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Abstract Balas introduced disjunctive cuts in the 1970s for mixed-integer linear
programs. Several recent papers have attempted to extend this work to mixed-
integer conic programs. In this paper we study the structure of the convex hull of
a two-term disjunction applied to the second-order cone, and develop a method-
ology to derive closed-form expressions for convex inequalities describing the re-
sulting convex hull. Our approach is based on first characterizing the structure
of undominated valid linear inequalities for the disjunction and then using conic
duality to derive a family of convex, possibly nonlinear, valid inequalities that cor-
respond to these linear inequalities. We identify and study the cases where these
valid inequalities can equivalently be expressed in conic quadratic form and where
a single inequality from this family is sufficient to describe the convex hull. In par-
ticular, our results on two-term disjunctions on the second-order cone generalize
related results on split cuts by Modaresi, Kiling, and Vielma, and by Andersen
and Jensen.
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1 Introduction

1.1 Motivation and Related Work

A mixed-integer conic program is a problem of the form
sup{dTm: Az =b,z€K, z; € ZVje J}

where K C R" is a regular (full-dimensional, closed, convex, and pointed) cone, A
is an m x n real matrix, d and b are real vectors of appropriate dimensions, and
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J C {1,...,n}. Mixed-integer conic programming (MICP) models arise naturally
as robust versions of mixed-integer linear programming (MILP) models in finance,
management, and engineering [I1L[I5]. MILP is the special case of MICP where K
is the nonnegative orthant, and it has itself numerous applications. A successful
approach to solving MILP problems has been to first solve the natural continuous
relaxation obtained by dropping the integrality conditions, then add cuts to elim-
inate regions that do not contain any feasible integer points, and finally perform
branch-and-bound using this strengthened formulation. A powerful way of gener-
ating such cuts is to impose a valid disjunction on the continuous relaxation, and
derive tight convex inequalities for the resulting disjunctive set. Such inequalities
are known as disjunctive cuts. Specifically, the integrality conditions on the vari-
ables z;, j € J, imply split disjunctions of the form mlz<m V' z>m+1 where
mo €Z,mj €ZL,j € J,andm; =0, j € J. Following this approach, the feasible region
for MICP problems can be relaxed to {z € K: Az =, Tl < Ty V nla >mo+ 1}
More general two-term disjunctions arise in complementarity [241[34] and other
non-convex optimization [8,[I6] problems. Therefore, it is interesting to study re-
laxations of MICP problems of the form

sup{dTac 2 € C1UC2}  where
Ci={zecK: Az =b, ¢; 2 > ciot for ie{l,2}. (1)

Note that the feasible region Cq7 U C2 of the problem above is still possibly non-
convex, but using its particular disjunctive structure, one can build convex relax-
ations by deriving valid inequalities. The tightest convex relaxations of C; U Cy
that one can obtain through this procedure are its convex hull conv(C; U C2) and
closed convex hull conv(C7 U C2). When K is the nonnegative orthant, Bonami et
al. [I4] characterize conv(C1 UC2) by a finite set of linear inequalities. The purpose
of this paper is to study the structure of conv(C; U C3) for other cones such as the
second-order (Lorentz) cone L™ := {z € R" : ||(z1;...;2n-1)|l, < zn} and provide
the explicit description of conv(C1 U C2) with convex inequalities in the space of
the original variables. We first review related results from the literature.
Disjunctive cuts were introduced by Balas [4] for MILP in the early 1970s.
Since then, disjunctive cuts have been studied extensively in mixed integer lin-
ear and nonlinear optimization [5B32L[719BILI72516]. Chvdtal-Gomory, lift-and-
project, mized-integer rounding (MIR), and split cuts are all special types of disjunc-
tive cuts. Recent efforts on extending the cutting plane theory for MILP to the
MICP setting include the work of Cezik and Iyengar [18] for Chvatal-Gomory cuts,
Stubbs and Mehrotra [33], Drewes [21], Drewes and Pokutta [22], and Bonami [13]
for lift-and-project cuts, and Atamtiirk and Narayanan [2[3] for MIR cuts. Kiling-
Karzan [26] analyzed properties of minimal valid linear inequalities for general
conic sets with a disjunctive structure and showed that these are sufficient to
describe their closed convex hulls. Such general sets from [26] include two-term
disjunctions on the cone K considered in this paper. Bienstock and Michalka [12]
studied the characterization and separation of valid linear inequalities that con-
vexify the epigraph of a convex, differentiable function restricted to a non-convex
domain. While the second-order cone can be viewed naturally as the epigraph
of the function || - ||2, we note here that this function is not differentiable and a
two-term disjunction on the domain of || - |2 would require ¢1,, = c2,» = 0 in
our setting. In the last few years, there has been growing interest in developing
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closed-form expressions for convex inequalities that fully describe the convex hull
of a disjunctive conic set. Dadush et al. [20] and Andersen and Jensen [I] derived
split cuts for ellipsoids and the second-order cone, respectively. Modaresi et al.
[28] extended this work on split disjunctions to essentially all cross-sections of
the second-order cone, and studied their theoretical and computational relations
with extended formulations and conic MIR inequalities in [29]. Belotti et al. [I0]
studied the families of quadratic surfaces that have fixed intersections with two
given hyperplanes and showed that these families can be described by a single
parameter. Building on this, in [9] they identified a procedure for constructing
two-term disjunctive cuts under the assumptions that C1 N Cy = @ and the sets
{reK: Az =, ch =c1,0} and {x €e K: Az =1, c;x = c2,0} are bounded.

In this paper we study general two-term disjunctions ¢, z > c1,0 V cox > 2,0
on conic sets and give closed-form expressions for the disjunctive cuts that can be
obtained from these disjunctions in a large class of instances. We focus on the case
where Cq and Cs in above have an empty set of equations Az = b. That is to
say, we consider

Cr:={zek: clTx >ci0t and Co:={zeK: c;x > 20} (2)

Our results can, however, easily be extended to two-term disjunctions on sets
{z e R": Az—b € K} where A has full row rank through the affine transformation
discussed in [I]. Our main contribution in this paper is to give an explicit outer
description of conv(Cy UC2) when K is the second-order cone. Similar results have
previously appeared in [I], [28], and [9]. Nevertheless, our work is set apart from
[1] and [28] by the fact that we study two-term disjunctions ¢f & > c1,0 V ¢g >
c2,0 on the cone K in full generality and do not restrict our attention to split
disjunctions, which are defined by parallel hyperplanes. Furthermore, unlike [9],
we do not assume that C; NCy = 0 and the sets {z € K: ¢f 2 = c1,0} and {z €
K:cga= c2,0} are bounded. Our analysis shows that the resulting convex hulls
can turn out to be significantly more complex in the absence of such assumptions.
We also stress that our proof techniques originate from a conic duality perspective
and are completely different from what is employed in the aforementioned papers;
in particular, we believe that they are intuitive in terms of their derivation and
transparent in explaining the structure of the resulting convex hulls. Therefore,
we hope that they have the potential to be instrumental in extending several
important results in this growing area of research.

A preliminary version of this paper has appeared in [27]. Yildiz and Cornuéjols
[35] have recently extended our convex hull characterizations to two-term dis-
junctions on cross-sections of the second-order cone. They have shown that a
single valid inequality of the type derived in this paper can be used to describe
conv(C1 U Cs) explicitly even when the definition of C; and Cs in includes a
nonempty set of equations Ax = b.

1.2 Outline of the Paper

We would like to give a brief outline of our results before we proceed. In Section
we introduce the tools that are useful in our analysis. In Section we set out
our notation and identify the cases that are of main interest to us with Conditions
1 and 2. These conditions are indeed mild requirements and mainly introduced
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to avoid trivial pathological cases. We discuss the pathologies that arise in the
absence of these conditions in Section 23] It is a well-known fact from convex
analysis that conv(Cy UC2) can be described by linear inequalities alone. However,
the set of linear inequalities that are valid for conv(C; U C2) will typically be very
large, and only a small subset of these will be needed besides the cone constraint
z € Kin a minimal description of conv(C1UC2). In Section for a general regular
cone K, we identify and characterize the structure of a subset of strong valid linear
inequalities which, along with the cone constraint x € K, are sufficient to describe
conv(Cy UC2). These inequalities are tight on ¢onv(Cy UC2) and K-minimal in the
sense defined in [26]. We term such linear inequalities “undominated.”

In Section [3]| we focus on the case where K is the second-order cone, L. In
Section we prove our main result, Theorem which we state below in a
slightly modified form. The proof of Theorem [3| uses conic duality, along with the
characterization of undominated valid linear inequalities from Section[2:2} to derive
a family of convex, possibly linear or conic, valid inequalities for conv(ChUC?).

Theorem 1 Let C1 and C2 be defined as in where K = L" and ¢1,0,c2,0 €
{0,+1}. Suppose Conditions 1 and 2 are satisfied. For any 1,82 > 0 such that B1c1 —
Baca ¢ iint]L", let N(ﬂl,ﬁg) = Hﬁl(ﬁ —5262”3 — (51617n — ,Bgczvn)? Then the
inequality

2min{Bic1,0, fac2,0} — (Bier + facz) ' <

V(Brer = Baca) Ta)? + N (Br. o) (a3 — 313)  (3)

is walid for conv(C1 U C2). Furthermore, inequalities (3|) are sufficient to describe
conv(Cq U Cy) along with the cone constraint x € L™.

In Sectionwe explore when can equivalently be expressed in conic quadratic
form (Propositions [3] and [)).

In Section [4 we identify and study the cases where only one inequality of the
form is sufficient to describe tonv(C; U C2) (Theorem . In the special case
where C1UC> is defined by a split disjunction on the second-order cone, the convex
hull is closed and our results show that a single additional valid inequality in conic
quadratic form is always sufficient to describe conv(Ci U Cz). We formulate this
conclusion into Theorem [2] which we state below. This recovers the related results
of [1I] and [28] on split disjunctions on the second-order cone.

Theorem 2 Let C1 and Cy be defined by a split disjunction in where K = " and
1,0, 2,0 € {0,£1}. Suppose Condition 1 is satisfied. If c1,0 = c2,0 = 1, then

conv(Cq UCy) = {xGIL” i Nz —2(c{z—1) ( e ) GL"}

—CintC2n
where N := ||é1 — é2||3 — (c1,n — c2.n)?; otherwise, conv(Cy U Ca) = L™,

Ezample 1 As an application of Theorem [2| consider the split disjunction 41 >
1V —z; > 1 on the second-order cone L. Let ¢! € R™ be the i*" standard unit
vector, i € {1,...,n}. Theorem [2| states that in this case conv(Cq U C2) is the set
of points = € L3 that satisfy the conic quadratic inequality

5z — 2(4xy — 1)e' € L2
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Figures [[(a) and (b) show the disjunctive set C1 U C2 and the conic quadratic
inequality which is introduced to convexify Cy U Ca, respectively.

(a) C1UC, (b) Conic quadratic inequality describ-
ing conv(Cq U C2)

Fig. 1: Sets associated with the split disjunction 421 > 1V —x1 > 1 on 1.3,

In spite of these good news, there are cases where it is not possible to obtain
conv(Ci U C2) with a single inequality of the form . In Section [5| we study
these cases and outline a technique to characterize conv(Cy UC2) with closed-form
formulas in general.

2 Preliminaries

The main purpose of this section is to characterize the structure of undominated
valid linear inequalities for conv(C; UC3) when K is a regular cone and C; and Cs
are defined as in . First, we present our notation and assumptions.

2.1 Notation and Assumptions

Given a set S C R", we let span S, int S, and bd S denote the linear span, interior,
and boundary of S, respectively. We use rec S to refer to the recession cone of a
convex set S. The dual cone of K CR" is K* := {y e R" : y' 2 > 0Vz € K}. Recall
that the dual cone K* of a regular cone K is also regular and the dual of K* is K
itself.

We can always scale the inequalities cirac > c1,0 and c;a: > c2,0 defining the
disjunction so that their right-hand sides are 0 or +1. Therefore, from now on we
assume that c1,0,c2,0 € {0,%1} for notational convenience.

When C; C Cs, we have tonv(C; U C2) = Ca. Similarly, when C1 D Ca, we
have conv(C1 U C2) = Cy. In the remainder we focus on the case where C1 € Cs
and 01 2 02.
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Condition 1 C1 € C2 and C1 2 Ca.

In particular, Condition [1] implies C1,C2 # 0 and C1,C2 # K. Hence, ¢; ¢ —K*
when ¢; o = +1 and ¢; ¢ K* when ¢; o = —1. We also need the following technical
condition in our analysis.

Condition 2 C; and Ca are strictly feasible sets. That is, C1 Nint K # @ and Ca N
int K # 0.

Under Condition [2| the sets C1 and C2 always have nonempty interior. Note
that the set C; is always strictly feasible when it is nonempty and ¢; o € {£1}.
Therefore, we need Condition |2| to supplement Condition |1| only when c1o =0
or c20 = 0. We note that Condition [2] is essentially used in proving the suffi-
ciency results, that is, explicit closed convex hull characterizations, and even in
the absence of Condition 2] our techniques yield convex valid inequalities. We eval-
uate the necessity of Condition [2] for our sufficiency results with an example in
Section

Throughout the paper, we consider sets C; and Co which are defined as in
with ¢1,0,c2,0 € {0,£1} and which satisfy Conditions [I] and [2] We say that such
sets C1 and C2 satisfy the basic disjunctive setup.

Conditions [T] and [2] have several simple implications, which we state next. The
first lemma extends ideas from Balas [6] to disjunctions on more general convex
sets. Its proof is left to the appendix.

Lemma 1 Let S C R" be a closed, convez, pointed set, S1 := {x € S : crm >c10},
and So :={z € S : cgm > ca,0} forcr,c2 € R™ and c1,0,c2,0 € R. Suppose S1 L S
and S1 2 S2. Then

(i) S1US2 is not convex unless S1 U Sz = S,
(i3) conv(S1USs) = conv (S} USY) where Si” := S1 +rec Se and Sf := Sa+rec Sy .

Clearly, when conv(C1UC2) = K, we do not need to derive any new inequalities

to get a description of the closed convex hull. The next lemma obtains a natural
consequence of Condition [If through conic duality.

Lemma 2 Consider C1,C2 defined as in . Suppose C’ondition holds. Then the
following system of inequalities in the variable B1 is inconsistent:

B1>0, Picio>c20, c2—pfier €K' (4)
Similarly, the following system of inequalities in the variable B2 is inconsistent:

B2 >0, Bac20>cr0, c1— P22 €K (5)
Proof Suppose there exists 37 satisfying . For all z € K, this implies (c2 —
chl)Tx >0 > c2,0 — fic1,0- Then any point z € Cy satisfies ,chle > Bicio and

therefore, c;rac > c2,0. Hence, C1 C Co which contradicts Condition |1} The proof
for the inconsistency of is similar. O
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2.2 Properties of Undominated Valid Linear Inequalities

It is well-known that the closed convex hull of any set can be described by valid
linear inequalities alone (see, e.g., |23, Theorem 4.2.3]). In this section, using the
special structure of the set C; U C2, we show that a subset of strong valid linear
inequalities is sufficient to describe conv(C1UC3). Besides being smaller in size, this
subset of linear inequalities also has a particular structure which is instrumental
in the derivation of the nonlinear valid inequality of Theorem [3|in Section

A valid linear inequality pu'x > po for a feasible set S C K is said to be
tight if infz{pTa: : x € S} = po and strongly tight if there exists z* € S such
that u'2* = po. A valid linear inequality vz > vy for a strictly feasible set
S C K is said to dominate another valid linear inequality p'z > po if it is not
a positive multiple of ,uTgc > po and implies ,uTx > po together with the cone
constraint z € K. Furthermore, a valid linear inequality p'z > po is said to be
undominated if there does not exist another valid linear inequality vz > vg such
that (n—v, po —vp) € K* x =R\ {(0,0)}. This notion of domination is closely tied
with the K-minimality definition of [26] which says that a valid linear inequality
p'z > po is K-minimal if there does not exist another valid linear inequality
vz > v such that (u—v, po —ro) € (K*\ {0}) x =Ry In particular, a valid linear
inequality for conv(Cy U C2) is undominated in the sense considered here if and
only if it is K-minimal and tight on conv(Cy U Cs).

In [26], Kiling-Karzan defines and studies K-minimal inequalities for disjunctive

conic sets of the form
{xER": AxEH,wEK},

where H is an arbitrary set and K is a regular cone. Our set C; U Cy can be
represented in this form as

n cir _({c1 0} +R R
{xGR (c;)m_< 10R +>U<{6270}+R+>,m6K}.

Because C1 U C2 is full-dimensional under Condition |2|, we can use Proposition
3.2 of [26] to conclude that the extreme rays of the convex cone of valid linear
inequalities

{(M, po) ER" X R: p'a > po Va € conv(Cy U Cg)}

are either tight, K-minimal inequalities or implied by the cone constraint xz € K.
Hence, one needs to add only undominated valid linear inequalities to the cone
constraint z € K to obtain an outer description of conv(C; U Ca).

Because C; and (3 are strictly feasible sets by Condition conic duality
implies that a linear inequality p' z > po is valid for Gonv(Cy U Cz) if and only if
there exist a1, ag, 81,82 such that (u, po, a1, az, 81, B2) satisfies

uw=o1+ Bica,
u=ag + Baca,

Bic1,0 = po,  Ba2c2,0 > po,
ar,a0 € K, B1,B2 € Ry

(6)

This system can be strengthened significantly when we consider undominated valid
linear inequalities.
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Proposition 1 Let C1,C2 satisfy the basic disjunctive setup. Then, up to positive
scaling, any undominated valid linear inequality for tonv(C1UC2) has the form ,uTx >

o with (u, po, a1, g, B1, B2) satisfying

p=ai+ pici,
u= az + facz,
min{f1c1,0, B2¢2,0} = 1o,
o1, a2 € bdK*, 81,82 € Ry \ {0}

(7)

Proof Let vT2 > vy be a valid inequality for conv(Ci U C2). Then there exist
a1, a9, 1, B2 such that (V, Vo,al,ocz,ﬁl,ﬁg) satisfies @ If 81 =0 or B2 = 0, then
vz >y is implied by the cone constraint € K. If min{S1c1,0,82¢2,0} > vo,
then v 'z > vp is implied by the valid inequality vz > min{pici,0, B2c2,0}. Hence,
we can assume without any loss of generality that any undominated valid linear
inequality for conv(Ci U C2) has the form vz > vy with (vyv0, 1, 2, B1, B2)
satisfying

v=o1+ Pica,
v = oz + fBaca,
min{fic1,0, B2c2,0} = vo,
a1, az € K*, p1,62 € Ry \ {0}.

We are now going to show that when a; € intK* or as € int K*, any such
inequality is either dominated or equivalent to a valid inequality uTx > 1o that
satisfies @ Assume without any loss of generality that as € int K*. There are
two cases that we need to consider: a3 =0 and a3 # 0.

First suppose a1 = 0. We have az = Bic1 — B2ce € int K*. By Lemma [2[ and
taking B1, 62 > 0 into account, we conclude S2c2,0 < Bic1,0. Hence, vg = faca 0. If
vo > 0,let 0 < € < 31 be such that 04/2 ‘= as—€c'c1 € K* and B2c2,0 < 5101)0—6/01,0
and define 8] := 81 — € and p := v — €cy. If vy < 0, let € > 0 be such that
O/Q ‘= ag + €¢; € K* and Bac2.0 < Picio + 6’61,0 and define ﬂll = f1 + ¢ and
i = v+ €c1. In either case, the inequality uT;c > 1 is valid for conv(Cy U Cs)
because (u,vo,a1,ah, ], B2) satisfies @ Furthermore, it dominates (or, in the
case of vy = 0, is equivalent to) vz > vy because = %V and 3] < 1 when
vo > 0 and 8] > 81 when v < 0.

Now suppose a1 # 0. Let 0 < ¢/ < 1 be such that of := as — ¢’a; € K*, and

define off := (1 — ¢")a; and p := v — €’a;. The inequality 'z > v is valid for
conv(Cy U C2) because (p,v0,0af, a4, b1, B2) satisfies (6). Furthermore, wle > v
dominates vz > 1 since v — p = ¢’y € K* \ {0}. O

The system is homogeneous in the tuple (u, no, @1, a2, 81, 52). Therefore,
in an undominated valid linear inequality uTx > o, we can assume without any
loss of generality that the whole tuple has been scaled by a positive real number
so that 81 =1 or B2 = 1.

Proposition 2 Let Cq,C2 satisfy the basic disjunctive setup. Then, up to positive
scaling, any undominated valid linear inequality for conv(C1UC2) has the form MTx >
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wo with (p, po, a1, g, B1, B2) satisfying one of the following systems:

nw=ai+ Bici, B=ai+c1,
= as + ca, n= oz + Paca,
(1) PBicio > c2,0 = po, (i8)  Bac2,0 > c1,0 = po, (8)
a1,as € bdK*, a1,as € bdK*,
B € Ry \ {0}, B2 =1, B2 € Ry \ {0},81 = 1.

Keeping c¢1,0,¢2,0 € {0, £1} in mind, observe that the first of the two systems
in is infeasible when c2,0 > c1,0 and the second is infeasible when c1,0 > ¢2,0.
Therefore, in these cases it suffices to consider only one of these systems. When
c1,0 = c2,0 however, one may need valid linear inequalities that are associated
with either of the two systems in to be able to describe conv(C; U Cy). Still,
for this case Proposition [2| implies that any undominated valid linear inequality
for conv(Cy U C2) can be written in the form pw'z > po with po = €1,0 = €2,0-

Note that in any tuple (p, po, a1, @2, f1, B2) satisfying the first system in , we
must have ca — B1c1 ¢ +int K* since having co — S1c1 € £int K* would contradict
either a1 = aa+ (c2 — Bic1) € bdK* or ag = a1 — (c2 — Bic1) € bd K*. Similarly, in
any tuple (p, po, a1, @2, 81, B2) satisfying the second system in , we must have
c1— fB2ce ¢ +int K*. Proposition [2|and the discussion above lead us to Corollary
For ease of exposition, we define the sets

B = {81 > 0: Bicio > e20, c2 — Bre1 ¢ £int K'Y},
BSYY2 .= {8y > 0 Bacao > c10, ¢1 — PBaca & £int K},
M9 (1, By) = {n € R": a1, a2 € bdK*, = a1 + fic1 = a2 + Paca}.

Corollary 1 Let C1,Cy satisfy the basic disjunctive setup. The closed convex hull of
C1 UC4q is given by
:LLTm Z C1,0, V,LL € MCI’C2(17/82)7ﬁ2 S 3201702

Ccy,C.
m(cl UCQ) = {CE e R": LLTx > c2,0, Vi € MCI7CZ(/817 1),,61 € B 1) 2’}

2.3 Revisiting Condition [2]

When C; = {z e K : ciT:c > ¢;0} is nonempty and ¢; o € {£1}, it is not difficult
to show that C; has to be strictly feasible. Therefore, Condition [2] is not needed
when, for instance, C; and C2 are nonempty sets defined by a split disjunction
which excludes the origin. Indeed, the only situation where Condition [2| may be
needed in addition to Condition 1| occurs when ¢1,9 = 0 or c3,0 = 0. Note that in
such a case, linear inequalities that satisfy system @ (or ) are still valid for
conv(C1 UC2); they may just not be sufficient to define it completely. We next give
an example which shows that Condition [2|is necessary to establish the sufficiency
of the linear inequalities that satisfy @ (or ) when ¢1,0 = c2,0 = 0.

Consider the second-order cone L2 and the disjunction 3 —23 >0V —z1 —x3 >
0 (c1:=e' — €3, ca:= —e' — €3, c10 = c2,0 = 0). Note that c1,c2 € —bdLL3, and
C1 and C» are the rays generated by e! + e and —e! + €2, respectively. Therefore,
conv(C1UCs) = {z € L3 : x5 =0} and x2 > 0 is a valid inequality for conv(C1UCs).
However, letting p = €2 in @7 we see that any «; which satisfies p = a1 4+ S1c1
for some 81 € R cannot be in L% because oy = —B1e! + €2 + €3 ¢ L3,
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3 Deriving the Disjunctive Cut

In this section we focus on the case where K is the second-order cone " = {z €
R"™: ||Z|ly < zn} and Z := (z1;...;2n—1). Recall that the dual cone of L" is again
IL™. As in the previous section, we consider sets C; and C2 which satisfy the basic
disjunctive setup. When in addition K = ", we say that C7 and C2 satisfy the
second-order cone disjunctive setup.

3.1 A Convex Valid Inequality

Proposition |1| gives a nice characterization of the form of undominated linear
inequalities valid for conv(Cy U C2). In the following we use this characteriza-
tion and show that, for a given pair (31, 82) satisfying the conditions of Proposi-
tion |1} one can group all of the corresponding linear inequalities 'z > po, where
we MCEHC2 (B1,B2) and po = min{Bici,0,B2c2,0}, into a single convex, possibly
nonlinear, inequality valid for conv(Ci U C2). Then Theorem (1| immediately
follows from the fact that the inequalities that are associated with all such
pairs (81, 82) yields conv(Cq U Cz). By Corollary |1} without any loss of general-
ity, we focus on the case ¢1,0 > c¢2,0 and the linear inequalities /LTEI,‘ > c2,0 wWhere
we MEHC2 (B1,1) and B; € BICI’CQ. For any fixed 81 € Blcl’@, Bici—co ¢ £int L™,
Furthermore, fi1c1 — c2 ¢ —L™ by Lemma [2] This leaves us two distinct cases to
consider: B1c1 —c2 € bdL" and Bici — e ¢ £L".

Remark 1 Let C1,Cy satisfy the second-order cone disjunctive setup. For any §; €
BY:%2 such that Bic1 — ca € bd L™, the inequality

Brel x> eap 9)

is valid for Gonv(Cy U C2) and dominates all valid linear inequalities p' z > 2.0
such that g e M“C2(py,1).

Proof Since 51 € BIC“C2, we have fici1,0 > c2,0. The validity of follows easily
from Bici,0 > c2,0 for Cq and Bicy —ca € L™ for Co. Let p € MC 2(B1,1). Then
p—pB1c1 =: a1 € L™, and since ﬂlcfx > 2,0 is valid as well, we have that MTZB >c2,0
is dominated unless a1 = 0. |

We note that Remark remains true in the general case where K is an arbitrary
regular cone.

Theorem 3 Let C1,C> satisfy the second-order cone disjunctive setup. For any 1 €
Blcl’c2 such that B1c1 — ca ¢ £, the inequality

2¢2,0 — (Bic1 + CQ)Tx < \/((5101 - 02)T$)2 + N (B1) (30121 - Hifﬂg) (10)
with
Ni(B1) == [Bié1 — &) = (Bicin — c2,n)” (11)

is valid for conv(Cy UC2) and implies all valid linear inequalities ,uT:r > c2,0 such that
JUBS MCl)Cz (517 1)
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Proof Consider the set M%1%2(8;,1). Because B1c1 — ca ¢ +L", Moreau’s decom-
position theorem implies that there exist u*,a] # 0,a5 # 0 such that o L o3,
of,as € bdL", and p* = Bic1 + a} = ca + ab. Hence, M©C2(B;,1) is indeed
nonempty. We can write

M2 (B1,1) ={u € R™ : |ji — Bréilla = pn — Brewm, |l — Gall2 = pin — c2,n}

e IB=elz =i =Aiedlz + frern = can,
|2 — Bicill2 = pn — Brcin

After taking the square of both sides of the first equation in MCCa (81,1), noting
Bic1 —c2 ¢ —LL™, and replacing the term ||i — B1¢1]|, with pn — Bic1,n, we arrive
at

Mcl,Cz(ﬁl 1) — {H c R™ - ﬂ—r(ﬁlél — 52) - Mn(ﬂlcl,n - C2;n) = /\247}
’ = Brcilly = pn — Breim

where M := B (|13 — cf ) — (122115 — c3.0)-
Note that, by Corollary |1} = € conv(Cy U C2) and B; € Bfl’% (thus pie1,0 >
02)0) imply

=z cL” and ,uT:r >co0 Vp € MCI’CZ(Bl7 1).

< ell™ and iﬂf {uTm: e MC“C?(Bl,l)} > ¢2,0.

Unfortunately, the optimization problem stated above is non-convex due to the
second equality constraint in the description of M%1¢2 (81,1). We show below
that the natural convex relaxation for this problem is tight. Indeed, consider the
relaxation

inf
o

MT:E . ﬁT(ﬂlél - 52) - Hn(ﬂlcl,n - C2,n) = %a
2 —Bicilly < pn = Prein

The feasible region of this relaxation is the intersection of a hyperplane with a
closed, convex cone shifted by the vector 81c1. Any solution which is feasible to the
relaxation but not the original problem can be expressed as a convex combination
of solutions feasible to the original problem. Because we are optimizing a linear
function, this shows that the relaxation is equivalent to the original problem. Thus,
we have

z € conv(C1 U Cs) =

~T TR _ M
z € L™ and inf ,uTx: H (ﬁ101~ c2) - pn(Brern — c2n) 275 >c20
H I — Brcally < pn — Brcin

which is exactly the same as
z € conv(C1 UCs) =

~T ~ ~ _ M
cl” and infldpu'z: H (B1é1 —&2) — pn(Brcin — can) = 20 LS . (12
x an in {u x 4 Bier € L >c20. (12)

The minimization problem in the last line above is feasible since u*, defined at
the beginning of the proof, is a feasible solution. Indeed, it is strictly feasible since
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o} + a3 is a recession direction of the feasible region and belongs to int ™. Hence,
its dual problem is solvable whenever it is feasible, strong duality applies, and we
can replace the problem in the last line with its dual without any loss of generality.

Considering the definition of N1 (81) = ||f1¢1 — é2||3 — (B1c1,n — c2.n)? and the
hypothesis that Sic1 — ca ¢ ", we get N1(51) > 0. Then

z € conv(C1 U Ca)

B1c1—c2 .
=2 € L" and max Blc]—p—l-ﬂrz p+7(7/3101’n+02,n B
o 2 pel?

<z e L™ and max 5101rm—N1(/81)7:m+7 Prerte eLl™} > cop,
T 2 Bicin —c2,n
and since the optimum solution will be on the boundary of feasible region,
Q(ﬂlclTx —c2,0)
Ni(B1)
(Brer —e2) o+ \/((ﬁlcl —c2)T2)? + N1(B1) (e - |1&l]3)
N1(B1) '

> €2,0-

<z el” and min{r_, 74} <

where 74+ =

2(B1ef T — c2,0)

N1 (B1)
<z el”™ and Nl(,Bl)T_ < 2(Blc;_r$ — 62’0).

rel™and 7— <

Rearranging the terms of the inequality in the last expression above yields .
O

The next two observations follow directly from the proof of Theorem

Remark 2 Under the hypotheses of Theorem [3| the set of points that satisfy
in " is convex.

Proof The inequality is equivalent to by construction. The left-hand
side of is a concave function of xz written as the pointwise-infimum of linear
functions, while the right-hand side is a constant. ad

We note here that one can convert (|10) into an inequality that is convex on all
of R™ by rewriting it as g(z) < 0 where g : R” - RU {+o0} is

o) = {262,0—(ﬁ101 + 02)T$—\/((ﬁ101 —2)T2)” + Mi(B1) (23 — |13]3), =eLm,
~+o00, z ¢ L™

However, we avoid using this construction to keep the notation simple in what
follows.

Remark 3 Inequality reduces to the linear inequality @ in L™ when B1¢1—c2 €
bdL"™.

Proof When Bic1 —c2 € bdL", N1(81) = 0. Together with = € L™, this also implies
(Brcr — cz)Tx > 0, and hence, of Theorembecomes 2¢2,0 — (Bre1 + CQ)TCL‘ <
(Bic1 — c2) Tx. This is equivalent to (E)} O
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Some comments about Theorem B are in order.

Remark 4 For 31 € Blc 1’02, the inequality can in fact be considered to be
derived for the relaxed disjunction BlclTx > co0 V c;r:r > c2,0. Indeed, under the
hypothesis 81 € Blcl’c2 of Theorem we have ,BlclTx > Bici,o > c2,0 for all
x € C1. However, somewhat contrary to intuition, inequalities obtained from
such weaker disjunctions are sometimes necessary for a complete description of
conv(Cy U C2). We will study these cases in more detail in Section

Remark 5 Inequality has a simple geometrical meaning when the two sides of
the relaxed disjunction BlclT:n > co20 V c;ra: > ¢a,0 on L™ do not intersect, except
possibly at their boundary. Consider a point x € R™ which is on the hyperplane
defined by Bic{ z = c2,0. Then disjointness of the two sides of the disjunction
implies csz < ¢2,0. Replacing ,BlclT:c with c2,0 on both sides of (10]), we can see
that when Bici —co2 ¢ £L"™ (NM1(B1) > 0), such a point = satisﬁes if and only
if z € £L". Similarly, a point z which is on the hyperplane defined by cq z = €2,0
satisfies if and only if € £IL™. Thus, the region defined by has the same
Cfross—section as £IL" at the hyperplanes defined by the equalities 1 clT:v = c2,0 and
Co T = C2,0.

Suppose C1 and Cp have been chosen so that ci1,0 > c2,0. When c1,0 > 2,0,
B2C 10 — 0, and by Corollary [1} the family of inequalities given in Remark
and Theorem [3|is sufficient to describe conv(C1 U C2). On the other hand, when
c1,0 = c2,0, we also need to consider valid linear inequalities pTx > c1,0 such
that p € MChCQ(l,BQ) and (B2 € BQC“CQ. Following Remark |1| and Theorem ,
such linear inequalities can be condensed into a single inequality for every fixed
B2 € BQCI’CQ. In particular, letting Na(B2) := ||c1 — 6262“3 —(c1,n — ﬂ2027n)2, one
can derive the valid inequalities

Baes x> c1,0, and (13)

2c1,0 — (c1 + 5262)T$ < \/((61 - 5262)T$)2 + N2(B2) (UE% - Hfﬂg) (14)

for B2 € 326‘1,02 such that Baca — c¢1 € bdL™ and Bacz — ¢1 ¢ £L", respectively.
Using these inequalities and recalling Remark [3] conv(C; U C2) can be written as

conv(Cy UCy) = {x € R™: z satisfies Vp1 € B16'1,C2 and Vpa2 € Bgl’c2} .

Note that for any 81 € B2 and B2 € B2, we have Mi(81) > 0 and
N2(B2) > 0; hence, the right hand sides of the inequalities and above
are well-defined for any z € ™. Thus, this proves Theorem [1| of Section In
the remainder of this section, we continue to focus on the case where 82 = 1 and
B1 € BlC 102 with the understanding that our results are also applicable to the
symmetric situation.

3.2 A Conic Quadratic Form

While having a convex valid inequality is nice in general, there are certain cases
where ([10)) can be expressed in conic quadratic form. In the following, we first
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identify a symmetry condition that guarantees the existence of an equivalent conic
quadratic form for (10 and then show that such a symmetry condition holds under
a disjointness condition.

Proposition 3 Let C1, Cy satisfy the second-order cone disjunctive setup, and let f1 €
BICI’C2 be such that Bic1 — co ¢ £L". Let x € L™ be a point for which

— 2c2,0 + (Bre1 + 02)T$ < \/((,3101 - 62)T1»‘)2 +MN1(B1) (23 — ||i||§) (15)

holds with N1(B1) defined as in . Then x satisfies if and only if it satisfies

the conic quadratic inequality

N1(51)$—2(5101Tw—02,0)< Prer — & ) eL™ (16)

_ﬁlcl,n + C2n

Furthermore, if (15]) holds for all x € conv(C1 UC2), then is valid for conv(Cy U
C2) and implies ((10))

Proof Let x € L™ be a point for which holds. Then x satisfies if and only
if it satisfies

[2c20 — (Bre1 +¢2) "] < \/((/3101 —e2)Ta)” + N1 (B1) (23 — 1&13).
We can take the square of both sides without any loss of generality and rewrite
this inequality as
2 2
(202,0 — (Bre1 + Cz)TCC) < ((5101 - 02)TI) + N1(B1) (13721 — ||»’E||§) .
& A(Brel @ —c20)(e3 @ — e2,0) <N (B1) (l’i = HfﬂHg) :

Because B1c1 — c2 ¢ £IL™, we have N1(B1) > 0, and the above inequality is equiv-
alent to

0 <Ni(B)? (o = IE13) = 4N (Br)(Brel @ = ez0)(ed @ = ca0).

The right-hand side of this inequality is identical to the following quadratic form
which has a single negative eigenvalue:

- 2 } - 2
(Nl(ﬂl)xn+2(ﬁ101 37*02,0)(/8101,n*02,n)) *HN1(51)96*2(51C1 $762,0)(51C1702)H2-
Therefore, we arrive at
N T NI T 2

HN1 (ByZ—2(B1c1 43—02,0)(5101—02)“2 < (Nl (B)zn+2(Bicy 1’—02,0)(ﬂ161,n—62,n)) .
Let

A(z) = H/\/l(ﬂl):z —2(Bre) @ — ca.0)(Brér — 52)H2 and

B(z) := N1(B1)xn + 2(B1el @ — c2,0)(Brei,n — c2,n).

We have just proved that x satisfies if and only if it satisfies A(z)? < B(z)?. In
order to finish the proof, all we need to show is that A(u)? < B(u)? is equivalent to
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A(u) < B(u) for all w € L™. It will be enough to show that either A(u) + B(u) > 0
or A(u) = B(u) = 0 holds for all uw € L™. Suppose A(u)+B(u) < 0 for some u € L".
Using the triangle inequality, we can write

0> A(u) 4+ B(u)

= HN1 (B1)a —2(Bred w— c2,0)(Brér — 52)H2

+ N1 (B1)un +2(Bred w— c2,0)(Bicin — can)
—N1(B1) [l + 2|B1e] u — e2,0] [|B1é1 — éall

+ N1 (B1)un — 2\5161TU —c2,0/|B1c1,n — c2n
= N1(B) (un — [lii]ly) + 2lB1el u — ca,0] (1B1E1 — E2lly — [Brer,n — ca,nl).

Y

Because v € L™ and Bic1 — c2 ¢ ", we have un — ||t||, > 0 and ||f1é1 — &2l —
|B1¢1.n — c2.n] > 0. Hence, Bic] u = c2,0. This implies A(u) + B(u) = Ni(81)(un +
l@|ly) which is strictly positive unless v = 0, but then A(u) = B(u) = 0.

The second claim of the proposition follows immediately from the first under
the hypothesis that holds for all z € conv(Cy U Cz). O

Note that by changing the roles of 81c¢; and ca, the proof of Proposition [3| can
be repeated to show that a point z € L™ for which holds satisfies if and
only if it satisfies

N; 4 2(cax—c frér =2 eL™
1(61) (c2 2,0) —Bicin + con
We next give a sufficient condition, based on a disjointness property of the
intersection of C; and Cbq, under which (15) is satisfied by every point in L”. Note
that this condition thus allows our convex inequality (10) to be represented in an
equivalent conic quadratic form (|16]).

Proposition 4 Let C1,Cy satisfy the second-order cone disjunctive setup. Let 81 €
Blcl’cz be such that Bc1 — co ¢ £L". Then (15)) holds for all x € L™ that satisfy
BlclTac <c2,0 or c;x < ¢2,0. Furthermore, if

{xel™: Bici @ > 2,0, 3 x> c2,0) =0, (17)

then holds for all z € L™ and is equivalent to on LL".

Proof Let x € L™ satisfy Blcrm < ¢a,0 OF c;rx < ¢2,0. Using Theorem |3| on the
disjunction —Blciru > —c2,0 O —c;u > —c2,0 shows that x satisfies (15)). The
second claim of the proposition now follows immediately from Proposition [3] and

)} 0

Condition of Proposition {4| says that the two sides of the relaxed dis-
junction BlclTx > 20 V c;rm > c¢2,0 on the cone L™ have to be almost disjoint.
This condition, together with the results of Proposition |3| and Theorem [3] iden-
tifies some cases in which can be expressed in an equivalent conic quadratic
form. For instance, in a split disjunction on the cone ", it is easy to see using
Lemma that C7 and Cs are both nonempty and conv(Cy U C2) # L™ if and only
if c1,e0 ¢ £IL™ and c1,0 = c2,0 = 1. Furthermore, C; N C2 = 0; hence, for a proper
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two-sided split disjunction on L", is trivially satisfied with 81 = 1. Moreover,
in the next section, we will see that conv(C; U C2) can be described completely
with linear inequalities x 'z > 1 such that € M©+2(1,1) (81 = f2 = 1 in @)
when C7 U Cs is defined by such a split disjunction.

4 When does a Single Inequality Suffice?

In this section we give two conditions under which a single convex inequality of
the type derived in Theorem [3] together with the cone constraint z € L", describes
conv(C1 U C2) completely. The main result of this section is Theorem [4 which we
state below.

Theorem 4 Let C1,C2 satisfy the second-order cone disjunctive setup with c1 — c2 ¢
+L" and c1,0 > c2,0. Then the inequality

220 — (c1+e2) '@ < \/((Cl —e2)Ta)” + N (23 — |1213) (18)
is walid for Gonv(C1 U C2) with N = ||é1 — é2||3 — (c¢1,n — c2,n)?. Furthermore,

conv(C1UCy) = {z € L" : z satisfies (18)},

when, in addition,

(i) c1 €L, orca € L”, or
(i) c1,0 = c2,0 € {£1} and undominated valid linear inequalities that are tight on
both C1 and Cq are sufficient to describe conv(C1 U C2).

Theorem [4] shows that, under certain conditions, conv(Cy U C2) is completely
described by the cone constraint z € L™ and the inequality obtained by setting
B =1in . A recent result of Yildiz and Cornuéjols [35] complements this
sufficiency result by showing that a similar statement is true when ¢1,0 = ¢2,0 = 0.

Theorem 5 [35, Theorem 2] Let C1 and Ca satisfy the second-order cone disjunctive
setup with c1,0 = c2,0 = 0. Then

conv(C1UC) = {x eL™: —(Bic1 + Cz)Tl’S \/((5161—62)T$)2+N(51) (36721—H55H2)}

~ 12 ~ 12
where 1 = \[&2l3 - B,/ \JI&1ll3 = 3.,

The proof of Theorem [4] will require additional results on the structure of
undominated valid linear inequalities. These are the subject of the next section.
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4.1 Further Properties of Undominated Valid Linear Inequalities

In this section we continue studying the disjunction c]—w >c10V c;—x > c20 0N a
regular cone K and refine the results of Section[2.2]on the structure of undominated
valid linear inequalities. The results that we are going to present in this section
hold for any regular cone K.

The lemma below shows that the statement of Proposition [2] can be strength-
ened substantially when c¢; € K* or co € K*.

Lemma 3 Let C1,Cy satisfy the basic disjunctive setup with c1,0 > c2,0. Suppose c1 €
K* or co € K*. Then, up to positive scaling, any undominated valid linear inequality
for conv(Cq U C3) has the form uTx > c2,0 where p € MCI’CZ(I, 1).

Proof First note that having ¢; € K* implies rec C; = K. Therefore, when cz ¢ <
0, we can use Lemma [1| to conclude conv(C; U C2) = K. In this case all valid
inequalities for conv(Cy U C2) = K are implied by the cone constraint z € K,
and the claim holds trivially because there are no undominated valid inequalities.
Thus, we only need to consider the situation in which ¢1,0 =c2,0 = 1.

Assume without any loss of generality that co € K*. Let v’z > 1 be a valid
inequality of the form given in Proposition Then v = c1,0 = c2,0 = 1, and there
exist a1, a2, 81, B2 such that (v, 1, a1, a2, 81, B2) satisfies one of the two systems in
(8). In particular, v = a1 + Bic1 = as + B2c2 € K* and min{j1, B2} = 1. We are
going to show that either v € M©1C2(1,1) or v " & > 1 is dominated. If 8; = 82 = 1,
v e M%2(1,1) and we are done. We divide the rest of the proof into the following
two cases: 81 > 2 and (1 < [e.

First suppose 81 > B2. Then B2 = 1 and v = a1+ 811 = az+c2. Having as =0
contradicts Condition [1] through Lemma, [2} therefore, o # 0. Let € be such that
0<é< 615:1, and define o} 1= (1 — )a1 +ca, B = (1 —¢)B1, ab:i= (1 — )az
and p := v — €' az. The inequality p'z > 1 is valid for conv(C; U C2) because
(11,0, ab, B1,1) satisfies (6). Furthermore, p'z > 1 dominates vz > 1 since
v—pu=¢az e K"\ {0}

Now suppose 82 > 81 = 1. Observe that (v,1,a1,a2 + (82 — 1)ce,1,1) is also a
solution satisfying @ Having a1 = 0 contradicts Condition [I| through Lemma |2}
therefore, a1 # 0. If a2 4+ (B2 — 1)c2 € int K*, we can find a valid inequality that
dominates vz > 1 by subtracting a positive multiple of a; from g as in the proof
of Proposition |1} Otherwise, az + (82 — 1)c2 € bdK* and v € M©+2(1,1) since
v=oa1+c1 = (a2 + (B2 — 1)c2) + ca. o

When c1,0 = ¢2,0 € {£1}, a similar result holds for undominated valid linear
inequalities that are tight on both C; and Cs.

Lemma 4 Let C1,C2 satisfy the basic disjunctive setup with c10 = c2,0 € {£1}.
Then, up to positive scaling, any undominated valid linear inequality for conv(CqUC2)
that is tight on both Cy and Cy has the form 'z > c2,0 where p € Mcl’cz(l, 1).

Proof Let 1" > po be an undominated valid inequality for conv(Cy U Co) that is
tight on both C; and C>. Using Proposition we can assume that pg =c1,0 = c2,0
and there exist a1, s, 81, B2 such that (u, uo, a1, az, 81, B2) satisfies one of the two
systems in . In particular, either 81 = 1 and Bapo > po, or B2 = 1 and B1uo > po-
In any case, min{S1 o, Bapo} = po. We are going to show 1 = B2 = 1.
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Consider the following pair of minimization problems
. T . T
inf{fp z: x€C1} and inf{y x: z € Ca},
x T
and their duals

sup{6uo : u =+ dc1,y € K*,§ >0} and
ay

sup{Suo : u =+ dca,y € K*,§ > 0}.
ay

The pairs (a1,61) and (a2, 82) are feasible solutions to the first and second dual
problems, respectively. Because uTx > po is tight on both C7 and Cq, the optimal
values of both minimization problems are pp and we must have Siuo < po and
Bapo < po by duality. This implies S1puo = Bapo0 = po and f1 = pf2 = 1. O

Proof of Theorem[{] The validity of follows from Theoremby setting 81 = 1.
Lemmas [3] and [] show that we can limit ourselves to valid linear inequalities
p'x > co0 where p € M©:%2(1,1) in Corollary [I} When this is the case, the
implication in in the proof of Theorem [3|is actually an equivalence. O

4.2 A Topological Condition: Closedness of the Convex Hull

Next, we identify an important case where the family of tight inequalities specified
in Lemma is rich enough to describe conv(C1UC2) completely. The key ingredient
is the closedness of conv(C; U Cs).

Proposition 5 Let C1,Ca satisfy the basic disjunctive setup. Suppose conv(Cy U C2)
is closed. Then undominated wvalid linear inequalities that are strongly tight on both
C1 and Cq are sufficient to describe conV(C’1 U] Cg), together with the cone constraint
z € K.

Proof Suppose conv(Cy UC?) is closed. When conv(C; U C2) = K, no new inequal-
ities are needed for a description of conv(Cy U C3) and the claim holds trivially.
Therefore, assume conv(C; UCs2) C K. We prove that given u € K\ conv(C; UCs),
there exists an undominated valid inequality that separates u from conv(Cy U C3)
and is strongly tight on both C; and Cs.

Let v € int(conv(Ci U C2)) \ (C1 U C2). Note that such a point exists since
otherwise, we have int conv(Cy U C2) C C1 U Co which implies conv(Cp U Ca) C
C1 U C2 through the closedness of C; U Cy. By Lemma |I[7 this is possible only
if Ch1 U Cy = K which we have already ruled out. Let 0 < A < 1 be such that
w:= (1—=X)u+ v € bd(conv(C1UC>)). Then w € K\ (C1 UC2) by the convexity of
K\ (C1UC2) ={z € K: ¢f 2 < ¢1,0,¢9 & < c20}. Because w € conv(Cy UCy), there
exist 1 € C1, 2 € O, and 0 < k < 1 such that w = kx1 4+ (1 — k)x2. Furthermore,
by Corollary [1} the fact that w € bd(conv(Cy U C2)) implies that there exists an
undominated valid inequality p'z > po for conv(Cy U Cy) such that p'w = puo.
Because p'w = kp'x1 + (1 — &) a2 = po, p' ®1 > po, and p' zo > o, it must
be the case that p' 21 = ' #2 = po. Thus, the inequality p' @ > po is strongly
tight on both C; and C3. The only thing that remains is to show that uTx > o
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separates u from conv(C1 U Cy). To see this, observe that u = 115 (w — Av) and
that u"v > po since v € int conv(Cy U Cy). Hence, we conclude

1
MTU = ﬁ(uTw - AMTU) < po-

O

Proposition [5| demonstrates the close relationship between the closedness of
conv(C1UC>) and the sufficiency of valid linear inequalities that are tight on both
(4 and Cs. This motivates us to investigate the cases where conv(C1UC3) is closed.

The set conv(C1 UCy) is always closed when c¢1,0 = c2,0 = 0 (see, e.g., Rockafel-
lar [30, Corollary 9.1.3]) or when C; and C3 are defined by a split disjunction (see
Dadush et al. [20, Lemma 2.3]). In Proposition [f] below, we generalize the result
of Dadush et al.: We give a sufficient condition for conv(C; U C2) to be closed
and show that this condition is almost necessary. In Corollary [2] we show that the
sufficient condition of Proposition [f] can be rewritten in a more specialized form
using conic duality when the base set is the regular cone K. The proofs of these
results are left to the appendix.

Proposition 6 Let S C R™ be a closed, convez, pointed set, S1 := {x € S : clTx >
c1,0}, and Sz == {x € S : c;—m > c2,0} for c1,c2 € R™ and c1,0,c2,0 € R. Suppose
S1 < So and S1 2 Se. If

{r erecS: car= 0} C{rerecsS: elr> 0} and

T

. (19)
{rerecS: cgr=0} C{rerecS: cor >0},

then conv(S1 U S2) is closed. Conversely, if

(i) there exists r* € recS such that ¢ r* < 0 = cg r* and the problem infy{cy x :

x € S1} is solvable, or
(ii) there exists * € rec S such that cgr* < 0 = ¢] 7* and the problem infy{c{ z :
x € Sa} is solvable,

then conv(S1 U Sz) is not closed.

Corollary 2 Let C1,Co satisfy the basic disjunctive setup. If there exist 51,82 € R
such that c1 — fac2 € K* and ca — B1c1 € K*, then conv(Cq U C2) is closed.

Theorem Proposition and Corollary [2[ imply that is sufficient to
describe conv(Ci U C2) when there exist 81,82 € R such that ¢1 — Baca € L
and ca — frcr € L™ and c¢1,0 = c2,0 € {£1}. Nevertheless, it is easy to construct
instances where these hypotheses are not satisfied. We explore these cases further
in Section

Consider the case of ¢1 9 = c2,0 € {0,£1}. Then by Lemma ] ¢; — co ¢ L™
Suppose also that

(a) condition (i) or (ii) of Theorem [4]is satisfied, and
(b) {zel™: ¢]z>cro, cqa>ca0t=0.
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We note that statement (a) holds, for instance, when the sets C; and Cs are defined
by a split disjunction which excludes the origin because in this case c1,0 = c2,0 =1
and conv(C1 UCy) is closed by Corollary [2] Moreover, statement (b) simply means
that the two sets C1 and C2 defined by the disjunction do not meet, except possibly
at their boundaries. This also holds for split disjunctions. Then by Theorem
conv(Cy U Cs) is completely described by together with the cone constraint
z € L™. Furthermore, by Proposition is satisfied by every point in . with
B1 =1, and by statement (b), we have that can be expressed in an equivalent
conic quadratic form . Thus, we conclude

conv(Cqh U Ch) = {x €L": Nz —2(cfz—c10) < e ) € IL”}
—Cl,n ‘i‘CQ,n

where N = ||é1 — él|3 — (c1,n — c2.n)?.

Proof of Theorem[d By Lemma (1| conv(Cy U C2) = L™ unless c10 = 20 = 1
because 0 € C; U C2 and rec(conv(Cq U C2)) = L™. Therefore, suppose c1,0 =
c2,0 = 1. Because C1 and C> are both nonempty by hypothesis and ¢z is a negative
multiple of ¢1, we have c1,c2 ¢ £IL™ and ¢1 — ca ¢ £L". Moreover, Cy and Ca are
also both strictly feasible in this case; so Condition [2| is satisfied as well. After
verifying statements (a) and (b) as above, Theorem [2] follows from Theorem [4] and
Propositions [3] and [ O

Theorem [4| and Proposition [3] together with Proposition |4} recover the results
of [28] and [I] for split disjunctions on the cone L™ and extend them significantly
to more general two-term disjunctions.

4.3 Example where a Single Inequality Suffices

Consider the cone L3 and the disjunction z3 > 1 V 1 + 23 > 1 (c1 := €3, ey 1=
el + e3, c1,0 = c2,0 = 1). Note that c1,c2 € L3 in this example. Hence, we can use
Theorem [ to characterize the closed convex hull:

conv(C1 UCy) = {m eL®: 2 — (x1 4 223) < /a2 —x%}

Figures [2(a) and (b) depict the disjunctive set C; U C3 and the associated closed
convex hull, respectively. In order to give a better sense of the convexification
operation, we plot the points added to C1 U C2 to generate the closed convex hull
in Figure C). ‘We note that in this example the condition on the disjointness of the
interiors of C1 and C» that was required in Proposition [dis violated. Nevertheless,
the inequality that we provide is still intrinsically related to the conic quadratic
inequality of Proposition The sets described by the two inequalities coincide
in the region conv(C1UC2)\ (C1NC?2) as a consequence of Proposition We display
the corresponding cone for this example in Figure d). Note that the resulting
conic quadratic inequality is in fact not valid for some points in conv(Cq U Cs).
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(b) Av(Cy U Ca)

(c) conv(C1 U C2) \ C1 U Co (d) Underlying cone generating
the convex inequality

Fig. 2: Sets associated with the disjunction 3 > 1V 1 +23 > 1 on L3.

5 When are Multiple Convex Inequalities Needed?

Lemma allows us to simplify the characterization @ of undominated valid linear
inequalities which are tight on both C; and Cs in the case ¢1,0 = ¢c2,0 € {£1}. The
next proposition shows the necessity the condition ¢1,9 = ¢2,0 in the statement of
this lemma. Unfortunately, when c1,0 # c2,0, undominated valid linear inequalities
are tight on exactly one of the two sets C1 and Cz. The proof of this result is left
to the appendix.

Proposition 7 Let C1,C2 satisfy the basic disjunctive setup. If c1,0 > c2,0, then any
undominated valid linear inequality for conV(C’1 U Cz) is tight on C2 but not on Ci.

This result, when combined with Proposition [5] yields the following corollary.

Corollary 3 Let C1,C2 satisfy the basic disjunctive setup with c1,0 > c2,0. If conv(C1U
C2) # K, then conv(Cy U C2) is not closed.

Proof Suppose conv(C1 UCs) is closed, and let z € K\ conv(C; U C2). By Propo-
sition [5] there exists an undominated valid linear inequality which cuts off z from
conv(Cq UC2) and is tight on both C; and Cs. This contradicts Propositionm m|



22 Fatma Kiling-Karzan, Sercan Yildiz

5.1 Describing the Closed Convex Hull

As Proposition [7] hints, there are cases where linear inequalities ,uTx > po such

that p € Mcl’CZ(l,l) and po = min{ci0,c2,0} (1 =B2=11n ) may not be

sufficient to define conv(CqUC2). In this section, we study these cases when K = L"

and outline a procedure to find closed-form expressions describing conv(C; U Ca).
Recall that, by Theorem [3] and Remark

conv(Cy U C2) = {x € L™ : z satisfies (10) V8 € BYV“? and (14) v5 € BS“}.
For ease of notation, let

R:= R(Cl»c%x) = (C;rx)Q + (HElH% - C%,n)(xi - H"EH%)r
Pi=Pler,c2,2) = (c1 @)(cz 2) + (&] &2 — e1mean) (a7 — [13]13),

Q:=Q(c1,e2,2) = (c32)° + (|eall3 — c3.n) (@7 — 1]3),
and f{1%(B1) = frc] « + /RBZ — 2PB1 + Q. Then

RBZ— 2P/ + Q= ((mcl . CQ)Tx)QJrM(ﬁl) (xi - H;zn%) .
Similarly, define f3“**(82) := Bacg x + \/W and note

Qﬂ% —2PB2+R = ((01 - 5202)T$)2+N2(52) (mi - HCEH%) :

Through these definitions, we reach

2% _ CTJZ < fC1,C2, v c BclyCZ’
COMV(CL U C) = {w e L ; 2620~ €28 S f1617c27x(51) b1 Lo,
2c10—c1z < fy (B2) VB2 € By

S B 2¢2,0 — c;—m < infﬁleBlcl’C? ffhcz,z(ﬁl)’ 0
N 261,0 — CIQI’ S infﬁ2€B§1,cz f;lgCZ,Z(ﬂQ)

It follows that, for any given x € L™, we can check whether x € conv(Cq U C2)
by calculating the optimal values of the problems on the right-hand side of the
inequalities in . Furthermore, whenever the minimizer 37 := B7(c1,c2,z) of

infﬂ cBC1:C2 1V (B1) exists and can be expressed parametrically in terms of c1,
1 1

c2, and z, one can replace the inequality 2c20 — c;m < infB cpC1:C2 Foren®(ay)
1 1

in above with 220 — cg & < ffV*(B7) for all points € L™ such that
Bi(ci,co,x) € Bfl’cz. Similarly, one can define 35 := 5(c1,c2,z) and replace

21 0—cf x < infy porcs FS10(B2) with 2¢10 —¢f & < f50°(83) for all points
2

x € L™ such that 5 (c1,c2,7) € BQCI’CZ. We illustrate this procedure on an example
in the next section.
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5.2 Example where Multiple Inequalities are Needed

Consider the cone L® and the disjunction —z2 > 0V —z3 > —1 (c1 = —62,

c1,0 =0, cg := —¢3, ca,0 = —1). Since c¢1,0 > 2,0, by Proposition [7} we know that

any undominated valid linear inequality for conv(C; U C2) will be tight on C2 but

not on Cj. Therefore, we follow the approach outlined in Section [5.1] By noting

that ¢ — B1c1 € —int L3 for 0 < 81 < 1 and ¢z — B1e1 & +int L3 f01 > 1, we
1

obtain Blcl’c2 = [1, 00). Furthermore, for 81 = 1, using @ in Remark (1} we obtain
2 < 1 as a valid linear inequality for all z € conv(C1 U C2). It is also clear that
B =y,

Since we are interested in cutting off only points z € L? such that zo < 1 and
x ¢ conv(Cq U Cs), consider x € L3 such that 0 < 22 < 1 and z3 > 1. Note that
zel®and 20 >0 imply x3 — |z1| > 0. In this setup we have

R(017027m) = I% - l‘%,

Ple1,c2,x) = zax3,

9(c1,c2,x) = 27 + 3.

The resulting f;"“*" is a convex function of 81 and has a critical point at

- P ¢z | P2-QR
ﬁl = 61(617027$) - R - R (CISU)Q R

- \/ — (22 + 23) (a2 — 2?)

A-a " B-A\ T (DE3-at-)
_woxz+|zi|re | 2
- x2 — x? T oz — |z1]

3711 317

where in the last equation we used the fact that z € L® and thus z3 > 1.
For any z € L3 such that zo < x5 — |z1|, we have 81 < 1. By the convexity of

J£#7, the minimum of " occurs at 5 = max {f1,1} = 1. Moreover, for

any x € L3 such that zo > z3 — |z1]|, we have Bl > 1. For such points, 8] = 31 and

2 2
LU E(BY) = || — %w = |z1|— w'szwll’ Therefore, for all z € L3 such that

0<m2<1,23>1, and x2 > x3 — |x1|, we can enforce 2ca,0 — cgx < ffl’”’w(ﬁl)

which translates to -2+ z3 < |z1|— - in this example. Using 0 < 22 < 1 and

Lo
3—|z1]

x3 — |z1| > 0, we can rewrite this inequality as 1+ |z1| — z3 < /1 — max{0, z2}2.
Putting this together with x2 < 1, we arrive at

conv(Ch U Cy) = {x eL?: 2413 < fOT(By) VB € [1,00)}
= {x el?: 20 < 1, 14|z —23 <4/1 —maX{O7CL‘2}2},

where both inequalities are convex on R3. In fact, both inequalities are conic
quadratic representable in a lifted space as expected.

In Figures a) and (b), we plot the disjunctive set C1 U C2 and the resulting
conv(Cy UCL), respectively. The closed convex hull is obtained by imposing various

C1,Cs
)

convex inequalities ([10]), each corresponding to a different value of 81 € B; on
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L3. In Figure c) we show the conic quadratic counterparts of the inequalities.
Note that these inequalities are not necessarily valid for all points in C; U Cs
because Condition is not satisfied, but they describe how the boundary of
conv(C1 U Cy) is formed outside C; U Cs. In Figure d) we show the cross-section
of C; U2 and the regions defined by the conic quadratic inequalities at
r3 = 4.

(b) conv(C1 U C2)

(¢) Underlying cones generating the (d) Cross-section at z3 =4
convex inequalities

Fig. 3: Sets associated with the disjunction —z2 >0V —x3 > —1 on L3.

6 Appendix

Proof of Lemmal[l] To prove the first claim, suppose S1 U S2 C S and pick z¢ €
S\ (51U S2). Also, pick 1 € S1\ S2 and 22 € S2 \ S1. Let 2’ be the point on
the line segment between 2 and z; such that ¢{ 2’ = ¢1,9. Similarly, let 2’ be the
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point between zo and zo such that cg 2" = ¢z 0. Note that 2’ ¢ S2 and z”/ ¢ S; by
the convexity of S\ S1 and S\ S2. Then a point that is a strict convex combination
of 2’ and 2’ is in conv(S1 U S2) but not in S U Sa.

Corollary 9.1.2 in [30] implies S;” and S5 are closed and rec S;” = recSj =
rec S1 + rec Se because S is pointed. The inclusions S1 C Sf’ and S C S;‘ imply
that conv(S; U S2) C conv(S]” U Sy ). Furthermore, conv(S;" U S5) is closed by
Corollary 9.8.1 in [30] since S;” and S; have the same recession cone. Hence,
conv(S1 U S2) C conv(S] U S ). We claim Gonv(S; U S2) = conv(S; U SF). Let
zT € conv(S; UST). Then there exist us € S1, vo € rec Sz, us € Sz, and v1 € rec Sy
such that =+ € conv{uy + va,u2 + v1}. To prove the claim, it is enough to show
that w1 + v2,us +v1 € conv(S1 U S2). Consider the point w1 + v2 and the sequence

(1 D)+ basim)

For any k& € N, we have u; € S1 and uz + kva € Sa. Therefore, this sequence is
in conv(S; U S2). Furthermore, it converges to ui + v2 as k — oo which implies
u1 4+ v2 € conv(S1 U S2). A similar argument shows ug + v1 € conv(S1 U S2) and
proves the claim. i

Proof of Proposition[f] Let Sf‘ = S1 4+ recS2 and S;' = S2 4+ recS;. We have
conv(S1 U S2) C conv(S1 U S2) = conv(S;" U Sy) by Lemma |l We are going to
show conv(S;” U S57) C conv(S1 U S2) to prove that conv(S; U S2) is closed when
is satisfied. Let z+ € Si". Then there exist u; € S1 and vy € rec(S2) such that
T =ug +vg. If c;vg > 0, then there exists € > 1 such that 27 + ecvs € S5 and we
have 21 € conv(S; U S2). Otherwise, cg v2 = 0, and by the hypothesis, ¢] va > 0.
This implies zt € 51, and thus Sf C conv(Sy U S2). Through a similar argument,
one can show S;' C conv(S1 U S2). Hence, Sf‘ U S;‘ C conv(S7 U S3). Taking the
convex hull of both sides yields conv(S]" U S;) C conv(S1 U S2).

For the converse, suppose condition (i) holds, and let z* € S; be such that
cgx* < cqx for all z € S1. Note that cg 2* < ca,0 since otherwise, S; C Sa. Pick
6 > 0 such that ' := 2* + 6r* ¢ S1. Then 2’ ¢ Sz too because ¢g 2’ = ¢g * < c20.
For any 0 < A < 1, 1 € S1, and z2 € S2, we can write c;r()\xl + (1 =Nz2) >
Aeg 2+ (1=A)ea,0 > cg o' Hence, &’ ¢ conv(S1US2). On the other hand, 2’ € S;” C
conv(S; U Sy ) = conv(S1 US2) where the last equality follows from Lemma O

Proof of Corollary[g Suppose there exist 81,82 € R such that ¢; — Baco € K* and
c2 — Bic1 € K*. Consider the following minimization problem

inf{clTu Cegu=0,u¢ K}
u

and its dual

sup{0: c1 — dca € K*}.
6

Because f2 is a feasible solution to the dual problem, we have ¢f u > 0 for all
u € K such that ¢g u = 0. Similarly, one can use the existence of 81 to show that
the second part of holds too. Then by Proposition |§|, conv(Cq UCy) is closed.

O
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Proof of Proposition[7] Every undominated valid inequality has to be tight on ei-
ther C1 or Cy; otherwise, we can just increase the right-hand side to obtain a
dominating valid inequality. By Proposition [2] undominated valid inequalities are
of the form pu "z > po where (u, o, o1, az, B1, B2) satisfies the first system in (8)). In
particular, we have 81 > 0, Bic1,0 > ¢2,0, and po = c2,0. Now consider the following
minimization problem

igf{,uTu tueCr}

and its dual
sup{dci,0: pu—dc1 € K*, § > 0}.
)

Note that §; is a feasible solution to the dual problem. The set C is strictly
feasible by Condition [2] so strong duality applies to this pair of conic optimization
problems. The dual problem admits an optimal solution §* which satisfies §* >
B1 > 0 because c1,0 > 0. Then

sign{(S*cl,o} = sign{cLo} = C1,0 > C2,0 = HO-

Hence, the inequality uTx > po cannot be tight on Cj. ad
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