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Abstract. Many real-world optimization models comprise nonconvex and
nonlinear as well as nonsmooth functions leading to very hard classes of
optimization models. In this article a new interior-point method for the special
but practically relevant class of optimization problems with locatable and
separable nonsmooth aspects is presented. After motivating and formalizing
the problems under consideration, modifications and extensions to standard
interior-point methods for nonlinear programming are investigated in order to
solve the introduced problem class. First theoretical results are given and a
numerical study is presented that shows the applicability of the new method
for real-world instances from gas network optimization.

1. Introduction

Interior-point (or barrier) methods mainly emerged in the late 1970s and 1980s.
They came up due to the search for algorithms solving linear programs (LP) with
a better worst-case complexity than the simplex method. The earliest proposed
algorithm for solving LPs with a polynomial complexity was the ellipsoid method
by Khachiyan [14]. However, this method turned out to be impractical and was not
competitive with the simplex method in practice. In 1984, Karmarkar [12] published
a new method that shares the complexity property of Khachiyan’s algorithm but
also has a good practical performance. Since then a lot of research activity came
up leading to a wide range of theoretical results and implementations. One decade
after Karmarkar’s publication a subclass of interior-point methods arose that are
known as primal-dual methods. This subclass turned out to be the most efficient
instantiation of interior-point methods. Todays most powerful codes of primal-dual
type include, e.g., Ipopt [30], KNITRO [31], and LOQO [26, 27].

In contrast to other approaches that were developed for linear or quadratic
programming, interior-point methods have the advantage that their main algorithmic
framework stays the same when applied to more difficult problem classes like
nonconvex quadratic or nonlinear problems. Of course, additional techniques for
globalization and handling nonconvexity etc. come into play but the main building
blocks of the methods, e.g. computation of the search direction, the fraction-to-
the-boundary rule or updating of the barrier parameter are almost identical for all
problem classes. This motivates the main idea of this paper—namely to develop an
interior-point method for a special class of nonsmooth problems by using as much
as possible from the algorithmic building blocks of standard interior-point methods
and modifying and extending the algorithm as much as required in order to tackle
the more complex class of optimization problems.
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Interior-point methods are not the standard tool for solving nonsmooth opti-
mization problems. The most prominent class of algorithms in this field are bundle
methods which approximate nonsmooth functions by bundles of hyperplanes (see
[10, 11] for a detailed description). However, standard bundle methods are only
applicable for nonsmooth problems with convex objective function and constraints.
The method presented in this paper does not possess this restriction. The reader
interested in other algorithms and software for nonsmooth optimization is referred
to [13].

The contribution of this paper is the following. A new class of practically relevant
nonlinear and nonsmooth optimization models is formalized and modeling examples
are given to demonstrate how to reformulate constraints that often appear in
nonsmooth problems in order to fit into the introduced class. For this class a new
interior-point method is presented that is able to solve these models for most of
the tested instances. This is realized by modifying the line-search sub-procedure,
the computation of the maximum step length and the usage of problem-tailored
generalized gradients. For the latter it is proved that these generalized gradients
belong to Clarke’s generalized gradient. Finally, a stationarity test for problems with
locatable and separable nonsmoothness is given. Thus, it is shown that, if converging,
the algorithm returns a KKT point for nonsmooth but Lipschitz continuous problems.
A complete convergence proof, however, is outstanding and topic of future research.
Despite that fact, the presented numerical results on low-dimensional academic
and real-world instances from gas transport are very encouraging and show the
applicability of the new method.

The paper is organized as follows. In Section 2 a general interior-point framework
is presented that is modified and extended in Section 4 in order to solve nonsmooth
optimization problems with locatable and separable nonsmoothness. This class
of nonsmooth problems is introduced in Section 3. Numerical results on low-
dimensional test problems as well as on real-world instances from the field of gas
transport network optimization are given in Section 5. The paper concludes with a
summary and a discussion of open topics in Section 6.

2. General Interior-Point Framework

We consider interior-point methods for solving the problem

min
x∈Rn

f(x) (1a)

s.t. c(x) = 0, (1b)
x ≥ 0, (1c)

where, for the moment, the objective function f : Rn → R and the constraints
c : Rn → Rm are assumed to be smooth, i.e. C2 in this article. Later, this regularity
condition is relaxed in order to consider a more general class of nonsmooth problems.
In order to get rid of the inequality constraints (1c), interior-point methods replace
(1) by a series of barrier problems

min
x∈Rn

ϕµ(x) := f(x)− µ
n∑
i=1

lnxi s.t. c(x) = 0,

with the so-called barrier parameter µ > 0 that has to be driven to zero. In
addition, the non-negativity constraint is strengthened to x > 0. As it is well known,
this approach is equivalent to applying a homotopy method for the (perturbed)
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primal-dual system of (1);

∇f(x)−∇c(x)Tλ− z = 0, (2a)
c(x) = 0, (2b)

XZe− µe = 0. (2c)

Here and in what follows, ∇c(x) ∈ Rm×n is the Jacobian of the constraint vector c
and e is the vector of all ones with appropriate dimension. Capital letters denote
diagonal matrices made up of the entries of the corresponding vectors (denoted
by small letters). The dual variables λ ∈ Rm and z ∈ Rn correspond to Lagrange
multipliers of the equality constraints (1b) and the variable bounds (1c), respectively.

With this at hand, primal-dual methods proceed as follows. Given a primal-dual
iterate y(k) := (x(k),λ(k), z(k)) that fulfills the positivity constraints, i.e. x(k), z(k) >
0, the KKT system H(x(k)) −∇c(x(k))T −I

∇c(x(k)) 0 0
Z(k) 0 X(k)

∆x(k)

∆λ(k)

∆z(k)

 = −

 ∇xL(y(k))
c(x(k))

X(k)Z(k)e− µ(k)e

 (3)

is solved, yielding a primal-dual search direction (∆x(k), ∆λ(k), ∆z(k)). Here and in
what follows, ∇xL denotes the gradient of the Lagrangian of (1), i.e.,

∇xL(y(k)) = ∇f(x(k))−∇c(x(k))Tλ(k) − z(k)

and H denotes the Hessian of the Lagrangian.
Since simply applying this direction would potentially violate the positivity

constraints, the so-called fraction-to-the-boundary rule is imposed,

ᾱ
(k)
pri := max

α∈(0,1]
{x(k) + α∆x(k) ≥ (τ − 1)x(k)}, (4a)

ᾱ
(k)
dual := max

α∈(0,1]
{z(k) + α∆z(k) ≥ (τ − 1)z(k)}, (4b)

where τ ∈ (0, 1) is the fraction-to-the-boundary parameter. By restricting all
primal and dual step lengths α(k)

pri and α(k)
dual by these upper bounds, positivity of all

iterates x(k), z(k) is guaranteed. For nonlinear problems it is additionally required
to determine actual step lengths α(k)

pri ∈ (0, ᾱ
(k)
pri ],α

(k)
dual ∈ (0, ᾱ

(k)
dual] by a globalization

approach like trust region or line-search techniques (see, e.g., [1, 6, 24, 25, 27, 29, 30]
and the references therein). In this article the focus lies on line-search methods. Here,
for a given maximal primal step length ᾱ(k)

pri , trial step lengths α(k,l)
pri , l = 0, 1, 2, . . . ,

are generated (typically by α(k,l+1)
pri = cα

(k,l)
pri with c ∈ (0, 1)) and the corresponding

trial points x(k,l) = x(k) +α
(k,l)
pri ∆x(k) are tested for acceptance by a filter or a merit

function.
Finally, the new iterate is given by

x(k+1) = x(k) + α
(k)
pri ∆x

(k), (5a)

λ(k+1) = λ(k) + α
(k)
dual∆λ

(k), (5b)

z(k+1) = z(k) + α
(k)
dual∆z

(k). (5c)

In addition, the barrier parameter µ(k) can be updated, yielding a different barrier
parameter µ(k+1) 6= µ(k) or can stay the same, i.e. µ(k+1) = µ(k). At least, the
mechanism for updating has to ensure that the sequence of barrier parameters
converges to zero, leading to the (un-)perturbed KKT conditions of the original
problem (1). For the details, it is referred to, e.g., [17, 18, 27, 30]. Interior-point
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methods finally terminate if an KKT point is approximately reached, i.e., if an
iterate satisfies

e(k) := max{‖∇xL(y(k))‖∞, ‖c(x(k))‖∞, ‖X(k)Z(k)e‖∞} ≤ ε (6)

for a user-specified tolerance ε > 0. Algorithm 1 states a basic interior-point
framework.

Algorithm 1 : Basic Interior-Point Framework
Input : Starting point (x(0),λ(0), z(0)) with x(0), z(0) > 0, initial barrier

parameter µ(0) > 0, convergence tolerance ε > 0.
1 Set k = 0.
2 while e(k) > ε do
3 Compute the search direction (∆x(k), ∆λ(k), ∆z(k)) by solving (3).
4 Compute maximum step lengths ᾱ(k)

pri , ᾱ
(k)
dual using (4).

5 Apply a globalization strategy to obtain actual step lengths α(k)
pri ,α

(k)
dual.

6 Compute the new iterate (x(k+1),λ(k+1), z(k+1)) using (5).
7 Compute a new barrier parameter µ(k+1) or set µ(k+1) = µ(k).
8 Set k ← k + 1.

Beside the algorithmic framework that is discussed so far, many improvements can
be found in state-of-the-art implementations. To name a few, reduction techniques
for the KKT system (3) are applied (see, e.g., [21]), iterative refinement techniques
are used to improve the quality of the search directions (see, e.g., [9, 21, 30]), second
order corrections are used to improve the globalization approach (see, e.g., [4, 21,
30]), a feasibility restoration phase is incorporated (see, e.g., [6, 28, 30]) and problem
scaling is applied (see, e.g., [30]).

Finally, the reader interested in convergence results is referred to [7, 25, 29].

3. Definition of the Problem Class

In Section 2 the assumption was made that the objective function f and the
constraints c are twice continuously differentiable. However, many real-world
nonlinear optimization problems do not satisfy this regularity assumption. In
particular, constraints violating this assumption often include min, max or absolute
value functions. These functions have the property that there are only few points
at which the required regularity is not given, whereas there are large regions at
which they are smooth. One possible approach to tackle this situation—especially
in models that include discrete decisions anyway—is to introduce binary variables to
identify the (smooth) region to which the current iterate belongs and to select the
smooth restriction to this region. This approach obviously increases the difficulty
of the problem tremendously by introducing a (possibly large number of) integer
variables. The aim of the following sections is to address this problem by a novel
approach. The main idea is to start from a standard interior-point method as
described in Section 2 and to modify it as little as possible but as much as required
in order to be able to solve the more general problem class.

In this section a formal description of the considered class of nonsmooth problems
is given, leading to the definition of the class of so-called optimization problems
with separable and locatable nonsmoothness. The next section then discusses the
modifications to the basic interior-point framework of Section 2 that enable the
algorithm to tackle this problem class.
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First, some basic definitions and results from the field of nonsmooth analysis are
collected that are required in the following. The presentation is based in the books
[2, 3]. We start with the definition of Clarke’s generalized gradient:

Definition 1 (Clarke’s Generalized Gradient). Let X be a real Banach space and
f : X → R locally Lipschitz-continuous in a neighborhood N of x ∈ X. Furthermore,
let d ∈ X. Clarke’s generalized directional derivative of f at x in the direction d is
defined as

f◦(x; d) := lim sup
y→x
t↓0

f(y + td)− f(y)

t
.

Clarke’s generalized gradient of f at x is given by

∂f(x) := {y ∈ X∗ : f◦(x; d) ≥ 〈y, d〉 for all d ∈ X} ,

where X∗ denotes the dual space of X and 〈a, b〉, a ∈ X∗, b ∈ X, is the associated
dual pairing.

Definition 1 is valid for finite as well as infinite dimensional Banach spaces. The
aim of the following is to state a more practicable characterization of ∂f(x) in finite
dimension. This is done by the following theorem (see [3] for a proof).

Theorem 1. Let f : Rn → R be locally Lipschitz-continuous in a neighborhood of
x ∈ Rn and suppose S to be any set of Lebesgue measure 0 in Rn. Then

∂f(x) = conv
{

lim
i→∞

∇f(xi) : xi → x,xi /∈ S,xi /∈ K
}

holds, where K is the set of points at which f fails to be differentiable. As usual,
convM denotes the convex hull of the set M .

To avoid the impractical condition “xi /∈ S”, Rademacher’s theorem is useful:

Theorem 2 (Rademacher, [2]). Let f : U ⊂ Rn → R be locally Lipschitz-continuous
on an open set U . Then f is differentiable almost everywhere on U (w.r.t. the
Lebesgue measure).

By applying Rademacher’s theorem to Theorem 1 one obtains the following result.

Lemma 1. For an open subset U ⊂ Rn let f : U → R be locally Lipschitz-continuous
and x ∈ U . Let K be the set of points at which f fails to be differentiable. Moreover,
let (xi) ⊂ Rn \ K be a sequence of points converging to x. Furthermore, assume that
limi→∞∇f(xi) exists. Then limi→∞∇f(xi) ∈ ∂f(x).

Proof. Using Rademacher’s theorem it follows that Rn\K is not a subset of Lebesgue
measure 0. Thus, the lemma follows directly from Theorem 1. �

Next, first-order necessary conditions are stated for (1) with possibly nonsmooth
but locally Lipschitz-continuous objective function f and constraints c (cf. [3]).

Theorem 3. Let x∗ ∈ Rn be a local solution of (1) with locally Lipschitz-continuous
functions f and c. Then there exist Lagrange multipliers ξ∗ ∈ R≥0,λ∗ ∈ Rm, z∗ ∈
Rn, not all zero, such that

0 ∈ ∂xL(x∗, ξ∗,λ∗, z∗), (7a)
0 = c(x∗), (7b)
0 ≤ (x∗, z∗), (7c)
0 = Z∗X∗e. (7d)
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Here, ∂xL denotes Clarke’s generalized gradient of the Lagrangian function with an
additional multiplier for the objective function, i.e.

∂xL(x∗, ξ∗,λ∗, z∗) = ξ∗∂f(x∗)−
m∑
i=1

λ∗i ∂ci(x
∗)− z∗.

The only differences between the KKT conditions (2) (with µ = 0) for smooth
problems and the KKT conditions (7) for nonsmooth constrained problems are

• the generalization from “=” to “∈” in condition (7a),
• the generalization from standard gradients ∇ci to Clarke’s generalized

gradients ∂ci, and
• the additional Lagrange multiplier ξ of the objective function.

Finally, the definition of a subgradient is given, which is a generalization of the
gradient for convex functions in the nonsmooth case.

Definition 2 (Subgradient, Subdifferential). Let f : Rn → R be a convex function.
A vector g ∈ Rn is called a subgradient of f at x ∈ Rn if

f(y) ≥ f(x) + 〈g, y − x〉
holds for all y ∈ Rn. The set of all subgradients of f at x is called the subdifferential
of f at x and is denoted by ∂f(x).

It can be shown that Clarke’s generalized gradient coincides with the subdifferen-
tial in the convex case (cf. [3]). Thus, Definition 2 does not lead to a conflict in
the notation. The following lemma about subdifferentials of univariate functions is
needed later in Section 4.

Lemma 2. Let f : R→ R be a convex function. Then ∂f(x) is a nonempty interval.

Proof. The Lemma follows directly from the fact that a subdifferential is a nonempty,
convex, closed and bounded set (see [20, Theorem 2.74]). As a subset of R, ∂f(x) is
a nonempty interval. �

With these concepts at hand, the considered subclass of nonsmooth constrained
optimization problems is now defined. This subclass consists of problems whose
constraints c are piecewise smooth and locally Lipschitz-continuous. Furthermore,
the constraints have to satisfy two additional properties. These properties are
the separable nonsmoothness property and the existence of so-called localization
functions. Both will be defined and illustrated in the following.

Definition 3 (Separable Nonsmoothness Property). Let ci(x) = 0 be an equality
constraint with piecewise smooth and locally Lipschitz-continuous ci. The constraint
ci(x) = 0 satisfies the separable nonsmoothness property if there exist

(1) a single variable xiν , iν ∈ {1, . . . ,n}, and a univariate, piecewise smooth
and locally Lipschitz-continuous, convex function θi : R→ R depending only
on xiν ∈ R (i.e. θi = θi(xiν )),

(2) a smooth function c̃i : Rn+1 → R depending on x ∈ Rn and on an additional
auxiliary variable xia ∈ R (i.e., ia /∈ {1, . . . ,n}),

such that ci(x) = 0 can be equivalently restated as

c̃i(x,xia) = 0 with xia subject to xia ± θi(xiν ) = 0. (8)

c̃i is called a lifting of ci.

The motivation of this definition is to formalize the situation in which the
nonsmoothness of a constraint can be shifted into a univariate, piecewise smooth
and locally Lipschitz-continuous function. This makes it possible to construct a
modified stationarity test (cf. Theorem 3) that can be implemented in an efficient
way. The following example illustrates the definition.
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Example 1. Consider the piecewise smooth and locally Lipschitz-continuous con-
straint ci(x1,x2) = 0 with

ci(x1,x2) = x2
1 + min(x2, 0)− 42.

With
x3 + θi(x2) = 0, θi(x2) := −min(x2, 0),

and
c̃i(x1,x2,x3) := x2

1 + x3 − 42.

One can see that ci satisfies the separable nonsmoothness property (with iν = 2 and
ia = 3).

The next example lists some functions that are often used for modeling of
nonsmooth aspects and that can be used as the function θi in Definition 3.

Example 2. The functions min(x1, 0), max(x1, 0) and the absolute value function
|x1| are univariate, piecewise smooth and locally Lipschitz-continuous functions.
max(x1, 0) and |x1| are convex. min(x1, 0) is concave but fits into the situation of
Definition 3 due to the arbitrary sign of θi in (8) because −min(x1, 0) is convex.

Definition 3 is not only applicable to constraints in which the nonsmooth part
depends on only one variable. The next example shows reformulations for two
multivariate nonsmooth constraints that often appear in practice.

Example 3.
• Consider the bivariate absolute value constraint c(x1,x2) = |x1 − x2| = 0.
By introducing an auxiliary variable x3 subject to the constraint

caux(x1,x2,x3) = x1 − x2 − x3 = 0

one can rewrite c(x1,x2) = 0 equivalently by

caux(x1,x2,x3) = x1 − x2 − x3 = 0 and ĉ(x3) = |x3| = 0.

ĉ(x3) fits into the framework of Definition 3.
• Consider the bivariate constraint c(x1,x2) = max(x1,x2) = 0. One can
easily see that

c(x1,x2) =
1

2
(x1 + x2 + |x1 − x2|)

holds. Using the reformulation of the preceding example one sees that this
also fits into the framework of Definition 3.

In the following, smooth and nonsmooth constraints of a problem are explicitly
distinguished. For this, the set of nonsmooth constraints is denoted by the index
set N ⊂ {1, . . . ,m}. The second property that the constraints under consideration
have to satisfy is that there exist so-called localization functions for all nonsmooth
constraints ci, i ∈ N .

Definition 4 (Localization Functions). Let ci, i ∈ N , be a piecewise smooth and
locally Lipschitz-continuous function. A function `i(x) : Rn → R is called a localiza-
tion function for ci if and only if

ci ∈ C2(S(`i)), (9)

where
S(`i) := {x ∈ Rn : `i(x) 6= 0}

denotes the set of points at which `i does not vanish. The set

Kci = {x ∈ Rn : `i(x) = 0}
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is the set of points at which ci fails to be differentiable. The set

K = {x ∈ Rn : it exists i ∈ N with `i(x) = 0} =
⋃
i∈N
Kci

is the set of points at which at least one constraint ci fails to be differentiable.

Note that it is not possible to use the support supp(`i) in (9), because supp(`i) is
defined to be the closure of S. The purpose of localization functions is that one can
easily check whether a constraint ci is smooth or not at a given point x ∈ Rn. The
next example shows that it is easy to find localization functions for many nonsmooth
functions that appear in practice.

Example 4.
• The function `(x1) = x1 is a localization function for the constraints

c1(x1) = |x1| = 0, c2(x1) = min(x1, 0) = 0, c3(x1) = max(x1, 0) = 0.

• The function `(x1,x2) = x1−x2 is a localization function for the constraints

c4(x1,x2) = |x1 − x2| = 0,

c5(x1,x2) = min(x1,x2) = 0,

c6(x1,x2) = max(x1,x2) = 0.

The rest of this section treats problem (1) where f ∈ C2 and the constraints c
satisfy the following conditions:

(N1): All constraints c are piecewise smooth, i.e. piecewise C2, and locally
Lipschitz-continuous.

(N2): All nonsmooth constraints ci, i ∈ N , satisfy the separable nonsmooth-
ness property.

(N3): There exist localization functions for all nonsmooth constraints ci, i ∈
N .

Definition 5. A problem of type (1) satisfying (N1)–(N3) is called an optimization
problem with locatable and separable nonsmoothness.

For the description of the interior-point algorithm that solves optimization
problems with locatable and separable nonsmoothness it is assumed that the problem
is already given in the form of (8). Thus, the problem is already given with auxiliary
variables xia and auxiliary constraints xia±θi(xiν ) = 0 for all nonsmooth constraints
ci. In particular, all nonsmooth constraints are already replaced by their liftings.
This leads to the following general problem formulation:

min
(x,xa)

f(x) (10a)

s.t. ci(x) = 0 for all i ∈ {1, . . . ,m} \ N , (10b)
c̃i(x,xia) = 0 for all i ∈ {1, . . . ,m} ∩ N , (10c)
ϑi(xia ,xiν ) = xia ± θi(xiν ) = 0 for all i ∈ N , (10d)

x ∈ Rn≥0, xa = (xia)i∈N ∈ R|N |. (10e)

In the following, the variable vector is abbreviated by x̂ := (x,xa) ∈ Rn̄ with
n̄ = n+ |N |. If the distinction between x and xa is not required, the variable vector
is also abbreviated by x again. Notice that the assumption of a smooth objective
function is without loss of generality: A nonsmooth objective function f(x) can
easily be substituted by an auxiliary variable xf that is minimized and that is
subject to the additional nonsmooth equality constraint cf (x,xf ) = xf − f(x) = 0.
Obviously, the introduced auxiliary constraint cf (x,xf ) has to satisfy the conditions
(N1)–(N3).
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4. An Interior-Point Method for Optimization Problems with
Locatable and Separable Nonsmoothness

The main idea of the following is to modify the basic interior-point method
discussed in Section 2 as little as possible and as much as necessary such that it can
handle optimization problems with locatable and separable nonsmoothness. Thus,
only those algorithmic building blocks of Algorithm 1 are replaced that are faced
with nonsmooth aspects of the problem.

The main idea of the modification of the method is that the algorithm tries to
classify the region in which an iterate lies. With this classification the algorithm
decides if it tries to handle nonsmooth aspects of the problem explicitly or if it tries
to avoid to handle them. Based on this general strategy, the state of the algorithm
is distinguished into three modes:

No convergence: If an iterate y(k) has a stationarity measure e(k) (see (6))
with

e(k) > κmε, κm > 1,

the algorithm is in the no-convergence mode. In this mode the algorithm
tries to avoid points x with `i(x) = 0 for all nonsmooth constraints ci, i ∈ N .
This is realized within a modified backtracking line-search algorithm (see
below). The rest of the algorithm stays the same.

Convergence in a smooth region: If an iterate y(k) is reached with

ε < e(k) < κmε (11)

and
|`i(x(k))| > εN for all i ∈ N , εN > 0,

the algorithm is in the smooth-region-convergence mode. In this case it is
assumed that the current iterate is in a region of local convergence and that
there is no point x near x(k) with `i(x) = 0 for all nonsmooth constraints
ci, i ∈ N . In the smooth-region-convergence mode only the backtracking
line-search is modified as it is the case in the no-convergence mode.

Convergence in a nonsmooth region: If an iterate y(k) is reached satisfy-
ing (11) and

∃i ∈ N with |`i(x(k))| ≤ εN ,

the algorithm is in the nonsmooth-region-convergence mode. Here, it is
assumed that the current iterate is in a region of local convergence and that
it is likely that the limit point to which the algorithm may converge is a
point x∗ ∈ K. The algorithmic strategy is then modified in a way such that
the algorithm avoids to cross over points at which some problem data fails
to be differentiable. Thus, if there is a point x ∈ K in direction ∆x(k), i.e.

K ∩ R̄(x(k), ∆x(k), ᾱ
(k)
pri ) 6= ∅,

with

R̄(x(k), ∆x(k), ᾱ
(k)
pri ) := {x(k) + α∆x(k) : α ∈ (0, ᾱ

(k)
pri ]},

the algorithm “visits” x and checks a modified stationarity criterion for
nonsmooth problems. If the modified stationarity test passes, the algorithm
stops and returns x as a local solution of the nonsmooth problem. Otherwise,
the algorithm proceeds with special problem-tailored generalized gradients
for those constraints that fail to be differentiable at the iterate. These
generalized gradients are used in the Jacobians and the Hessian that are
part of the KKT matrix of the next iteration.
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4.1. The Modified Line-Search. If the algorithm is in the no-convergence mode
or in the smooth-region-convergence mode, the overall goal is to avoid points at
which some constraints are not differentiable. For this, the backtracking line-search
procedure of Algorithm 1 is modified as follows. The main design of the line-search
algorithm stays the same but whenever a new trial point x+ is computed, the
modified procedure first checks whether x+ ∈ K holds or not. If not, the line-search
procedure works as usual. In the other case, i.e. x+ ∈ K, Algorithm 2 is invoked.

Algorithm 2 : Line-Search Extension for Nonsmooth Problems
Input : Primal iterate x(k), primal search direction ∆x(k), current primal step

length of the “outer” line-search procedure α(k,l)
pri (i.e., the line-search

procedure is in backtracking iteration l), backtracking factor
κb− ∈ (0, 1) of the “outer” line-search procedure and “forth-tracking”
factor κb+ > 1 with κb+κb− < 1, κ̄ ∈ N.

1 Initialize trial-found = false and κ = 0.
2 while not trial-found do
3 if κ > κ̄ then
4 Stop the algorithm; no trial point x+ /∈ K could be found.

5 Compute a new trial point x+ = x(k) + α
(k,l)
pri ∆x(k).

6 if ∃i ∈ N with `i(x+) = 0 then
7 if allow-incr = true then
8 Set α(k,l)

pri ← κb+α
(k,l)
pri .

9 Set allow-incr = false.
10 else
11 Set α(k,l)

pri ← κb−α
(k,l)
pri .

12 Set allow-incr = true.

13 Set κ← κ+ 1.
14 else
15 Set trial-found = true.

16 return trial point x+ and primal step length α(k,l)
pri .

Remark 1.
(1) A “forth-tracking” is allowed in the modified line-search in order to avoid

small step lengths that result from visited points in the line-search procedure
at which some constraints fail to be differentiable. By this, the algorithm
tries to avoid unnecessary small step lengths. The boolean flag allow-incr
states whether a “forth-tracking” is allowed or not.

(2) The boolean flag allow-incr in Algorithm 2 is set to false in the beginning
of the “outer” line-search procedure and set to true after every backtracking
step in the “outer” line-search procedure.

This yields the following lemma:

Lemma 3. Consider an “outer” line-search procedure with the extension given in
Algorithm 2.

(i) The primal step length is never increased two times consecutively.
(ii) The step length computed by the extended line-search is not greater than

ᾱ
(k)
pri . In other words, the line-search procedure extended by the sub-procedure

given in Algorithm 2 is still a backtracking algorithm.
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Proof. (i) The if-part in line 8 of Algorithm 2 can only be reached if κ = 0
and l > 1 (i.e. after a backtracking in the original line-search algorithm) or
if κ > 0 and the else-block in line 11 of Algorithm 2 is reached in the last
sub-iteration κ− 1. In the former case the allow-incr flag is set to true
after a backtracking step of the “outer” line-search (cf. Remark 1). For the
latter case, the step length is decreased in the last sub-iteration κ− 1. In
both cases, the assertion holds.

(ii) First, let l = 0. Because the allow-incr flag is set to false in the beginning
of the “outer” procedure (cf. Remark 1), the first modification of the primal
step length can only be a decrease in line 11 of Algorithm 2. The rest follows
directly from part (i) and κb+κb− < 1.

�

Unfortunately, it is not possible to prove that Algorithm 2 terminates after a finite
number of iterations without the safeguard in line 4. There might be pathological
examples of piecewise smooth constraints c with T ⊂ K, where T is an infinite set of
trial points generated by Algorithm 2. In this case, the algorithm would never stop
without the safeguard in line 4. On the one hand, it is not likely in practice that
the algorithm is confronted with such constraints. On the other hand, it is possible
that a primal search direction ∆x and a maximum primal step length ᾱpri with
small norm ‖ᾱpri∆x‖ lead to a sequence of trial points for which the nonsmoothness
test in line 6 always passes numerically. The latter might be the case because the
criterion

∃i ∈ N with `i(x
+) = 0

is usually implemented as

∃i ∈ N with |`i(x+)| < ε`

for a given tolerance ε` > 0. In these cases, the safeguard in line 4 gets active and
the sub-procedure returns a point at which some constraints fail to be differen-
tiable. If the complete line-search method finds an acceptable point anyway, the
main algorithm proceeds with a problem-tailored nonsmooth stationarity test (see
Section 4.3).

4.2. The Step Length Truncation Rule. If the algorithm is in nonsmooth-
region-convergence mode the main algorithmic strategy changes. Now, the goal
is not to avoid to handle the nonsmoothness of the problem but to handle it
explicitly. For this, a test that checks whether there is a nonsmooth point on the
set R̄ := R̄(x(k), ∆x(k), ᾱ

(k)
pri ) is included. Thus, it is distinguished whether

R̄ ∩ K = ∅ (12)

holds or not. If (12) holds, then all constraints are smooth on R̄ and the maximum
primal step length ᾱ(k)

pri can be used as the initial primal step length in the line-search
procedure. Otherwise, the step length is truncated again, obtaining α̂(k)

pri < ᾱ
(k)
pri

with
R(x(k), ∆x(k), α̂

(k)
pri ) ∩ K = ∅.

Here, R is defined by

R(x(k), ∆x(k), α̂
(k)
pri ) := {x(k) + α∆x(k) : α ∈ (0, α̂

(k)
pri )}.

Notice that R̄ and R only differ in the property if the interval α belongs to is closed
at its right end or not. In order to determine α̂(k)

pri , consider the one-dimensional
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optimization problems

min αi (13a)

s.t. `i(x
(k) + αi∆x

(k)) = 0, (13b)

αi ∈ [0, ᾱ
(k)
pri ] (13c)

for all i ∈ N .

Lemma 4. If (13) is infeasible, then ci ∈ C2(R̄). If (13) is feasible and has the
global solution α̂i, then ci ∈ C2(R̂i) with R̂i := {x(k) + α∆x(k) : α ∈ (0, α̂i)}.

Proof. (13) is infeasible if there is no αi with `i(x(k)+αi∆x
(k)) = 0 and αi ∈ [0, ᾱ

(k)
pri ].

Thus, the localization function has no root x ∈ R̄, giving ci ∈ C2(R̄).
If (13) is feasible with optimal value α̂i, there is no α̃i ∈ [0, α̂i) with `i(x(k) +

α̃i∆x
(k)) = 0. Thus, ci ∈ C2(R̂i). �

Algorithm 3 : Step Length Truncation Rule for Nonsmooth Problems
Input : Primal iterate x(k), primal search direction ∆x(k) and maximum

primal step length ᾱ(k)
pri .

1 for all i ∈ N do
2 Compute α̂i by solving (13) to global optimality.
3 If (13) is infeasible, set α̂i = ᾱ

(k)
pri .

4 return α̂
(k)
pri := mini∈N {α̂i}.

Algorithm 3 states the complete step length truncation rule. By construction of
the algorithm and Lemma 4, the following assertion holds.

Lemma 5. Assume that the maximum step length α̂(k)
pri is computed by Algorithm 3

and that all optimization problems (13) are solved to global optimality in line 2 of
Algorithm 3. Then all constraints c are smooth on

R̂ := {x(k) + α∆x(k) : α ∈ (0, α̂
(k)
pri )}.

In the following, an iteration in which the maximum primal step length is
shortened by Algorithm 3, i.e. an iteration for which α̂(k)

pri < ᾱ
(k)
pri holds, is called a

K-iteration.
Lemma 6. Assume ∆x

(k)
pri,i 6= 0 for all i and ᾱ(k)

pri > 0. Then Algorithm 3 always

returns positive step lengths α̂(k)
pri > 0.

Proof. The following two cases are distinguished:
(i) Consider x(k) ∈ K. Thus, at least one ci is not differentiable at x(k). Since

all ci are piecewise smooth and ᾱ(k)
pri ∆x

(k) 6= 0, there exists an ε > 0 such
that all ci are smooth on {x(k) + α∆x(k) : α ∈ (0, ε)}. Hence, α̂(k)

pri > 0.
(ii) Assume x(k) /∈ K. Since all ci are piecewise smooth, there exists an ε > 0

such that all ci are smooth on the open ε-ball Bε(x(k)) := {x ∈ Rn : ‖x−
x(k)‖2 < ε}. Thus, α̂(k)

pri ≥ min(ε, ᾱ
(k)
pri ) > 0.

�
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4.2.1. Some Remarks on Problem (13). To ensure that Lemma 5 is valid one
has to solve the one-dimensional optimization problems (13) to global optimality.
Unfortunately, this is practically impossible if there are no additional requirements
on the localization functions `i, i ∈ N . For a lot of problems that are relevant in
practice (cf. Example 4), the localization functions are linear. In this case, the
problems (13) for i ∈ N can be rewritten as the single linear optimization problem

max α (14a)

s.t. si`i(x
(k) + α∆x(k)) ≥ 0 for all i ∈ N , (14b)

α ∈ [0, ᾱ
(k)
pri ], (14c)

with
si := `i(x

(k)).

Problem (14) contains one variable with simple bounds and |N | linear inequality
constraints. It can be solved to global optimality by any LP solver. In contrast
to (13), (14) has the additional advantage that it is always feasible. If none of the
constraints (14b) is active in the solution (except for those for which si = 0), there
is no point of non-differentiability for any ci on the set R(x(k), ∆x(k), ᾱ

(k)
pri ) and the

optimal solution of (14) is ᾱ(k)
pri .

In the more general case in which some of the localization functions are nonlinear,
one typically wants to apply Newton’s method for computing the zeros of the
localization functions. For this case, all localization functions should only possess
nondegenerate roots in order achieve fast convergence of Newton’s method.

4.3. The Nonsmooth Stationarity Test. Interior-point algorithms try to com-
pute a KKT point of the problem at hand. Hence, the proposed interior-point
algorithm for nonsmooth constrained problems tries to compute a KKT point with
respect to the KKT conditions (7) stated in Theorem 3. A termination criterion
has to check whether a KKT point is approximately reached or not. To state such a
termination criterion for piecewise smooth and locally Lipschitz-continuous problems
one especially has to consider condition (7a) for nonsmooth problems.

In the following theorem, ei denotes the i-th unit vector.

Theorem 4. Consider problem (10) with locatable and separable nonsmoothness
and let y be a primal-dual iterate. Furthermore, let K(y) ⊂ {1, . . . ,m} be the set of
indices of constraints that fail to be differentiable at y and set

δ := ∇f(x)− z −
∑

i∈{1,...,m}\K(y)

λi∇ci(x)−
∑
i∈K(y)

λieia .

Define
Ĩi := λiIi, i ∈ K(y), (15)

where the Ii are the subdifferentials at y of the corresponding univariate, piecewise
smooth and locally Lipschitz-continuous functions θi (cf. Definition 3). In (15), the
multiplication of a scalar α with an interval I := [I−, I+] is defined as

αI :=

{
[αI−,αI+] , α ≥ 0,

[αI+,αI−] , α < 0.

Moreover, define

X := {k ∈ {1, . . . ,n} : ∃i ∈ K(y) with k = iν} .

Finally, set Îj := [Î−j , Î+
j ] for j ∈ X with

Î−j =
∑

i∈K(y):iν=j

Ĩ−i , Î+
j =

∑
i∈K(y):iν=j

Ĩ+
i .
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Then condition (7a) holds at y if there exist scalars γj ∈ Îj such that

δj ∓ γj = 0 for all j ∈ X
and

δj = 0 for all j /∈ X .

Proof. First, it is known from Lemma 2 that subdifferentials of univariate functions
(like θi in Definition 3) are intervals. Then condition (7a) with ξ = 1 is given by

0 ∈ ∂xL(x,λ, z) (16a)

= ∂f(x)−
∑

i∈{1,...,m}
λi∂ci(x)− z (16b)

= ∂f(x)−
∑
i∈K(y)

λi∂ci(x)−
∑

i∈{1,...,m}\K(y)

λi∂ci(x)− z (16c)

= ∇f(x)−
∑

i∈{1,...,m}\K(y)

λi∇ci(x)−
∑
i∈K(y)

λi∂ci(x)− z (16d)

=: δ̃ −
∑
i∈K(y)

λi∂ci(x). (16e)

In (16c), the sum is split into the constraints that are differentiable at y and
constraints that fail to be differentiable at y. (16d) follows because the generalized
gradient of a differentiable function is the gradient. Using the fact that all constraints
satisfy the separable nonsmoothness property one can rewrite (16e) as

δ̃ −
∑
i∈K(y)

λi∂ [xia ± θi(xiν )]

= δ̃ −
∑
i∈K(y)

λieia ∓
∑
i∈K(y)

λi∂θi(xiν )

= δ ∓
∑
i∈K(y)

λi∂θi(xiν )

= δ ∓
∑
i∈K(y)

λiIieiν

= δ ∓
∑
i∈K(y)

Ĩieiν

= δ ∓
∑
j∈X

Îjej .

The theorem follows directly from the last equation. �

In general, it is not easy to evaluate condition (7a) in practice. However, Theorem
4 yields a useful termination criterion for problems with locatable and separable
nonsmoothness. The theorem asserts that only subdifferentials, i.e. the intervals Ii,
of the nonsmooth univariate functions θi are demanded from the user. The rest can
be computed easily using the equations stated in the theorem.

4.4. Problem-Tailored Generalized Gradients. If the algorithm is at an iterate
x(k) ∈ K and the nonsmooth stationarity test established in the last section does
not pass, the algorithm proceeds. Now, the main problem is that not all gradients
of the problem data exist at x(k). Thus, one cannot build the KKT matrix H(x(k)) −∇c(x(k))T −I

∇c(x(k)) 0 0
Z(k) 0 X(k)

 (17)
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of the next iteration since it would contain gradients that are not defined. To handle
this situation, problem-tailored generalized gradients for those constraints that fail
to be differentiable at x(k) are used. The concrete choice of generalized gradients is
motivated in the following.

In most of the cases in which no gradient ∇ci(x(k)) exists, the last iteration was
a K-iteration in which the step length is truncated in order to avoid a step over a
point at which some constraints fail to be differentiable. Thus, without the step
length truncation rule, the algorithm would have taken a longer step into the last
search direction ∆x(k−1). In the current iteration, the algorithm “remembers” this
fact and uses the first-order and second-order information belonging to the (smooth)
region the last search direction ∆x(k−1) points to. The idea of the problem-tailored
generalized gradients is motivated in the following example and is defined formally
afterwards.

Example 5 (The Absolute Value Function). Consider the absolute value function
c(x) = |x|. c is smooth on R \ {0} and locally Lipschitz-continuous. A localization
function is `(x) = x. Moreover, consider an iterate x(k−1) < 0, a search direction
∆x(k−1) > |x(k−1)| and a maximum primal step length ᾱ(k−1)

pri = 1. In this situation,

the primal step length is truncated to α̂(k−1)
pri = −x(k−1)/∆x(k−1) < 1 by Algorithm 3.

Under the assumption that x(k−1) + α̂
(k−1)
pri ∆x(k−1) is accepted by the globalization

strategy, it follows that x(k) = 0 and `(x(k)) = 0. Hence, x(k) ∈ K so that ∇c(x(k))
does not exist. This situation is interpreted in a way that the algorithm “would
like” to take a longer step in the direction ∆x(k−1), i.e. towards the right half plane
R+, which was prohibited by the step length truncation rule. Thus, the non-existing
gradient ∇c(x(k)) is replaced by the derivative of a smooth continuation of c restricted
to the positive half space R+. More precisely, the (later defined) generalized gradient
∇̃c(0, ∆x(k−1)) = 1 is used. Figure 1 illustrates the situation.

x

c(x)

x(k−1)

∆x(k−1)

x(k)

∇̃c(0, ∆x(k−1))

Figure 1. A generalized gradient for the absolute value function

Next, a formal definition for what is described in the last example is given.

Definition 6. Consider a constraint ϑi : Rn̄ → R of problem (10), i.e.

ϑi(x̂) = ϑi(x,xa) = xia ± θi(xiν ).

Furthermore, let d̂ ∈ Rn̄ and d̃iν ∈ Rn̄ the vector of zeros except for d̂iν/|d̂iν | at
the iν-th component. If d̂iν = 0, d̃iν is the vector of zeros. The generalized signed
one-sided partial directional derivative w.r.t. xiν of ϑi at x̂ in the direction d̂ is
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defined as

∂̃iνϑi(x̂; d̂) := sign(d̂iν ) lim
t↓0

ϑi(x̂+ td̃iν )− ϑi(x̂)

t
. (18)

Here, sign(0) is defined to be 0.

Lemma 7. The generalized signed one-sided partial directional derivative w.r.t. xiν
of the constraint ϑi of problem (10) is well-defined.

Proof. The difference quotient in (18) is bounded by the local Lipschitz constant
L = L(x̂) and the existence of the limit follows directly from the piecewise smoothness
of ϑi. �

Notice that the last definition is similar to the definition of standard one-sided
directional derivatives. Both coincide for the one-dimensional case. Nevertheless,
Definition 6 is more general in the sense that it allows the definition of the generalized
signed one-sided directional gradient :

Definition 7. Let ϑi, x̂ and d̂ be as in Definition 6. The generalized signed one-sided
directional gradient of ϑi at x̂ in the direction d̂ is defined as

∇̃ϑi(x̂; d̂) :=
(
∂̃jϑi(x̂; d̂)

)n̄
j=1
∈ Rn̄,

where ∂̃jϑi(x̂; d̂) := ∂x̂jϑi(x̂), i.e. the standard partial derivative of ϑi, for all j 6= iν

and ∂̃iν is the generalized signed one-sided partial directional derivative w.r.t. xiν .

Example 6 (The Absolute Value Function Revisited). The last two definitions
formalize exactly what is described in Example 5. Consider the constraint

ϑi(x1,x2) = x2 + θi(x1) = x2 + |x1| = 0.

Here, ia = 2 and iν = 1. Let x̂ = (0, 0)T and d̂ = (1, d̂2)T for arbitrary d̂2. Thus,
d̃iν = (1, 0)T . Definition 6 implies

∂̃iνϑi(x̂; d̂) = sign(d̂iν ) lim
t↓0

ϑi(x̂+ td̃iν )− ϑi(x̂)

t

= lim
t↓0

θi(t)

t

= 1.

Analogously, one obtains ∂̃iνϑi(x̂; d̂) = −1 for d̂ = (−1, d̂2)T . Thus, ∇̃ϑi(x̂; d̂) =

(1, 1)T holds for d̂ = (1, d̂2)T and ∇̃ϑi(x̂; d̂) = (−1, 1)T holds for d̂ = (−1, d̂2)T .

The following theorem shows that the generalized signed one-sided directional
gradient belongs to Clarke’s generalized gradient.

Theorem 5. Consider a constraint ϑi : Rn̄ → R of problem (10). Furthermore, let
x̂ ∈ Rn̄ and d̂ ∈ Rn̄ with d̂iν 6= 0. Then

∇̃ϑi(x̂; d̂) ∈ ∂ϑi(x̂)

holds.

Proof. Using Lemma 1, it is sufficient to show that there exists a sequence (x̂k) with
x̂k → x̂, x̂k ∈ Rn̄ \ K and ∇̃ϑi(x̂; d̂) = limx̂k→x̂∇ϑi(x̂k). Furthermore, it is enough
to show that the theorem holds component-wise, i.e. it remains to prove

∂̃jϑi(x̂; d̂) = lim
x̂k→x̂

∂x̂jϑi(x̂k). (19)

Let x̂k := x̂+ αkd̂ with positive numbers αk → 0. For all variables x̂j with j 6= iν ,
∂̃jϑi(x̂; d̂) is the standard gradient and thus (19) holds because of the piecewise
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smoothness of ϑi. By this reason, it is enough to show the convergence for the iν-th
component. Starting with the right-hand side, one has

lim
x̂k→x̂

∂x̂iν ϑi(x̂k) = lim
x̂k→x̂

lim
t→0

ϑi(x̂k + teiν )− ϑi(x̂k)

t

= lim
x̂k→x̂

sign(d̂iν ) lim
s↓0

ϑi(x̂k + sd̃iν )− ϑi(x̂k)

s

= lim
x̂k→x̂

∂̃iνϑi(x̂k; d̂)

= ∂̃iνϑi(x̂; d̂).

The first equality holds due to the definition of the partial derivative that exists
for x̂k since x̂k ∈ Rn̄ \ K for sufficiently small αk. Since ϑi is differentiable at all
x̂k one can switch to the directional derivative in the direction d̃iν in the second
equation. A possible alternation in the sign is addressed by the factor sign(d̂iν ) that
is independent of the limit. The penultimate equation is exactly the definition of
∂̃iνϑi(x̂; d̂) and the last equation holds because ϑi is piecewise smooth, i.e. it is
smooth on the interior of the set {x̂+ αd̂ : α > 0} for sufficiently small ‖αd̂‖. �

The assumption “ d̂iν 6= 0” of the last theorem is of special importance in the
algorithm. The algorithm checks, if a starting point given by the user is a point
at which some constraints fail to be differentiable. If there are constraints that are
non-differentiable at this point, the starting point is perturbed such that `i(x(0)) 6= 0

for all i ∈ N . Thereby, it is guaranteed that ∆x
(k−1)
iν

6= 0 holds if an iterate x(k) is
reached with `i(x(k)) = 0. Since d̂ is always chosen to be the last search direction in
the algorithm, the assumption is not restricting in practice.

In summary, the proposed method chooses the ordinary gradients if they exist
and the generalized signed one-sided directional gradients at those points where
some constraints are not differentiable. In analogy, second-order information is
constructed by applying the same ideas to the (generalized) gradients. This leads to
a well-defined system matrix (17) for the Newton step.

5. Numerical Results

In this section numerical results are reported for the extended and modified
interior-point method described so far. The numerical experiments are split up into
two parts. The first part presents results on a small test library of low-dimensional
optimization problems with locatable and separable nonsmoothness. The models
of this library are given in Appendix A. The goal of this part is to ensure the
correctness of the implementation for models for which the solution process can
be comprehended manually. The second part shows the applicability of the new
method on real-world instances of gas network optimization problems. More details
are given in Section 5.2.

The implemented interior-point method is part of the software framework Clean
(C++ Library of Efficient Algorithms in Numerics). Clean is a generic library that is
being developed in the working group Algorithmic Optimization of Marc Steinbach
at the Leibniz Universität Hannover and by the author. It is intended to become
public domain when it is considered to be sufficiently mature.

5.1. Small Test Problems. In this section the results of the new method for the
models of the low-dimensional test problems of Appendix A are presented. All of
these models are two-dimensional and have one variable xi, i ∈ {1, 2}, for which
one constraint fails to be differentiable at a single point. For every problem, the
algorithm is applied for two different starting points. The first starting point is on the
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“other side” of the point at which the nonsmooth constraint fails to be differentiable
than the optimal solution. The second starting point is on the same side as the
optimal solution. The former case allows us to test the modified components of the
algorithm (cf. Section 4) whereas the latter case may lead to a solution process
that may be completely unaffected of the discussed modifications if all iterates
stay in the smooth region of the optimal solution without “crossing” the point of
non-differentiability.

Not all test problems in Appendix A exactly fit into the form of nonsmooth
optimization problems with locatable and separable nonsmoothness (10). All prob-
lems have localization functions for all of their nonsmooth constraints but not every
nonsmooth constraint fulfills the separable nonsmoothness property. However, all
constraints that do not fulfill this property are more general. In these cases the
nonsmooth stationarity test as proposed in Section 4.3 is not applicable and thus
not executed by the algorithm. All other modifications are applied since they do
not depend on the separability of the nonsmoothness.

Table 1 displays the results. The problem ID in the first column corresponds to
the name of the problem in Appendix A. The acronym sp1 stands for the starting
point located on the other side of the point of non-differentiability than the optimal
solution and sp2 stands for the starting point on the same side. If the optimal
solution is directly on a point of non-differentiability sp1 denotes a starting point
“left” from this point and sp2 denotes a starting point “right” from this point.

The proposed method solves all low-dimensional test problems to optimality and
computes the correct solution vectors and objective values (cf. Appendix A). All
solution times are in the milliseconds. The iteration numbers are in an order of
magnitude that is typical for interior-point methods for most of the problems. Larger
iteration counts—like for problem 06a-sp2—stem from the modified line-search and
step length computation procedures. Figure 2 plots the x2-coordinates of the final
25 iterates of the solution process. The x1-coordinate is already at its optimal
solution and this solution is directly located at a point (x1 = 1) at which one
constraint fails to be differentiable. Here, the step length truncation rule always
shortens the primal step length so that only very short steps can be taken towards
the optimal solution in the x2-coordinate. A possible remedy could be to detect
these situations that can be characterized as follows:

• There exists a coordinate for which consecutive search directions are zero.
• The values of this coordinate leads to one (or more) vanishing localization

functions.
• The algorithm is in nonsmooth-region-convergence mode and consecutively

truncates maximum step lengths.
After detection of such situations, one could project the problem formulation by
fixing the corresponding coordinate. This would probably lead to faster convergence
in this case.

5.2. Nonsmooth Problems in Gas Transport. In this section numerical results
for the problem of validation of nominations in gas networks are presented. In gas
transportation, transmission system operators (TSOs) are faced with the problem
of transporting gas from entry points of the network to exit points through a system
of pipelines and other network elements. Beside gravitational aspects gas flows from
higher to lower pressure. In pipes, the gas pressure decreases due to friction at the
inner pipe walls. This effect is encountered in so-called compressor stations that are
able to increase the gas pressure in order to transport the gas over large distances.
This compression process requires energy that is taken from the gas of the network
itself by using, e.g., gas turbines or is delivered by electric motors. The fuel and
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Table 1. Results for the low-dimensional test problems of Appendix A

Problem ID Objective value Solution vector # Iterations

01a-sp1 −1.24 (0.6180, 0.6180)T 250
01a-sp2 −1.24 (0.6180, 0.6180)T 6
01b-sp1 −1.00 (0.0000, 1.0000)T 5
01b-sp2 −1.00 (0.0000, 1.0000)T 5
02a-sp1 −0.62 (−0.6180, 0.3820)T 8
02a-sp2 −0.62 (−0.6180, 0.3820)T 6
02b-sp1 −2.00 (−2.0000,−1.0000)T 17
02b-sp2 −2.00 (−2.0000,−1.0000)T 5
03a-sp1 −1.25 (0.5000, 0.7500)T 5
03a-sp2 −1.25 (0.5000, 0.7500)T 5
03b-sp1 −1.24 (0.6180, 0.6180)T 17
03b-sp2 −1.24 (0.6180, 0.6180)T 8
04a-sp1 −1.62 (1.6180,−1.6180)T 16
04a-sp2 −1.62 (1.6180,−1.6180)T 5
04b-sp1 −1.00 (1.0000,−1.0000)T 6
04b-sp2 −1.00 (1.0000,−1.0000)T 5
05a-sp1 −0.73 (−0.7321, 2.0000)T 6
05a-sp2 −0.73 (−0.7321, 2.0000)T 5
05b-sp1 −2.00 (−2.0000, 0.3979)T 5
05b-sp2 −2.00 (−2.0000, 1.1938)T 5
06a-sp1 1.00 (1.0000,−1.0000)T 70
06a-sp2 1.00 (1.0000,−1.0000)T 159
06b-sp1 0.00 (1.3126,−1.3126)T 5
06b-sp2 −2.00 (0.0000,−2.0000)T 6
07a-sp1 1.00 (1.0000, 1.0000)T 10
07a-sp2 1.00 (1.0000, 1.0000)T 270
07b-sp1 −4.00 (2.0000, 2.0000)T 7
07b-sp2 −4.00 (2.0000, 2.0000)T 5
08a-sp1 −4.00 (2.0000, 2.0000)T 5
08a-sp2 −4.00 (2.0000, 2.0000)T 5
08b-sp1 −4.00 (−2.0000,−2.0000)T 5
08b-sp2 −4.00 (−2.0000,−2.0000)T 5

electricity consumption are the main costs in gas transportation. Thus, the goal of
the TSOs is to transport the gas in way such that all contracts with entry and exit
customers are satisfied and that the operation of the compressor stations is as cheap
as possible. The reader interested in more details about gas network optimization is
referred to, e.g., [8, 15, 19, 21, 22, 23].

Due to the combination of highly nonlinear and nonconvex phenomena of gas
dynamics in pipes and other network elements and the switching of controllable
elements, e.g. the (de-)activation of compressors, the problem of validation of
nominations leads to nonlinear and nonconvex mixed-integer models that are hard
to solve for real-world instances. In addition, most models of the network element
types comprise certain nonsmooth aspects that can be formulated as models with
locatable and separable nonsmoothness. For instance, so-called resistors lead to
linear pressure losses in the direction of flow, yielding the nonsmooth model

pin − pout = sign(q)∆p,
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Figure 2. The last 25 iterates for problem 06a-sp2

Table 2. Size of the reformulated MPCC model (for the northern
high-calorific gas network)

Variables 1963

Equality constraints 1872
Inequality constraints 7

Complementarity constraints 64

where pin, pout denote the in- and outflow pressure of the resistor, q is the flow
through the element and ∆p is the constant pressure loss. This model can replaced
by

q(pin − pout) = xa∆p, xa − θ(q) = 0, θ(q) = |q|
and thus fits into the framework of Def. 3 and 4. For more details about the details
of the model, especially the nonsmooth aspects, see [21, 23].

In order to tackle the mixed-integer aspects of the model (like opening or closing
of valves or (de-)activating of compressor stations) problem-specific continuous
reformulations of the discrete aspects in gas transportation models are developed in
[21, 22]. These reformulations lead to mathematical programs with complementarity
conditions (MPCCs) that are regularized by standard methods from the literature.
Thus, one ends up with nonlinear and nonconvex problems with locatable and
separable nonsmooth aspects.

The instances for which the interior-point method described in Section 4 is applied
stem from the industrial project ForNe. The aim of ForNe was to solve practically
relevant problems of TSOs by mathematical optimization. The data used are real-
world data from the industrial partner Open Grid Europe GmbH (OGE)1. Figure 3
shows a schematic plot of the northern high-calorific network of OGE for which the
problem of validation of nominations is solved in the following. The network consists
of more then 1200 km of pipes, compressor stations and other network elements.
The corresponding directed graph comprises 624 edges and 592 vertices. The size of
the nonsmooth and complementarity constrained model for this network is given in
Table 2.

1https://www.open-grid-europe.com

https://www.open-grid-europe.com
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Figure 3. Schematic plot of the northern high-calorific gas trans-
port network of Open Grid Europe GmbH

As it is well-known, convergence for highly nonlinear and nonconvex problems
often depends on the chosen parameterization of the algorithm. This is the reason
why the algorithm of Section 4 is tested for different update strategies for the barrier
parameter µ. To be concrete, the algorithm is tested with the rule implemented in
LOQO [26, 27], the strategy implemented in Ipopt [30] and Mehrotra’s predictor-
corrector method [16].

In what follows, results for a set of 1000 randomly chosen nominations are
presented. These nominations are generated within the ForNe project based on the
current set of entry and exit contracts of OGE and historical data about nominated
entry and exit capacities (see [15] for the details). All computations are done with
an Intel Core i7 CPU 920 with 2.67GHz and 12GB RAM. The operating system is
openSUSE 12.1. All executables are generated without any code optimization with
the GCC compiler version 4.7.1.

Figure 4 shows the performance profile (as proposed by Dolan and Moré in [5])
for the mentioned 1000 nominations for the northern high-calorific gas network of
OGE. The algorithm is parameterized using three different barrier parameter update
strategies and three different initial values for the barrier parameter, respectively. It
can be seen that all parameterizations of the algorithm lead to comparable results
but the larger initial values for the barrier parameter lead to a slightly more robust
algorithm on these instances. In addition to the six performance profiles of the
different algorithmic choices, Figure 4 also shows a best-of profile, i.e. a profile
that is achieved if one takes the best of all algorithmic parameterizations for every
instance. Obviously, this line is constant and its value (≈ 90%) corresponds to
the percentage of instances that is solved at least with one parameterization of the
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Figure 4. Performance profiles for 1000 nominations on the north-
ern high-calorific value network of OGE

Table 3. Iteration counts (k) for different barrier parameter update
strategies and different initial barrier parameters

Solver option min. k max. k avg. k

Ipopt rule, µ(0) = 10−1 41 1866 112
Ipopt rule, µ(0) = 102 40 2807 213

MPC rule, µ(0) = 10−1 47 703 95
MPC rule, µ(0) = 102 43 2086 168

LOQO rule, µ(0) = 10−1 47 1479 95
LOQO rule, µ(0) = 102 45 5241 167

algorithm. By this, it can be seen that the solution process for these instances
significantly depends on the chosen algorithmic options. This is a well-known fact
for nonlinear optimization in general and seems to be particularly true for the
considered class of nonsmooth MPCCs.

Table 3 shows a statistic of the minimum, maximum and average iteration
numbers of all successfully finished runs. Again, there are quite large iteration
numbers which arise due to the same reasons as described in Section 5.1. Figure 5
plots the primal and dual step lengths for an exemplary instance. It can be seen
that the primal step lengths are often shortened up to a size of 10−4 leading to slow
convergence. Solution times can be found in Table 4. It should be remarked, that
approximately 2/3 of the solution time is used for the evaluation of the problem
data.

To sum up, the results show that the approach of tackling the nonsmooth aspects
of the models directly within the interior-point method can be applied to real-world
instances of hard optimization problems. Approximately 90% of the instances can
be solved which is a quite high number for this challenging class of problems.
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Table 4. Solution times (t, in s) for different barrier parameter
update strategies and different initial barrier parameters

Solver option min. t max. t avg. t

Ipopt rule, µ(0) = 10−1 6 442 17
Ipopt rule, µ(0) = 102 6 425 31

MPC rule, µ(0) = 10−1 7 130 15
MPC rule, µ(0) = 102 7 325 27

LOQO rule, µ(0) = 10−1 5 217 14
LOQO rule, µ(0) = 102 6 300 25

0 10 20 30 40 50 60 70 80

10−4

10−3

10−2

10−1

100

Iteration

αpri
αdual

Figure 5. Primal and dual step lengths during the solution of an
exemplary instance

6. Conclusions and Outlook

In this article a special subclass of nonsmooth optimization problems is introduced
and a new interior-point method for this class is proposed. This method extends a
standard interior-point method for nonlinear and nonconvex problems by additional
line-search and step length computation features and a problem-tailored stationarity
test for the introduced problem class. Moreover, a special type of generalized
gradients is developed that is used at points of the nonsmooth problems that fail to
be differentiable. First theoretical results are given for the algorithmic extensions like
the belonging of the generalized gradients to Clarke’s generalized gradient. However,
a convergence result is outstanding and thus topic of future research. In addition,
several algorithmic issues could be improved in order to increase the robustness
of the method. Here, future topics include the fixation of variables that lead to
non-differentiability of some constraints and projection of the problem to increase
the regularity of the model. Despite this open task and other possible improvements,
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the presented numerical results show the desired behavior of the algorithm and the
applicability of the method to real-world problems from industry.
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Appendix A. Low-Dimensional Test Problems

A.1. Problem 1a.

min f(x) = −x1 − x2

s.t. c1(x1,x2) := x2 − |x1| ≤ 0,

c2(x1,x2) := x2 + x2
1 − 1 ≤ 0,

x2 ≥ −1

Localization functions: `1(x1,x2) = x1

Optimal solution: x∗ = (x∗1,x∗2) = (0.61803, 0.61803)
Objective value: f(x∗) = −1.23606
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Figure 6. Illustration of test problem 1a

A.2. Problem 1b.

min f(x) = −x2

s.t. c1(x1,x2) := x2 − |x1| ≥ 0,

c2(x1,x2) := x2 + x2
1 − 1 ≤ 0

Localization functions: `1(x1,x2) = x1

Optimal solution: x∗ = (x∗1,x∗2) = (0, 1)
Objective value: f(x∗) = −1
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Figure 7. Illustration of test problem 1b



28 REFERENCES

A.3. Problem 2a.

min f(x) = x1

s.t. c1(x1,x2) := x2 − x2
1 ≥ 0,

c2(x1,x2) := x2 + |x1| − 1 ≤ 0

Localization functions: `1(x1,x2) = x1

Optimal solution: x∗ = (x∗1,x∗2) = (−0.61804, 0.38197)
Objective value: f(x∗) = −0.61804
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Figure 8. Illustration of test problem 2a

A.4. Problem 2b.

min f(x) = x1

s.t. c1(x1,x2) := x2 − x2
1 ≤ 0,

c2(x1,x2) := x2 + |x1| − 1 ≤ 0,

x2 ≥ −1

Localization functions: `1(x1,x2) = x1

Optimal solution: x∗ = (x∗1,x∗2) = (−2,−1)
Objective value: f(x∗) = −2
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Figure 9. Illustration of test problem 2b



REFERENCES 29

A.5. Problem 3a.

min f(x) = −x1 − x2

s.t. c1(x1,x2) := x2 −max{0,x1} ≥ 0,

c2(x1,x2) := x2 + x2
1 − 1 ≤ 0

Localization functions: `1(x1,x2) = x1

Optimal solution: x∗ = (x∗1,x∗2) = (0.5, 0.75)
Objective value: f(x∗) = −1.25
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Figure 10. Illustration of test problem 3a

A.6. Problem 3b.

min f(x) = −x1 − x2

s.t. c1(x1,x2) := x2 −max{0,x1} ≤ 0,

c2(x1,x2) := x2 + x2
1 − 1 ≤ 0,

x2 ≥ −1

Localization functions: `1(x1,x2) = x1

Optimal solution: x∗ = (x∗1,x∗2) = (0.61803, 0.61803)
Objective value: f(x∗) = −1.23606
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Figure 11. Illustration of test problem 3b
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A.7. Problem 4a.

min f(x) = −x1

s.t. c1(x1,x2) := x2 −min{0,−x1} ≥ 0,

c2(x1,x2) := x2 + x2
1 − 1 ≤ 0

Localization functions: `1(x1,x2) = x1

Optimal solution: x∗ = (x∗1,x∗2) = (1.6180,−1.6180)
Objective value: f(x∗) = 1.6180
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Figure 12. Illustration of test problem 4a

A.8. Problem 4b.

min f(x) = −x1

s.t. c1(x1,x2) := x2 −min{0,−x1} ≤ 0,

c2(x1,x2) := x2 + x2
1 − 1 ≤ 0,

x2 ≥ −1

Localization functions: `1(x1,x2) = x1

Optimal solution: x∗ = (x∗1,x∗2) = (1,−1)
Objective value: f(x∗) = −1
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Figure 13. Illustration of test problem 4b
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A.9. Problem 5a.

min f(x) = x1

s.t. c1(x1,x2) ≥ 0, c1(x1,x2) :=

{
x2 − (x1 − 1)2 + 1, x1 < 1,

x2 + x1, x1 ≥ 1,

x1 ≤ 2,

x2 ≤ 2

Localization functions: `1(x1,x2) = x1 − 1
Optimal solution: x∗ = (x∗1,x∗2) = (−0.73205, 2)
Objective value: f(x∗) = −0.73205
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Figure 14. Illustration of test problem 5a

A.10. Problem 5b.

min f(x) = x1

s.t. c1(x1,x2) ≤ 0, c1(x1,x2) :=

{
x2 − (x1 − 1)2 + 1, x1 < 1,

x2 + x1, x1 ≥ 1,
,

x1 ≥ −2,

− 2 ≤ x2 ≤ 2

Localization functions: `1(x1,x2) = x1 − 1
Optimal solution: x∗ = (x∗1,x∗2) = (−2,x∗2) with −2 ≤ x2

2 ≤ 2
Objective value: f(x∗) = −2
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Figure 15. Illustration of test problem 5b
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A.11. Problem 6a.

min f(x) = −x2

s.t. c1(x1,x2) ≤ 0, c1(x1,x2) :=

{
x2 + (x1 − 1)2 + 1, x1 ≤ 1,

x2 + x1, x1 > 1,

x2 ≥ −2

Localization functions: `1(x1,x2) = x1 − 1
Optimal solution: x∗ = (x∗1,x∗2) = (1,−1)
Objective value: f(x∗) = 1
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Figure 16. Illustration of test problem 6a

A.12. Problem 6b.

min f(x) = x1 + x2

s.t. c1(x1,x2) ≥ 0, c1(x1,x2) :=

{
x2 + (x1 − 1)2 + 1, x1 ≤ 1,

x2 + x1, x1 > 1,

0 ≤ x1 ≤ 2,

x2 ≤ 0

Localization functions: `1(x1,x2) = x1 − 1
Global optimal solution: x∗ = (x∗1,x∗2) = (0,−2)
Global optimal objective value: f(x∗) = −2
Local optimal solution: x∗ = (x∗1,x∗2) with x∗1 ∈ (1, 2] and x∗2 = −x∗1.
Local optimal objective value: f(x∗) = 0.
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Figure 17. Illustration of test problem 6b
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A.13. Problem 7a.

min f(x) = x2

s.t. c1(x1,x2) ≥ 0, c1(x1,x2) :=

{
x2 − (x1 − 1)2 − 1, x1 ≤ 1,

x2 − x1, x1 > 1,

x2 ≤ 2

Localization functions: `1(x1,x2) = x1 − 1
Optimal solution: x∗ = (x∗1,x∗2) = (1, 1)
Objective value: f(x∗) = 1
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Figure 18. Illustration of test problem 7a

A.14. Problem 7b.

min f(x) = −x1 − x2

s.t. c1(x1,x2) ≤ 0, c1(x1,x2) :=

{
x2 − (x1 − 1)2 − 1, x1 ≤ 1,

x2 − x1, x1 > 1,

0 ≤ x1 ≤ 2,

x2 ≥ 0

Localization functions: `1(x1,x2) = x1 − 1
Optimal solution: x∗ = (x∗1,x∗2) = (2, 2)
Objective value: f(x∗) = −4
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Figure 19. Illustration of test problem 7b



34 REFERENCES

A.15. Problem 8a.

min f(x) = −x1 − x2

s.t. c1(x1,x2) ≥ 0, c1(x1,x2) :=

{
x2 + (x1 + 1)2 + 1, x1 ≤ −1,

x2 − x1, x1 > −1,

x1 ≥ −2,

x2 ≤ 2

Localization functions: `1(x1,x2) = x1 + 1
Optimal solution: x∗ = (x∗1,x∗2) = (2, 2)
Objective value: f(x∗) = −4
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Figure 20. Illustration of test problem 8a

A.16. Problem 8b.

min f(x) = x1 + x2

s.t. c1(x1,x2) ≤ 0, c1(x1,x2) :=

{
x2 + (x1 + 1)2 + 1, x1 ≤ −1,

x2 − x1, x1 > −1,

x1 ≤ 2,

x2 ≥ −2

Localization functions: `1(x1,x2) = x1 + 1
Optimal solution: x∗ = (x∗1,x∗2) = (−2,−2)
Objective value: f(x∗) = −4
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Figure 21. Illustration of test problem 8b
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