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Abstract

In this paper, following the ideas presented in Attouch et al. (Math. Program. Ser. A, 137: 91-

129, 2013), we present an inexact version of the proximal point method for nonsmoth functions, whose

regularization is given by a generalized perturbation term. More precisely, the new perturbation term is

defined as a “curved enough” function of the quasi distance between two successive iterates, that appears

to be a nice tool for Behavioral Sciences (Psychology, Economics, Management, Game theory, . . . ). Our

convergence analysis is a extension, of the analysis due to Attouch and Bolte (Math. Program. Ser. B,

116: 5-16, 2009) or, more generally, to Moreno et al. (Optimization, 61:1383-1403, 2011), to an inexact

setting of the proximal method which is more suitable from the point of view of applications. We give, in

a dynamic setting, a striking application to the famous Nobel Prize Kahneman and Tversky [11], Tversky

and Kahneman [10] “loss aversion effect” in Psychology and Management. This application shows how

the strength of resistance to change can impact the speed of formation of an habituation/routinization

process.
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1 Introduction

The origins of the proximal method can be traced back to the 1960s as an approximation-regularization

algorithms in convex optimization as well as in the study of variational inequalities associated to maximal

monotone operators; see Moreau [12], Martinet [13] and Rockafellar [14]. In this paper, we show when, in

a quasi metric space, and a Kurdyka-Lojasiewicz inequality for the objective function, an inexact proximal

algorithm with a generalized perturbation term converges to a critical point, depending of the curvature of the

pertubation term. Our convergence analysis is an extension of the analysis due to Attouch and Bolte [7] or,

more generally, due to Moreno et al. [9], to an inexact setting of the proximal method, which is more suitable

from the point of view of applications because, in the exact case, the proximal algorithm would transform an

optimization problem in an infinite sequence of optimization problems. Actually, this is one usual criticism

for exact proximal algorithms which is even stronger for behavioral applications. Our main convergence

result is completed by the analysis of the rate converge, which is a natural extension of [7, Theorem 2].

We examine, as a striking application, how the strength of resistance to change, which is modelized by

the generalized perturbation term, can influence the speed of convergence of an habituation/routinization

process. This offers a striking example of the famous “loss aversion effect” in a dynamic context, when

resistance to change is low enough.

The motivation to introduce a generalized regularization term comes from a recent approach in Behav-

ioral Sciences, the Variational rationality (VR) approach (see Soubeyran [1, 2]), which helps to unify a lot

of stay/stability and change dynamics (as course of human activities) in different disciplines. Stays and sta-

bility refer to habits, routines, equilibrium, traps,. . . . Changes represent, among so many things, creations,
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destructions, innovations, the formation and revision of attitudes and beliefs, a lot of self regulation problems

including goal setting, goal striving and goal revision, habit formation, breaking and forming habits, learning

and knowledge management,. . . .

Central to this VR approach are the original behavioral concepts of “worthwhile changes”, “non marginal

worthwhile changes”, and “variational traps”, see [1, 2]). Worthwhile changes balance, each period, moti-

vation and resistance to change (the utility of advantages to change and the disutility of inconvenients to

change). In the context of inexact proximal algorithms, these worthwhile and non marginal worthwhile

changes represent, each round, sufficient descent conditions as well as an internal stopping rule. This very

simple idea that worthwhile changes and non worthwhile marginal changes are core concepts to modelize

the human course of actions was the essential step to see the perturbation term of a proximal algorithm as

a crude formulation of the complex concept of resistance to change, while advantages to change refer to a

change in the objective function.

Then, the main message of this paper is that, using the behavioral context of the “Variational rationality

approach” [1, 2], a generalized proximal algorithm can modelize fairly well, in Psychology, for an agent, an

habituation process as the end of a learning process, and, In Management Sciences, for an organization, a

routinization process, as the end of a knowledge management process. This is the case even when resistance

to change (inertia) is weak (our paper). The easier case where resistance to change is strong requires

less mathematical structure and has been examined in [1, 2]). This opens the door to a new vision of

proximal algorithms. They are not only very nice mathematical tools in Optimization theory, with striking

computational aspects. They can also be nice tools to modelize the dynamics of human behaviors. This

variational approach have provided an extra motivation to develop further the study of proximal algorithms

in a nonconvex and possibly nonsmooth setting (for some references, that include the proximal point method

for certain nonconvex minimization problems see, for example, [16, 18, 17, 19, 20, 21, 22]). Among recent
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applications of this simple idea, see Attouch and Soubeyran [3] for local search proximal algorithms, Flores-

Bazan et al. [4] for worthwhile to change games, alternating inertial games with costs to move, Attouch et

al. [5] and Cruz Neto et al. [6], for the “how to play Nash” problem,. . . . In all these papers the perturbation

term of the usual proximal point algorithm is a linear or a quadratic function of the distance or quasi

distance between two successive iterates. They modelize the case of “strong enough resistance” to change.

Our paper examines the opposite case of “weak enough” resistance to change, where the pertubation term

modelizes the difficulty (relative resistance) to be able to change as a “curved enough” function of the quasi

distance between two successive iterates. A quasi distance modelizes costs to be able to change as an index

of dissimilarity between actions, where the cost to be able to change from an action to an other one is not

the same as the cost to be able to change in the other way.

In the present paper, the end of an inexact proximal algorithm process is a critical point. For applications

it would be useful to characterize situations where critical points are variational traps (see [1, 2]), “easy

enough to reach” and “difficult enough to leave”. These traps can represent the end of a succession of

worthwhile temporary stays and changes, where, each period, the agent can prefer to stay for a while and

then prefers to change rather than to stay again, and, at the end, prefers to stay than to change. This have

been done in a second paper, Bento and Soubeyran [41]. The authors show how such a generalized inexact

proximal algorithm can help to modelize, in Psychology, habit formation for an agent and, in Management

Sciences, routine formation and knowledge management for an organization. In this second paper, using the

context of the variational rationality approach, the authors give sufficient conditions for critical points to be

variational traps.

Our paper is organized as follows. Section 2 presents the formulation of our generalized proximal point

method, where the perturbation term is given by a “curved enough” function of the quasi distance between

two successive iterates. Section 3 examines a generalized inexact proximal algorithm which converges to a
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critical point, when the objective function satisfies a Kurdyka-Lojasiewicz inequality. This section considers

also the speed convergence of this process. Section 4 examines how the strength of resistance to change (which

generalizes the loss aversion concept) can influence the speed of convergence of an habituation/routinization

process. The conclusion follows.

2 A Generalized Proximal Formulation

In this section we have made explicit a formulation for generalized proximal algorithms where the pertur-

bation term of the usual proximal point algorithm is replaced by a “curved enough” function of the quasi

distance between two successive iterates.

Consider the following minimization problem

min f(x), x ∈ Rn, (1)

where f : Rn → R ∪ {+∞} is a proper lower semicontinuous function bounded from below.

Definition 2.1. A mapping q : Rn × Rn → R+ is said to be a quasi distance iff, for all x, y, z ∈ Rn,

i) q(x, y) = q(y, x) = 0 if, only if, x = y;

ii) q(x, y) ≤ q(x, z) + q(z, y),

Given x ∈ Rn and ε > 0 fixed, we denote by Bq(x, ε) the open ball, with respect to the quasi distance q,

of center x and radius ε > 0, defined as follows: Bq(x, ε) = {y ∈ M : q(x, y) < ε}. In particular, if q is the

Euclidean distance, Bq(x, ε) will be denoted B(x, ε).

Throughout the paper q represents a quasi distance that satisfy the following assumption:

Assumption 2.1. There exist β1, β2 ∈ R++ such that: β1‖x− y‖ ≤ q(x, y) ≤ β2‖x− y‖, x, y ∈ Rn.
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In [9] the authors present several examples of quasi distances highlighting two that satisfy Assumption 2.1.

For each x ∈ Rn given, y ∈ Rn is said be worthwhile change iff there exists λ(x) > 0 such that the

motivation to change from the status x to new position or action y instead of staying at x, given by

(f(x)− f(y))/λ(x), is greater that, or equal, to the resistance for change given by Γ(q(x, y)), namely,

f(x)− f(y) ≥ λ(x)Γ(q(x, y)),

where Γ be a twice differentiable function such that:

Γ[0] = Γ′[0] = 0, and Γ′[q] > 0, Γ′′[q] > 0, q > 0, (2)

and there exist constants r, q̄, ρ̄Γ(r) > 0, satisfying the following condition:

Γ′[q/r] ≤ ρ̄Γ(r)Γ[q]/q, 0 < q ≤ q̄. (3)

Note that for different choices of Γ and q, the worthwhile to change condition which defines the worthwhile

to change set is a descent condition; see, for instance, [7, 9, 8]. This variational approach provides us an extra

motivation to develop further the study of proximal algorithms where the perturbation term of the usual

proximal point algorithm becomes a “curved enough” function of the quasi distance between two successive

iterates. More precisely, given x0 ∈ Rn and a bounded sequence of positive real numbers {λk = λ(xk)}

(called regularization parameters), the next step is such that

xk+1 ∈ argminy∈Rn
{
f(y) + λkΓ[q(xk, y)]

}
. (4)

Let us consider a generalized rate of curvature of Γ given by:

ρΓ(q, r) :=
Γ′[q/r]

(Γ[q]/q)
, 0 < q ≤ q̄. (5)

In the particular case r = 1, (5) represents, in Economics, the elasticity of the desutility curve Γ; see, for

instance, [1, 2]. From (5), condition (3) is equivalent to the condition:

ρ̄Γ(r) = sup{ρΓ(q, r) : 0 < q < q̄} < +∞, r ∈]0, 1[ fixed.
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For each α > 1 fixed, consider the function Γ[q] := qα. It is easy to see that, in this case, ρ̄D(r) ∈

[αr1−α,+∞). In particular, we can take

ρ̄Γ(q, r) = αr1−α = ρ̄Γ(r) < +∞. (6)

More accurately, for each α > 1, Γ[q] = qα represents a desutility of costs to change. It is strictly increasing

and satisfies (2) and (3). Note that, when q is the Euclidean distance and Γ[q] = q2/2, then (4) retrieves the

classical proximal method. The Method (4) is new and more adapted for applications in Behavioral Sciences.

Moreover, it retrieves formulations that have recently been considered for nonconvex functions, see [7, 9].

3 An Inexact Descent Method for KL Functions: Convergence to

a Critical Point

In this section, following the ideas presented in [8], we propose and study an inexact version of the proximal

method (4) whose full convergence is assured for objective functions that satisfy the Kurdyka-Lojasiewicz

inequality. This approach includes an inexact version of the proximal point method studied in [9].

3.1 Some Definitions from Subdifferential Calculus

In this section some elements concerning the subdifferential calculus are recalled; see, for instance, [15, 23].

From the assumption H1., f : Rn → R ∪ {+∞} is a proper lower semicontinuous function. The domain

of f , which we denote by domf , is the subset of Rn on which f is finite-valued. Since f is proper, then

domf 6= ∅.

Definition 3.1.
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i) The Fréchet subdifferential of f at x ∈ Rn, denoted by ∂̂f(x), is the set given by:

∂̂f(x) :=


{x∗ ∈ Rn : lim inf

y→x;y 6=x

1

‖x− y‖
(f(y)− f(x)− 〈x∗, y − x〉) ≥ 0}, if x ∈ domf,

∅, if x /∈ domf.

ii) The limiting Fréchet subdifferential (or simply subdifferential) of f at x ∈ Rn, denoted by ∂f(x), is the

set given by:

∂f(x) :=


{x∗ ∈ Rn|∃xn → x, f(xn)→ f(x), x∗n ∈ ∂̂f(xn);x∗n → x∗}, if x ∈ domf.

∅, if x /∈ domf.

In our convergence analysis, as well as in any limiting processes used in an algorithmic context, we need

consider a subdifferential T of f that satisfies the following closedness property:

Property 3.1. Let {(xk, vk)} be a sequence in Gr(T ). If (xk, vk) converges to (x, v) ∈ Rn × Rn and f(xk)

converges to f(x), then (x, v) ∈ Gr(T ).

In this sense, throughout the paper we consider the subdifferential ∂f . A necessary condition for a given

point x ∈ Rn to be a minimizer of f is

0 ∈ ∂f(x). (7)

It is known that, unless f is convex, (7) is not a sufficient condition. In the remainder, a point that satisfies

(7) is called limiting-critical or simply critical.

Proposition 3.1. Let f1, f2 : Rn → R be functions such that f1 is locally Lipschitz continuous at x̄ ∈ Rn

while f2 is proper lower semicontinuous, with f2(x̄) finite. Then, ∂(f1 + f2)(x̄) ⊂ ∂f1(x̄) + ∂f2(x̄).

Proof. See [15, pages 350,431].

Proposition 3.2. Let f1 : R+ → R+ be continuously differentiable, f2 : Rn → R+ a locally Lipschitz

function at x̄ ∈ Rn. Then, ∂(f1 ◦ f2)(x̄) = f ′1(f2(x̄))∂f2(x̄), for each x ∈ [0 < f2 < 1].

Proof. See [24, Lemma 43].
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3.2 The algorithm

Let us consider the proximal point method (4) and assume that f is bounded below. Since f is proper lower

semicontinuous, from the first inequality in (2) and (3) combined with Assumption 2.1, it is easy to see that

this method is well-defined. In particular, xk+1 ∈ domf , for all k ∈ N. From the definition of xk+1, we have

f(xk+1) + λkΓ[q(xk, xk+1)] ≤ f(xk), k = 0, 1, . . . . (8)

Let {xk} be a sequence generated by (4) and assume that:

{xk} ⊂ domf, xk 6= xk+1, 0 < λ̄ ≤ λk ≤ λ̃, k ∈ N.

As xk 6= xk+1, k ∈ N, combining definition of q with definition of Γ, it follows that

Γ[q(xk, xk+1)] > 0, k = 0, 1 . . . .

Hence, the inequality (8) implies that {f(xk)} is strictly decreasing. Moreover, since λk ≥ λ̄ > 0 and f is

bounded below, using again inequality (8), it is easy to see that {Γ[q(xk, xk+1)]} is a summable sequence.

In particular, taking into account that Γ is a continuous function, we conclude that there exists k0 ∈ N

sufficiently large such that

q(xk, xk+1) < 1, k ≥ k0. (9)

On the other hand, from the definition of xk+1 together with optimality condition (7), it follows that

0 ∈ ∂(f + Γ[q(xk, ·)])(xk+1), k = 0, 1, . . . . (10)

Note that Γ is a continuously differentiable function and q(xk, ·) is a Lipschitz function, for each k ∈ N (see

[9, Proposition 3.6]). In particular, Γ[q(xk, ·)] is a locally Lipschitz function. So, applying Proposition 3.1

with f1 = Γ[q(xk, ·)] and f2 = f , from inclusion (10), we obtain:

0 ∈ ∂f(xk+1) + λk∂Γ[q(xk, ·)](xk+1). (11)
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Now, since there exists k0 ∈ N such that (9) holds, using Proposition 3.2 with f1 = Γ and f2 = q(xk, ·), we

conclude that there exist wk+1 ∈ ∂f(xk+1) and vk+1 ∈ ∂q(xk, ·)(xk+1) such that:

0 = wk+1 + λkΓ′[q(xk, xk+1)]vk+1, k ≥ k0. (12)

As mentioned previously, this version of the proximal point method is new and generalizes the methods

considered in [7, 9]. However, here we are interested in an inexact version of (4) characterized from the two

conditions (8) and (12). For inexact versions in the convex case see, for instance, Rockafellar [14], Solodov

and Svaiter [25, 26] and references therein. In the particular case where Γ[q] = q2/2, q(x, y) = ‖x− y‖ and

f is convex, in [26] the authors consider that (xk+1, wk+1) ∈ Rn × Rn is an inexact solution, with tolerance

σ ∈ [0, 1[, for the subproblem (11) if:

wk+1 ∈ ∂f(xk+1), ε̃k = wk+1 + λk(xk+1 − xk), (13)

and

εk := ‖ε̃k‖ ≤ σmax{‖wk+1‖, λk‖xk+1 − xk‖}. (14)

Note that (14) implies the following weaker condition:

∃ b > 0 : ‖wk+1‖ ≤ b‖xk+1 − xk‖, (15)

which coincides with the inexact optimality condition proposes in [8].

Next, we introduce an inexact version of the proximal point method (4):

Algorithm 3.1. Take x0 ∈ domf , 0 < λ̄ ≤ λ̃ < +∞, σ ∈ [0, 1[ and b > 0. For each k = 0, 1, . . ., choose

λk ∈ [λ̄, λ̃] and find (xk+1, wk+1, vk+1) ∈ Rn × Rn × Rn such that:

f(xk)− f(xk+1) ≥ λk(1− σ)Γ[q(xk, xk+1)], (16)

wk+1 ∈ ∂f(xk+1), vk+1 ∈ ∂q(xk, ·)(xk+1), (17)
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‖wk+1‖ ≤ bΓ′[q(xk, xk+1)]‖vk+1‖, (18)

Remark 3.1. Note that Algorithm 3.1 is in fact an inexact version of the proximal method (4) that retrieves

the inexact algorithm proposed in [8, Algorithm 2] in the particular case Γ[q] = q2/2, q(x, y) = ‖x− y‖ and

1− σ = θ.

If {xk} is a sequence finitely generated by Algorithm 1, from the definition of q together with the first

inequality in (2) and (18), it is easy to see that it terminates at a critical point. Unless stated to the contrary,

in the remainder of this paper we assume that {xk} is an infinite sequence generated by Algorithm 1 and f

is bounded from below and continuous on domf .

3.3 Convergence and speed of convergence

Next we present a partial convergence result for Algorithm 1. We observe that in [9, Lemma 5.1] the proof

presented by the authors holds for any bounded sequence {yk} and any function Ψk which is locally Lipschitz

for each k ∈ N. Hence, taking into account that q(xk, ·) is a locally Lipschitz function, for each k ∈ N (see

[9, Proposition 3.6]), in the particular case where {xk} is a bounded sequence and Ψk = q(xk, ·), it follows

that the sequence {vk} defined in Algorithm 1 is bounded. In the remainder of this paper we assume that

there exists L > 0 such that

‖vk‖ ≤ L, k ∈ N. (19)

Proposition 3.3. The following statements hold:

i) The sequence {f(xk)} is strictly increasing;

ii)

+∞∑
k=0

Γ[q(xk, xk+1)] < +∞;

iii) limk→+∞ q(xk, xk+1) = 0;
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iv) Each accumulation point of the sequence {xk}, if any, is a critical point of f .

Proof. The proof of the items i), ii) and iii) are of simple verification (see what was presented at the

beginning of Section 3.2). Let us deal with item iv). Suppose that x̄ ∈ Rn be an accumulation point of

{xk} and let {xkj} be a subsequence converging to x̄. The item i) implies that x̄ ∈ domf and f(xkj )

converges to f(x̄). Since {xk} is generated by Algorithm 1, there exist sequences {wk} and {vk} such that

wk+1 ∈ ∂f(xk+1) and vk+1 ∈ ∂(q(xk, ·)(xk+1) satisfying (18). Now, {vk} being bounded, take v̄ ∈ Rn

and assume that {vkj} is a subsequence of {vk} converging to v̄. Hence, taking into account that {λk} is

bounded, inequality (18) allows us to conclude that {wk} has a subsequence converging to zero. Without

loss of generality we can assume that {wkj} converges to zero. Therefore, as ∂f satisfies Property 3.1, the

proof is complete.

As in [7, 9, 8], our main convergence result is restricted to functions that satisfy the so-called Kurdyka-

Lojasiewicz inequality. This was first introduced by Lojasiewicz [27], to real analytic functions, and extended

by Kurdyka [29] to differentiable definable functions in an o-minimal structure (for a detailed discussion on

o-minimal structures see, for example, Dries and Miller [28]). For extensions of the Kurdyka-Lojasiewicz

inequality, in the Euclidean context, to the classe of nonsmooth functions see Bolte et al. [30], Bolte et al.

[31] and Attouch et al. [32]. For extensions of the Kurdyka-Lojasiewicz property to functions defined on

non-linear spaces, see Kurdyka et al. [33], Lageman [34], Bolte et al. [24] and Bento et al. [35]. Next formal

definition of the Kurdyka-Lojasiewicz inequality can be finding in [32], where it is also possible to find several

examples and a good discussion over important classes of functions which satisfy the mentioned inequality.

Definition 3.2. A proper lower semicontinuous function f : Rn → R ∪ {+∞} is said to have the Kurdyka-

Lojasiewicz property at x̄ ∈ dom ∂f if there exists η ∈]0,+∞], a neighborhood U of x̄ and a continuous
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concave function ϕ : [0, η[→ R+ such that:

ϕ(0) = 0, ϕ ∈ C1(0, η), ϕ′(s) > 0, s ∈]0, η[; (20)

ϕ′(f(x)− f(x̄))dist(0, ∂f(x)) ≥ 1, x ∈ U ∩ [f(x̄) < f < f(x̄) + η], (21)

• dist(0, ∂f(x)) := inf{‖v‖ : v ∈ ∂f(x)},

• [η1 < f < η2] := {x ∈M : η1 < f(x) < η2}, η1 < η2.

In the remainder of this paper we assume that f is a KL function, i.e., a function which satisfies the

Kurdyka-Lojasiewicz inequality at each point of dom∂f .

Theorem 3.1. Assume that {xk} is bounded, x̃ ∈ Rn is an accumulation point of {xk} and Assumption 2.1

holds. Let U ⊂ Rn be a neighborhood of x̃, η ∈]0,+∞] and ϕ : [0, η[→ R+ a continuous concave function such

that (20) and (21) hold. If δ ∈ (0, q̄) (see condition (3)) and r ∈]0, 1[ are fixed constants, B(x̃, δ/β1) ⊂ U ,

a := λ̄(1− σ) and M := Lb
a , then there exists k0 ∈ N such that:

f(x̃) < f(xk) < f(x̃) + η, k ≥ k0, (22)

q(x̃, xk0) +
1

1− r
Γ−1

[
f(xk0)− f(x̃)

a

]
+

r

1− r
Γ−1

[
f(xk0−1)− f(x̃)

a

]
+
ρ̄Γ(r)M

1− r
[
ϕ(f(xk0)− ϕ(f(x̃))

]
< δ,

(23)

xk0+j ∈ Bq(x̃, δ), j = 1, 2, . . . . (24)

Moreover,
+∞∑
k=0

q(xk, xk+1) < +∞. (25)

In particular, the whole sequence {xk} converges to x̃ and it is a critical point of f .

Proof. From item i) of Proposition 3.3, it follows that xk, x̃ ∈ domf , for all k ∈ N. In particular, the

sequence {f(xk)} is well defined and converges to infk≥0 f(xk) = f(x̃). Changing f into f − infk≥0 f(xk) we
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can assume, without loss of generality, that f(x̃) = 0. Since {f(xk)} is a decreasing sequence converging to

0, we have

0 < f(xk), k ∈ N. (26)

In particular, there exists N ∈ N such that

0 < f(xk) < η, k ≥ N. (27)

Since (26) holds, let us define the sequence {bk} given by

bk = q(xk, x̃) +
1

1− r
Γ−1

[
f(xk)

a

]
+

r

1− r
Γ−1

[
f(xk−1)

a

]
+
ρ̄Γ(r)M

1− r
ϕ(f(xk)).

As q(·, x̃), Γ−1 and ϕ are continuous functions, ϕ(0) = 0 and {f(xk)} converges to 0, it follows that 0 is

an accumulation point of the sequence {bk}. Hence, there exists k0 := kj0 > N such that (23) holds. In

particular, as k0 > N , from (27) it also holds (22).

Note that (23) implies xk0 ∈ Bq(x̃, δ). On the other hand, from Assumption 2.1 there exists β1 > 0 such

that q(x̃, xk0) ≥ β1‖xk0 − x̃‖. This tell us that xk0 ∈ B(x̃, δ/β1) ⊂ U (latter inclusion follows by hypothesis).

Hence, from (22), we have

xk0 ∈ U ∩ [0 < f < η].

Then, since x̃ is a point where f satisfies the Kurdyka-Lojasiewicz inequality it follows that 0 /∈ ∂f(xk0).

Moreover, conditions (19) and (18) combined with the definition of dist(0, ∂f(xk)), yield

bΓ′[q(xk−1, xk)]L ≥ bΓ′[q(xk−1, xk)]‖vk‖ ≥ ‖wk‖ ≥ dist(0, ∂f(xk)), k = 1, 2, . . . .

Hence, again from the Kurdyka Lojasiewicz inequality of f at x̃, it follows that

ϕ′(f(xk0)) ≥ 1

bLΓ′[q(xk−1, xk)]
. (28)
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On the other hand, the concavity of the function ϕ implies that

ϕ(f(xk0))− ϕ(f(xk0+1)) ≥ ϕ′(f(xk0))(f(xk0)− f(xk0+1)),

which, combined with ϕ′ > 0 and condition (16) (taking into account that λk ≥ λ̄ = a
1−σ , k ∈ N) yields

ϕ(f(xk0))− ϕ(f(xk0+1) ≥ ϕ′(f(xk0))aΓ[q(xk0 , xk0+1)], (29)

So, using the inequalities (29) and (28), we get

M
[
ϕ(f(xk0))− ϕ(f(xk0+1))

]
≥ Γ[q(xk0 , xk0+1)]

Γ′[q(xk0−1, xk0)]
. (30)

We state that

q(xk, xk+1) ≤ rq(xk−1, xk) + ρ̄Γ(r)M [ϕ(f(xk))− ϕ(f(xk+1))], (31)

holds for k = k0. Indeed, we have two possibilities to consider:

a) q(xk0 , xk0+1) ≥ rq(xk0−1, xk0);

b) q(xk0−1, xk0) > rq(xk0 , xk0+1).

Let us suppose that holds a). Then, q(xk0−1, xk0) ≤ q(xk0 , xk0+1)/r. Hence, from the last inequality in (2),

we obtain

Γ′[q(xk0−1, xk0)] ≤ Γ′[q(xk0 , xk0+1)/r] ≤ ρΓ(r)
[
Γ[q(xk0 , xk0+1)]/q(xk0 , xk0+1)

]
,

where the last inequality follows from condition (3). Therefore, (31) follows by combining last inequality

with (30), taking into consideration that rq(xk0 , xk0+1) ≥ 0. If happens item b) the statement is immediately

verified.

Let us prove (24) by induction on j. Suppose that j = 1. Since Γ is invertible, f(xk) > 0, λk ≥ λ̄ = a
1−σ

(k ∈ N) and r ∈]0, 1[, condition (16) implies that

q(xk0 , xk0+1) ≤ Γ−1

[
f(xk0)

a

]
≤ 1

1− r
Γ−1

[
f(xk0)

a

]
. (32)
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On the other hand, combining the triangle inequality with last inequality and condition (20) we obtain, from

(23):

q(x̃, xk0+1) ≤ q(x̃, xk0) + q(xk0 , xk0+1) ≤ q(x̃, xk0) +
1

1− r
Γ−1

[
f(xk0)

a

]
< ρ.

But this tell us that (24) holds with j = 1. Take j ≥ 1 and let us suppose that (24) holds for all k =

k0 + 1, . . . , k0 + j − 1. In this case, (31) holds for k = k0 + 1, . . . , k0 + j − 1 and, hence, we get

j−1∑
i=0

q(xk0+i, xk0+i+1) ≤ r

1− r
q(xk0−1, xk0) +

ρ̄Γ(r)M

1− r
[ϕ(f(xk0))− ϕ(f(xk0+j))]. (33)

From the triangle inequality, we have:

q(x̃, xk0+j) ≤ q(x̃, xk0) + q(xk0 , xk0+1) +

j−1∑
i=0

q(xk0+i, xk0+i+1).

Thus, combining these two last inequalities with (32) and taking into account the inequality −ϕ(f(xk0+j)) <

0, we have

q(x̃, xk0+j) ≤ q(x̃, xk0) +
1

1− r
Γ−1

[
f(xk0)

a

]
+

r

1− r
Γ−1

[
f(xk0−1)

a

]
+
ρ̄Γ(r)M

1− r
[ϕ(f(xk0))],

which, from (23), allows us to conclude the induction proof.

Note that (25) follows immediately from (33). Now, combining Assumption 2.1 with (25), we conclude

that {xk} is a Cauchy sequence and hence converges. The conclusion of the proof follows from item iii) of

Proposition 3.3.

Under the conditions of the last theorem, for k sufficiently large (k ≥ k0), we have

N∑
p=k

q(xp, xp+1) ≤ r

1− r
q(xk−1, xk) +

ρ̄Γ(r)M

1− r
[ϕ(f(xk))− ϕ(f(xN+1))], N ≥ k. (34)

Letting N goes to infinity and taking into account that f(xk) decreases to zero and ϕ(0) = 0, last inequality

yields
+∞∑
p=k

q(xp, xp+1) ≤ r

1− r
q(xk−1, xk) +

ρ̄Γ(r)M

1− r
ϕ(f(xk)), k ≥ k0. (35)
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Let us suppose that ϕ(s) = s1−θ, θ ∈ [0, 1[ and, for simplicity of notation, define ∆k :=
∑+∞
k=k0

q(xk, xk+1).

So, considering that q(xk−1, xk) = ∆k−1 −∆k, we can rewrite inequality (35) as it follows:

∆k ≤
r

1− r
(∆k−1 −∆k) +

ρ̄Γ(r)M

1− r
(f(xk))1−θ, k ≥ k0. (36)

Since f(x̃) = 0 and xk ∈ U ∩ [0 < f < η], for k ≥ k0, combining (21) with (36), we obtain

∆k ≤
r

1− r
(∆k−1 −∆k) +

ρ̄Γ(r)M

1− r
[
(1− θ)dist(0, ∂f(xk))

] 1−θ
θ , k ≥ k0. (37)

Now, from the definition of the sequence {xk}, there exist b > 0, wk ∈ ∂f(xk), vk ∈ ∂(q(xk−1, ·)(xk) such

that

‖wk‖ ≤ bΓ′[q(xk−1, xk)]‖vk‖ ≤ bLΓ′[q(xk−1, xk)], k ∈ N,

where the last inequality follows from (19). As dist(0, ∂f(xk)) ≤ ‖wk‖, combining last inequality with (37)

and taking into account that q(xk−1, xk) = ∆k−1 −∆k, we get

∆k ≤
r

1− r
(∆k−1 −∆k) +

ρ̄Γ(r)M

1− r
[(1− θ)bLΓ′[∆k−1 −∆k]]

1−θ
θ , k ≥ k0. (38)

Assumption 3.1. For each β > 0 fixed, there exist positive constants γ = γ(β) and h = h(β) such that

Γ′[q] ≤ γqhβ , 0 < q < q̃ < 1, q̃ fixed.

If Γ is a desutility of costs to change satisfying last assumption with β = θ
1−θ , then there exist γ(θ), h(θ) >

0 such that (38) becomes

∆k ≤
r

1− r
(∆k−1 −∆k) +

ρ̄Γ(r)M

1− r
C̃h(θ) [∆k−1 −∆k]

h(θ)
, k ≥ k0, (39)

where C̃ = (1− θ)bLγ(θ).

Remark 3.2.
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a) Given β > 0, the desutility of costs to change, defined by Γ[q] = qα, satisfies Assumption 3.1 for γ = α

and h = α−1
β ;

b) Note that (34) (resp. (39)) is a generalization of (10) (resp. (12)) in [7]. Indeed, this can be easily

observed when Γ[d] = d2, q(x, y) = ‖y − x‖ and ϕ(s) = s1−θ together with (6) (α = 2)

Next we present an analysis of the rate convergence in the particular case where the desutility of costs

to change D satisfies Assumption 3.1 and ϕ(s) = s1−θ, θ ∈ [0, 1[. This resulted is a generalization of [7,

Theorem 2] and its proof follows the same idea presented in the refereed paper.

Theorem 3.2. Let Γ be a relative resistance to change function satisfying Assumption 3.1, ϕ(s) = s1−θ,

θ ∈ [0, 1[. Assume also that all assumptions of the previous theorem hold. Let x̃ be the limit point of the

sequence {xk}. Then,

i) If θ = 0, the sequence {xk} converges in a finite number of steps;

ii) If h(θ) ≥ 1, then, there exist c1 > 0, Q ∈]0, 1[ and k1 ∈ N such that

q(x̃, xk) ≤ c1Qk, k ≥ k1;

iii) If h(θ) ∈]0, 1[, then, there exits c2 > 0 such that

q(x̃, xk) ≤ c2k
h(θ)
h(θ)−1 , k ≥ k1.

Proof. First, let us suppose that h(θ) ∈]0, 1[. Since ∆k converges to zero as k goes to infinity, there exists

k1 ≥ k0 such that

∆k−1 −∆k ≤ [(∆k−1 −∆k)]
h(θ)

, k ≥ k1.

Hence, (39) shows that there exists a positive constant C =
[
r+ρ̄Γ(r)MC̃h(θ)

1−r

] 1
h(θ)

, such that

∆
1

h(θ)

k ≤ C(∆k−1 −∆k), k ≥ k1. (40)
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Define ψ :]0,+∞[→ R given by ψ(t) = t−
1

h(θ) and take R ∈]1,+∞[. For each k ≥ k1 fixed, we state that

there exist µ > 0 and ν < 0 such that

∆ν
k −∆ν

k−1 ≥ µ. (41)

Indeed, we have two cases to consider:

a) ψ(∆k) ≤ Rψ(∆k−1);

b) ψ(∆k) > Rψ(∆k−1).

Let us suppose firstly that a) holds. Then, from (40) together with definition of the function h, it follows

that

1 ≤ CR(∆k−1 −∆k)ψ(∆k−1).

Now, since ψ(∆k−1) = min∆k≤t≤∆k−1
ψ(t), last inequality implies

1 ≤ CR
∫ ∆k−1

∆k

ψ(t)dt,

and, consequently, we have

1 ≤ CR h(θ)

h(θ)− 1

[
∆

h(θ)−1
h(θ)

k−1 −∆
h(θ)−1
h(θ)

k

]
.

Note that h(θ)−1
h(θ) < 0 and, hence, 1−h(θ)

RCh(θ) > 0. Therefore, the desired resulted follows from the last inequality

with

µ =
1− h(θ)

RCh(θ)
and ν :=

h(θ)− 1

h(θ)
. (42)

Let us suppose now that holds b) and define q =
(

1
R

)h(θ)
. Then, from the definition of h, it follows that

∆k ≤ q∆k−1 and, taking into account that ν < 0, we get

∆ν
k ≥ qν∆ν

k−1.
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Hence, subtracting ∆ν
k−1 from both sides of the last inequality, we have

∆ν
k −∆ν

k−1 ≥ (qν − 1)∆ν
k−1.

Recall that ∆p converges to zero as p goes to infinity. Without loss of generality, we can suppose that

∆k ∈]0, 1[ for k ≥ k1 and ∆ν
k1
≥ µk1 (this is possible because ν < 0). Since q ∈]0, 1[ and ν < 0, then, there

exists µ̄ > 0 such that (qν − 1)∆k−1 > µ̄. This tell us that the desired resulted holds with µ = µ̄ and ν as

defined in (42). Therefore, the statement is proved.

Take k ∈ N greater that k1. By summing the inequality (41) from k1 to k, we obtain

∆ν
k −∆ν

N1
≥ µ(k − k1),

and, hence (since ν < 0),

∆k ≤
[
∆ν
N1

+ µ(k − k1)
] 1
ν .

Using again that ν < 0, it follows from the last inequality that there exists a positive constant ω1, for

example, ω1 = µ1/ν , such that

∆k ≤ ω1k
h(θ)
h(θ)−1 . (43)

On the other hand, combining the first inequality in Assumption 2.1 with definition of ∆k, we have

∆k ≥ β1 lim
N→+∞

N∑
p=k

‖xp+1 − xp‖ ≥ β1 lim
N→+∞

N∑
p=k

[
‖xp − x̃‖ − ‖xp+1 − x̃‖

]
= β1‖xk − x̃‖, (44)

where the second inequality and equality follow, respectively, from the triangle inequality and definition of

x̃. Thus, item iii) follows by combining inequalities (43), (44) and the second inequality in Assumption 2.1

with c2 = (β2ω1)/β1.

Suppose now that h(θ) ≥ 1. From (39), we get

∆k ≤ C1(∆k−1 −∆k), k ≥ k1 ≥ k0,
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where C1 = Ch(θ). So, last inequality implies ∆k ≤ C1
1+C1 ∆k−1, for k ≥ k0 and, hence,

∆k ≤ ω2Q
k, (45)

where Q = C1
1+C1 ∈]0, 1[ and ω2 = Qk0∆k0 . Using again (44), item ii) follows with c1 = (β2ω2)/β1.

Now, assume that θ = 0 and suppose, for contradiction, that the sequence {xk} is infinitely generated.

Take k0 ∈ N sufficiently large such that xk ∈ Bq(x̃, δ)∪ [0 < f < η], k ≥ k0, (we are assuming that f(x̃) = 0).

Since ϕ(s) = s, from (21), we obtain

1 ≤ dist(0, ∂f(xk)), k ≥ k0. (46)

On the other hand, from the definition of the sequence {xk}, for each k ∈ N there exist wk ∈ ∂f(xk) and

vk ∈ ∂q(xk−1, ·)(xk) such that

‖wk‖ ≤ bΓ′[q(xk−1, xk)]‖vk‖ ≤ bLΓ′[q(xk−1, xk)], (47)

where the last inequality follows from (19). Taking into account that D satisfies (2), it is easy to see that

Γ′[q(xk−1, xk)] converges to zero as k goes to +∞. Hence, combining (46) with (47) and letting k goes to

+∞, we obtain a contradiction. This proves item i) and conclude the proof.

Remark 3.3. The constants Q, c1 and c2, present in Theorem 3.2, may be made explicit as follows:

c1 =
β2

β1
Qk0∆k0

, where Q =
r + ρ̄Γ(r)M [(1− θ)bLγ(θ)]h(θ)

1 + ρ̄Γ(r)M [(1− θ)bLγ(θ)]h(θ)
,

c2 =
β2

β1

(1− h(θ))
h(θ)
h(θ)−1 (1− r)

1
h(θ)−1

[Rh(θ)]
h(θ)
h(θ)−1

[
r + ρ̄Γ(r)M [(1− θ)bLγ(θ)]h(θ)

] 1
h(θ)−1

.

Note that if Γ[q] = qα, α > 1, from item a) of Remark 3.2 it is easy to see that the last theorem holds with

h(θ) = (1−θ)(α−1)
θ . In particular, [7, Theorem 2] is obtained for α = 2.
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4 Application. The strength of habituation and routinization pro-

cesses and the “loss aversion effect”

4.1 The Variational approach

Successions of worthwhile temporary stays and changes

The recent VR variationality approach (see [1, 2]) helps to unify a lot of stay/stability and change behavioral

dynamics in Behavioral Sciences (Psychology, Economics, Management Sciences, Decision theory, Philosophy,

Game theory, Political Sciences, Artifical Intelligence. . .), as a succession of worthwhile temporary stays and

changes xk+1 ∈ Wek,ξk+1
(xk), k ∈ N, ending in variational traps x∗ ∈ X. Stays x = xk y y = xk+1 = xk

refer to habits, routines, equilibria, rules, norms, and traps. Changes x = xk y y = xk+1 6= xk represent

creations, destructions, innovations, learning processes,. . . . A point x ∈ X can be an action (doing), or a

state (being, having). In the current period k+1, an agent considers that a change xk y xk+1 ∈Wek,ξk+1
(xk)

is worthwhile if his motivation to change Mek(xk, xk+1) is higher than his resistance to change Rek(xk, xk+1)

up to a satisficing worthwhile to change ratio ξk+1 > 0. At the end of the last period k, the experience of

the agent is ek ∈ E.

Within the current period k+1, a worthwhile change is both feasible and desirable enough, i.e, acceptable,

improving with no too high costs to be able to improve, satisficing with not too much sacrificing. Each period,

the agent chooses the ratio ξk+1 > 0, which represents how worthwhile a change must be to accept to move

rather than to stay. The famous (see [43]) satisficing principle is a specific case (see [1, 2]). Marginally not

worthwhile changes play also a major role. Within the same period, the agent must also have to know when

he must stop changing. This is the case when one step more is not worthwhile. More formally, this change

is not “marginaly worthwhile”, when the ex ante marginal motivation to change is sufficiently lower than
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the ex ante marginal resistance to change. In this case the agent does not regret ex ante to do not go one

step further. The motivation to change again next period comes from residual unsatisfied needs or variable

preferences.

Then, xk+1 ∈Wek,ξk+1
(xk)⇐⇒Mek(xk, xk+1) ≥ ξk+1Rek(xk, xk+1). Starting from an initial position x0,

a variational trap (x∗, e∗, ξ∗) ∈ X×E×R+ is the end of a worthwhile to change process xk+1 ∈Wek,ξk+1
(xk),

k ∈ N, that is to say a position where, at the end, it is worthwhile to stay (i.e., not worthwhile to move

again): We∗,ξ∗(x∗) = {x∗}. Then, the pilar of the VR approach are worthwhile changes and variational

traps. The main question is to know when successions of worthwhile temporary stays and changes end in

variational traps.

Given the current experience e = ek, motivation to change Me(x, y) = Ue [Ae(x, y)] from x = xk to

y = xk+1 is defined as the utility Ue [Ae] of advantages to change Ae = Ae(x, y). Resistance to change

Re(x, y) = De [Ie(x, y)] refers to the disutility De [Ie] of inconvenients to change Ie = Ie(x, y). Suppose that

U−1 exists and that Ue [0] = 0 = De [0] . Let Γe [Ie] = U−1
e [De [Ie]] be the relative resistance to change

function. It defines how strong is the utility of advantages to change with respect to the disutility of

inconvenients to change.

Inertia or the degree of resistance to change

The variational rationality approach defines the degree of resistance to change δe [Z] = De [Z] /Ue [Z], for

Z > 0. It says that the agent resists to small change when δe [Z] > 1 ⇐⇒ De [Z] > Ue [Z], for Z > 0 small

enough. In this case inconvenients to change Ie = Z > 0 seem larger (enough) than the same size advantages

to change Z = Ae > 0, this common size Z being small enough.
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Advantages and inconvenients to change

They admit a lot of variants. Let us choose, among all of them, one which retrieves the formulation of

proximal algorithms and gives a direct generalization. We will suppose that, when they exist, advantages

and inconvenients to change are experience free and separable, i.e.,

Ae(x, y) = χ [g(y)− g(x)] = χ [f(x)− f(y)] ≥ 0 and Ie(x, y) = C(x, y)− C(x, x) ≥ 0, χ > 0,

where:

• g : x ∈ X 7−→ g(x) ∈ R is a “to be increased” payoff of the agent, say his satisfaction for a consumer,

or his profit for an entrepreneur;

• g : x ∈ X 7−→ g(x) ∈ R is a “to be decreased” payoff of the agent, say his unsatisffied needs for a

consumer, or his residual profit “to be exhausted” for an entrepreneur;

• C(x, y) ≥ 0 is his costs to be able to move from x to y;

• C(x, x) ≥ 0 is his costs to be able to stay at x;

• Qλ(x, y) = g(y)− λ Γ [I(x, y)] is the current “to be increased” proximal payoff of the agent;

• Pλ(x, y) = f(y) + λ Γ [I(x, y)] is the current “to be decreased” proximal payoff of the agent.

In this case, a current change from x to y is worthwhile iff M(x, y) ≥ ξR(x, y), i.e., U [A(x, y)] ≥ ξD [I(x, y)]

i.e.,

g(y)− g(x) ≥ λU−1 [ξD [I(x, y)]] = λΓξ [I(x, y)] or f(x)− f(y) ≥ λΓξ [I(x, y)] , λ = 1/χ.

For simplification we will take ξ = 1 and Γ1 [I(x, y)] = Γ [I(x, y)] . Then a change is worthwhile if the

“to be increased” proximal payoff of the agent increases, or if the “to be decreased” proximal payoff of the
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agent decreases. M(x, y) ≥ ξR(x, y) ⇐⇒ Qλ(x, y) ≥ Qλ(x, x) ⇐⇒ Pλ(x, y) ≤ Pλ(x, x). In this situation a

variational trap (x∗, λ∗) ∈ X × R+ satisfies the stability condition

g(y)− g(x∗) < λ∗Γ [I(x∗, y)] or f(x∗)− f(y) < λ∗Γ [I(x∗, y)] , y 6= x∗.

4.2 An example

A simple model of knowledge management

Because the second paper, Bento and Soubeyran [41], is a continuation of the present paper, for easier

understanding, this example is the same in both papers. It modelizes a very simple case of knowledge

management within an organization, to determine the optimal size and shape of an innovative firm driven

by a leader. In Management Sciences, the literature on this topic is enormous and represents one of its main

area of research. Consider an entrepreneur (leader) who, each period, can hire and fire different kinds and

numbers of skilled and specialized workers {1, 2, . . . , j, . . . l} = J to produce a chosen quantity of a final good

of a chosen quality. These workers are knowledge workers (see Long et al. [42]). The endogenous quality q(x)

of this final good changes with the chosen profile of skilled workers x = (x1, x2, . . . , xj , . . . , xl) ≥ 0, where

xj ≥ 0 is a number of workers of type j. To save space and for simplification, each period, each employed

skilled worker utilizes one unit of a specific non durable mean, to produce, using his specific knows how,

one unit of a specific component of type j. Then, the entrepreneur combines these different components

to produce q(x) units of a final good of endogenous quality s(x). This production function is original

because it combines both variable quantity and quality. The revenue of the entrepreneur is ϕ [q(x), s(x)] .

His operational costs ρ(x) are the sum of his costs to buy the non durable means used by each worker, and

the wages paid to each employed worker. Then, in a given period, the profit of the entrepreneur who employs

the profile x ∈ X = Rl of skilled workers is g(x) = ϕ [q(x), s(x)] − ρ(x) ∈ R. For a famous example of an
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endogenous production function of quality, see Kremer [40].

To fit with the formulation of inexact proximal algorithms, where mathematicians consider to be decreased

cost functions, let us consider the residual profit that the entrepreneur expects to exhaust in the future,

f(x) = g − g(x) ≥ 0, where g = sup {g(y), y ∈ X} < +∞ is the highest finite profit that the entrepreneur

can hope to get.

Costs to be able to change (to stay)

To be able to hire one skilled worker of type j, ready to work, costs hj+ > 0. These costs include search and

training costs. To be able to fire one worker of type j, costs hj− > 0. These costs represent separation and

compensation costs. To keep a worker, ready to work, one period more, costs hj= ≥ 0. These conservation

costs include knowledge regeneration and motivation costs. Then, in the current period, costs to be able to

conserve the same profile of workers as before are C(x, x) = Σnj=1h
j
=x

j while costs to utilize the profile of

skilled workers y are

C(x, y) =
∑

j∈J+(x,y)

[
hj=x

j + hj+(yj − xj)
]

+
∑

j∈J−(x,y)

[
hj=y

j + hj+(xj − yj)
]
,

where J+(x, y) =
{
j ∈ J : yj ≥ xj

}
and J−(x, y) =

{
j ∈ J : yj < xj

}
. For simplification, suppose that

conservation costs are zero, i.e., hj= = 0. Then, C(x, x) = 0 and I(x, y) = Σj∈J+(x,y)h
j
+(yj − xj) +

Σj∈J−(x,y)h
j
−(xj − yj). Then, I(x, y) is a quasi distance q(x, y) = I(x, y) ≥ 0 such that

q(x, y) = 0, iff y = x and q(x, z) ≤ q(x, y) + q(y, z), x, y, z ∈ X.

The more general case where hj= > 0 works as well.
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Motivation and resistance to change functions

Take U [A] = Aµ and D [I] = Iν with µ, ν > 0. Then, the relative resistance to change function is

Γ [I(x, y)] = I(x, y)α, α = ν/µ > 0.

An habituation/routinization process

It is such that, step by step, gradually, the agent carries out a more and more similar action. This is

equivalent to say than the quasi distance C(xk, xk+1) converges to zero as k goes to infinity.

When a worthwhile to change process converges to a variational trap, this variational formulation offers

a model of trap as the end point of a path of worthwhile temporary stays and changes.

4.3 Inexact proximal algorithms as succession of worthwhile temporary stays

and changes

Succession of worthwhile temporary stays and changes

In this example they are xk+1 ∈Wλk+1
(xk), k ∈ N, i.e.,

g(xk+1)− g(xk) ≥ λk+1Γ
[
q(xk, xk+1)

]
or f(xk)− f(xk+1) ≥ λk+1Γ

[
q(xk, xk+1)

]
, k ∈ N.

Sufficient descent conditions

They are

g(xk)− λkΓ
[
q(xk, xk+1)

]
≥ g(xk) or f(xk+1) + λkΓ

[
q(xk, xk+1)

]
≤ f(xk), k ∈ N.

Then, they represent worthwhile changes xk+1 ∈ Wλk(xk), k ∈ N, where, in Mathematics, λk replaces

λk+1.
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Inexact proximal algorithms

They include, each step k + 1, a sufficient descent condition and a stopping rule. Then, they modelize

particular instances of worthwhile temporary stays (where it is marginally not worthwhile to change) and

changes processes.

4.4 Speed of convergence, loss averstion and the degree of resistance to change

4.4.1 Inertia (to resist to change) and loss aversion

Degree of resistance to change

As seen before the variational rationality approach defines relative resistance to change as Γ [I] = U−1 [D(I)]

and inertia, or degree of resistance to change, as δe(Z) = De [Z] /Ue [Z], for Z > 0. It says that the agent

resists to small change when δe(Z) > 1⇐⇒ De [Z] ≥ Ue [Z] for small enough changes Z > 0. It also tells us

that the agent favors small change when δe(Z) < 1⇐⇒ De [Z] < Ue [Z] , for small enough changes Z > 0.

Loss aversion

In Behavioral Economics, Kahneman and Tversky and their followers have defined several famous “loss

aversion” indexes, both in case of riskless choices (see Tversky and Kahneman [10]) and for the case of

risky choices (see Kahneman and Tversky [11]). In their case, there are no experience effects, and the loss

aversion index l(Z) = D [Z] /U [Z] is a particular case of the degree of resistance to change δe(Z). Other

indexes of “loss aversion” have been given (for example l̃(Z) = D′ [Z] /U ′ [Z] , see (Abdellaoui et al. [44] and

Köbberling and Wakker [45]). To simplify we will consider the leading example where U [A] = Aµ, µ > 0,

and D [I] = Iν , ν > 0. Then, Γ [Z] = Zα with α = ν/µ > 0, δ(Z) = l(Z) = Zν−µ = Zµ(α−1) and

l̃ [Z] = (ν/µ)Zν−µ.
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Loss aversion and the strength of resistance to change

Then, when α > 1, and for a given 0 < Z < 1, the formula δ(Z) = eµ(− logZ)(α−1) shows that when resistance

to change in the small increases (that is to say α decreases), δ(Z) decreases.

Weak resistance for small changes

Our present paper considers the leading example of Γ [q(x, y)] = q(x, y)α, where α > 1. If α = ν/µ, then

ν > µ. This represents the case of weak resistance to change “in the small” (0 < q < 1) but strong resistance

to change ”in the large” (q ≥ 1), because qα < q for 0 < q < 1 and qα ≥ q for q ≥ 1.

Strong resistance for small changes

In the opposite case 0 < α ≤ 1, where there is strong resistance to change “in the small” (but weak resistance

to change ”in the large”), Soubeyran [1, 2] examined the case of “loss aversion for small changes” which

represents also “strong resistance to small changes”, where Γ [q] ≥ σq, σ > 0, for q > 0 small enough.

4.4.2 Convergence. How the strength of resistance to change impacts hibt/routine formation

• Problem. In the context of habit/routine formation, the main point is to know how more or less

bounded needs and the strength of resistance to change (weak, strong) favors or not the speed of

convergence. This point is very important because an habituation/routinization process is gradual. It

represents a progressive increase in automaticity. The speed of convergence of the inexact proximal

algorithm modelizes in a nice way a slow learning process of automatization (how the same way of

doing an action emerges gradually from repetitions in the same recurrent context). Actions become

more and more similar and converge to a limit action which is a variational trap, a permanent habit,

where the agent prefers to stay than to move. In this behavioral context, Theorem 3.2 of our paper is
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a powerful result. It shows the importance of the strength of resistance to change for the formation of

habits and routines.

• Findings. Let us consider the case of weak resistance to change in the small where Γ [q(x, y)] =

q(x, y)α, α > 0. Then h(θ) = (α − 1)(1 − θ)/θ > 0 for 0 < θ < 1. Theorem 3.2 of our paper exhibits

two polar cases:

ii) very weak resistance to change in the small (when α is > 1 and very high):

h(θ) ≥ 1⇐⇒ α ≥ 1/(1− θ) > 1.

In this case, q(x̃, xk) ≤ c1Qk = c1e
(logQ)k with logQ < 0 from 0 < Q < 1;

iii) weak, but stronger resistance to change in the small (when α is > 1, but lower than before):

0 < h(θ) < 1⇐⇒ 1 < α < 1/(1− θ).

In this case where α is lower,

q(x̃, xk) ≤ c2kω(θ) = c2e
ω(θ)(log k),

with ω(θ) = h(θ)/ [h(θ)− 1] < 0 from 0 < h(θ) < 1.

Then, when k goes to infinity, the speed of convergence is higher in case of very weak resistance to

change (case ii)) than in case of stronger resistance to change (case iii)), because k > log k for k

high enough. This shows that when resistance to change is small reamins weak, i.e., α > 1, when α

decreases, resistance to change in the small increases. Then, moving from ii) to iii) show that,

• Finding as long as resistance to change is weak (α > 1), if resistance to change in the small increases,

then, the speed of convergence of the habituation/routinization process decreases. This is a striking
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result which is also intuitive. It means that, each period, the agent will make smaller steps when

resistance to change increases.

Finally, when θ = 1, habit/routine formation is in finite time, a nice result.

5 Conclusion

The consideration of relative resistance to change functions Γ[·] helps to classify exact and inexact proximal

algorithms in two separate groups. The first case considers strong resistance to change, where Γ[q] = q is

linear for all q ≥ 0. The second case examines weak resistance to change, where, Γ[·] is “convex enough”,

for example, Γ[q] = qα, α > 1 for all q ≥ 0. In both cases q = q(x, y) is a distance or a quasi distance.

Applications in Behavioral Sciences needs convergence to a variational trap, which is worthwhile to approach,

but not worthwhile to leave. The question becomes: when a critical point is a variational trap. This point

has been examined in Bento and Soubeyran [41]. In the case of weak resistance to change (the present paper)

a striking result for applications in Behavioral Sciences has been to show how the strength of resistance to

change can impact the speed of convergence of an habituation/routinization process. In the opposite case

of strong resistance to change, this impact is much easy to show (see [1, 2]). Then, the variational approach

which considers relative resistance to change as a core concept, which balances the strength of motivation

and resistance to change, provides us an extra motivation to develop further the study of proximal algorithms

in a nonconvex and possibly nonsmooth setting.
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