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Abstract This note studies compact representations of linear on/off con-
straints in mixed-integer linear optimization. A characterization of the convex
hull of linear disjunctions is given in the space of original variables. This result
can improve formulations of mixed-integer linear programs featuring on/off
constraints by reducing the integrality gap in a Branch and Bound approach.
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1 Introduction

Given convex functions f : R"™™ — R h : R® — R? and g : R" —
R, Vk € K, we are interested in optimisation problems of the form

min f(x,z)
s.t. h(x,2z) <0, (Pr)
g(x) <0if 2, = 1, Vke K
xeR", zeZ™.

Each g (x) < 0 represents an "on/off" constraint, with zj as its corresponding
indicator variable. h(x,z) < 0 gathers the remaining constraints of the prob-
lem. Bounds on variables are assumed to be finite. (Pr) can be reformulated
as a disjunctive program

min f(x,z)
s.t. h(x,z) <0,
(x,20) eIy UIY, Vhe K
F(;c ={(x,2x) : zx = 0, 1°<x < uo}

IF={(x,2z1) 2 = 1, gr(x) <0, I' <x

N

u'}.
xeR", zeZ™.

With this approach, one can define the best convex relaxation of each disjunc-
tive constraint g, considered separately, to be the convex hull conv (F wor f)
When the set I'} reduces to a single point (1° = u® = 0), conv (1’3f ) I’lk) can
be formulated in the space of original variables [1]:

conv (I'p v I'7) = closure (I',), where

(x,2) e Rt
I'.=1< zg(x/z) <0, (1)
Al <x<zul, 0<z<1

This result can be extended to the general case (1° # u") when functions
g are monotonic [2]. Specifically, in the linear case where g(x) = a’x — b, the
convex hull is given by the following corollary:

Corollary 1 Let:

Lo={(z, 2)eR":2=0, "<z, <uf, Vie{l,...,n} },

n
N={(z, 2) e R z2=1, Y az; <b, I} <z; <ul, Vie{l,...,n} }, non empty.
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Then: conv (Ip u I') = I',

(x,2) e R*FL:

Maxi<z|b— Y aul - 3 all

¢S i€S, i€S,
a; <0 a; >0
r* =
+1=2) 2 ald+ X aul |, VS 1,
S, i8S,
ai<0 ai>0
A+ (1 =20 <z < zul + (1—2)df, Vie{l,...,n},

0<z<1.

where I = {i € {1,...,n} | a; # 0}, denoting the set of variable indices appear-
ing in the linear constraint.

Proof We only show that conv (I u Ih) © I'*, the other direction can be
obtained by applying Theorem 2 in [2].

One can check that the constraints defined in I'* are indeed valid for any
subset S < I.

(i) Suppose that (,z) is such that z = 1, a’x < b, 1! < x < u!, then

Z aiu} + Z aili1 + Z a;z; <alex <b
i€s, i€s, i¢S
a;<0 a;>0

(ii) Suppose that (z, z) is such that z = 0, 1° < x < u® then

- Z a;l? — Z aud + Zaiaci = Z ai(x; —19) + Z ai(z; —ud) <0

i¢S, ¢S, i¢S i¢S, i¢S,
ai<0 ai>0 ai<0 ai>0
where the last inequality comes from 1° < x < u®.
]
We can make two remarks. First, if we take S = J we obtain a big-M-like
constraint:

Eaixi <bz+(1—-2) 2 a;l) + Z aiul (2)
el aiie<10 al;;e>10
Clearly this constraint is needed and is enough to obtain a valid formulation
(the other constraints are dominated when z = 1). Therefore, a natural ques-
tion is whether this constraint dominates the others for all values of z. This
seems actually not to be the case. (2) would dominate the other constraints if
for any S, one has:
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z Zaiu%+2ail} +(z—1) Zail?+2aiu? +Zaixi<

i€S. i€S. it S, ¢S, i S
a; <0 a;>0 a; <0 a;>0
0 0
Zaixi +(z—1) Z a;l; + 2 au; | (3)
el iel el
ai<0 ai>0

Re-arranging the terms, this is equivalent to:

Z a; (2uj + (1= 2)1) — ;) + Z a; (2] + (L—2)u) —2;) <0 (4)
i€S, €S,
a; <0 a; >0

If (4) would hold for any S # & then constraint (2) would dominate all the
others. Take for instance S = {i} for some ¢ such that a;, > 0, then (4) becomes

2+ (1—2)u) —2;, <0 (5)
In general, there is no reason for this inequality to be always valid, note that
for z =0, (5) is never satisfied.
The following example shows that in dimension 3, constraint (2) does not
dominate the others.
Ezample 1 Take X = {(x,z) e[0,12 x{0,1} : 2 =1= 21 + 22 + 23 < 1}. Then
conv(X) is given by the following inequalities:

1+ ra+tar3<z+3(1—2)=3-22
T1+re<2z+2(1—2)=2—-2
r1+ae3<z+2(1l—2)=2—-2
Tot+ar3<z+2(1—2)=2-12
ze[0,1]3, 2 € [0,1] (10

(6) does not dominate (7), (8) and (9). Take for instance the point x =
(1,1,0), z = 0.5, it satisfies (6) but not (7).
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