈ W (8)

Ij0(ω) = h0
j , j ∈ R, ω ∈ W (9)

hmin
j ≤ Ijt(ω) ≤ hmax

j , j ∈ R, t ∈ T , ω ∈ W (10)
0 ≤ Vj`t(ω) ≤ 1, j ∈ R, ` ∈ R, t ∈ T , ω ∈ W . (11)

The problems (1)−(6) involves all the first-stage decisions that must be optimally defined to minimize the costs
associated with water collection (part 1), the activation/deactivation of the pumps (part 2), and with the expected
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value of the costs incurred by the second-stage decisions (part 3). Whereas constraints (2) express whether pump j is
used during period t, constraints (3) inform whether the pump is activated during this period. Constraints (4) indicate
that the hydraulic pump for collecting water from wells can be operated throughout the whole period (Xjt = 1) or
simply for a part of it (Xjt < 1). Finally, constraints (4) and (5) indicate the domains of the first-stage variables.
In the second-stage problem (7)−(11), the decision variables and the constraints depend on the scenario ω, and,
therefore, the total cost depends on the expectancy Q[· ] of the second-stage costs, i.e., the costs associated with the
transfer of water between reservoirs (part 1). Constraints (8) express the water storage balance in the reservoirs.
Constraints (10) ensure that the minimum and maximum water store in each reservoir is satisfied. Once the decision
variables Vj`t(ω) represent the fraction of the time period t that the pumps between reservoirs will be in operation,
constraints (11) will indicate that these variables can transfer water throughout the period (Vj`t(ω) = 1) or a part of
it (Vj`t(ω) < 1).

3.1 An Improved Full Recourse-Based Formulation

In our current application, it is desirable that any solution X ? satisfying the first-stage constraints (2)−(6) also have
a feasible completion for all scenarios ω ∈ W in the second-stage problem (7)−(11). In other words, we would like
to ensure that any implementable operational policy regarding water collection can be adjusted independently of
the behavior of the water demands by using water storage and/or water transfer among reservoirs. We say that the
stochastic program with this property has a relatively complete recourse. However, notice that model (1)−(11) does
not have a relatively complete recourse unless any amount of water can be stored in reservoirs and/or transferred
among them. Thus, to build a relatively complete recourse model, it suffices to allow that the water storage decision
variable Ijt(ω) can violate constraints (10) as long as these violations are compensated via penalization in the objective
function. Indeed, consider the following equivalent formulation for the constraints (8):

Ijt(ω) =
t∏

τ=1

(1−θjτ )h0
j+

t∑
τ=1

qjτXjτ +
∑
`∈R?

j

ν`jτV`jτ (ω)−
∑
`∈Rj

νj`τVj`τ (ω)−
∑
k∈Kj

dkτ (ω)

 , j ∈ R, t ∈ T , ω ∈ W .

As constraints (10) must be true for all ω ∈ W , then

hmin
j ≤

t∏
τ=1

(1−θjτ )h0
j+

t∑
τ=1

qjτXjτ +
∑
`∈R?

j

ν`jτV`jτ (ω)−
∑
`∈Rj

νj`τVj`τ (ω)−
∑
k∈Kj

dkτ (ω)

 ≤ hmax
j , j ∈ R, t ∈ T , ω ∈ W .

Now, define E+
jt(ω) ≥ 0 as the water excess in reservoir j during period t in scenario ω and E−jt(ω) ≥ 0 as the

water shortage in reservoir j during period t in scenario ω. It is clear from the previous inequalities that, as long as
E−jt(ω) = hmin

j − Ijt(ω) and E+
jt(ω) = Ijt(ω)− hmax

j , for all j ∈ R, t ∈ T , ω ∈ W , then the minimum and maximum
water storage level always holds true. This is equivalent to rewriting the second-stage problem as follows:
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min
∑
ω∈W

π(ω)

∑
j∈R

∑
`∈Rj

∑
t∈T

δj`tVj`t(ω) + γ
∑
j∈R

∑
t∈T

[ρ+
jtE

+
jt(ω) + ρ−jtE

−
jt(ω)]


s.t.: Ijt(ω)− (1− θj(t−1))Ij(t−1)(ω)− qjtXjt −

∑
`∈R?

j

ν`jtV`jt(ω)+

+
∑
`∈Rj

νj`tVj`t(ω) +
∑
k∈Kj

dkt(ω) = E+
jt(ω)− E−jt(ω), j ∈ R, t ∈ T , ω ∈ W

Ij0(ω) = h0
j , j ∈ R, ω ∈ W

hmin
j ≤ Ijt(ω) ≤ hmax

j , j ∈ R, t ∈ T , ω ∈ W

0 ≤ Vj`t(ω) ≤ 1, j ∈ R, ` ∈ R, t ∈ T , ω ∈ W

E+
jt(ω), E−jt(ω) ≥ 0, j ∈ R, t ∈ T , ω ∈ W .

(12)

The parameters ρ+
jt and ρ

−
jt represent the penalty incurred for violating the maximum and the minimum storage

level allowed in reservoir j during period t, respectively, and the parameter γ is a goal programming weight that can
be used to reflect robustness preferences. For instance, if γ = 0, the violations occur frequently. In contrast, if γ is
assigned to be sufficiently large, the number of violations in the water storage balancing constraint is expected to be
very low at the expense of a higher expected total cost. Several authors refer to this solution as robust in the sense
that it is “almost” feasible for any realization of the scenarios or, at least, feasible for most scenarios. The idea of
“almost feasible” originates from the concept of robustness advocated by Mulvey et al (1995) and particularly from
the concept of model robustness. The precise definition of “almost” can be devised by a proper choice of the penalty
function. According to Sniedovich (2012), model (12) can also be called the robust satisficing model. It is still possible
to show that model (12) is a special case of a relatively recourse model called a complete (or full) recourse model,
where the second-stage problem is always feasible for all ω and any feasible or not X .

Another important aspect of the pump scheduling problem in urban supply systems relates to the risk of failing
to meet the demand for water. As mentioned previously, to reduce this risk, it is possible to resort to the transfer of
water between reservoirs. However, the decision to do this may vary between different scenarios, making it necessary
to reprogram the connection between pumps to transfer water between reservoirs for every new demand realization.
Because this can be impractical and/or too costly, it is possible to reduce the variability of such a decision by enforcing
the cost of this decision to vary little or vary according to the degree of tolerance of the decision maker. Thus, it is
expected that the water transfer decisions have a greater stability among the scenarios. In this study, we used the
mean absolute deviation (MAD) to reduce the variability of the costs of transferring water between reservoirs. For
the pump scheduling problem investigated here, MAD can be formulated as follows:∑

t∈T

∑
j∈R

∑
`∈Rj

δj`tVj`t(ω)−
∑
t∈T

∑
j∈R

∑
l∈Rj

∑
ω∈W

π(ω)δj`tVj`t(ω) = ∆+(ω)−∆−(ω), ω ∈ W . (13)

The positive and negative deviations ∆+(ω) and ∆−(ω) are minimized in the objective function and weighted
by the risk parameter λ, which controls the conflict between the total expected cost and the risk. The more risk-
averse the decision maker is, the greater the value that should be assigned to λ. Finally, the second-stage problem
with robust satisficing constraints and risk aversion, which we call hereafter ISPSP (Improved Stochastic Pump
Scheduling Problem), can be posed as follows:
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min
∑
ω∈W

π(ω)

∑
j∈R

∑
`∈Rj

∑
t∈T

δj`tVj`t(ω) + γ
∑
j∈R

∑
t∈T

[ρ+
jtE

+
jt(ω) + ρ−jtE

−
jt(ω)] + λ[∆+(ω) +∆−(ω)]


s.t.: Ijt(ω)− (1− θj(t−1))Ij(t−1)(ω)− qjtXjt −

∑
`∈R?

j

ν`jtV`jt(ω)+

+
∑
`∈Rj

νj`tVj`t(ω) +
∑
k∈Kj

dkt(ω) = E+
jt(ω)− E−jt(ω), j ∈ R, t ∈ T , ω ∈ W

∑
t∈T

∑
j∈R

∑
l∈Rj

δj`tVj`t(ω)−
∑
t∈T

∑
j∈R

∑
l∈Rj

∑
ω∈W

π(ω)δj`tVj`t(ω) = ∆+(ω)−∆−(ω), ω ∈ W

Ij0(ω) = h0
j , j ∈ R, ω ∈ W

hmin
j ≤ Ijt(ω) ≤ hmax

j , j ∈ R, t ∈ T , ω ∈ W

0 ≤ Vj`t(ω) ≤ 1, j ∈ R, ` ∈ R, t ∈ T , ω ∈ W

E+
jt(ω), E−jt(ω) ≥ 0, j ∈ R, t ∈ T , ω ∈ W

∆+(ω), ∆−(ω) ≥ 0, ω ∈ W .

(14)

For each scenario ω, the mean absolute deviation (MAD) risk is defined as the difference between the cost
associated with the transfer of water between reservoirs and the mathematical expectation of this cost based on all the
scenarios. The reformulated objective function minimizes the expected cost of transferring water between reservoirs
(part 1), penalties associated with water excess and shortage in the reservoirs (part 2), and the risk involved (part
3). Note that variables that quantify the deviation are non-negative. For additional information on risk/variability
measures, the reader is referred to, e.g., Ogryczak and Ruszczyński (1999); Takriti and Ahmed (2004); Dupačová
(2008); Alem and Morabito (2013).

4 Generation of Scenarios via Monte-Carlo Simulation

In this paper, we propose a method for generating scenarios based on Monte Carlos sampling (MC). The main objective
of this methodology is to determine the realizations of the random variables involved in the optimization problem,
i.e., to construct the discrete probability distribution of the uncertain parameters. This distribution represents an
approximation of the marginal distribution of the random variables. Subsequently, it becomes possible to combine
the generated realizations in a scenario tree structure to, for example, analyze the correlation between the events.
The MC sampling allows the assignment of the probabilities of the scenarios based on the relative frequency of the
realizations of the random variables, and, thus, they are not subjectively attributed. It is also important to mention
that, based on previous studies, the minimum and maximum estimates of water demand during each hour of the day
in the reservoirs are known, and such information motivates the development of this methodology. The steps of the
scenario generation procedure are described as follows:

1. Determine |W | class intervals from the minimum and maximum water consumption estimates.
2. For each class defined in the previous step, generate a random number uniformly distributed between the limits

of this class to attribute a numerical value to the associated achievement.
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3. Because the realizations are arranged in increasing order, once additional |W | class intervals are constructed, with
the difference that, in this case, the upper and lower limits of the interval ω will correspond to the realization of
classes ω − 1 and ω, respectively.

4. Generate N random numbers φ following a probability distribution D between the value of the minimum estimate
and the nominal value of the maximum realization. This step corresponds to the implementation of the Monte
Carlo simulation.

5. Quantify the relative frequency related to each class ω. This frequency determines the probability of a given
realization between the limits of this class.

6. Construct the scenario tree using a combination of the realizations and the product of the probabilities by assuming
statistical independence among the random variables.

In this study, we tested four probability distributions D: uniform, empirical, triangular and lognormal.

5 A Hybrid Heuristic Method for the ISPSP

The proposed hybrid heuristic (HH) solves our problem in two phases. In the first phase, a constructive heuristic
determines a pump activation policy, i.e., the first-stage solution. Given this solution, the second phase solves optimally
the resulting stochastic problem via the barrier method to determine the second-stage decision variables. In the
following, we describe these two phases in detail.

5.1 A Constructive Heuristic (CH) for the First-Stage Decision Variables

The CH that served as the basis for this study was first developed in Soler (2006) in an attempt to obtain solutions
that were calculated quickly from practical instances. Before explaining the development of the CH, it is necessary to
classify the periods of the planning horizon as critical, pre-critical or non-critical.

Definition 1 Critical periods are those periods where the demand for water is high, i.e., peak periods, and, in
addition, the cost of electricity consumption during this period is higher. Such periods are known a priori and
correspond to the time intervals between 6 pm and 9 pm.

Definition 2 Pre-critical periods precede critical periods. In general, given a level of water leakage in the reservoirs,
the water storage requirements necessary to meet the demand during critical periods is carried out in the pre-critical
periods in an attempt to avoid pump operations during critical periods when the cost of electricity is higher.

Definition 3 Periods that are not classified as critical or pre-critical are defined as non-critical.

For each type of period, a strategy exists for the operation of the pumps. For non-critical periods, if the water
storage levels in the reservoirs at the end of period t are greater than or equal to the minimum level permitted, the
pumps are kept off. Otherwise, two strategies are defined, and the one that incurs a lower cost is chosen. For the case
of meeting the demand by activating the pump during this period, if the pump is not turned on during the entirety
of the immediately preceding period, pump activation costs are incurred. For the case of meeting the demand of the
period during the last period in which the pump was turned on, pump activation costs are not incurred but electricity
costs associated with water losses are. The operational strategy for the pre-critical periods consists of keeping the
pumps turned on until the capacity of the reservoirs is reached to store water and meet the demand of critical periods.
Finally, if the water accumulated in the reservoirs is not sufficient to meet the demand of critical periods, then it is
possible to use two strategies during critical periods: transferring water between reservoirs and/or repeatedly turning
on pumps to meet the demand. If transferring water between reservoirs is required, the cost of electricity consumption
between each pair of reservoirs must be known so that the reservoir that incurs lower electricity costs can be chosen.
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To determine the cost of electricity between each pair of reservoirs, we used the Floyd’s algorithm. This algorithm
determines the shortest path between all pairs of nodes in a graph.

The CH proposed in Soler (2008) can be explained as follows. After the planning horizon’s periods have been
classified as critical, pre-critical and non-critical, the heuristic algorithm routes all the planning horizon’s periods,
and, based on the type of period, it determines a lower-cost pump operating strategy that meets the demand of this
period. For further details about this heuristic algorithm, the reader is referred to Soler (2008). In this paper, we
also analyze the alternative of meeting the demand for water during pre-critical periods through non-critical periods.
When this alternative is evaluated, there is a possibility of larger volumes of water being stored in the reservoirs
during pre-critical periods. As a result, extra pumping activities to meet the water demand of the critical periods
are avoided. This alternative was incorporated into the constructive heuristics developed in this paper; pre-critical
periods are covered and analyzed as if they were not critical. Thus, the operational strategies of such periods are
assessed during the pre-critical periods. The algorithm then routes the periods until the strategy of meeting the
demand through pump activation in the period under analysis (strategy 1) is more cost effective than the strategy of
meeting the demand during the last preceding period in which the pump was turned on (strategy 2). Once strategy
1 is selected, it is necessary to return to the first pre-critical period and perform the corresponding strategy during
this period. Using this alternative, preliminary tests indicated an improvement of approximately 5% in the optimality
gap of the heuristic compared to the original proposal by Soler (2008).

Because the CH was designed to define the best pump activation policy for a single realization of the demand
(deterministic problem), it cannot be used directly on a problem having multiple demand realizations (stochastic
problem). For this reason, we develop a strategy to approximate the uncertainties of the second-stage problem to re-
place the set of scenarios by one reference scenario, e.g., best-case scenario, expected-value scenario and/or worst-case
scenario. Given the random vector ξ, the best-case scenario represents the realization whose value ξ(ω) is the smallest
among all the realizations; the expected value scenario corresponds to the expectation, i.e., ξ̄ =

∑
ω∈W π(ω)ξ(ω); and

the realization ξ(ω) whose value is greater than the value of the remaining realizations corresponds to the worst-case
scenario. In this paper, these three strategies were used in the computational tests to determine which performs best
in solving the first-stage problem. These tests were performed as follows: 5 instances of each class were resolved with
the solution method proposed in this paper and the three mentioned strategies. The average optimality gap’s obtained
by solving the 5 instances for each class of the ISPSP were ≈ 3%, ≈ 17% and ≈ 25% for the strategies worst-case sce-
nario, expected-value scenario and the best-case scenario, respectively. Therefore, the solution methodology proposed
in this paper was based on the worst-case scenario.

5.2 Determining the Second-Stage Decision Variables

In stochastic programming, the number of rows and columns of the technological matrix increases significantly with the
number of scenarios, frequently turning the equivalent deterministic problem into a large-scale optimization problem
and making the technological matrix very sparse. Table 2 gives the model dimensions with respect to the number of
constraints (m), number of continuous variables (nc), number of 0− 1 variables (n01), number of non-zero elements
in the constraint matrix (nnz) and the matrix density (Den in %) for each combination of number of periods and
scenarios. Note that the number of variables and constraints of the problem increases based on the size of the horizon
and the number of scenarios. As expected, regardless of the combination of horizon and number of scenarios, the
associated coefficient matrix is very sparse because its density is rather low (mostly zero entries). To exploit the
sparsity of the matrix in an attempt to improve the efficiency of the solution method, we use the barrier method as
the solution method for the second-stage problem. This method generates a sequence of strictly positive primal and
dual solutions and ends when the gap of these solutions is within a predetermined tolerance limit. If the solution
determined by the barrier method is not optimal, a procedure called a crossover can be executed. This procedure
consists of applying the simplex method from the basic feasible solution determined using the barrier method so that
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the optimal solution of the problem can then be determined. To avoid the execution of the simplex method at the
end of the barrier algorithm, thus reducing the execution times, the crossover was disabled.

[Insert Table 2 here]

The solution method procedure developed in this paper is summarized in Figure 3. The heuristic is called
a hybrid procedure because it combines constructive heuristic rules and exact linear programming methods. Notice
that, whereas we approximate the scenarios in determining a pump activation policy in the first phase, we restart all
the scenarios in the second phase to solve the stochastic problem with fixed first-stage variables.

[Insert Figure 3 here.]

6 Model Analysis and Evaluation

The computational experiments were intended to (1) identify whether the proposed scenario generation method
provides scenario trees that describe good approximations of the random variables distribution; (2) investigate if the
form in which the probabilities are attributed to the scenarios influence the optimal value of the expected costs and
the first- and second-stage decisions; (3) analyze the first- and second-stage decisions to obtain insights that are useful
in the decision making of this problem; (4) determine the sensitivity of the expected costs and of the decision variables
with respect to variations of the parameters λ and γ; (5) determine the impact of uncertainties on the problem by
calculating the EVPI and the VSS; and (6) evaluate the performance of the hybrid heuristic (HB) both in regards
to the quality of the solution and computational efficiency compared to the CPLEX 11.2 solver. The mathematical
model and the hybrid heuristic were coded using the General Algebraic Modeling System (GAMS) and solved by the
CPLEX 11.2 software package using the barrier method without crossover, which is used to solve linear problems.
The scenario generation algorithm and the Floyd’s algorithm were implemented using the MATLAB version 2012a
software package. All the computational experiments were performed on a 2.8 GHz Core i7 PC with 8.0 GB of RAM
running on the Windows 7 operating system. For the analysis, a section of the topology of the urban water supply
network of the city of São Carlos (Brazil) was considered. The network consists of three reservoirs, as shown in
Figure 2. However, other topologies could have been used because the mathematical model is flexible.

6.1 Data Description

Model ISPSP was tested for: (1) planning horizons of 2, 7 and 30 days; (2) scenario-trees with 27, 64 and 125
scenarios; and (3) leakage levels in the network of 0%, 10% and 20%. Therefore, there are 27 classes of generated
examples from the combination of the above parameters. For each class, 10 instances were randomly generated. Each
class was described by the triplet |T |/|W |/θ, where |T | and |W | represent, in the same order, the cardinality of the
sets that represent the number of days in the planning horizon and the possible realizations of the random variable,
and θ describes the percentage of leakage in the network. Because the estimated demand for water in each reservoir is
given in periods of one hour, each day in the planning horizon was divided into 24 sub-periods corresponding to one
hour, which resulted in sub-periods of 48, 168 and 720 hours for the planning horizons of 2, 7 and 30 days, respectively.
The water demand in the three reservoirs vary according to the intervals shown in Table 3. Such intervals describe
the minimum and maximum estimates of water consumption for every hour of the day.

[Insert Table 3 here]

The realizations of the water demands in each reservoir were determined using the proposed method for
generating scenarios. Once these realizations had been determined, they were combined with the three reservoirs to
generate the scenario tree. To illustrate the construction of the scenario tree, each random variable associated with
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the reservoirs was qualitatively described by three, four and five possible realizations for the trees with 27, 64 and
125 scenarios, respectively. Such realizations were (1) low, medium and high for the tree with 27 scenarios (33); (2)
relatively low, low, medium and high for the tree with 64 scenarios (43); and (3) relatively low, low, medium, high and
relatively high for the tree with 125 scenarios (53). Numerical values obtained using the scenario generation method
were associated to these qualitative realizations. Figure 4 illustrates a scenario tree for three realizations and three
reservoirs, totaling 27 scenarios.

[Insert Figure 4 here.]

For each of the classes considered in this paper, the minimum and maximum volume of water stored in each
reservoir is 270 m3 and 2000 m3 for the first reservoir and 270 m3 and 1000 m3 for the remaining reservoirs. It was
considered that, at the beginning of the planning horizon, reservoir 1 contains 1000 m3 of water and reservoirs 2 and
3, 500 m3. The flow rate of the hydraulic pumps located between the wells and the reservoirs is 300 m3 per hour.
For pumps located between the reservoirs, the flow rate is 60 m3 per hour. The capacity of the wells is considered
unlimited. The cost of maintaining the pumps in operation during each sub-period within the planning horizon is
30 monetary units (m.u.), except for peak periods at 19 h, 20 h and 21 h, when this cost is doubled. The cost of
electricity consumption associated with the transfer of water between reservoirs is 3 m.u. It is worth mentioning that
the values of the data are those used in Toledo et al (2008). The variation intervals for the parameters λ, γ and ρ
were assumed to be [0, 0.05], [0, 0.3], and [0, 50], respectively.

6.2 Analysis of the Scenario Generation Method

To assess if the proposed scenario generation method generates reliable solutions, i.e., if it does not cause an instability
of the solutions, we evaluate the quality indicators’ so-called in-sample and out-of-sample stability according to (Kaut
and Wallace 2003; Kaut et al 2007). Basically, in-sample stability requires that the solutions must not vary across
scenario trees of the same size. This is evaluated by generating S scenario trees of identical size and subsequently
solving the S corresponding stochastic programming problems. If the S values of the objective function are approxi-
mately equal, the method is said to have in-sample stability. Out-of-sample stability assesses if the “true” objective
value is approximately equal to the objective values from the different scenario trees. To assess the out-of-sample sta-
bility, it is sufficient to obtain the objective value of the stochastic programming problem with the “true” probability
distribution and to compare it to the objective value of the S approximate stochastic programming problems. The
differences between those objective values are commonly denoted as the error.

We verify the in-sample variation of the objective values (expected total cost) across 100 scenario-trees having
27 scenarios each by considering the class 2/27/0% and the proposed four probability distributions. Because the
“true” probability distribution is not available, we tested the out-of-sample and error properties by analyzing the
most suitable scenario tree size. For this purpose, we solved the stochastic programming model for scenario trees
composed of 8, 27, 64, 125, 216 and 343 scenarios. Figure 5 shows the box-plot results over 20 simulations for each
scenario tree size, where the squares indicate the average results and the vertical lines link both the maximum
and minimum values among all the instances. Even in the largest variation (from 8 to 27 scenarios), the average
objective value only increased by approximately 1%. From 125 scenarios on, the variation of the average objective
value is negligible for practical purposes and rather small from a theoretical standpoint. Therefore, we consider that
|W | = 125 defines a good approximation to the true probability distribution.

From Figure 6, we infer that, independently from the probability distribution, the stochastic programming prob-
lems are approximately equal among themselves because the dispersion of the objective values is minimal (≈ 0.7%).
The dispersion of errors is relatively low as well (≈ 0.7%), suggesting that the objective values of the approximate
problems are approximately equal to the objective value of the “original” problem (i.e., the 125-scenario tree). We
consider these values very satisfactory and affirm that the proposed scenario generation method satisfies the properties
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of in-sample stability and out-of-sample stability and does not subsequently cause instability in the solutions of the
SPSP.

[Insert Figures 5 and 6 here.]

6.3 Effect of the Probabilities in the ISPSP Model

We performed an analysis of variance (ANOVA) to determine whether statistically significant differences existed in
solving the stochastic programming model using each of the four probability distributions considered in the scenario
generation method. The response variables of the ANOVA correspond to the following attributes: the value of the
objective function; the first-stage variables Xjt, Yjt and Zjt; the second-stage variables Ijt(ω) and Vj`t(ω); and
the auxiliary error variables E−jt(ω) and E+

jt(ω). Table 4 shows no statistically significant effect of the probability
distribution of the first-stage decision variables at a confidence level of 95% (p−values range from 0.1683 to 0.2919).
The practical advantage of this result essentially lays in the fact that the imprecise information about the demands
does not cause serious disruptions in the implementable pump scheduling activities, which in most cases must be
taken in advance of the realization of the water demands. In contrast, as expected, the manner in which the scenario
probabilities are attributed results in a significant change in the optimal value of the objective function and in the
second-stage decision variables (p−values range from 0.0001 to 0.0036). Therefore, it is necessary to be cautious when
choosing the distribution that will be used in the scenario generation method. For the sake of brevity, we focus the
next results on the uniform distribution of the scenario generation method. However, the results for the remaining
distributions is similar.

[Insert Table 4 here]

6.4 Analysis of the First- and Second-Stage Policies

This section summarizes the following behavior of the policies related to the collection, transfer and storage of water:
(1) the water collection from wells (Xjt); (2) pump activation (Zjt); (3) water transfer between the reservoirs (Vj`t(ω));
and (4) the storage of water volumes in the reservoirs (Ijt(ω)):

1. Water Collection Policies: Regardless of the number of periods and scenarios, during the peak periods, no water
collection is performed or small volumes of water are collected from wells. Consequently, the pumps are not used
or are operated for only a small duration thus reducing electricity consumption. In contrast, when there is water
leakage, i.e., for classes |T |/|W |/10% and |T |/|W |/20%, the results indicate that it is cheaper to meet water
demands during critical periods using the water collected in wells during current periods than with water stored
in the reservoirs during previous periods.

2. Pump activation policies: Although water collection is performed during critical periods, hydraulic pumps do
not necessarily have to be switched on to carry out such a collection because this depends on the state of the
pumps in the immediately preceding period. The results reveal that, independent of the class, during the peak
periods, the pumps are in operation most of the time thus avoiding the fixed costs of switching on the pumps
(see Figures 7). In addition, the daily pump activation frequency remains constant as the number of scenarios and
periods increase. In contrast, the pump activation frequency increases substantially as the level of water leakage
grows, e.g., the activation frequency of pump 1 increases from 7 (θ = 0) to 21 (θ = 10%), reaching 23 activations
for θ = 20%. From a practical perspective, the advantage of using binary variables to define such decisions lays in
the relative ease of implementing the pump scheduling scheme by any system operator by simply analyzing the
pump activation frequency and the fraction of the time interval in which pumps remain in operation. Of course,
software having a user-friendly interface would be required for this task.
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3. Water transfer between reservoirs: Based on the solution methodology proposed in this paper, such decisions can
only be made during critical periods. Regardless of the class, the volumes of water transferred between reservoirs
exhibit a similar behavior. The reservoir of greater capacity (reservoir 1) transfers water to reservoir 2. Some of
the water transferred to reservoir 2 is used to meet the demand for this reservoir, and the remaining amount is
transferred to reservoir 3. Notice in Figure 2 that because reservoir 1 has no direct connection to reservoir 3, the
water must necessarily pass through reservoir 2. Finally, it is also important to mention that the amount of water
to be transferred between the reservoirs decreases as the level of water leakage increases (see Table 5) so as to
mitigate water losses.

4. Water volumes in the reservoirs: As shown in Figure 9, water storage in each reservoir at the end of each hour
during the scheduling period exhibits similar behavior. In general, the reservoirs store an adequate volume of water
in the periods prior to periods of high demand. Thus, the hydraulic pumps are not being operated or are switched
on for a short period of time during the latter periods. However, the volume of water stored in the reservoirs
varies according to the level of water leakage in the network. For example, when there is no water leakage in the
network, i.e., for classes |T |/|W |/0% large volumes of water are stored in the reservoirs. In contrast, low volumes
of water are stored in the reservoirs during the periods prior to the critical periods, when a level of water loss in
the network is attributed. In such cases, the solution is to maintain water levels in the reservoirs close to their
minimum capacity so that water losses can be minimized.

[Insert Figures 7 here.]

[Insert Table 5 here.]

[Insert Figure 9 here.]

6.5 Model and Solution Sensitivity with Parameters λ and γ

This subsection investigates the sensitivity of the objective value and the second-stage decision variables as λ and
γ vary. For the sake of brevity, we present an instance of the class 7/64/10%. Preliminary computational tests
suggest that λ and γ vary in the range [0, 0.05] and [0, 0.075], respectively. Tables 6 and 7 summarize the main
results, considering the objective value; robustness price, defined as the relative difference between the objective
value for γ = 0 (λ = 0) and the objective value for the robust (risk-averse) problems; amount of water transferred
V =

∑
j`tω π(ω)Vj`t(ω); amount of water stored I =

∑
jtω π(ω)Ijt(ω); total positive deviation ∆+ =

∑
ω π(ω)∆(ω)+;

total negative deviation ∆− =
∑

ω π(ω)∆(ω)−; total water surplus E+ =
∑

jωt π(ω)Ejt(ω)+; total water shortage
E− =

∑
jωt π(ω)Ejt(ω)−; and the correspondent relative reductions in violations (deviations) as γ (λ) increases.

The observations based on Table 6 and Figure 10 are summarized as follows. As expected, as γ increases
at intervals of 0.00375 in the range [0, 0.0750], the expected total cost increases, but the expected shortage/surplus
of water in the reservoirs decreases. For γ = 0, because of the minimization of the expected total cost, no water
collection is performed, and, consequently, the total shortage and surplus of water storage are maximized. Notice
that this solution is useless in practice. When γ increases from 0 to 0.00375, there is a drastic reduction in the
total violation, ≈ 98%, at the expense of a minor increase in the expected total cost of 2%. Subsequently, the price of
robustness increases substantially, reaching 20% for γ = 0.0675, although without leading to a significant improvement
in the surplus or shortage of water. As robustness is enforced, there is a clear increasing trend in both the level of
water in the reservoirs and the amount of water transferred in an attempt to reduce the number of violations. From
γ = 0.03375 on, the volume of water transferred increases by more than 27%, and the water storage level increases
almost 29% compared to the first useful solution for γ = 0.00375. From Table 7 and Figure 11, we note that there is a
clear, three-phase transition phenomenon as risk-aversion is enforced. In the first phase, from 0 to 0.0075, positive and
negative deviations are insensitive to λ, but the objective value increases accordingly. In the second phase, from 0.01
to 0.045, deviations are greatly reduced - approximately 81% at a negligible price of less than 0.5% in the objective
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value. In addition, water transfer activities increase by approximately 88%. Finally, in the third phase, deviations
decrease by nearly 100% without resulting in a significantly increased cost , but the amount of water transferred
continues to increase at a rate three times higher than in the second phase.

[Insert Tables 6 and 7 here.]

[Insert Figures 10 and 11 here.]

7 Expected Value of Perfect Information and Value of the Stochastic Solution

Although many real-world problems involve uncertain parameters, it is common to use strategies to eliminate them
to simplify the decision making process. For example, replacing random variables by their expected values is a
common strategy to approximate these uncertainties. Another strategy involves solving various deterministic problems
corresponding to possible realizations of the random variables and subsequently combininge these solutions using
heuristic rules. One question commonly arises: How good is the solution provided by such approximation schemese?
From a theoretical perspective, this issue can be addressed using the concepts of the expected value of perfect
information (EVPI) and the value of the stochastic solution (VSS). EVPI reflects the maximum value a decision maker
would be willing to pay for complete and accurate information about the future. This concept also expresses how
much can be saved by having perfect information. The EVPI can be determined as follows: (1) Solve the deterministic
problems (wait-and-see problems) associated with each scenario ω and define WS?(ω) to be the corresponding optimal
solution. Next, (2) determine the expected value of the wait-and-see solutions using WS =

∑
ω π(ω)WS?(ω). Finally

(3), the expected value of perfect information can be determined as the difference between the wait-and-see and the
here-and-now solutions, i.e., EVPI = RP−WS. The higher the EVPI value, the greater the impact of uncertainty in
the problem.

Because the WS strategy provides a set of solutions that correspond to the various scenarios, this strategy is
not implementable in practice. However, heuristic rules for combining WS solutions can be used as a strategy to obtain
a single feasible policy. A possible strategy involves considering the expected value of the random variable, or the
average scenario ξ̄ =

∑
ω π(ω)ξ(ω), and solving the corresponding deterministic problem. This problem is known in

the literature as the expected value (EV). Let x?(ξ̄), commonly known as the expected value solution, be the optimal
solution of this problem. A particularly interesting question arises from the possibility of using the solution x?(ξ̄) and
indicates whether a decision is acceptable when compared to the decision of the stochastic problem. To determine
this, one must define the expected result obtained by using the EV solution, or simply, the EEV. The EEV problem
is the stochastic problem RP itself, where the first-stage variables are fixed in advance based on the solution of the
EV problem x?(ξ̄). The resulting problem is only solved in the second-stage variables, and, for this reason, the EEV
problem is said to be decomposable in scenarios. The solution of the EEV problem expresses how the second-stage
decisions are optimally defined as a function of x?(ξ̄) and ξ. Finally, the value of the stochastic solution is defined as
VSS = EEV− RP, and this value shows the gain obtained by explicitly considering the uncertainties rather than by
using the approximate expected value strategy. In addition, the VSS also indicates the cost incurred from ignoring
the randomness. The EV problem can be defined using the average scenario, the most likely scenario, and/or the
worst-case scenario. In all the cases, however, the VSS calculation is performed in a similar manner.

To present the EVPI and the VSS values, 10 instances for each problem class under study were solved. Table 8
presents the average values of the RP solution, WS solution, absolute value of EVPI, relative value EVPI% =
(EVPI/RP)×100%, EV solution, EEV solution, and the VSS absolute value and relative VSS% = (VSS/RP)×100%
value for each class. The EVPI results indicate that it would be possible to save a considerable amount of money −
on average, 6, 631, or 33.33% − if perfect information about the stochastic parameters are known when the problem
is solved. Moreover, the results suggest that, as the number of periods and scenarios increases, randomness plays a
more important role in the ISPSP. The analysis of the wait-and-see problems indicates that, in general, the most
significant savings obtained by solving the problems with perfect information are given by the water collection costs
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(≈ 65%) of the total savings, followed by the fixed costs of activating the pumps (≈ 20%), and finally, by the cost
of transferring water between the reservoirs (≈ 5%). The remaining cost savings are a result of penalties related to
water shortage/surplus.

Although the solution of the first-stage problem of the EEV problem generates lower water collection and pump
activation costs compared to the RP problem, such a solution of the first-stage problem of the EEV problem can
not meet all the possible realizations of water demand. This results in the second-stage problem of the EEV problem
being highly infeasible and, hence, the cost penalty grows at an intractable rate (≈ 75%). The remainder (≈ 25%)
is the cost of water transfer between the reservoirs. Regarding the VSS, it is possible to have an indication of the
additional gain that would be obtained on average, 3, 195, or 14.13% - by solving the stochastic problem rather than
by adopting a strategy to approximate the uncertainties. In this case, it can be said that significant gains are achieved
because high values of the VSS and the VSS% were obtained. Therefore, it is more convenient to solve the problem
by considering its inherent uncertainties rather than by adopting the approximate solution of the EV problem.

[Insert Table 8 here.]

7.1 Performance of the Proposed Hybrid Heuristic

We use the performance profile technique proposed by Dolan and Moré (2002) to compare solutions provided by the
proposed Hybrid Heuristic (HH) to those obtained by the commercial solver CPLEX 12.3 (MIP). Roughly speaking, a
performance profile of a solver can be defined as the cumulative distribution function for a given performance metric.
The performance of the HH and MIP strategies were evaluated and compared based on the optimality gap metric.
The stopping criterion for both strategies was an execution time of 3,600 seconds. If neither strategy finds a solution
to a particular problem during this time, it is said that the strategy failed to solve this problem. Figure 12 shows the
performance profile of the two solution strategies in relation to the gap by considering 270 instances, i.e., 10 instances
of the problem for each of the 27 classes discriminated by |T |/|W |/θ.

[Insert Figure 12 here.]

The performance profile curve of the MIP strategy was superior in relation to the HH strategy for approximately
66% of the problems (τ = 0). However, this strategy failed to solve all the problems because its performance curve
did not reach the value of 1 for τ ∈ [0, rM ]. Notice that the MIP strategy solved only ≈ 82% of the problems, which
means that the probability that the MIP strategy will determine a solution is approximately 82%. The HH strategy,
in contrast, managed to solve all the problems because its performance profile curve achieved the value of 1, as
can be noticed for τ approximately equal to 0.15. Thus, it can be inferred that the HH strategy was able to solve
every problem within a factor of approximately 20.15 of the best performance of the MIP strategy. The cumulative
distribution function curve relating to the computation-time metric could not be drawn because the MIP strategy
required a much greater computation time than the HH strategy to find a feasible solution, and the differences between
both were very high. Table 9 presents, for each of the classes considered in this paper, the average computation time
required to find a feasible solution using the MIP and the HH strategies. The symbol “−” in the tables indicates
that no solution was found after 3,600 seconds of computation time. When the MIP strategy managed to find a
feasible solution, the corresponding computation time was excessively high in relation to the HH strategy, which
took, on average, 15 seconds. Notice that not only does increasing the number of periods and scenarios degrade the
performance of both strategies (as expected), but the level of water leakage of the network does as well. However,
the increase in the computation times caused by leakage decreases as the number of periods and scenarios increases.
Taken altogether, the proposed HH strategy was proven to be efficient in solving practical instances.

[Insert Table 9 here]
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8 Summary and Concluding Remarks

Water supply pumping systems in urban networks involve numerous decisions related to when the hydraulic pumps
must be activated and deactivated, how long the pumps should operate, the level of water stored in the reservoirs
and the transferring policies between reservoirs. These activities are even more complex because water demands are
inherently dynamic and involve uncertain values. In this paper, we proposed an improved stochastic programming
model for the pump scheduling problem in urban network supply systems, considering the fixed cost of turning the
pumps on and off and modeling the water demand as a random variable. We also added to the initial formulation a
complete recourse to ensure that no outcome can result in an infeasible solution. Moreover, a risk-averse variability
measure was adopted in an attempt to explicitly incorporate preferences of the decision maker into the problem.
Because of the combinatorial nature of our stochastic 0 − 1 model, we proposed a hybrid heuristic algorithm to
determine acceptable solutions using reasonable computation times. The solution method determines the first-stage
decision variables by using a constructive heuristic and subsequently fixes the first-stage variables in the mathematical
formulation of the ISPSP. To solve the second-stage problem, we used the barrier method without crossover in the
commercial solver CPLEX 11.2. The overall results showed that the hybrid heuristic was able to solve all the instances
in 15 seconds, on average, whereas the MIP strategy of the CPLEX solver solved only 82% of the instances with a
much higher computation time. In addition, the analysis of the decision variables suggested that, in general, water
collection is avoided during critical periods, which reduces the pump activation frequency and the overall electricity
costs. In contrast, the water leakage level causes extra pumps activations, which may substantially increase electricity
consumption costs. For this reason, from a practical viewpoint, it is very important to investigate methods of reducing
water leakage in urban networks. The solutions presented in this paper can also reflect different robustness and risk-
aversion preferences. Based on the data set analyzed in this application, even the most conservative choices for γ and
λ do not lead to unsatisfactory solutions in the sense that both violations and deviations can be substantially reduced
at a fair price in the objective value. The high values of EVPI and VSS indicate that the problem of pump scheduling
with stochastic water demands is heavily influenced by uncertainties.

For future research, we plan to extend the proposed methodology to consider a multi-stage stochastic version
of the proposed model. This would likely require significantly more computational effort; however, more efficient
solution methods may be developed. Another promising line of research involves developing alternative interval-based
robust optimization models for the pump scheduling problem studied here. Robust optimization includes several
appealing features. It is capable of addressing several uncertain parameters while remaining computationally tractable,
and it does not require scenario discretization, which can avoid the dimensionality curse, especially in large-scale
problems. Although the comparison between robust stochastic and robust optimization models is not trivial, it would
be interesting to provide some guidance for their use in the context of water planning and management.
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Table 2: Model dimensions with respect to the number of constraints (m), number of continuous variables (nc),
number of 0−1 variables (n01), number of non-zero elements in the constraint matrix (nnz) and matrix density (Den
in %).

Horizon Scenarios m nc n01 nnz Den(%)
27 4,204 17,689 288 184,123 0.248

2 64 9,569 41,332 288 889,713 0.225
125 18,414 80,311 288 3,200,759 0.216
27 14,644 60,889 1,008 643,483 0.072

7 64 33,329 14,252 1,008 3,111,753 0.067
125 64,134 276,391 1,008 11,198,279 0.063
27 62,668 259,609 4,320 2,756,539 0.019

30 64 142,625 606,484 4,320 13,333,140 0.015
125 274,446 1,178,359 4,320 47,986,870 0.014

Table 3: Minimum and maximum water demands (in m3) in each reservoir.

Hour 0− 6 6− 7 7− 8 8− 9 9− 10 10− 11 11− 12 12− 13 13− 14
Min 10 90 105 121 190 152 167 183 198
Max 30 110 125 141 210 172 187 203 218
Hour 14− 15 15− 16 16− 17 17− 19 19− 20 20− 21 21− 22 22− 23 23− 24
Min 214 229 245 260 198 135 73 10 5
Max 234 249 265 270 218 155 93 30 20

Table 4: Average ANOVA results over 10 instances of the class 2/27/0%. .

Objective Value Xjt Yjt Zjt Ijt(ω) Vj`t(ω) E+
jt(ω) E−

jt(ω)
p−value 0.00021 0.1683 0.2919 0.2919 0.00055 0.00360 0.00010 0.00015

Table 5: Amount of transferred water (in m3) between the reservoir in the critical periods for one instance of each
class 2/27/0%, 2/27/10% and 2/27/20%.

2/27/0% 2/27/10% 2/27/20%
Res. 1 Res. 2 Res. 3 Res. 1 Res. 2 Res. 3 Res. 1 Res. 2 Res. 3

Res. 1 0.0 108 0.0 0.0 72 0.0 0.0 48 0.0
Res. 2 0.0 0.0 54 0.0 0.0 42 0.0 0.0 30
Res. 3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
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Table 6: Results of an instance of the class 7/64/10% for γ varying in the range of [0, 0.075] and for a fixed value of
λ equals to 0.05.

γ Obj. value Price (%) V I ∆+ ∆− E+ E+ Red. (%) E− E− Red. (%)

0.00000 9,489 − 0.00 141,270 0.0000 0.0000 5,796 − 21,630 −
0.00375 9,645 1.644 16.35 182,191 0.0000 0.0000 150.2 97.41 422.1 98.05
0.00750 9,751 2.761 17.10 182,103 0.0000 0.0000 147.9 97.45 415.2 98.08
0.01125 9,857 3.878 17.31 182,091 0.0000 0.0000 147.6 97.45 414.3 98.08
0.01500 9,962 4.985 17.75 182,071 0.0000 0.0000 145.5 97.49 414.2 98.09
0.01875 10,067 6.091 17.86 182,067 0.0000 0.0000 145.2 97.49 414.1 98.09
0.02250 10,172 7.198 17.99 182,064 0.0000 0.0000 145.0 97.50 414.0 98.09
0.02625 10,276 8.294 18.26 182,057 0.0000 0.0000 144.5 97.51 413.8 98.09
0.03000 10,381 9.400 18.62 182,050 0.0000 0.0000 144.3 97.51 413.3 98.09
0.03375 10,484 10.49 27.46 181,890 0.0000 0.0000 144.3 97.51 396.6 98.17
0.03750 10,585 11.55 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.04125 10,686 12.61 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.04500 10,788 13.69 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.04875 10,889 14.75 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.05250 10,990 15.82 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.05625 11,091 16.88 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.06000 11,192 17.95 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.06375 11,293 19.01 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.06750 11,395 20.09 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.07125 11,496 21.15 27.46 181,878 0.1800 0.0800 144.2 97.51 395.4 98.17
0.07500 11,597 22.22 27.46 181,877 0.1800 0.0800 144.2 97.51 395.4 98.17

Table 7: Results of an instance of the class 7/64/10% for λ varying in the range of [0, 0.05] and for a fixed value of γ
equals to 0.075.

λ Obj. value Price (%) V I ∆+ ∆+ Red. (%) ∆− ∆− Red. (%) E+ E−

0.0000 11,541 − 9.640 181,877 15.26 − 5.380 − 144.1 395.5
0.0025 11,550 0.0780 9.640 181,877 15.26 0.000 5.380 0.000 144.1 395.5
0.0050 11,559 0.1560 9.640 181,877 15.26 0.000 5.380 0.000 144.1 395.5
0.0075 11,567 0.2253 9.640 181,877 15.26 0.000 5.380 0.000 144.1 395.5
0.0100 11,572 0.2686 16.90 181,877 3.850 74.77 1.450 73.05 144.1 395.5
0.0125 11,574 0.2859 17.10 181,877 3.600 76.41 1.360 74.72 144.1 395.5
0.0150 11,576 0.3033 17.31 181,877 3.410 77.65 1.290 76.02 144.1 395.5
0.0175 11,578 0.3206 17.75 181,877 3.100 79.69 1.150 78.62 144.1 395.5
0.0200 11,580 0.3379 17.86 181,877 3.020 80.21 1.120 79.18 144.1 395.5
0.0225 11,582 0.3553 18.24 181,878 2.700 82.31 1.070 80.11 144.1 395.5
0.0250 11,583 0.3639 18.24 181,878 2.700 82.31 1.070 80.11 144.2 395.5
0.0275 11,585 0.3812 18.26 181,878 2.700 82.31 1.060 80.30 144.2 395.5
0.0300 11,586 0.3899 18.31 181,878 2.680 82.44 1.040 80.67 144.2 395.5
0.0325 11,588 0.4072 18.34 181,878 2.670 82.50 1.030 80.86 144.2 395.5
0.0350 11,590 0.4246 18.34 181,878 2.670 82.50 1.030 80.86 144.2 395.5
0.0375 11,591 0.4332 18.53 181,878 2.650 82.63 0.960 82.16 144.2 395.5
0.0400 11,593 0.4506 18.62 181,878 2.630 82.77 0.950 82.34 144.2 395.5
0.0425 11,594 0.4592 19.11 181,877 2.500 83.62 0.890 83.46 144.2 395.4
0.0450 11,596 0.4766 19.11 181,877 2.500 83.62 0.890 83.46 144.2 395.4
0.0475 11,597 0.4852 27.46 181,877 0.180 98.82 0.080 98.51 144.2 395.4
0.0500 11,597 0.4852 27.46 181,877 0.180 98.82 0.080 98.51 144.2 395.4
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Table 8: Average values of EVPI and VSS.

Class |T |/|W |/θ RP WS EVPI EVPI% EV EEV VSS VSS%
1 2/27/0 1,918 1,392 526.5 27.45 1,250 2,262 343.8 15.20
2 2/27/10 2,756 1,824 932.2 33.82 1,530 3,289 532.1 16.18
3 2/27/20 2,767 1,825 942.1 34.05 1,856 3,320 553.1 16.66
4 2/64/0 2,658 2,171 486.9 18.32 1,256 3,170 511.9 16.15
5 2/64/10 2,776 1,826 949.2 34.20 1,540 3,311 535.4 16.17
6 2/64/20 3,310 2,053 1,257 37.97 1,861 3,748 438.1 11.69
7 2/125/0 3,325 2,244 1,081 32.50 1,259 3,919 594.1 15.16
8 2/125/10 3,336 2,052 1,284 38.48 1,545 3,788 451.5 11.92
9 2/125/20 3,341 2,052 1,289 38.57 1,858 3,788 447.0 11.80
10 7/27/0 9,845 7,138 2,707 27.50 5,560 11,205 1,360 12.14
11 7/27/10 9,909 6,696 3,214 32.43 5,568 11,901 1,992 16.74
12 7/27/20 9,942 6,696 3,246 32.65 5,570 11,926 1,984 16.64
13 7/64/0 9,752 6,290 3,462 35.50 5,562 11,294 1,542 13.65
14 7/64/10 9,868 6,696 3,172 32.14 5,569 11,856 1,988 16.77
15 7/64/20 11,800 7,418 4,383 37.14 5,572 13,477 1,677 12.44
16 7/125/0 10,568 7,863 2,705 25.60 5,558 11,801 1,233 10.45
17 7/125/10 11,844 7,415 4,428 37.39 5,564 13,534 1,690 12.49
18 7/125/20 11,897 7,421 4,476 37.62 5,571 13,525 1,628 12.04
19 30/27/0 36,890 24,274 12,616 34.20 20,550 41,712 4,822 11.56
20 30/27/10 42,580 29,099 13,481 31.66 20,567 51,080 8,500 16.64
21 30/27/20 42,785 29,102 13,683 31.98 20,630 51,560 8,776 17.02
22 30/64/0 38,980 26,000 12,980 33.30 20,558 44,472 5,492 12.35
23 30/64/10 42,905 29,102 13,803 32.17 20,570 51,537 8,633 16.75
24 30/64/20 50,764 32,098 18,666 36.77 20,680 58,082 7,318 12.60
25 30/125/0 47,515 32,263 15,252 32.10 20,561 56,337 8,822 15.66
26 30/125/10 51,025 32,100 18,925 37.09 20,572 58,300 7,276 12.48
27 30/125/20 51,191 32,107 19,084 37.28 20,578 58,324 7,133 12.23
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Table 9: Average computation time (in seconds) of the MIP and HH strategies to find a feasible solution for the
ISPSP instances.

Class |T |/|W |/θ MIP HH
1 2/27/0% 7.550 0.100
2 2/27/10% 13.03 0.220
3 2/27/20% 100.8 0.270
4 2/64/0% 120.7 0.650
5 2/64/10% 252.7 0.700
6 2/64/20% 458.9 0.780
7 2/125/0% 1,817 1.170
8 2/125/10% 2,017 1.330
9 2/125/20% 2,396 1.560
10 7/27/0% 2,634 1.890
11 7/27/10% 2,849 2.480
12 7/27/20% 3,048 2.750
13 7/64/0% 3,234 2.800
14 7/64/10% 3,568 3.000
15 7/64/20% − 3.330
16 7/125/0% − 3.370
17 7/125/10% − 4.000
18 7/125/20% − 4.250
19 30/27/0% − 5.220
20 30/27/10% − 5.760
21 30/27/20% − 6.980
22 30/64/0% − 7.250
23 30/64/10% − 10.15
24 30/64/20% − 15.32
25 30/125/0% − 74.56
26 30/125/10% − 77.84
27 30/125/20% − 86.02
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Fig. 1: An example of a water supply system topology. Adapted from SABESP (2004).
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Well 1 Well 2 Well 3

Reservoir 1 Reservoir 2 Reservoir 3

Consumption Center 1 Consumption Center 2 Consumption Center  3

Fig. 2: Example of a Network of Urban Water Supply. Adapted from Toledo et al (2008).
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Fig. 4: Scenario trees composed by 27, 64 and 125 scenarios.
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Fig. 5: Boxplot graphs to show the variation of the objective value for each probability distribution and each scenario
tree size.
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Fig. 6: Boxplot graph to evaluate the in-sample stability (chart above), and out-of-sample stability (chart below) of
the proposed scenario generation method.
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Fig. 7: Gantt Charts associated to the pump activation policies for illustrative instances of classes 2/27/0%, 2/27/10%
and 2/27/20%.
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Fig. 8: Gantt diagrams to illustrate the pump activation policies for days 1, 2, 15, 16, 29 and 30 of the corresponding
class 30/27/20% .
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Fig. 9: Volume of water storage in the reservoirs during the scheduling period for one instance of each classe 2/27/0%,
2/27/10% and 2/27/20%.
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Fig. 10: Tradeoff between the total expected cost and the surplus/shortage of water as robustness is enforced for a
fixed λ = 0.05.
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Fig. 11: Tradeoff between the total expected cost and the total positive/negative deviations as risk-aversion is enforced
for a fixed γ = 0.075.
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Fig. 12: Performance profile over 270 instances of the two solution strategies in relation to the optimality gap.


