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Abstract. When the alternating direction method of multipliers (ADMM) is extended directly to a
multi-block separable convex minimization model whose objective function is in form of more than
two functions without coupled variables, it was recently shown that the convergence is not guaranteed.
This fact urges to develop efficient algorithms that can preserve completely the numerical advantages
of the direct extension of ADMM but with guaranteed convergence. One way to do so is to correct
the output of the direct extension of ADMM slightly via a simple correction step (in the sense that
it is completely free from step-size computing and its step size is bounded away from zero). In this
paper, we propose a prototype algorithm in this framework. This prototype algorithm includes the
augmented Lagrangian method (ALM), the original ADMM and the direct extension of ADMM as
special cases. A unified and easily checkable condition to ensure the convergence of this prototype
algorithm is given. The convergence failure of the direct extension of ADMM can be simply illustrated
as that it does not satisfy this condition, while as a comparison, both ALM and ADMM do. The
analysis is conducted in the variational inequality context. Based on this prototype algorithm, we
propose a class of specific ADMM-based algorithms which are easy to implement. Theoretically, we
show the contraction property, prove the global convergence and establish the worst-case convergence
rate measured by the iteration complexity for the prototype algorithm. Numerically, we show by an
image decomposition problem the efficiency of this class of algorithms. In particular, an important
feature of this new class of algorithms is that they could easily outperform the direct extension of
ADMM for the cases where the latter is indeed convergent, which is rare among existing methods of
the same kind.

Keywords. Convex optimization, Alternating direction method of multipliers, Variational inequal-
ities, Splitting methods, Contraction, Convergence rate.

1 Introduction
Let us start with the convex minimization model with linear constraints:
min{f(x) | Az =b, z € X}, (1.1)

where A € R™ ™, b € R™, X € R™ a closed convex set, 6 : R — RN a convex but not necessarily
smooth function. The solution set of (1.1) is denoted by X* and it is assumed to be nonempty.
Moreover, the set X is usually assumed to be simple.
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The augmented Lagrangian method (ALM) in [18, 29] is a benchmark for solving (1.1). Its
iterative scheme for (1.1) is

{ " = argmin{f(z) — (A\*)T(Az — b) + gHAa: —b|* |2 € X} (1.2)

Aetl — kL 5(Axk+1 _ b),

where A € R™ is the Lagrange multiplier and § > 0 is a penalty parameter. As analyzed in [31], the
scheme (1.2) can be regarded as a dual ascent method over the dual variable A\, where the gradient
of the objective function in the dual of (1.1) (i.e., —(Az**1 — b)) is updated recursively by solving a
r-minimization problem over the primal variable x.

For many applications, the model (1.1) can be specified as a separable form

min{@l(xl) + 92(172) ‘ Ajx1 + Ay = b, r] € X1, 20 € XQ}, (1.3)

where A € R™*™M | Ag € RM™*"2 b e R, X, C R™ (1 =1,2) and 6; : R" — R (i = 1,2). The model
(1.3) corresponds to (1.1) with §(z) = 01(z1) + 02(22), © = (z1,22), A = (41, A2), X = X1 X X and
n = ny + ne. The matrix As is usually assumed to be full column rank. A typical application of
(1.3) is the widely-used l2-l; model

1
min{ | Kz — blI* + pillz[l1 },

where the least-square term %HK x — b||? represents a data-fidelity term, the l1-norm term ||z, is
a regularization term for inducing sparse solutions, and g > 0 is a trade-off parameter. Using an
auxiliary variable y, this model can be reformulated as

1
min{[|Kz = b]* + pllyll | = -y = 0},

which is a special case of (1.3). For solving (1.3), the iterative scheme of ALM (1.2) is specified as

(T, 25™) = argmin O1(21) + ba2(x2) — (AF)T(Arz1 + Apwa — b) |21 € Ay
Lo +8|| A1y + Asas — b2 T € Xy | (1.4)
)\k—i—l _ )\k o 5(A137k+1 + A2x12€+1 . b).

Although the (z1, z2)-subproblem in (1.4) provides an ideal input for updating the dual variable
A, its solvability critically depends on the properties of #; and f3. In many cases such as some sparse
and low-rank optimization models, we often encounter such a scenario where both 6; and 6 are
simply, e.g., in the sense that the resolvent of 96; defined as

1 -1/,.0 : g 02
(I+ B@Hi) (7) := argmin {6;(z;) + §H:L‘z - z7|1*}

has a closed-form expression for 8 > 0, while the resolvent of 061 + 06y does not. The mentioned
l2-11 model is such a case. Then, it is desired to decompose the (x1, x2)-subproblem in (1.4) to make
use of the functions’ properties more effectively. The well-known alternating direction method of
multiplier (ADMM) proposed in [11] (see also [4, 9]) is such a method. More specifically, ignoring
some constant terms in the sub-minimization problems, the iterative scheme of ADMM for (1.3)

reads as
xlf“‘l = arg min{Hl(acl) — ()\k)T(Alxl) + gHAlxl + Agxlg — bH2 |z € 2('1}, (1.5a)
xé“‘l = argmin{ﬁg(xg) — ()\k)T(AQxQ) + gHAla:'fH + Asxo — bH2 | zg € Xg}, (1.5b)
AL = 2P B(A AT 4 Agah Tt —b). (1.5¢)



Note that the scheme (1.5) represents an inexact version of the ALM scheme (1.4) because the
(x1, x2)-subproblem in (1.4) is decomposed into two smaller ones, resulting in some losses in accuracy.
Meanwhile, because of the significant advantage in exploiting the properties of 61 and 02 individually,
the decomposed subproblems in (1.5) are potentially much easier than the aggregated subproblem in
(1.4), meaning some gains in solvability. In fact, the literature has demonstrated well that the gains
in solvability outstrip the losses in accuracy, and it has inspired a recent “renaissance” of ADMM
in many application domains such as image processing, statistical learning, computer vision, and so
on. We refer to [3, 7, 10] for some review papers on ADMM.

Also inspired by numerous applications such as the robust principal component analysis model
with noisy and incomplete data in [35], the latent variable Gaussian graphical model selection in [5]
and the quadratic discriminant analysis model in [21], we are interested in considering a concrete
case of (1.1) with a higher degree of separability:

min{@l(xl) + 92(%2) + 93(1‘3) ‘ Aix1 + Asxo + Asxg =b, 21 € X1, 29 € Xy, 23 € Xg}, (1.6)

where A; € R™*™ X, € R®™, 0, : R — R for i = 1,2,3; and b € R™. This model corresponds to
(1.1) with 6(58) = (91(581) +02($2) + 93(])3), Tr = (wl,xg,xg), A= (Al, Ao, Ag), X = X x Xy x X3 and
n = nj +ns +ng. Throughout our discussion, the matrices Ay and Ag are assumed to be full column
rank3.

For the same reason as (1.5), in order to solve (1.6) efficiently, we prefer the following decomposed
version of the ALM (1.2) instead of using it directly:

)
it = argmin{0; (x1) — (\*)T (A121) + §}|A1x1 + Agah + Asa — 0| |z € 2}, (1.7a)
x§+1 = argmin{ﬁg(xg) — ()\k)T (AQ.’L'Q) + g“fhx’f—’—l + Asxo + A3$§ — bH2 |$2 S XQ}, (17b)

.TU§+1 = argmin{93(x3) — ()\k)T (A31'3) + g“Al.TUIf—H + AQI‘IQH_I + A3x3 — bH2 |J:‘3 S Xg},(ljc)

LR = AP B AT 4 Agab ™ 4 Agah ™ — ). (1.7d)

where A € R™ and 8 > 0. The scheme (1.7) is a natural extension of the ADMM scheme (1.5) to the
model (1.6), preserving completely the ability of exploiting the functions’ properties individually and
alleviating the ALM subproblems significantly. In fact, the efficiency of (1.7) has been demonstrated
empirically in the literature, see e.g. [28, 35]. The convergence of the direct extension of ADMM
(1.7), however, had been ambiguous for long until recently a counter example was given in [6] to

show its failure*

. The difficulty of proving the convergence of (1.7) had inspired some algorithms
in [15, 16] whose common feature is to generate a new iterate via correcting the output of (1.7) by
some correction steps. Numerically, these algorithms perform slightly slower than (but competitively
with) the scheme (1.7), see e.g. [15, 26]; but their convergence can be proved rigorously. In this
sense, the scheme (1.7) is substitutable by the methods in [15, 16].

Our motivation of this paper is the following. First, the scheme (1.7) is the most straightforward
extension of the ALM (1.2) and ADMM (1.5) which are both convergent; while it is not necessarily

convergent as demonstrated in [6]. Can we explain their difference of convergence proof in a unified,

3This assumption holds for most of the applications of (1.6) found in the literature, such as those in [5, 21, 35
whose coefficient matrices are actually all identity matrices. Even without this assumption, the convergence analysis
to be presented can be modified slightly and be representable in terms of the sequence {Azmg, Asak, )\k} instead of
{5, 25, \"}.

“We refer to [12, 16, 19] for the convergence of (1.7) under some additional assumptions.



comparable and clear way? Our first purpose is to give such an explanation. Second, is it possible
to design an algorithm which can preserve the advantage of (1.7) and be even numerically faster
than (1.7) while its convergence can be proved rigorously? This is a feature absent in current
literature of existing methods of the same kind. Our second purpose is to propose such a class of
algorithms. The framework of this class of algorithms is still constituted of the prediction step (1.7)
and a correction step at each iteration. In order to outperform the direct extension of ADMM (1.7)
numerically for the cases where (1.7) is indeed convergent, a basic requirement is that the correction
step must be easy to implement with cheap computation (e.g., free of computing step-size). With
the possibility of numerical acceleration, the provable global convergence and the estimate of the
worst-case convergence rate measured by the iteration complexity, we regard these algorithms to be
proposed as some theoretical and numerical improvement over (1.7) and also those in [15, 16].

Our analysis will be conducted in the context of variational inequality. This is a convenient
theoretical tool making us carry out the analysis based on the optimality conditions of the models
and enabling us to take advantage of some existing results in the literature. But we would emphasize
that the analysis from variational inequality perspective is only for analysis purpose, and we do not
require to solve any variational inequality to implement the algorithms to be proposed.

The rest of this paper is organized as follows. In Section 2, we propose a prototype algorithm
for solving a variational inequality which serves as the unified model to capture the models (1.1),
(1.3) and (1.6); and then a sufficient condition is given to ensure the convergence of this prototype
algorithm. We then show that the ALM (1.2) and ADMM (1.5) both satisfy this condition, while
the direct extension of ADMM (1.7) does not. In Sections 3 and 4, we prove the convergence of
this prototype algorithm and establish its worst-case convergence rate, respectively. We specify the
prototype algorithm as a class of algorithms for the model (1.6) in Section 5; and show their efficiency
in solving some image processing applications in Section 6. Finally, some conclusions are made and
some possible future works are discussed in Section 7.

2 A Prototype Algorithm

In this section, we propose a prototype algorithm for solving a variational inequality which can
capture the models (1.1), (1.3) and (1.6) as special cases. The ALM (1.2), ADMM (1.5), direct
extension of ADMM (1.7) are all special cases of this prototype algorithm. We thus can study
them by a unified framework in the variational inequality context; and find out their difference in
convergence proof. More specifically, we will give a unified and easily checkable condition to ensure
the convergence of this prototype algorithm; and show that the direct extension of ADMM (1.7) does
not satisfy this condition but both ALM and ADMM do.
We consider the following variational inequality in generic setting: Find w* € W such that

VIW, F,0):  0(u) —0(u*) + (w—w*) T F(w*) >0, YweW. (2.1)

where W is a closed convex subset in ®!; F : ® — R! is a monotone mapping; R (Il < 1) is a
subspace of R; u € R is the sub-vector of w in R for any w € W; and 6 : Rlo — R is a closed
convex but not necessarily smooth function. This is called a mixed variational inequality in some
literatures, e.g. [13, 30]. Our following analysis is valid for (2.1) in generic setting. But in this paper
we are only interested in its special cases (1.1), (1.3) and (1.6). First of all, let us elaborate on how
these models can be reformulated as special cases of (2.1).

e The model (1.1). The optimality condition of (1.1) can be written as finding (z*, \*) € & x R™



such that

T
r —a* —AT)\*
0(z) 9(95)4‘()\_)\*) (Aa;*—b)o’ V(z,\) e X xR

This corresponds to (2.1) with I = m +n, ly = n,
AT
u=u, w:<f\>, F(w):<A;4_);)> and W =X x R™. (2.2)

e The model (1.3). Similarly, by its optimality condition, we can see that solving (1.3) is a special
case of (2.1) where [ = m + ny + na, lo = n1 + na,

T
u= ( o > o ow= | a |, 0w =01(z1) + Oa(z2), (2.32)
A

AT
F(w) = —AT) and W= X x Xy x K™ (2.3b)
Ajx1 + Asxo — b

e The model (1.6). With similar reasoning, we know that solving (1.6) is equivalent to (2.1) with
l=m+mny+ns+ns, lop=n1+n9+ ng and

1
z1
U = xro s w = ij’ R 6(u) =0 (1'1) + 92(.%'2) + 93(333), (2.4&)
I3 A
—ATA
_AT
F(w) = _2& and W= X x Ay x X3 x R™. (2.4D)

Az + Aoz + Azxz — b

Obviously, the mapping F'(w) defined respectively in (2.2), (2.3b) and (2.4b) is affine with a
skew-symmetric matrix; it is thus monotone. We denote by W* the solution set of VI(W, F, #), and
it is nonempty when the models (1.1), (1.3) and (1.6) are considered as we have assumed that the
solution set of (1.1) is nonempty.

For the convenience of analysis, we make the following definition.

Definition 2.1. For an iterative algorithm solving VI(W, F,0), if some coordinates of w are not
involved in the beginning of each iteration, then these coordinates are called intermediate variables
and those required by the iteration are called essential variables (denoted by v).

For the ALM (1.2), we see that only the sequence {\*} is required to execute the scheme and
{2*} is not. We thus call the variable z an intermediate variable, meaning it being not involved in the
iteration. Similarly, for the ADMM (1.5), z; is an intermediate variable and v = (x2, \) are essential
variables; for the direct extension of ADMM (1.7), x; is an intermediate variable and v = (22, 3, \)



are essential variables. Accordingly, the intention of the notations v*, o*, v*, ¥ and V* should be
clear from the context. When the ALM (1.2) is considered, we have

v=X V=R" oF =X P =X VEeN; vt =2, V=] (@, \) e WrL

When the ADMM (1.5) is considered, we have
v=(22,)), V=2 x R", oF = (a5, \), 0" = (&5, \F), Vk e N;
v = (A, V= (N | (a1, 25 X) € W,

When the direct extension of ADMM (1.7) is considered, we have

v = (29,23, ), V=2>xXxR", oF=(ah ok ), %= (@5 5N\, vkeN;

vt = (23,23, A7), V"= {23, 23, A7) | (27, 23, 23, A7) € W}

2.1 A Prototype Algorithm for (2.1)

Now, we propose a prototype algorithm for VI(W, F, ) and give a condition ensuring its conver-

gence. Recall we denote by v the essential variables of an algorithm; meaning its iteration essentially

k+1

generating v with the given v*. Then, a prototype algorithm for solving (2.1) can be summarized

as follows.

A Prototype Algorithm for (2.1)
[Step 1.] With given v*, find a vector w* € W and a matrix Q satisfying

w* e Q, Ou) — 0@ + (w— T F@@*) > (v —5)TQMWF — %), Ywew, (2.5a)

where the matrix @ has the property: Q7 + Q is positive definite.

[Step 2.] Determine a nonsingular matrix M and a positive scalar «; and generate the new iterate
k+1
v by

P = ok —aM(WF — ). (2.5b)

Then, the convergence of the prototype algorithm (2.5) can be guaranteed if the following con-
dition is fulfilled.

Convergence Condition

For the matrices @ and M, and the step size o determined in (2.5), we define two matrices H and

G respectively as
H=QM* (2.6a)

and
G=Q"+Q—-aMTHM. (2.6b)

Then, the prototype algorithm (2.5) is convergent if “H is symmetric and positive definite” and
“G is positive semi-definite”.




Remark 2.2. If v¥ = &% then @ is a solution point of (2.1) because of (2.5a) and the definition of
VI(W, F,6). We thus can use ||v¥ —7¥| < € as a stopping criterion to implement a specific algorithm
of the prototype (2.5), where € is a given tolerance. For example, this explains the primal-dual
stopping criterion used in [3] for the ADMM scheme (1.5), which will be shown as a special case of
(2.5) in Section 2.3. On the other hand, if v* # ©*, then setting w = w* in (2.5a) and using

0(i") — O(u*) + (0* — w) T F(a*) = 0(a*) — 0(u*) + (@* — w*) T F(w*) >0,

we get
(0" —v)TQMF — %) >0, Wo* € V*.

By using Q = HM and the above inequality, we obtain

QT+ Q

(vk: _ v*)THM(Uk _ @k) > (vk _ ﬁk)T[ 5

}(vk — %), Vore V. (2.7)
In some sense, the inequality (2.7) implies that the direction —M (v*—@*) is beneficial for reducing the
proximity to the solution set V* in H-norm. Hence, the correction step (2.5b) can also be explained
as a contraction step which moves along the direction —M (v* — @) starting from v* towards V*.

The convergence of the prototype algorithm (2.5) under the Convergence Condition will be proved
rigorously in Section 3. Now, in order to know whether a specific algorithm arising from the prototype
(2.5) is convergent or not, one way is to just check if the matrix H defined in (2.6a) is symmetric
and positive definite, and if the matrix G defined in (2.6b) is positive semi-definite. Below we start
to show that the ALM (1.2), ADMM (1.5) and the direct extension of ADMM (1.7) are all special
cases of the prototype algorithm (2.5). But the convergence condition is satisfied by both (1.2) and
(1.5), while not by (1.7). The convergence failure of the direct extension of ADMM (1.7) is thus
illustrated.

2.2 ALM Satisfies the Convergence Condition

In this subsection, we show that the ALM scheme (1.2) is a special case of the prototype algorithm
(2.5) and the Convergence Condition is satisfied. Recall the model (1.1) can be explained as the VI
(2.1) with the specification given in (2.2).
In order to cast the ALM scheme (1.2) into a special case of (2.5), let us first define the vector
Wb = (%, \F) by
ik = gt and A = \F — g(AzFL —p),

for given A\* and the 2**! generated by (1.2). Obviously, by the optimality condition, the iterate
generated by (1.2) satisfies the following VI:

x — ik ’ —AT)F 0
s ({5 o o

which is a special case of (2.5a) with Q = %Ime. Recall the essential variable is A for ALM.
Moreover, we have
)\k+1 — Xk _ )\k o ()\k _ Xk)

which corresponds to (2.5b) with

M = I,,xm and a=1.



Now, we show that the Convergence Condition is satisfied by the ALM scheme (1.2). For the
matrices () = %Ime and M = I,,xm, and a = 1 specified above, we have

_ 1
H = QM ' = Elmxma

and
1
G=Q"+Q-aM"HM =Q" +Q - MTQ = B[mxm'
So, H and G are both symmetric and positive definite; and the Convergence Condition is satisfied.
The convergence of ALM (1.2) is thus guaranteed.

2.3 ADMM Satisfies the Convergence Condition

This subsection shows that the ADMM scheme (1.5) is also a special case of the prototype algorithm
(2.5) and the Convergence Condition is satisfied. Recall the model (1.3) can be explained as the VI
(2.1) with the specification given in (2.8).

In order to cast the ADMM scheme (1.5) into a special case of (2.5), let us first define the vector
Wk = (7%, 75 \F) by

Fh=alt Fh=abt and N =P B(AafT 4 Agad —b), (2.8)

for the given (25, \¥) and (281, 251) generated by the ADMM (1.5). Then, the iterate generated
by the scheme (1.5) satisfies the following VT:

£\ T T3k
T1 — T —A7 A 0
O(u)—0(i")+ | x5 — ik — ATk + BAT Ay (& — of) >0, Vw € W.
A — Ak Aif + Apih — b —Ay(T5 — af) + (A — AF)

which is a special case of (2.5a) with
PO e (2.9)
- . 2.9
Ay gl
For the matrix () defined in (2.9), we have
26AT Ay —AT
QM +Q= ) :
—As 51
which is positive definite under the assumption that A, be full column rank.

Recall the essential variable of the ADMM scheme (1.5) is (x2, ). Moreover, using the definition
of w*, the A*+1 updated by (1.5c) can be represented as
Mt — R B(A 3R + Ayl —b)
= M — [(\F = W) — BAy(af — 75)].

Therefore, the ADMM scheme (1.5) can be written as

:ESH _ mlg B 1 0 xlg — ié’
ARFL LA —BAy I AR — Xk



which corresponds to the step (2.5b) with
1 0
M = and a=1. (2.10)
—BAs I

Now we check that the Convergence Condition is satisfied by the ADMM scheme (1.5). Indeed,
for the matrix M in (2.10), we have
M= o :
BAy T

Thus, by using (2.9) and (2.10), we obtain

—A, %I LAy T 0 %I ’

and consequently

G = Q"+Q—-aM"™HM = QT+Q-Q"™M
28AY Ay — AT BAT Ay —AT I 0
- —Ay 21 0 51 —BAy 1

= 1 .
0 31

Therefore, H is symmetric and positive definite under the assumption that As be full column rank;
and G is positive semi-definite. The Convergence Condition is satisfied; and thus the convergence of
the ADMM scheme (1.5) is guaranteed.

2.4 The Direct Extension of ADMM (1.7) Does Not Satisfy the Convergence
Condition

Now we show that the direct extension of ADMM (1.7) is also a special case of the prototype algorithm
(2.5) but the Convergence Condition is not satisfied. Thus an explanation of the convergence failure
is provided for (1.7). Recall the model (1.6) can be explained as the VI (2.1) with the specification
given in (2.4).

First, the optimality condition of the iteration (1.7) can be summarized as the following VIs:

(2T exy, Oi(wn) — () + (o — 2T (2.11a)
{=ATV = B(A12™ + Asa§ + Asa§ —b)]} 20, Var € Xy, '

:1615'H € Xy, Oy(x2) — 92@5“) + (w2 — $§+1)T (2.11b)
{— ATV — BArai ™! + Agab ! + Ak — b)]} 20, Vag € Xy, .

eyt € Xa, O3(x3) — O3(a5™) + (23 — )T (2.11¢)
( (AT = B(A2 !+ gt 4 Agaft = D))} 20, Vg € Xy T

In order to see the scheme (2.11) can be written as a special case of (2.5a), we define @W% =

(a1, 25, 75, M) by

~k okt =k _ o k+1 =k _ o k+1
T =a7" ", Ty =x5 T3 =x5 (2.12a)



and
M= 2\E — B(A 2T+ Agak + Asak — 1), (2.12b)

for the given (2§, 2% \F) and the (2% 25 25™1) generated by the direct extension of ADMM
(1.7). By using (2.12), the scheme (2.11) can be simplified as (7%, 75, 75) € &1 x Xy x A,

01(:61) — 91 (.f?’f) + (a:l - .flf)T{—A?S\k} 2 0, Vl‘l € Xl, (2.13&)
Oo(x2) — 0o (i) + (g — Z5)T{—ATNY + BAT Ay(25 — 2B))} >0, Vay € X, (2.13b)
O3(x3) — 03(25) + (w3 — 25)T{—ATNF + BAT Ao (2 — 25) + Az(2h — 25)]} > 0, Va3 € A3.(2.13¢)

We now show in the next lemma that the (2.13) is a special case of the prototype algorithm
(2.5a). Recall the essential variable of the scheme (1.7) is v = (x2, z3, \).

Lemma 2.3. Let ufFt! = (28 251 281y be generated by the direct extension of ADMM (1.7)
from the given v* = (x§, 25 \F); and @* be defined in (2.12). Then we have

a*FeW, 0u) —0(@") + (w— dTF@@") > (v —TQMW* — %), YweWw, (2.14)

where
BAT Ay 0 0

Q= | BATAy BATA3; 0 |. (2.15)
— Ay —As %I

Proof. Using i’f = x?“, j =1,2,3, and the equation (2.12b), we have

(A1} + Aoih + Asah — b) — Ag(ah — o) — A3(ah — 25) + (W = X\F) =0,

1
B
which can be rewritten as

- - 1 -
e jm, (A—A’“)T{(Ali’f+A25:’§+A35:’§—b)—Ag(:E’;—asg)—Ag(ilg—m’§)+3()\k—>\k)} >0, VAeRm

Combining (2.13) and the last inequality together, we get

T

& AT
~k Tk
~k ~ T2 — Iy —A3 A
Q, O(u)—1~0 ~
(S 3 (’LL) (u ) + T3 — iz'lgf _Ag)’)\k
A — Mk Al.f’f + Azi‘g + Ag.i'lg —-b

0
BAY As (a5 — )
BAL Az (T5 — o) + BAT A3 (75 — o)

—Aa (75 — x§) — A3(§ — of) + (N = AF)

>0, YweW. (2.16)

Based on the above inequality and using the notation F(w) (see (2.4)) and matrix @ (see (2.15)),
the assertion of this lemma is proved. O

10



With the definition @ in (2.15), we have

BATA, BATA; —AT BATA, 0 0
QT+Q = | pATAy BATA; —A |+ 0  pATA; 0
— Ay — A %I 0 0 %I

BAT A, 0 0
0 BAYA; 0
0 0 I

Y

1

B

which means () is positive definite whenever Ay and Ag are both full column rank.
Moreover, using (2.12), the A¥*! updated by (1.7d) can be represented as

MNFL = M — B(ALE} + Aol + A — D)
= N = [V =X — BAs(af — 75) — BAs(af — 7). (2.17)

Therefore, by using (2.12), the direct extension of ADMM (1.7) can be written as

:1:112chl zh 1 0 0 zk — 7k
:1:113chl = :c’§ - 0 I 0 x]?f — ilg
AR+ AR _BAy —BA; I Ak — 3k
which corresponds to the step (2.5b) with
1 0 0
M = 0 I 0 and a=1. (2.18)
—BA2 —fAs I

Indeed, the direct extension of ADMM (1.7) can be written in form of the prototype algorithm (2.5).
Now we demonstrate that the Convergence Condition is not satisfied by the direct extension of
ADMM (1.7). In fact, for the matrix M in (2.18), we have

I 0 0
M= 0 I 0
BAy BAsz I
and thus
BAT A, 0 0 I 0 0 BAT A, 0 0
H=QM'=| pATA, pATA; 0 0 I 0 |=| pATAy, pATA; 0
—As —Ay 51 BAy BAs I 0 0 51

11



which is not symmetric. In addition, we have

G=Q"+Q-Q"M

BAT Ay pAT A3 —AT I 0 0
= QT +Q- 0 BAT A3 —AT 0 I 0
0 0 %I —BAs —BA3 1
28AY Ay pATA; —AT 2B8AT Ay 28AT A3 — AT
= BAT Ay 28ATA; —AT | — | pAY Ay 2BATA; —AT
— Ay —As 21 —Ay —As 51
0 —pATA; 0
= 0 0 0 |,
0 0 51

which is not positive semi-definite. Therefore, the Convergence Condition is not satisfied by the
direct extension of ADMM (1.7). This may explain its difficulty in convergence proof.

2.5 Some Remarks

In our analysis, because of the purpose of analyzing splitting methods, we treat the models (1.3)
and (1.6) as special cases of the generic model (1.1) where the objective function in (1.1) is specified
as more than one function and the variable is partitioned accordingly. Alternatively, we can treat
the model (1.6) as a generic model while the model (1.1) is a special case with one block of function
and variable; and (1.3) is a special case with two blocks of function and variable. Accordingly, the
matrix Q and M in the context of the prototype algorithm (2.5) for ALM (1.2) and ADMM (1.5)
can be obtained straightforwardly from ) and M in (2.15) and (2.18) by removing the first two rows
and columns (accounting for “no xe and x3 in (1.2)”) and removing the second row and column
(accounting for “no x3 in (1.3)”), respectively. Because of this very consistent relationship in the VI
framework (2.5), we regard the specification of (2.5) to the model (1.6) as a “natural” extension of
the ALM and ADMM for (1.1) and (1.3), respectively.

3 Convergence

In this section, we show the contraction property for the sequence generated by the prototype al-
gorithm (2.5) and then prove its global convergence. Recall the iteration of (2.5) only updates the
essential variable v. We thus show the contraction property only for the sequence of essential variable

{v"}.
We first prove a lemma. In the following, we slightly abuse the notation |[v||% := vTGv even
though G might only be positive semi-definite.

Lemma 3.1. For the sequence generated by the prototype algorithm (2.5) where the Convergence
Condition is satisfied. We have

5 . - 1 « _
0 {B() ~ 8() + (w— )T ()} = & (o v — o —oF ) + ok — 592, v € W, (3.

where H and G are defined in (2.6).

12



Proof. Using Q = HM (see (2.6a)) and the update form (2.5b), the right-hand side of (2.5a) can
be written as

aw* e W, a{0(u) — 0(i*) + (w — ﬁ;k)TF(tbk)} > (v —MTH@W — "), vw e W. (3.2)

Applying the identity

1
2

to the right-hand side of (3.2) with

1
(a=0)"H(c—d) =5 (lla—d|f = lla—clf) + 5 (Ile = bl[F — lld = bll7),
a=v, b=20" c¢=v* and d=o"",
we thus obtain
. 1 1 - .
(v =) H@" = o) = S (flv = " T = flo = o¥ ) + 50" = 081 — 0™ = a*)7)- - (3.3)
For the last term of (3.3), we have

lo* = "7 — o™ = |1

k_ =k k_ =k k_ .k
=" = oM - @ =87 = (0F =

B el [t B V{1
= 200" —"THM @ — o) — o2(0* — )T MTHM (v* — %)
2£a) a(® —T(QT + Q — aMTHM)(w* — %)
B [ (3.4)
Substituting (3.3) and (3.4) in (3.2), the assertion of this theorem is proved. O

Based on Lemma 3.1, we can prove the contraction property for the sequence {v*} generated by
the prototype algorithm (2.5).

Theorem 3.2. For the sequence {v*} generated by the prototype algorithm (2.5) where the Conver-
gence Condition is satisfied, we have

[t — o < JoF = ot - all® = F, Yot e V" (3.5)
Proof. Setting w = w* in (3.1), we get
[ — v 1 = [0 = o*|f = aflo® = *)1E + 20{6(T") - 6(u") + (0" — )T F(@M)}. (3.6)
By using the optimality of w* and the monotonicity of F'(w), we have
0(11’“) —0(u*) + (w* — w*)TF(wk) > 0(&’“) —0(u*) + (ﬁ)k —wHTF(w*) > 0.

The assertion (3.5) follows from (3.6) and the above fact directly. O

Recall the matrix G defined in (2.6b) is assumed to be positive semi-definite. It follows from
(3.5) that the sequence {v*} is contractive with respect to V*. The convergence of {v*} generated
by the prototype algorithm (2.5) thus follows the standard framework of contraction methods, see
e.g. [2]. In fact, in Section 4.1, its convergence is also implied. In the following, for completeness,
we still include the detail for the case G > 0.

13



Theorem 3.3. For the sequence {v*} generated by the prototype algorithm (2.5) where the Conver-
gence Condition is satisfied with G = 0, it converges to some v>° which belongs to V*.

Proof. According to (3.5), it holds that {v¥} is bounded and

lim ||v* — || = 0. (3.7)
k—o0

So, {#*} is also bounded. Let v™ be a cluster point of {#*} and {#*/} is a subsequence which
converges to v™>°. Let {1*} and {@*/} be the induced sequences by {#*} and {9%/}, respectively. It
follows from (2.5a) that

w e Q, O(u) — (@) + (w — "N F@@R) > (v — ") TQY — k), Vwew.
Since the matrix @ is not singular, it follows from the continuity of §(u) and F'(w) that
w® € Q, Ou) —0u®)+ (w—w)TFw>®) >0, YwewWw.

The above variational inequality indicates that w™ is a solution of VI(Q2, F'). By using (3.7) and
lim;j_y00 v = v, the subsequence {v*} converges to v™°. Due to (3.5), we have

a3 La I

and thus {v*} converges to v™. The proof is complete. O

4 Worst-case Convergence Rate

In this section, we estimate the worst-case O(1/t) convergence rate measured by the iteration com-
plexity for the prototype algorithm (2.5), where ¢ is the iteration counter’. Lemma 3.1 is again
crucial for the analysis.

4.1 Convergence Rate in the Ergodic Sense

We first show that a worst-case O(1/t) convergence rate in the ergodic sense can be established for
the prototype algorithm (2.5) under the Convergence Condition.

Working on the reformulation VI(€2, F,0) of the models (1.1), (1.3) and (1.6), one advantage is
that a characterization of its solution set proposed in [8] becomes useful for establishing the worst-case
convergence rate in the ergodic sense for the prototype algorithm (2.5).

Theorem 4.1. The solution set of VI(Q, F,0) is convex and it can be characterized as

W= () {@eW: (6(u) - 6(@) + (w— @) F(w) > 0}. (4.1)
weWw

Proof. The proof is an incremental extension of Theorem 2.3.5 in [8], or see the the proof of Theorem
2.1 in [17]. O

>We follow the work [23, 24] and many others to measure the worst-case convergence rate in term of the iteration
complexity. That is, a worst-case O(1/t) convergence rate means the accuracy to a solution under certain criteria is
of the order O(1/t) after t iterations of an iterative scheme; or equivalently, it requires at most O(1/¢) iterations to
achieve an approximate solution with an accuracy of e.
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Theorem 4.1 thus implies that w € W is an approximate solution of VI(W, F, #) with the accuracy
€ > 0 if it satisfies
0(u) — () + F(w)T (w — ) > —e, Yw € WND(d),
where
D(a) = {ul[lu—af <1}

In this paper, we will show that after ¢ iterations of the proposed methods, we can find @ € W such
that
0(1) — 0(u) + (0 — w) T F(w) <e, YweWND(q), (4.2)

with e = O(1/t), the convergence rate O(1/t) of the proposed methods is thus proved.
Before the proof, we notice that the monotonicity of F' implies that

(w — )T F(w) > (w — )T F@@").
Notice that under the condition that the matrix G defined in (2.6b) is positive semi-definite, by

substituting it in (3.1), we obtain

1 1
* € Q, O(u) — (@) + (w — )T F(w) + —|lv — o8 ||% > %Hv — "2, Yw e W, (4.3)

2ay

Theorem 4.2. For the sequence generated by the prototype algorithm (2.5) where the Convergence
Condition is satisfied and any integer t > 0, we have

SN ~ T 1 _ 072
O(ty) — O(u) + (w0 —w)” F(w) < T l)oc”v v, YweWw, (4.4)
where
1
7 = —_— 0, . 4
w t+1kzzow (45)

Proof. First, because of (4.3), it holds that @* € Q for all k¥ > 0. Together with the convexity of X
and Y, (4.5) implies that w; € Q. Summing the inequality (4.3) over k =0,1,...,¢, we obtain

(t+1)0 iﬁ ( Jw —

t
k) —I-va—UOHH>O Yw e W.

Use the notation of wy, it can be written as

t

1 1

~k ~ T 012
L. - — ) F(w) < ————|jv — : 4.
T ) 0+ (0= 0 F@) S gl =l Yeew. o)
Since 6(u) is convex and
t
- 1 &
Up = —— Z a”,
t+1 —
we have that .
1
O(iy) < —— ) o(a"
() < 37 D0
Substituting it in (4.6), the assertion of this theorem follows directly. O



It follows from (4.2) that the conclusion (4.4) indicates that any algorithm fitting the prototype
(2.5) is able to generate an approximate solution (i.e., w;) of VI(W, F, ) with an accuracy of O(1/t)
after ¢ iterations. That is, a worst-case O(1/t) convergence rate in the ergodic sense is established
for the prototype algorithm (2.5). Since we have shown that both the ALM (1.2) and ADMM
(1.5) are special cases of the prototype (2.5), Theorem 4.2 particularly shows the worst-case O(1/t)
convergence rate in the ergodic sense for ALM and ADMM too. For instance, the result in [17] is a
special case of Theorem 4.2.

4.2 Convergence Rate in a Nonergodic Sense

In this subsection, we show that if the matrix G defined in (2.6b) is positive definite, a worst-case

O(1/t) convergence rate in a nonergodic sense can also be established for the prototype algorithm

(2.5). Note in general a nonergodic convergence rate is stronger than the ergodic convergence rate.
We first need to prove the following lemma.

Lemma 4.3. For the sequence generated by the prototype algorithm (2.5) where the Convergence
Condition is satisfied, we have

ook — VT MTHM{(o* — %) — (0F+ — 541y} > %H(Uk — k) — (TP (A7)
Proof. First, set w = @w**! in (2.5a), we have
O(aF 1) — B(@") + (@1 — )T F(ak) > (551 — 59T Q(oF — ov). (4.8)
Note that (2.5a) is also true for k := k + 1 and thus we have
0(u) — O(aF ) + (w — " THTE @) > (v — FHTQF — %), Yw e W.
Set w = ¥ in the above inequality, we obtain
0(i") — B(aF 1) + (@F — FFHTF@HY) > (7% — GF ) Qkt — §h L. (4.9)
Adding (4.8) and (4.9) and using the monotonicity of F, we get
(0F — FHTQ{(W* — oF) — (WL — )} > 0. (4.10)
Adding the term
[(0% — %) — (WFFT — FHNTQLF — oK) — (oF+1 - ght1))

to the both sides of (4.10), and using v’ Qv = %UT(QT + Q)v, we get

~ ~ 1 ~ 7
(0F = TN — %) — (WFH =T} = JfI(F — 7F) — (oM = T e ).

Substituting (v¥ —v**1) = aM (v*—3*) in the left-hand side of the last inequality and using Q = HM,
we obtain (4.7) and the lemma is proved. O

Now, we are ready to prove (4.11), the key inequality in this section.

Theorem 4.4. For the sequence generated by the prototype algorithm (2.5) where the Convergence
Condition is satisfied, we have

M (F+Y — | < |M@F — )|, Yk > 0. (4.11)
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Proof. Setting a = M (v* — ©%) and b = M (v*+! — 5%*+1) in the identity
lallZ — 161% = 2a” H(a — b) — [la — blf3;,
we obtain

M (0% = )7 — M =G
— Q(Uk - ,Dk)TMTHM{(Uk - ,ﬁk) _ (,UkJrl _ ﬁkJrl)} HM{(’U _ vk) ( k+1 77k+1)}H%I'

Inserting (4.7) into the first term of the right-hand side of the last equality, we obtain
1M (0F = 5[ — M5 = a1
1 - . . -
> E\l(vk — ) = (W = P Ry ) — IM{(0F = 3%) — (P = 5D

1 k ~k
= aH(v =% = (@ =G > 0,

where the last inequality is because of the positive definiteness of the matrix (Q7 +Q)—aMTHM = 0.
The assertion (4.11) follows immediately. O

Note that it follows from G > 0 and Theorem 3.2 there is a constant ¢y > 0 such that
[ = o* | <l = o1 F = ol M (" = ), Vot eV (4.12)

Now, with (4.12) and (4.11), we can establish the worst-case O(1/t) convergence rate in a nonergodic
sense for the prototype algorithm (2.5).

Theorem 4.5. Let {v*} and {@"} be the sequences generated by the prototype algorithm (2.5) under
the Convergence Condition. For any integer t > 0, we have

1
M@t — |15 < ———1]° —v*|)%. 4.13
M@ =) < e =l (4.13)
Proof. First, it follows from (4.12) that
ZCOHM oF —5®)|13 < 00 = v*||%, Vot e V. (4.14)

According to Theorem 4.4, the sequence {||M (v* —3¥)||%} is monotonically non-increasing. There-

fore, we have
t

(t+ DM = aF <D IME" =) (4.15)
k=0
The assertion (4.13) follows from (4.14) and (4.15) immediately. O

Notice that V* is convex and closed (see Theorem 4.1). Let d := inf{||v® —v*| gz |v* € V*}. Then,
for any given € > 0, Theorem 4.5 shows that the it needs at most |d?/coe] iterations to ensure that
| M (v — *)||%, < e. Recall that v* is a solution of VI(, F,6) if || M (v* — &%)||%, = 0 (see (2.14) and
due to Q@ = HM). A worst-case O(1/t) convergence rate in a nonergodic sense is thus established
for the prototype algorithm (2.5).
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5 A Class of Algorithms for (1.6)

Now we present a class of specific algorithms for the particular model (1.6) based on the prototype
algorithm (2.5).

As we have mentioned, because of the verified efficiency of the direct extension of ADMM (1.7)
in the literature, we stick to correcting the output of (1.7) via some correction step in algorithmic
design. Thus, the step (2.5a) is exactly the direct extension of ADMM (1.7), meaning the matrix @
in (2.5a) being chosen as the matrix defined in (2.15). In this case, w* is defined by (2.12). For the
step (2.5b), we suggest to choose

I —(1 —T)(A;Ag)_lAgAg 0
M :=M(7) = | (AT A3)~tAT Ay I 0 | with T e[0,1]. (5.1)
—B Ay —BAs3 I

Then, with different choices of 7, a class of specific algorithms for solving (1.6) is proposed. We have
to verify the Convergence Condition in order to ensure the convergence of the proposed algorithms
with @ and M defined in (2.5a) and (5.1), respectively. Also, we have to specify how to choose the
constant step size « for the step (2.5b). For convenience, we define the left-upper sub-matrix of @

by QO: i e,

0 T

BATAy 0

Q= @o 0 and thus Qo = ( SR ) . (5.2)
Y BATAy PATA,

fu—

Theorem 5.1. Let the matrices Q and M be given by (2.15) and (5.1), respectively. Let H = QM !
as defined in (2.6a). Then, for T € [0, 1], we have

0
H
H= © o0 |,
0 0 %I
where .
Hy = [7D5" + (1= 1)Q5 " DoQ5| (5.3)
Qo is defined in (5.2) and
BAL Ay 0
Dy = 2 . (5.4)
0  pBATAs

In addition, the matriz H is positive definite.

Proof. For the matrix M defined in (5.1), we define its left-upper sub-matrix by My, i. e.,

0
M= Mo 0 |,
—BAy —fBA3 I
where . LT
I —(1—=7)(A3A9) A5 A
My = PR (5.5)
T(A%Ag)_lAgAg I
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Indeed,

0 0 0
H, Hy M,
HM = 0 Mo 0 | = 000
0 0 %I —BAy —BAs I —Ay —As %I
According to (5.2), in order to show HM = @, we need only to verify that
HoMp = Qo. (5.6)

Note that (see (5.5))

I 0 I —(A%ﬂAg)ilA%ﬂAg
My=r1 + (1—-7) . (5.7)
(A?;Ag)_lAg;AQ I 0 I

Observing the two parts in (5.7), the first part

I 0 BATA, 0 “lyopATA, 0 B
_ = D;'Qo, (5.8)
(ATA3)"1ATA, I 0 BATA, BAT Ay BAT A,

while the second part is
I —(AgAg)_lAgAg, [ 1 (AgAQ)_lAgA3
0 1 0 1

-1

-1

B ( (BAT Ag)~1 0 ) <BA2TA2 BAT A3 )

0 (BAFAs)™ 0 BATA;
= (Dy'Q%) ' =Qy" Do (5.9)
Substituting (5.8) and (5.9) into (5.7), we obtain
My =1Dy'Qo+ (1 -7)Qy " Do = (tDy* + (1 — 7)Qy " DoQy ™) Qo- (5.10)

Indeed, by using (5.3) and the last equation, we have My = H; Qo and thus (5.6) is verified. Since
Hi'=7Dy" + (1 - 7)Qp " DoQy

is a convex combination of the positive definite matrices D L and Qo TDOQO_ ! the positivity of H
follows immediately. Consequently, H is positive definite. The proof is complete. O

Since QT + @ and H are positive definite, we define
a(r) == argmax{a | QT + Q — aMTHM > 0}, (5.11)

and thus o(7) > 0. For any o € (0,a(7)), the matrix Q7 + Q — aMT HM is positive definite. In
order to estimate the magnitude of «(7), we need the expression in the following lemma.

Lemma 5.2. Let the matrices Q and M be given by (2.15) and (5.1), respectively, and H = QM ~*.
Then for any a > 0, we have

QY +Q —aMTHM
2(1 — a)BAT Ay — arBAT A5(AT A5) 1 A3AT (1 —a(1+7))BATA; —(1 —a)AT
= (1—a(1+71))BAY Ay 2(1 — a)BAL A5 —(1-a)Al | .(5.12)

—(1 — O[)AQ —(1 — Oé)Ag Z_TQI
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Proof. Note that (see (2.15))
28AT Ay pATA; —AT

QT +Q=| BATAy 28ATA; —AT |. (5.13)
—As —As 21
Since Q = HM, thus
MTHM = Q™M™
BAT Ay pATA; —AT I —(1—7)(AF Ay 1AT A3 0
- 0 pATA; —AY (AT A3)1AT Ay I 0
0 0 51 —BAs —BAs3 I

2BAT Ay + TBAT A3(AS A3) 1Az AT (14 1)BAT A3 —AT

= (14 7)BAL Ay 28ATA; AT . (5.14)
1
—AQ —A3 BI
By using (5.13) and (5.14), we get (5.12) and the assertion is proved. O

Theorem 5.3. Let the matrices Q and M be given by (2.15) and (5.1), respectively, and H = QM ~*.
Then

1. if T =0, then
=0, for a=1;
G=Q"+Q—-aM"HM (5.15)
=0, YVae(0,1).

2. in the case T € (0,1],

1

G=QT+Q—-aMTHM =0, for a= .
1+7

(5.16)

Proof. If 7 =0, it follows from (5.12) that

G = Q"+Q—-aMTHM
2(1 —a)BAYAy— (1 —a)BATA; —(1—a)Al

AT
- (1—-a)BAT Ay 2(1—a)BATA; —(1—a)AT
—(1 —a)As —(1 —a)As e
AT 0 o\ /20-a) (1-a) —(1—a)\ /A2 0 0
= Bl 0 A 0 1—a)l 21—a)I —(1—-a) || 0 A3 0

0 0 [)\-1-a) —-(1-a)l 2-a)I J\0 0

B

@[

Since
20—-a) (1-a) —-(1-«

l-a) 201-a) —(1-a«) {
—(l-a) —(1-a) (2-a

=0

p— )

for a=1;

=0, YVae(0,1),
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the assertion (5.15) is proved. Now, we turn to prove the second part. Set « = 1/(1+ 7) in (5.12),

we obtain
B BAT Ay — (- BAT A3(AT A3) "1 A3 AT 0 — = A7
G = 0 2 BAT Ay — AT
s s !
AT 0 0\ /21T —1A3(ATA3)7TAY 0 —7I A, 0 0
= 7 fT 0 AT o 0 271 —71 0 Az 0 |(5.17)
0 0 3I —rI —rl (1+27)I)J\0 0 3ZI
Because I — A3(A3TA3)_1A§ = 0, it follows that
271 — TA3(AY A5)~1AT 0 —71 I 0 —71
0 271 —71 >~ 0 271 —71 = 0.
—r1 —7I (1+27)I —7rI —1I (14271

1

Thus, G is positive definite for all 7 € (0,1] and o = 7. The proof is complete. O

Theorems 5.1 and 5.3 mean the Convergence Condition is satisfied. Hence, the prototype algo-
rithm (2.5) with @ in (2.5a) and M in (5.1) is convergent.

The proof of Theorems 5.1 and 5.3 also gives us the guidance of how to choose the step size « for
the step (2.5b). In fact, for any fixed 7 € (0, 1], according to (5.11) and (5.16), we have o(7) > 14%7’
meaning the step size could be chosen easily and it being bounded below away for any given 7 € (01].
In fact, for some special values of 7, by a careful manipulation we can get tighter lower bounds of

a(7). Note we have
QT +Q—aMTHM
AT 0 o\/@2l-a)—an)I (1—a(d+7N] —(1—-a)\ /42 0 0
= gl 0 A o0 (1—a(l+7)I 2(1 — )l —(1-a)I || 0O A3 0
0 0 I —(1—a)l —(1—a)l (14+2n)1/\0 0 3I
In order to ensure Q7 +@Q — aMTHM > 0, we can choose « such that
20—a)—ar 1—a(l+7) —(1—«)
1—a(l+7) 20—-a) —(1-a)| >0
—(1—-«) —(1—a) (1+27)
In the following table, we list the lower bounds of «(7) for some values of 7.

Table 1: Tighter lower bounds of «(7) for some values of 7
= 1/5  1/4  1/3  1/2 2/3
a(r) > 7/8 6/7 4/5 3/4 5/8
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Now we are ready to present a class of specific algorithms for (1.6) based on the prototype
algorithm (2.5).

A Class of Algorithms for (1.6)

[Step 1.] With the given v* = (5, 2%, \¥), generate a vector w* € W via
2} = argmin{6y (z1) — A" (A1z1) + guAm + Agah + Agak —b)|* |21 € X1}, (5.18aa)
75 = argmin{fa(v2) — AT (Aoz2) + gHAﬁ?’f + Agwg + Azxh — bH2 |29 € Ao}, (5.18ab)

5 = argmin{f3(z3) — A" (Azz3) + gHAﬂi‘]f + Aok + Agas — bH2 |z3 € A3}, (5.18ac)

LN = AP — B(A Y + Axih + Azzh —b). (5.18ad)

[Step 2.] Generate the new iterate v*+! = (251 25+ \FF1) by

it zk I —(1—7)(ATA)"*AT A3 0 ok — 7k
bt = 2k | —a|7(ATA3)"TAT A, I 0 ok —ak |, (5.18b)
Akt A 0 0 I AR\

where 7 € [0,1], @ € (0, a(7)] and «(7) is defined in (5.11).

Remark 5.4. As we have mentioned, for most of the applications of (1.6), the coefficient matrices are
identity matrices. For such a case, since Ay = A3 = I;,xm, the step (5.18b) can be further simplified
to

ah ! zk I —(1-7)1I 0 zk — ik
m§+1 =| 28 | —a|rI I 0 ok — 7k
pas M 0 0 I AF NP

In particular, if we choose 7 = %, then according to Table 1, we can just choose the step size as %.

The above step can be specified as

ah ! ok I —iI 0 zk — 7k

3
:r’:,fH = xlg 1 %I I 0 xlg — ilg ,
P N 0o 0 I M \F

which is really simple with almost no additional computation.

Remark 5.5. As we will show, these algorithms (5.18) could even numerically outperform the direct
extension of ADMM (1.7) when it is indeed convergent, and their convergence can be proved rig-
orously. These features make them significantly different from the existing splitting versions of the
ALM (1.2) such as [15, 16]. The outstanding numerical performance of (5.18) could be explained
intuitively as follows. Taking a look at the step (5.18b), we see that this correction step does not
change the output P generated by the direct extension of ADMM (5.18a); and only make a balance
between the variables x2 and z3 to generate a new iterate. For the ADMM scheme (1.5), the primal
variables x; and x5 play different roles — x; is an intermediate variable which is not involved in the
iteration and the only primal variable required by the iteration is x2. But for the direct extension of
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ADMM (1.7), there are two primal variables z2 and x3 that are essentially required by the iteration.
The scheme (1.5), however, treats these two essential primal variable differently —- they are updated
consecutively and the update of x3 uses the newest x5. This lack of symmetry in primal variables
may also explain why it fails to show the convergence of the direct extension of ADMM (1.7). The
step (5.18b) makes a balance between the output of xs and x3 generated by the direct extension of
ADMM (5.18a), and it may be regarded as a compensation to the loss of symmetry over xo and x3
in (1.7). This may explain the reason why sometimes the algorithms (5.18) outperform the direct
extension of ADMM (1.7), because the effort of balancing x9 and x3 may make the whole sequence
{l”;, x§ , A\*} converge to the solution set in a more balance way and thus on a faster speed.

Remark 5.6. Note that we just need to check the convergence condition (2.6) when implementing
the proposed algorithm (5.18); and do not need to compute the matrices H and G.

6 Numerical Results

In this section, we apply the proposed algorithms (5.18) to test a concrete application of the model
(1.6) arising in image processing; and report the numerical results. Our codes were written in
MATLAB 7.9 and they were run on a Lenovo personal computer with Intel Core (TM) CPU 2.30GHZ
and 8G memory.

6.1 An Image Decomposition Model

We focus on the image decomposition model proposed recently in [33]. First, we review some back-
ground of the image decomposition problem briefly. Let f € R"™ represent a digital image. Note
that in our discussion a two-dimensional image is stacked as a one-column vector, e.g., in the lexico-
graphic order, and the pixel values of an image are re-scaled into the interval [0,1]. The goal of image
decomposition is to decompose an image into two meaningful components. Image decomposition is
an important problem in image processing and it plays a significant role in many realms such as
object recognition and biomedical engineering. A very useful task is to decompose the target image
f into two components v and v, i.e., f = u + v, where u represents the cartoon part containing
the structural component and sketchy approximations of f and v is the texture part containing the
oscillations and repeated patterns of f. See more details in, e.g., [1, 22, 26, 27, 34, 36]. Analyti-
cally, the cartoon part u can be described as a piecewise smooth function and the texture part v
is typically an oscillating function. In addition to the data fidelity term ||(u + v) — f||3, we usually
have to use other terms to mathematically characterize these two parts in the objective function
of an image decomposition model. For the cartoon part u, it is standard to characterize it by the
total variation semi-norm in [32]. To capture the feature of the texture part v, in [33] it was suggest
to first partition the texture part v of an ni-by-ns (with n = ny - ng) image orderly into a series
of r-by-r (with r < n) non-overlapping patches under some boundary condition; then stack each
individual patch as a column vector, denoted by w; € R™ (i = 1,2,---,1). Here, | = [n/r?] with
[-] rounding a scalar as the nearest integer towards infinity. By further realigning all w;’s together,
an r2-by-l matrix, denoted by V, is attained. The patch mapping P : R" — 7?,’”2”, which describes
the preceding process on rearranging the texture part of an image v as a matrix V, is defined as

V i=Pv = [wy,wy, - ,w].

We refer to [33] for more details. Since the texture part of a target image possesses many repeated
patterns, the matrix V, i.e., Pv, can be analytically perceived as a low-rank matrix. Accordingly,
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the following low-rank based model for image decomposition was developed in [33]:

smin [ Vulll + 7ol [Poll. + 2K (wtv) - 1B (6.1)
In (6.1), |||V - ||l1 denotes the total variation semi-norm in [32] in order to induce the cartoon part
u; || - ||« is the nuclear norm which is defined as the sum of all singular values of a matrix in order
to reflect the low-rank feature of the matrix Pv where v is the texture part; K is a linear operator
corresponding to certain corruption on the target image f: (i) K = I with I being the identity matrix
corresponds to the case where the image f is clean without noise, (ii) K = S with S being a diagonal
binary matrix corresponds to the case where some pixels of f are missing (we assume that the missing
pixels admit zero values), and (iii) K = B with B being a convolutional matrix associated with a
spatially invariant point spread function corresponds to the case where f is corrupted by some blur;
the parameters 7; (i = 1,2,3) are positive scalars to balance the three terms (piecewise constant
feature of the cartoon part, low-rank feature of the patched texture part and the data-fidelity of the
decomposition) in the objective function.

6.2 Reformulation of (6.1)

To solve the patched low-rank image decomposition model (6.1), we first reformulate it as a special
case of the model (1.6) and then delineate the subproblems when the proposed algorithms (5.18) are
applied.

Introducing the auxiliary variables z € R" x R", y € R and z € R"™, the model (6.1) can be
rewritten as

min 7lll2]lls + m2lylls + B Kz - fII3

st. x=Vu (6.2)
y="Pv
z=u+0.

Thus, (6.2) is a special case of the abstract model (1.6) with the following specifications:
o 11 :=u, xy:=v, x3:= (2,y,2), and all &;’s (i = 1,2,3) are full Euclidean spaces;
o 01(z1) =0, O2(22) := 0 and O3(x3) := il + [yl + T K=z — f]3;

e The coefficients A; (i = 1,2,3) and the vector b are given by:

\Y 0 -I 0 0
A1 = 0 y AQ =|P s A3 = 0 -1 0 and b:=0.
1 I 0o 0 I

Now, let us analyze the main subproblems when the proposed algorithms (5.18) are applied to
solve the reformulation (6.2). Since the algorithms in (5.18) differs only in the correction steps
and they share the same ADMM subproblems, we only focus on the detail of the resulting ADMM
subproblems.

e The Z;-subproblem in (5.18), i.e., the @-subproblem for (6.2), is

2 k112
kAT B3 k_ kA
Vu—x B 2+2 u+v z 7 2}

& (LIVIV + B3l = VT (Brak + X)) + B3(2F — oF) + A5,

~k : B1
u” = argmin
gl {5
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which has a closed-form solution. In fact, this system of equations can be solved efficiently
by using fast Fourier transform (FFT) or discrete cosine transform (DCT) if the periodic or
reflective boundary condition is employed for the derivative operator V (see more details in,
e.g., [14, Chapter 7]).

e The Zy-subproblem in (5.18), i.e., the v-subproblem, reads as

2

ko _ (B k_ A5 Bs ||, k+1 k_ A
0% = argmin {Z||Po—y* -7 2—1—7“ uFt oy —2h g 2}
= g1 [P By = N5) + Ba(2F — ) + N3]
See more details in [33].
e The Z3-subproblem in (5.18), i.e., the (Z, g, Z)-subproblem, is
bk = . _ Ak (|2
@72 = argmin {nllell +nolyll + 31Kz - 713+ % [Vak -2 - 3] )
B2 ~k _)\k2 B3 ||~k | ~k _ _>\k2
+5 || Po yﬂ—§2+7u+v ZB%Q’

and all the variables Z, ¥ and Z can be solved simultaneously as follows.

— The Z-subproblem can be solved explicitly by the soft-thresholding operator

~k AR (|2
1 2}

ik Vu —r— 3

T

argmin {ni|jal[ + &

k
= shrink (V&k — %) ,
B1 1

where, for any ¢ > 0, the mapping shrink,(-) is defined as
shrink.(¢g) := g — min{c, |g|}‘:%‘, Vge R" x R",
and (%)i should be taken as 0 if |g|; = 0.
— The g-subproblem can be solved explicitly by the singular value decomposition (SVD)

~k AB 12 . ~k Ak
Pt -y, =Pp (P - 3).

gt = arg min {rallylls + 2

Here, for any ¢ > 0, the mapping D.(-) is defined as
D(T) :=USVT, YT e R™", (6.3)

where UXVT is the SVD of T, and ﬁ]ij =max{¥X;;—¢,0} forall1 <i<mand1<j <n.
— The z-subproblem is solved involving in the linear operator K

2

2 } (6.4)

Af

ko = argmzin {%3||Kz—f|\%+% ﬂk—i—ﬂk—z—@

& (BKTK + B3)z = 3K f 4 Ba(aF +o%) — Ak,

If K is the identity or diagonal matrix, then Z in (6.4) can be attained directly. If K is a
convolutional matrix, then Z can be solved efficiently by using FFT or DCT.

Therefore, when the proposed algorithms (5.18) are applied to solve the image decomposition
model (6.1), all the resulting subproblems are easy to solve. This fact contributes much to the
efficiency of the new algorithms, as we shall see in the next subsection.
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Figure 1: Test images. From left to right: 256 x 256 Circles.png, 256 x 256 Boy.png, 512 x 512
Tomjerry.png and 256 x 256 Barbara.png.

6.3 Numerical Results

Now, we test different cases of (6.1) where K = I (the case where f is clean), K = S (the case where
some pixels of f are missing) and K = B (the case where f is corrupted by blur). The images to be
tested are displayed in Figure 1.

Note that our purpose is to numerically verify the efficiency of the algorithms in (5.18) for a
given case of the model (1.6); especially to see the difference of various choices of the step size « for
different values of 7. As we have mentioned, the direct extension of ADMM (1.7) (“EADMM” for
abbreviation) is not necessarily convergent; but it does work very well for many applications if it is
indeed convergent. In fact, it usually represents the fast scenario among the existing splitting methods
originated from the ALM in the literature (to the best of our knowledge, some exceptional cases can
only be found in [16]). We thus use EADMM as the benchmark for comparison in our experiments.
Furthermore, we do not discuss how to determine the values of the parameters (71,72, 73) in the
model (6.1), which is not the theme of this paper. Instead, we simply follow the suggestion in [33,
Theorem3.3-3.6] to choose these parameters. That is, we adopt 71 € [1072,107!], 7, € [1073,1072]
(their precise values will be specified later when a particular case is discussed) and 73 = 1. For the
patch size, i.e., the scalar r of the mapping P, it can be easily estimated by the number of spikes of
the target image f in the Fourier domain (see [33] for details). Empirically, the integer r is chosen
as 11 throughout all numerical simulations.

Some other set-ups of the experiments are as follows. (1) We adopt the periodic boundary
condition for all the images to be tested and thus the FFT will be used for the resulting system of
equations. (2) The SVD in (6.3) is executed by an efficient MATLAB Mex interface for computing
SVD via a divide-and-conquer routine (dgesdd) implemented in LAPACK. (3). For a chosen 7, the
step size «a for the correction step in (5.18b) can be any value in the interval (0, a(7)]. We only
report the case where the upper bound is chosen, i.e., &« = «(7), because usually we need to avoid
smaller step size whenever possible. (4). The penalty parameter (3 is chosen by the cross-validation
technique. More specifically, as analyzed in [1], the quality of image decomposition can be measured
by the magnitude of the correlation between the cartoon u and texture v obtained via an image
decomposition model:

Corr(u,v) = cov(u,v)/ var(u) - var(v) (6.5)

where var(-) and cov(-, ) are the variance and covariance of two given variables, respectively. There-
fore, to determine an appropriate value of 3, we focus on the implementation of the algorithm in
(5.18) with (7,a) = (1/5,7/8) to the special case of the model (6.1) with K = I. We take the
Barbara and Tomjerry images in Figure 1 as the tested images. A total number of 50 cases of 3 in
the interval [1073,102] are tested on the points 10~* where k varies from 1073 to 10% with an equal
distance of 0.2. For each selected value of 3, we run the algorithm by 1,000 iterations and record the
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objective function value for the model (6.1) and the magnitude of the correlation Corr(u,v). The
plots are displayed in Figure 2. This figure indicates that values in the interval (0.1,1) can yield
relatively lower objective function values and correlation values. As a result, we hereafter fix the
penalty parameter 8; = 1 throughout our experiments. In Figure 3, the decomposed cartoon and
texture parts are displayed for some values of 8 in different levels of magnitude.

—©— Objective function value
—8— Corr(u,v)

—©— Objective function value
—8— Corr(u,v)

S B-—a
Y >
Corr (u,v)
S,
Corr (u,v)

Objective function values
Objective function values

S
Ny
=Y

1 o

3 10 10
Penalty B

10 10f 10 10 10°
Penalty B

Figure 2: The implementation of (5.18) with (7,«) = (1/5,7/8) to (6.1) with K = I for Barbara,

with different 5. Evolution of the objective function values and Corr(u,v) w.r.t. different 5. Left:
for Barbara. Right: for Tomjerry.

f=10"3 B =10"2 B=10""1

Figure 3: The implementation of (5.18) with (7,«) = (1/5,7/8) to (6.1) with K = I for Barbaba,
with different . Decomposed cartoons (Top row) and textures (Bottom row).

6.3.1 The Case of K =1

For the case K = I, the model (6.1) is for decomposing a clean image without any degradation. The
parameters (71, 72,73) in (6.1) are fixed as (71,72, 73) = (0.01,0.005,1), as suggested in [33]. The
initial iterates for implementing the algorithms in (5.18) are taken as zeros.

In Figure 4, we plot the evolutions of the objective function values for the model (6.1) with respect
to the number of iterations and computing time in seconds, for several cases of the algorithms in
(5.18) with different choices of 7. It is shown that that the proposed algorithms can easily outperform
EADMM. These plots also show that a smaller value of 7 seems more preferable because it can yield
a larger step size (1) for the correction steps in (5.18b). The decomposed cartoon and texture parts
by implementing the proposed algorithm with (7,«) = (1/5,7/8) for 150 iterations are displayed in
Figure 5.
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Figure 4: The implementation of (5.18) with different (7, a) to (6.1) with K = I, 8 = 1. Evolutions
of the objective function values w.r.t. the number of iterations (upper row) and computing time
in seconds (lower row). From left column to right column: for Circles, Boy, Barbara and Tomjerry
images.

Figure 5: Decomposed cartoon (Top row) and texture (Bottom row) parts by implementing (5.18)
with (7, ) = (1/5,7/8) to (6.1) with K = I for 150 iterations.

6.3.2 The Case of K = S

We now test the case of model (6.1) with K = S. That is, some pixels of the image under test
are missing. For succinctness, we only test the Barbara image with 9.12% missing pixels and the
Tomjerry image with 12.76% missing pixels. The degraded images with missing pixels are shown in
Figure 6.

For this case, the parameters (71, 72, 73) in (6.2) are chosen as (0.08,0.005, 1), as suggested in [33,
Theorem 3.3-3.6]. All initial iterates for implementing the proposed algorithms in (5.18) are taken
as zeros.

In addition to the objective function value, we also report the signal-to-noise ratio (SNR) value
in unit of dB which is commonly used to measure the quality of the restored/reconstructed images.
It is defined as

IR

SNR = 2010g10 ||f—_ f*” y
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where f is the approximation of the ground truth f*. For the corrupted images listed in Figure 6,
the SNR values are 10.88dB for Barbara image and 9.06dB for Tomjerry image.

We plot the evolutions of the objective function value and the SNR value with respect to the
number of iterations and computing time in seconds in Figure 7, for several cases of the algorithms
in (5.18) with different choices of 7. The decomposed cartoon and texture parts by the proposed
algorithm with (7, ) = (1/5,7/8) for 150 iterations are illustrated in Figure 8. To see the quality of
decomposition more clearly, we display the images by superposing the obtained cartoon and texture
components in the third column of Figure 8.

Figure 6: : corrupted Tomjerry

image.
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Figure 7: The implementation of (5.18) with different (7, ) to (6.1) with K = S, 8 = 1. Evolutions
of the objective function value and SNR value w.r.t. the number of iterations and computing time
in seconds. Top row: for Barbara. Bottom row: for Tomjerry.

6.3.3 The Case of K = H

Finally, we test the case of the model (6.1) with K = H. That is, the image f to be decomposed
is degraded by some blur. Again, for succinctness, we only test the Barbara and Boy images with
out-of-focus blur as shown in Figure 9. For the corrupted images listed in Figure 9, the SNR values
are 13.18dB for the corrupted Barbara image and 24.18dB for the corrupted Boy image, respectively.
For this case, the parameters (71, 72, 73) in (6.2) are chosen as (0.08,0.005, 1), as suggested in [33,
Theorem 3.3-3.6]. All initial iterates for implementing the algorithms in (5.18) are taken as zeros.
We plot the evolutions of the objective function value and SNR value with respect to the number
of iterations and computing time in seconds in Figure 10, for several cases of the algorithms in (5.18)
with different choices of 7. The decomposed cartoon and texture parts by the proposed algorithm with
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Figure 8: The decomposed cartoon (left column) and texture (middle column) parts by the proposed
algorithm with (7, «) = (1/5,7/8) for 150 iterations; and the superposed (right column) images. Top
row: for Barbara. Bottom row: for Tomjerry

(r,a) = (1/5,7/8) for 150 iterations are illustrated in Figure 11. To see the quality of decomposition
more clearly, we display the images by superposing the obtained cartoon and texture components in
the third column of Figure 11.

Figure 9: The case of (6.1) with K = H. Convolved Barbara (left) and Boy (right) images by
out-of-focus blur with radius 3.

7 Conclusions

We focused on the convex minimization model with linear constraints and its objective function is
the sum of three functions without coupled variables; and discussed splitting methods originated
from the augmented Lagrangian method (ALM). The direct extension of the well-known alternating
direction method of multipliers (ADMM), together with the ALM and the original ADMM, were
discussed in the variational inequality context uniformly. It was demonstrated that the difference of
these three methods in convergence proof can be explained as that the direct extension of ADMM
does not satisfy an easily checkable condition which only requires to verify the symmetry and positive
definiteness or semi-definiteness of two matrices. On the country, both ALM and ADMM satisfy this
condition. This may be a meaningful explanation to the convergence failure of the direct extension
of ADMM. We also observed the dissymmetry appearing in the direct extension of ADMM over the
primal variables which are involved in its iteration, and thus proposed to refine its output by making a
balance between these variables. A class of easily implementable algorithms were thus proposed with
proved convergence, and we verified by numerical examples that these algorithms could be even faster
than the direct extension of ADMM when it is indeed convergent. Because of its representativeness
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Figure 10: The implementation of (5.18) with different (7, «) to (6.1) with K = H, 5 = 1. Evolutions
of the objective function value and SNR value w.r.t. the number of iterations and computing time
in seconds. Top row: for Barbara. Bottom row: for Boy.

::

Figure 11: The decomposed cartoon (left column) and texture (middle column) parts by the proposed

algorithm with (7, «) = (1/5,7/8) for 150 iterations; and the superposed (right column) images. Top
row: for Barbara. Bottom row: for Boy.

and in order to exposure our idea clearly, in this paper we only focused on the convex minimization
model where there are three functions in its objective. In the future, we will consider extending this
work to the more general case where there are more than three functions in the objective. To some
extent, the analysis will follow the analytic framework of what we have presented in this paper. But
technically, the analysis for the general case is significantly more demanding and the conclusion may
also be different. For example, the lower bound for the step size « in the prototype algorithm (2.5)
is expected to be more conservative because the case under consideration is more general.
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