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Abstract

This paper presents and studies the iteration-complexity of two new inexact variants of Rock-
afellar’s proximal method of multipliers (PMM) for solving convex programming (CP) problems
with a finite number of functional inequality constraints. In contrast to the first variant which
solves convex quadratic programming (QP) subproblems at every iteration, the second one solves
convex constrained quadratic QP subproblems. Their complexity analysis are performed by: a)
viewing the original CP problem as a monotone inclusion problem (MIP); b) proposing a large-
step inexact higher-order proximal extragradient framework for MIPs, and; c) showing that the
above two PMM variants are just instances of this framework.
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1 Introduction

In this paper we study the computational complexity of two new inexact variants of Rockafellar’s
proximal method of multipliers (PMM) [16] for solving the convex programming problem

min f0(x)
s.t. g(x) ≤ 0

(1)

where f0 : Rn → R and the components of g = (f1, . . . , fm) : Rn → Rm are sufficiently smooth and
convex everywhere functions.
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If x∗ ∈ Rn is an optimal solution of (1) and y∗ ∈ Rm is a Lagrange multiplier, then the pair
(x∗, y∗) is known to be a saddle-point of

min
x′∈Rn

max
y′∈Rm+

f0(x′) + 〈g(x′), y′〉. (2)

PMM is essentially the proximal point method applied to (2). More specifically, given a sequence of
stepsizes {λk} ⊂ R++ and an initial point (x0, y0) ∈ Rn × Rm, the PMM computes the k-th iterate
(xk, yk) as being unique saddle-point of

min
x′∈Rn

max
y′∈Rm+

f0(x′) + 〈g(x′), y′〉+
1

2λ

[
‖x′ − x‖2 − ‖y′ − y‖2

]
(3)

where (x, y) = (xk−1, yk−1). Clearly, apart from its objective function being strongly convex-concave,
the above problem is as hard as (2).

The two variants studied in this paper are inexact versions of the PPM in the sense that they solve
inexact versions of (3) in which the functions fi’s are approximated by either affine and/or quadratic
functions. More specifically, the first variant solves at every iteration the inexact prox-subproblem
obtained by replacing the functions f0 and g in (3) by

Qz(x
′) := f0(x) +

〈
∇f0(x), x′ − x

〉
+

1

2

〈
x′ − x,

(
∇2f0(x) +

m∑
i=1

y+
i ∇

2fi(x)

)
(x′ − x)

〉
,

`x(x′) := g(x) +∇g(x)T (x′ − x),

respectively, where z := (x, y), y+
i := max{0, yi} and ∇g(x) := [∇f1(x), . . . ,∇fm(x)]. Note that

the first variant approximates f0 by a quadratic function and fi, i = 1, . . . ,m, by their first-order
affine approximation at x. On the other hand, the second variant solves at every iteration the
(inexact) prox-subproblem obtained by approximating all the functions fi’s in (3) by their second-
order quadratic approximations at x, i.e.,

fi(x
′) ≈ fi(x) + 〈∇fi(x), x′ − x〉+

1

2
〈x′ − x,∇2fi(x)(x′ − x)〉 ∀i = 0, . . . ,m.

Both variants then use the saddle-point of the inexact prox-subproblem to obtain the next iterate by
performing an extragradient step as prescribed by the hybrid proximal extragradient (HPE) method
which we will discuss in more detail below.

The first variant above is related to the stabilized sequential quadratic programming (sSQP)
method introduced in [25] and thoroughly studied in [10] (see also the survey [8]). More specifically,
the sSQP method computes the next iterate as the unique saddle-point of

min
x′∈Rn

max
y′∈Rm+

Qz(x
′) + 〈`x(x′), y′〉 − 1

2λ
‖y′ − y‖2. (4)

Note that the above subproblem only adds a quadratic regularization term to the dual space while
the one for the first PPM variant adds quadratic regularization terms to both the primal and the
dual spaces. Note also that the sSQP method does not perform an extragradient step as the above
PMM variants do. Finally, we note that, in contrast to the sSQP method which computes λ as
function of the iterate z = (x, y), the above two PMM variants computes λ by using a large step
strategy as described in [14] (see also [13]). The fact that both the sSQP method and the first PMM
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variant use the same type of approximation to construct the inner subproblems leads us to refer to
the latter one as the primal-dual regularized extragradient SQP (re-SQP) method.

On the other hand, the second PMM variant above is closer to the sequential quadratically con-
strained quadratic programming (SQCQP) type methods (see [1, 2, 9, 19] and the references therein)
in that it also solves quadratically constrained quadratic programming subproblems at every itera-
tion. However, in contrast to the second PMM variant, the above proposed SQCQP-type methods
do not use regularizations or extragradient steps. In view of these observations, we will refer to the
second PMM variant as the primal-dual regularized extragradient SQCQP (re-SQCQP).

A convenient setting for analyzing the aforementioned methods/variants is that of the monotone
inclusion problem (MIP), namely: finding z such that

0 ∈ T (z) (5)

where T is a maximal monotone point-to-set operator. Our problem of interest, namely (1), is
well-known to be equivalent to the MIP(

0
0

)
∈ T (x, y) =

(
∇f0(x) +∇g(x)y
−g(x) +NRm+ (y)

)
. (6)

A broad class of optimization, saddle-point (SP), equilibrium and variational inequality problems can
be posed as MIPs. The proximal point method (PPM), proposed by Rockafellar [17], is a classical
iterative scheme for solving the MIP which generates a sequence {zk} according to

‖zk − (λkT + I)−1(zk−1)‖ ≤ ek,
∞∑
k=1

ek <∞.

This method has been used as a generic framework for the design and analysis of several imple-
mentable algorithms.

New inexact versions of the proximal point method which uses instead relative error criteria
were proposed by Solodov and Svaiter [20, 21, 22, 23]. In this article, we will use one of these
variants, namely, the hybrid proximal-extragradient (HPE) method in [20], to develop and analyze
new algorithms for (1). We now briefly discuss this framework. The exact proximal point iteration
from z with step-size λ > 0 is given by z+ = (λT + I)−1(z), which is equivalent to

v ∈ T (z+), λv + z+ − z = 0. (7)

In each step of the HPE method, the above proximal system is to be solved inexactly with (z, λ) =
(zk−1, λk) to obtain zk = z+ as follows. For a given constant σ ∈ [0, 1), a triple (z̃, v, ε) = (z̃k, vk, εk)
is found such that

v ∈ T ε(z̃), ‖λv + z̃ − z‖2 + 2λε ≤ σ2‖z̃ − z‖2, (8)

where T ε denotes the ε-enlargement [4] of T . (It has the property that T ε(z) ⊃ T (z) for each z.)
Note that this construction relaxes both the inclusion and the equation in (7). Finally, instead of
choosing z̃ as the next iterate z+, the HPE method computes the next iterate z+ by means of the
extragradient step z+ = z − λv.

Iteration complexity bounds for the HPE method were established in [13] and they depend on
the distance of the initial iterate to the solution set instead of the diameter of the feasible set.
Applications of the HPE method as a framework to the iteration-complexity analysis of several
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zero-order (resp., first-order) methods for solving monotone variational inequalities and MIPs (resp.,
saddle-point problems) are discussed in [13] and in the subsequent papers [12, 15]. More specifically,
by viewing Korpelevich’s method [11] as well as Tseng’s modified forward-backward splitting (MF-
BS) method [24] as special cases of the HPE framework, the authors have established in [12, 13] the
pointwise and ergodic iteration-complexities of these methods applied to either: monotone variational
inequalities, MIPs consisting of the sum of a Lipschitz continuous monotone map and a maximal
monotone operator with an easily computable resolvent, and convex-concave saddle-point problems.

The HPE framework was also used to study the iteration-complexity of first-order (second-order
in the context of optimization and/or saddle-point problems) methods for solving the monotone
nonlinear equation (see Section 7 of [13]), the monotone smooth variational inequality and, more
generally, the MIP (5) where T is the sum of a smooth monotone map F and a maximal monotone
point-to-set operator B (see [14]). The latter paper introduces a large-step subclass of the HPE
framework and derives iteration-complexity results for it. It also discusses a first-order inexact
(Newton-like) variant of the PPM which is shown to be an instance of the latter large-step HPE
framework. More specifically, the latter variant computes at each iteration an approximate solution
of the first-order approximation of (7) with T = F+B, and F and B as mentioned above, obtained by
linearizing F at z and uses it to perform an extragradient step as prescribed by the HPE framework as
long as the large-step condition is satisfied; otherwise, the stepsize is revised and the above procedure
is repeated. Finally, pointwise and ergodic iteration-complexity results are derived for this first-order
method as a by-product of the general complexity results for the large-step HPE framework.

This paper extends the analysis of [14], which only considers methods based on first-order ap-
proximations of F , to methods based on approximations of F of order larger than zero. This is
accomplished in a unified manner by considering a more general large-step inexact higher-order
proximal extragradient framework based on the latter approximations of F . The latter extended
framework is then used to derive pointwise and ergodic iteration-complexity bounds for the two
PMM variants mentioned earlier. Although the bounds derived for both methods depend on the
tolerances in a similar manner, it is shown that the one for the second variant does not depend on
the magnitude of the Hessians of the objective and constraints functions of (1). On the other hand,
this advantage of the second PMM variant comes at the expense of solving slightly more complicated
subproblems which involve the Hessians of the constraint functions.

Organization of the paper. Section 2 reviews some basic properties of ε-enlargements of maxi-
mal monotone operators and analyzes the pointwise and ergodic iteration complexity of a generalized
large-step HPE (GLS-HPE) framework for finding approximate solutions of monotone inclusion prob-
lems. Section 3 is concerned with the problem of finding zeros of a sum of a continuous point-to-point
monotone operator F and a point-to-set maximal monotone operator B. A notion of approxima-
tion of F at a point z is introduced and the GLS-IPE framework is derived as a special instance of
the GLS-HPE framework of Section 2. As in the case of the latter method, pointwise and ergodic
complexity results are obtained. Section 4 presents a search procedure to compute a stepsize sat-
isfying a (generalized) large step condition required by the method of Section 3. In Section 5, the
theory developed in the previous sections is applied for finding approximate solutions of (inequality)
constrained convex programming problems. The primal-dual re-SQP and re-SQCQP methods are
studied in Subsections 5.1 and 5.2, respectively.
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2 The generalized large-step hybrid proximal extragradient frame-
work

This section is devoted to the introduction and analysis of a generalized large-step HPE framework.
It is presented in Subsection 2.2 along with pointwise and ergodic-complexity estimates, in the spirit
of the ones obtained in [13] for the large-step HPE method. The first subsection introduces some
basic facts and concepts about maximal monotone operators, subdifferentials of convex functions
and enlargments.
Notation. Throughout this paper, we assume that E is a (real) finite dimensional vector space with
inner product 〈·, ·〉 and induced norm ‖ · ‖ =

√
〈·, ·〉. For t > 0, we let log+(t) := max{log(t), 0}.

2.1 The ε-subdifferential and ε-enlargement of monotone operators

Given a set-valued operator S : E ⇒ E, its graph and domain are taken respectively as

Gr(S) = {(z, v) ∈ E× E | v ∈ S(z)}, Dom(S) = {z ∈ E |S(z) 6= ∅}.

In this work we are concerned with algorithms for solving inclusion problems modeled by maxi-
mal monotone operators, a special class of set-valued operators with several applications in applied
mathematics and optimization.

An operator T : E ⇒ E is monotone if

〈v − ṽ, z − z̃〉 ≥ 0 whenever (z, v), (z̃, ṽ) ∈ Gr(T ).

It is maximal monotone if it is monotone and maximal in the following sense: if S : E ⇒ E is
monotone and Gr(T ) ⊂ Gr(S), then T = S. Important examples of such operators are given by
the subdifferentials of convex functions (in the sense of convex analysis) and by certain set-valued
operators derived from saddle-point formulations of convex programming problems. The latter are
discussed and used in Section 5.

Recall that the ε-subdifferential of a closed convex function f : E→ R is defined at z ∈ E as

∂εf(z) = {v ∈ E | f(z̃) ≥ f(z) + 〈v, z̃ − z〉 − ε ∀z̃ ∈ E} .

When ε = 0, then ∂f0(z) is denoted by ∂f(z) and is called the subdifferential of f at z. The set-
valued operator ∂fε : E ⇒ E with ε > 0 is an enlargement of ∂f (in the sense that ∂f(z) ⊂ ∂fε(z)
for every z ∈ E) which has better topological properties than ∂f (see [3]). The simplest example
of subdifferential is given by considering indicator functions of closed convex sets. Given a closed
convex set X ⊂ E, its indicator function is denoted by δX and is defined as

δX(z) =

{
0, z ∈ X
∞, otherwise,

and its ε-normal cone is defined as N ε
X = ∂εδX . When ε = 0, then N0

X is denoted by NX and is
called the normal cone of X. The following result will be useful in Section 5.

Proposition 2.1. For a closed convex cone K ⊂ Rn and scalar ρ ≥ 0, we have:

u ∈ Nρ
K(y) ⇐⇒ y ∈ K,−u ∈ K∗ and 〈u, y〉 ≥ −ρ

where K∗ := {v ∈ Rn | 〈z, v〉 ≥ 0 ∀z ∈ K} is the dual cone of K.

5



A generalization of the concept of ε-enlargement for arbitrary maximal monotone operators was
introduced and studied in [4]. Given T : E ⇒ E maximal monotone and ε > 0, the ε-enlargment of
T is defined as

T ε : E ⇒ E, T ε(z) = {v ∈ E | 〈ṽ − v, z̃ − z〉 ≥ −ε ∀(z̃, ṽ) ∈ Gr(T )}.

If f : E→ R is closed and convex, then it holds that ∂εf(z) ⊂ (∂f)ε(z) for all z ∈ E.
The following summarizes some useful properties of T ε.

Proposition 2.2. Let T, T ′ : E ⇒ E. Then,

(a) if ε1 ≤ ε2, then T ε1(z) ⊆ T ε2(z) for every z ∈ E;

(b) T ε(z) + (T ′)ε
′
(z) ⊆ (T + T ′)ε+ε

′
(z) for every z ∈ E and ε, ε′ ∈ R;

(c) T is monotone if, and only if, T ⊆ T 0;

(d) T is maximal monotone if, and only if, T = T 0;

(e) if T is maximal monotone, then DomT ε ⊆ cl (DomT ) for any ε ≥ 0.

Proof. Statements (a)-(d) can be easily proved using the definition of T ε. The proof of (e) can be
found in [5, Corollary 3.8(ii)].

2.2 The generalized large-step HPE framework

Let T : E ⇒ E be maximal monotone operator. The monotone inclusion problem for T consists of
finding z ∈ E such that

0 ∈ T (z) . (9)

We also assume throughout this subsection that this problem has a solution, that is, T−1(0) 6= ∅.
The purpose of this subsection is to study a framework of inexact proximal point methods based

on a relative error criterion and a large step condition for approximately solving (9) in the sense
that it generates a sequence of triples {(z′k, v′k, ε′k)} ⊂ E × E × R+ such that v′k ∈ T ε

′
k(z′k) and

the measure max{‖v′k‖ , ε′k} converges to zero. Moreover, by considering two ways of generating
the above sequence, namely the pointwise way or the ergodic way, it derives two convergence rate
results establishing how fast the quantities ‖v′k‖ and ε′k converge to zero. Clearly, given tolerances
(ρ̄, ε̄) ∈ R++×R++, these results can be easily translated into iteration-complexity results to compute
a point (z, v, ε) ∈ E× E× R+ satisfying

v ∈ T ε(z), ‖v‖ ≤ ρ̄, ε ≤ ε̄. (10)

For the sake of shortness, we have omitted the statements of these iteration-complexity results on
the presentation of this subsection and Section 3. However, some iteration-complexity results will be
stated in Section 5 in the context of two specific applications of the method presented in Section 3.

For the MIP (9), the exact proximal point iteration from z with stepsize λ > 0 is the unique
solution z̃ of the inclusion

0 ∈ (λT + I)(z̃)− z = λT (z̃) + z̃ − z, (11)

or equivalently, z̃ = (λT + I)−1(z). Note that z̃ and v = (z − z̃)/λ is also the unique solution (z̃, v)
of the inclusion/equation

v ∈ T (z̃), λv + z̃ − z = 0. (12)

6



The method we are interested in studying in this subsection is based on the following notion of
approximate solution of (12) which was introduced in [20] and extensively used in the analysis of
proximal-point based methods.

Definition 2.3. Given σ̂ ≥ 0, the triple (z̃, v, ε) is said to be a σ̂-approximate solution of (12) if

v ∈ T ε(z̃), ‖λv + z̃ − z‖2 + 2λε ≤ σ̂2‖z̃ − z‖2. (13)

We now make two remarks about Definition 2.3. First, in view of the discussion preceding the
above definition, if the resolvent operator (λT + I)−1(·) can be evaluated exactly then a σ̂-solution
(z̃, v, ε) of (12) for any σ̂ ≥ 0 can be obtained by setting z̃ = (λT + I)−1(z), v = (z− z̃)/λ and ε = 0.
Second, the error criterion (13) is relative in the sense that it requires the residual λv + z̃ − z and
the tolerance ε to be small relative to ‖z̃ − z‖.

Our generalized large-step HPE framework depends of a special family of functions which we now
introduce.

Definition 2.4. Denote by Ψ the class of all continuous functions ψ : R+ → R+ satisfying the
following conditions:

(a) ψ is strictly increasing;

(b) ψ(0) = 0 and ψ(t) > 0 for every t > 0;

(c) there exists p ≥ 1/2 (possibly depending on ψ) such that the function t > 0 7→ 1/ψ(tp) is
convex.

We will now state the framework that will be the main subject of study in this subsection.

Generalized large-step (GLS) HPE framework (GLS-HPE framework):

(0) Let z0 ∈ E, θ > 0, 0 ≤ σ < 1 and ψ ∈ Ψ be given and set k = 1;

(1) if 0 ∈ T (zk−1), then STOP. Otherwise, choose stepsize λk > 0, tolerance σk ∈ [0, σ] and
σk-approximate solution (z̃k, vk, εk) of (12) with (λ, z) = (λk, zk−1), i.e.,

vk ∈ T εk(z̃k), ‖λkvk + z̃k − zk−1‖2 + 2λkεk ≤ σ2
k‖z̃k − zk−1‖2, (14)

such that
λkψ(‖z̃k − zk−1‖) ≥ θ; (15)

(2) define zk = zk−1 − λkvk, set k ← k + 1 and go to step 1.

end

We now make some remarks about the GLS-HPE framework. First, the above framework with
condition (15) removed, or equivalently with θ = 0, is equivalent to the HPE method introduced
in [20] and whose global convergence rate is studied in [13]. Hence, the generalized large-step HPE
framework is a special case of the HPE framework. Second, the large-step HPE framework of [13]
corresponds to the particular case of the above framework in which ψ(t) = t for all t ∈ R+. Third,
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in view of the first remark following Definition 2.3, relations (44) and (45), and Lemma 4.3(c), we
easily see that a stepsize λk and a triple (z̃k, vk, εk) satisfying (14) and (15) always exist. Fourth,
step 1 does not specify how to compute such λk and (z̃k, vk, εk). Their computation depends on
the instance of the framework under consideration. Fifth, Definition 2.4(c) is needed only for the
iteration-complexity analysis of the GLS-HPE framework. Hence, the third remark (as well as all
the results of Section 4) holds without assuming Definition 2.4(c).

Our goal in the remaining part of this subsection is to describe global convergence rate bounds
for the whole GLS-HPE framework. We first review a useful result (see for example [13] for its proof)
which holds for the whole HPE framework, and hence for the above framework.

Proposition 2.5. Let {zk} and {z̃k} be generated by the GLS-HPE framework, or more generally,
by the HPE framework (i.e., the more general case of the above framework in which the large-step
condition (15) is removed). Then, for any z∗ ∈ T−1(0), the sequence {‖z∗ − zk‖} is nonincreasing
and

‖z∗ − z0‖2 ≥
∞∑
k=1

(1− σ2
k) ‖z̃k − zk−1‖2 ≥ (1− σ2)

∞∑
k=1

‖z̃k − zk−1‖2 . (16)

As a consequence, for every k ≥ 1, we have

‖zk − z0‖ ≤ 2d0 (17)

where d0 denotes the distance of z0 to T−1(0).

We are now ready to present two convergence rate results for the GLS-HPE framework. The
first one, namely Theorem 2.6, which we refer to as the pointwise one, describes global convergence
rate bounds for the best among the iterates z̃1, . . . , z̃k. The second one, namely Theorem 2.9, which
we refer to as the ergodic one, describes global convergence rate bounds for an ergodic sequence
associated with {z̃k}.

Theorem 2.6. (pointwise convergence rate) Consider the sequences {zk}, {z̃k}, {vk} and {εk} gen-
erated by the generalized large-step HPE framework. Then, for every k ≥ 1, vk ∈ T εk(z̃k) and there
exists an index i ≤ k such that

‖vi‖ ≤
(1 + σ)d0

θ
√

1− σ2
√
k
ψ

(
d0√

1− σ2
√
k

)
,

εi ≤
σ2d2

0

2θ(1− σ2)k
ψ

(
d0√

1− σ2
√
k

)
,

where d0 is the distance of z0 to T−1(0).

Proof. Let z∗ be such that d0 = ‖z0 − z∗‖. First observe that Proposition 2.5 implies that, for every
k ∈ N, there exists i ≤ k such that

‖z̃i − zi−1‖2 ≤
d2

0

k(1− σ2)
. (18)

Using the fact that (z̃i, vi, εi) is a σi-approximate solution of (12) with (λ, z) = (λi, zi−1), i.e., that
(14) holds with i = k, and the fact that σi ≤ σ, we conclude that

λi‖vi‖ ≤ ‖λivi + z̃i − zi−1‖+ ‖z̃i − zi−1‖ ≤ (1 + σ)‖z̃i − zi−1‖
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and
2λiεi ≤ σ2‖z̃i − zi−1‖2.

Multiplying the above two inequalities by ψ(‖z̃i − zi−1‖) and using (15) we get

θ‖vi‖ ≤ (1 + σ)ψ(‖z̃i − zi−1‖)‖z̃i − zi−1‖, 2θεi ≤ σ2ψ(‖z̃i − zi−1‖)‖z̃i − zi−1‖2.

The conclusion of the theorem now follows immediately from (18), Definition 2.4(a) and the above
two inequalities.

We will now derive convergence rate bounds for an ergodic sequence associated with the sequence
{z̃k} generated by the GLS-HPE framework. The ergodic sequence {z̃ ak } associated with {z̃k} is
defined as

z̃ ak :=
1

Λk

k∑
i=1

λiz̃i, where Λk :=

k∑
i=1

λi. (19)

Define also

v ak :=
1

Λk

k∑
i=1

λivi, ε ak :=
1

Λk

k∑
i=1

λi(εi + 〈z̃i − z̃ ak , vi − v ak 〉). (20)

We will make use of the following general result which holds for any instance of the HPE (and hence
GLS-HPE) framework and whose proof follows immediately from Theorem 4.7 of [13].

Proposition 2.7. For every k ≥ 1,
v ak ∈ T ε

a
k (z̃ ak )

and the following bounds hold:

‖v ak ‖ ≤
2d0

Λk
, 0 ≤ ε ak ≤

2ηd2
0

Λk
, (21)

where d0 is the distance of z0 to T−1(0), and

η := 1 +
σ√

(1− σ2)
. (22)

The convergence rate bounds stated in Proposition 2.7 are in terms of Λk. In what follows, we
will derive the desired ones in terms of k by obtaining a lower on Λk in terms of an appropriate
function of k. With this goal in mind, we now establish the following technical result.

Lemma 2.8. For any ψ ∈ Ψ and C > 0, the optimal value of the minimization problem

min
∑k

i=1

1

ψ(ti)
s.t.

∑k
i=1 t

2
i ≤ C, ti > 0, i = 1, . . . , k

(23)

is equal to
k

ψ
(√

C/k
) .
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Proof. Problem (23) clearly has the same optimal value as the problem

min
∑k

i=1

1

ψ(tpi )

s.t.
∑k

i=1 t
2p
i ≤ C, ti > 0, i = 1, . . . , k,

(24)

which is convex due to Definition 2.4(c). It is easy to see that the continuity of ψ and Definition 2.4(b)
imply that (24) has an optimal solution. Using the fact that the objective and constraint functions
in (24) are convex and invariant under permutations on (t1, t2, . . . , tk), we easily see that that it has
an optimal solution of the form (t∗, . . . , t∗) ∈ Rk, for some t∗ > 0. Consequently, the minimum value
of (24), and hence of (23), is equal to k/ψ(tp∗). Moreover, in view of Definition 2.4(a), we may also
assume that kt2p∗ = C. Hence, the conclusion of the lemma follows.

We are now ready to establish the desired ergodic convergence rate bounds for the generalized
large-step HPE framework in terms of an appropriate function of k.

Theorem 2.9. (ergodic convergence rate) Let {λk}, {εk}, {z̃k}, {vk} and {zk} be the sequences
generated by the generalized large-step HPE framework and consider the ergodic sequences {z̃ ak },
{v ak } and {ε ak } defined according to (19) and (20). Then, for every k ≥ 1, v ak ∈ T ε

a
k (z̃ ak ) and

‖v ak ‖ ≤
2d0

kθ
ψ

(
d0√

1− σ2
√
k

)
, 0 ≤ ε ak ≤

2ηd2
0

kθ
ψ

(
d0√

1− σ2
√
k

)
,

where η is defined in (22).

Proof. Let k ∈ N and define t̃i = ‖z̃i − zi−1‖ for i = 1, . . . , k. Using the fact that 0 /∈ T (zi−1) and
(14), it is easy to see that t̃i > 0 for i = 1, . . . , k. By (16) of Proposition 2.5, we have

k∑
i=1

t̃2i =
k∑
i=1

‖z̃i − zi−1‖2 ≤
d2

0

(1− σ2)
, (25)

or equivalently, (t̃1, . . . , t̃k) is feasible for problem (23) with C = d2
0/(1 − σ2). Therefore, using

Lemma 2.8, we have

k

ψ

(
d0√

1− σ2
√
k

) ≤ k∑
i=1

1

ψ(t̃i)
≤ 1

θ

k∑
i=1

λi =
Λk
θ
,

where the last inequality follows from (15) and the definition of t̃i. The conclusion of the theorem
now follows immediately from the definition of Λk in (19), Proposition 2.7 and the last inequality.

We have observed in the paragraph following the statement of the GLS-HPE framework that the
large-step HPE framework of [14] corresponds to the special case of the GLS-HPE framework in which
ψ(t) = t for all t ≥ 0. In this regards, it is worth mentioning that Theorems 2.5 and 2.7 of [14] corre-
spond to the special cases of Theorems 2.6 and 2.9, respectively, with ψ as described above. Moreover,
noting that limt→0 ψ(t) = 0, in view of the the continuity of ψ and Definition 2.4(b), it follows that
the pointwise and ergodic convergence rates derived in Theorems 2.6 and 2.9 are asymptotically
better than the ones obtained in [12] for the HPE method, namely (vi, εi) = (O(1/

√
k),O(1/k)) in

the pointwise version, and (va
k, ε

a
k) = (O(1/k),O(1/k)) in the ergodic version.
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3 The GLS-IPE framework

In this section, we consider the MIP
0 ∈ (F +B)(z), (26)

where the following assumptions hold:

C.1) B : E ⇒ E is a maximal monotone operator;

C.2) F : DomF ⊆ E→ E is monotone and continuous on a closed convex set Ω such that DomB ⊆
Ω ⊆ DomF ;

C.3) the solution set of (26) is nonempty.

We note also that, under the above assumptions, F +B is a maximal monotone operator whose
domain is equal to DomB ⊆ Ω (see Proposition A.1 in Appendix A of [12]).

Recall that, for the MIP (26), the exact proximal iteration from z with stepsize λ > 0 is the
unique solution z̃ of the inclusion

0 ∈ λ(F +B)(z̃) + z̃ − z, (27)

or equivalently, the z̃-component of the unique solution (z̃, v) of the inclusion/equation

v ∈ (F +B)(z̃), λv + z̃ − z = 0. (28)

Our GLS-IPE framework is based on a notion of approximation of F on Ω which we now describe.
First, we introduce the following subclass of the class of functions Ψ.

Definition 3.1. For a positive scalar β > 0, we let Ψ(β) denote the class of all functions ψ ∈ Ψ
satisfying

(a) ψ(τt) ≤ τβψ(t) for every t > 0 and τ ≥ 1

We note that for every ψ ∈ Ψ(β) the following relation holds whenever 0 ≤ τ ≤ 1:

ψ(τt) ≥ τβψ(t) ∀t > 0. (29)

The following definition introduces the notion of an approximation of F on Ω.

Definition 3.2. A triple (βz, φz,Az) consisting of a scalar βz > 0 and functions Az : DomAz → E
and φz : R+ → R+ is called an approximation of F at z if the following conditions are satisfied:

a) φz ∈ Ψ(βz) and DomAz ⊃ Ω and Az is monotone and continuous on Ω;

b) for every z′ ∈ Ω,
‖F (z′)−Az(z′)‖ ≤ φz(‖z′ − z‖)‖z′ − z‖. (30)

We now state an instance of the GLS-HPE framework for solving (26) based on the above notion
of approximate solution.

11



GLS-IPE framework: An approximation-based GLS inexact proximal extragradient framework

(0) Let z0 ∈ E and scalars 0 < σ` < σu ≤ σ < 1 be given and set k = 1;

(1) if 0 ∈ (F +B)(zk−1), then STOP;

(2) otherwise, choose σ̂k ≥ 0 and an approximation (βk, φk,Ak) = (βzk−1
, φzk−1

,Azk−1
) of F at

zk−1 such that

σu + σ̂k ≤ σ, σ`(1 + σ̂k)
βk < σu(1− σ̂k)βk ; (31)

(3) compute stepsize λk > 0 and a triple (z̃k, uk, εk) ∈ E× E× R+ such that

uk ∈ (Ak +Bεk)(z̃k), ‖λkuk + z̃k − zk−1‖2 + 2λkεk ≤ σ̂2
k‖z̃k − zk−1‖2 (32)

and
σ` ≤ λkφk(‖z̃k − zk−1‖) ≤ σu; (33)

(4) set
vk := F (z̃k) + uk −Ak(z̃k), zk := zk−1 − λkvk, (34)

let k ← k + 1 and go to step 1.

end

We now make some remarks about the GLS-IPE framework. First, it will be shown in Lemma 3.4
below that, under some mild conditions on {φk} (see (40)), the GLS-IPE framework is a special case
of the GLS-HPE framework of Section 2. Second, the GLS-IPE framework is a generalization of
the inexact NPE method of [14]. Indeed, if F has L-Lipschitz continuous derivative F ′ on Ω as
assumed in [14], then the latter method can be viewed as an instance of the first one by letting the
corresponding approximation of F at z ∈ E as

βz = 1, φz(t) = Lt/2, Az(z′) = F (zΩ) + F ′(zΩ)(z′ − zΩ), ∀ (z′, t) ∈ E× R+,

where zΩ denotes the orthogonal projection of z onto Ω. Third, two specific ways of choosing the
triple (βz, φz,Az) as in step 2 of the GLS-IPE framework will be described in Subsections 5.1 and
5.2 in the context of SQP-type methods for constrained convex programming problems. Fourth,
Section 4 presents a stepsize search procedure which, given an approximation (βk, φk,Ak) of F at
zk−1, searches for a stepsize λk > 0 and a triple (z̃k, uk, εk) such that (32) and (33) hold. More
specifically, using a black-box (assumed given) which, given (βk, φk,Ak) and a trial stepsize λk > 0,
outputs a triple (z̃k, uk, εk) satisfying (32) only, the procedure eventually outputs the required λk > 0
and a triple (z̃k, uk, εk) satisfying (32) and (33) in a finite number of trials. Fifth, if the resolvent
operator (I +λ(Ak +B))−1(·) can be exactly evaluated for any λ > 0, then a black-box which yields
a triple satisfying (32) consists of simply choosing the triple (z̃k, uk, εk) where

z̃k = (I + λk(Ak +B))−1(zk−1), uk =
zk−1 − z̃k

λk
, εk = 0

(see also the first remark after Definition 2.3). Sixth, the second inequality in (31) and the fact that
φk ∈ Ψ(βk) (due to step 2 of the GLS-IPE framework and Definition 3.2(a)) will be used only in
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Section 4 to derive the complexity of the stepsize search procedure studied there.

Lemma 3.3. Let (λ, z) ∈ R++ × E and (βz, φz,Az) be an approximation of F at z. Let also
(z̃, u, ε) ∈ E× E× R+ be such that

u ∈ (Az +Bε)(z̃), ‖λu+ z̃ − z‖2 + 2λε ≤ σ̂2‖z̃ − z‖2 (35)

and define v := F (z̃) + u−Az(z̃). Then,

v ∈ (F +Bε)(z̃) ⊆ (F +B)ε(z̃), ‖λv + z̃ − z‖2 + 2λε ≤
(
σ̂ + λφz(‖z̃ − z‖)

)2
‖z̃ − z‖2. (36)

Proof. First note that z̃ ∈ Ω ⊂ DomF in view of the first inclusion in (35), Proposition 2.2(e) and
Assumption C.2, from which we conclude that v is well-defined. The assumption on (z̃, u, ε) imply
that u−Az(z̃) ∈ Bε(z̃). This together with the definition of v imply the first inclusion in (36), while
Proposition 2.2 implies the second inclusion in (36). To simplify the proof of the inequality in (36),
define

r := λu+ z̃ − z, r̃ := λ[F (z̃)−Az(z̃)],

and note that the definition of v implies that

λv + z̃ − z = r + r̃. (37)

Note that the inequality in (35), the assumption that (βz, φz,Az) is an approximation of F at z
and (30) imply that

‖r‖2 + 2λε ≤ σ̂2‖z̃ − z‖2, ‖r̃‖ ≤ λφz(‖z̃ − z‖)‖z̃ − z‖.

Using the three last relations, we then conclude that

‖λv + z̃ − z‖2 + 2λε = ‖r + r̃‖2 + 2λε ≤ ‖r‖2 + ‖r̃‖2 + 2‖r‖ ‖r̃‖+ 2λε

≤
[
σ̂2 + (λφz(‖z̃ − z‖))2 + 2λσ̂φz(‖z̃ − z‖)

]
‖z̃ − z‖2,

which clearly implies the inequality in (36).

The following result shows that the GLS-IPE framework is a special case of the HPE framework,
and also gives a sufficient condition for it to be a special case of the GLS-HPE framework.

Lemma 3.4. Consider the scalars σ` and σ and sequences {λk}, {εk}, {σ̂k}, {zk}, {z̃k}, {vk} and
{φk} as in the GLS-IPE framework applied to (26), and define

θ := σ`, σk := σ̂k + λkφk(‖z̃k − zk−1‖), ∀k ≥ 1. (38)

Then, the following statements hold:

(a) for each k ≥ 1, σk ∈ [0, σ] and (14) hold and

vk ∈ (F +Bεk) (z̃k); (39)

as a consequence, the GLS-IPE framework is a special case of the HPE framework, and hence
the conclusions of Proposition 2.5 hold;
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(b) if, in addition, there exists ψ ∈ Ψ (see Definition 2.4) such that

φk ≤ ψ ∀k ≥ 1, (40)

then (15) hold for every k ≥ 1.

As a consequence of (a) and (b), every instance of the GLS-IPE framework satisfying condition (40)
is also an instance of the GLS-HPE framework of Section 2 with θ = σ`.

Proof. (a) The statement that σk ∈ [0, σ] follows from the second inequality in (33), the first in-
equality in (31) and the definition of σk in (38). Condition (14) and relation (39) follow from (32),
Lemma 3.3 with (λ, z) = (λk, zk−1), (βz, φz,Az) = (βk, φk,Ak) and (z̃, u, ε) = (z̃k, uk, εk), where
the sequences {βk}, {Ak} and {uk} are as in the GLS-IPE framework and the definition of σk in
(38). As a consequence of the previous facts, condition (34) and the first remark after the GLS-HPE
framework we conclude the proof of (a).

(b) If there exists ψ ∈ Ψ satisfying (40), then condition (15) follows from the definition of θ in
(38), relation (40) and the first inequality in (33).

The last statement of the lemma follows directly from (a), (b) and the definition of θ in (38).

The next result gives pointwise and ergodic convergence rate bounds for the GLS-IPE framework
under the sufficient condition (40).

Theorem 3.5. Consider the scalars σ` and σ and sequences {λk}, {z̃k}, {vk} and {φk} as in the
GLS-IPE framework applied to (26) and assume that condition (40) holds for some ψ ∈ Ψ. Moreover,
define the ergodic sequences {z̃ ak }, {v ak } and {ε ak } according to (19) and (20) and let d0 denote the
distance of z0 to the solution set of (26). Then, for every k ≥ 1:

(a) (pointwise iteration-complexity) vk ∈ (F +Bεk)(z̃k) and there exists an index i ≤ k such that

‖vi‖ ≤
(1 + σ)d0

σ`
√

1− σ2
√
k
ψ

(
d0√

1− σ2
√
k

)
, εi ≤

σ2d2
0

2σ`(1− σ2)k
ψ

(
d0√

1− σ2
√
k

)
;

(b) (ergodic iteration-complexity) v ak ∈ (F +B)ε
a
k (z̃ ak ) and

‖v ak ‖ ≤
2d0

kσ`
ψ

(
d0√

1− σ2
√
k

)
, 0 ≤ εak ≤

2ηd2
0

kσ`
ψ

(
d0√

1− σ2
√
k

)
,

where η > 0 is as in (22).

Proof. The proof is a direct consequence of Lemma 3.4, Theorem 2.6 and Theorem 2.9.

We now make a few remarks about Theorem 3.5. First, note that the bound on ‖vi‖ isO(ψ(1/
√
k)/
√
k)

while the one on ‖v ak ‖ is O(ψ(1/
√
k)/k), which is better than the first one by a factor of

√
k. However,

note that the pointwise residual inclusion vk ∈ (F + Bεk)(z̃k) is stronger than the ergodic residual
inclusion v ak ∈ (F + B)ε

a
k (z̃ ak ), in the sense that vk ∈ (F + Bεk)(z̃k) implies vk ∈ (F + B)εk(z̃k).

Second, recalling that the inexact NPE method of [14] can be viewed as a special case of the GLS-IPE
framework in which φz(t) = Lt/2 (see the paragraph preceding Lemma 3.3), the bounds in Theorem
3.5 with ψ(t) = Lt/2 apply to the inexact NPE method of [14]. It turns out that these specialized
bounds are identical to the ones obtained in Theorems 3.5 and 3.6 of [14].
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4 Search procedure for the stepsize λ

The main goal of this section is to present a search procedure for computing a stepsize λk > 0 and
a triple (z̃k, uk, εk) as in step 3 of the GLS-IPE framework. Its presentation is rather technical and
can be skipped in a first reading without any loss of continuity. This section starts by describing a
slightly more general version of the line search problem which we are interested in solving. It contains
two subsections. Subsection 4.1 describes (see the Bracketing and Bisection stages before and after
Lemma 4.5) and derives complexity bounds (Lemma 4.6) for a procedure which solves the latter more
general line search problem. Subsection 4.2 describes a specialization of the latter procedure (see
the Bracketing/Bisection procedure there) for computing a stepsize λk > 0 and a triple (z̃k, uk, εk)
as in step 3 of the GLS-IPE framework and obtains more specialized complexity bounds for it (see
Theorem 4.11).

Assume that 0 /∈ (F + B)(zk−1) and let σ̂k ≥ 0 and an approximation (βk, φk,Ak) of F at zk−1

satisfy (31). Our goal in this section is to present a search procedure which computes a stepsize
λk > 0 and a triple (z̃k, uk, εk) ∈ E × E × R+ satisfying (32) and (33). For the given σ̂k ≥ 0, it is
assumed that there exists a black-box such that:

Assumption B-B: for any given tentative λk > 0, the black-box finds a triple
(z̃k, uk, εk) ∈ E× E× R+ satisfying condition (32).

After a finite number of calls to the black-box, the procedure will eventually find the desired stepsize
λk > 0 and a corresponding triple (z̃k, uk, εk) ∈ E× E× R+ satisfying both (32) and (33).

For a fixed λk > 0, the inclusion (Ak + Bεk)(z̃k) ⊆ (Ak + B)εk(z̃k) implies that any triple
(z̃k, uk, εk) satisfying (32) is a σ̂-approximate solution (see Definition 2.3) of

u ∈ T (z̃), λu+ z̃ − z = 0 (41)

where T = Ak + B, λ = λk, σ̂ = σ̂k and z = zk−1. Hence, the above black-box is also a black-box
which, for a given λ > 0, finds a σ̂-approximate solution of (41). Thus, to accomplish the goal
mentioned above, it suffices to present a stepsize search procedure which accomplishes the following
more general goal.

General Goal: Let a maximal monotone operator T : E ⇒ E, a point z ∈ E such that 0 /∈ T (z),
scalars σ`, σu ≥ 0, σ̂ ∈ [0, 1) and β > 0 satisfying

σ`(1 + σ̂)β < σu(1− σ̂)β, (42)

and a function φ ∈ Ψ(β) be given. Assuming that we have at our disposal a black-box which, for any
given λ > 0, finds a σ̂-approximate solution (z̃, u, ε) of (41), the goal is to find a specific λ > 0 and
an associated σ̂-approximate solution (z̃, u, ε) of (41) such that

σ` ≤ λφ(‖z̃ − z‖) ≤ σu. (43)

Consider now the goal mentioned at the beginning of this section. Note that by assumption
σ̂ = σ̂k and β = βk satisfies (31), and hence (42). Hence, any procedure which solves the General
Goal above with T = Ak + B, λ = λk, σ̂ = σ̂k and β = βk will also accomplish the goal mentioned
at the beginning of this section.
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4.1 A generic search procedure

The main goal of this subsection is to describe a search procedure for computing λ and an associated
σ̂-approximate solution (z̃, u, ε) of (41) as described in the General Goal posed at the beginning of
this section.

We assume throughout this subsection that T : E ⇒ E is a maximal monotone operator and
φ ∈ Ψ(β) for some β > 0. As in subsection 4.1 of [14], define for each λ > 0 and z ∈ E,

yT (λ; z) := (I + λT )−1(z), ϕT (λ; z) := λ‖yT (λ; z)− z‖. (44)

The procedure proposed in [14] for computing an appropriate stepsize in the context of the large-step
HPE method studied there heavily relies on some properties of the function ϕT (λ; z). Since in this
paper we are using a different large-step condition, namely (43), it is more useful in the current
context to examine properties of the function ΦT : R++ × E→ R+ defined as

ΦT (λ; z) := λφ(‖yT (λ; z)− z‖) = λφ

(
ϕT (λ; z)

λ

)
∀(λ, z) ∈ R++ × E. (45)

The main motivation for considering this function is due to the fact that the term λφ(‖z̃ − z‖) in (43)
reduces to ΦT (λ; z) when (z̃, u, ε) is a 0-approximate solution of (41). Moreover, the latter function
will be shown to provide a good approximation of the above term when (z̃, u, ε) is a σ̂-approximate
solution of (41) for some σ̂ > 0 (see Lemma 4.3(d) below).

We first present some known properties of ϕT (λ; z) and yT (λ; z) which will be useful in our
analysis.

Proposition 4.1. For every λ > 0 and z, w ∈ E, there hold:

‖yT (λ; z)− yT (λ;w)‖ ≤ ‖z − w‖, ‖[z − yT (λ; z)]− [w − yT (λ;w)]‖ ≤ ‖z − w‖. (46)

As a consequence, if z∗ ∈ T−1(0), then

max {‖yT (λ; z)− z∗‖ , ‖yT (λ; z)− z‖} ≤ ‖z − z∗‖. (47)

Proof. The proof can be found in Proposition 4.5 of [14].

Proposition 4.2. Consider the function ϕT defined in (44) and z ∈ E. Then, the following state-
ments hold:

(a) for every 0 < λ̃ < λ,

λ

λ̃
ϕT (λ̃; z) ≤ ϕT (λ; z) ≤

(
λ

λ̃

)2

ϕT (λ̃; z);

(b) if 0 /∈ T (z), then ϕT (λ; z) > 0 for every λ > 0;

(c) if, for some λ > 0 and σ̂ ∈ [0, 1], the triple (z̃, u, ε) is a σ̂-approximate solution of (41), then

(1− σ̂)λ‖z̃ − z‖ ≤ ϕT (λ; z) ≤ (1 + σ̂)λ‖z̃ − z‖;

as a consequence, if 0 /∈ T (z), then z̃ 6= z.
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Proof. Statements (a), (b) and (c) are proved in Lemmas 4.3(b), 4.4(a) and 4.1 of [14], respectively.

Using the above two technical results, we can now derive some useful properties about ΦA.

Lemma 4.3. For a given z ∈ E, the following statements hold:

(a) for every 0 < λ̃ < λ,

λ

λ̃
ΦT (λ̃; z) ≤ ΦT (λ; z) ≤

(
λ

λ̃

)1+β

ΦT (λ̃; z); (48)

(b) λ > 0 7→ ΦT (λ, z) is continuous and nondecreasing;

(c) if 0 /∈ T (z), then ΦT (λ; z) > 0 for every λ > 0; moreover, λ > 0 7→ ΦT (λ; z) is a strictly
increasing function which converges to 0 and ∞ as λ tends to 0 and ∞, respectively;

(d) if, for some λ > 0 and σ̂ ∈ [0, 1], the triple (z̃, u, ε) is a σ̂-approximate solution of (41), then

(1− σ̂)βλφ(‖z̃ − z‖) ≤ ΦT (λ; z) ≤ (1 + σ̂)βλφ(‖z̃ − z‖). (49)

Proof. (a) For 0 < λ̃ < λ, the second inequality in Proposition 4.2(a) gives

ϕT (λ; z)

λ
≤ λ

λ̃

ϕT (λ̃; z)

λ̃
.

Using (45), the above inequality, Definition 2.4(a) and Definition 3.1(a) we obtain

ΦT (λ; z) = λφ

(
ϕT (λ; z)

λ

)
≤ λφ

(
λ

λ̃

ϕT (λ̃; z)

λ̃

)

≤ λ
(
λ

λ̃

)β
φ

(
ϕT (λ̃; z)

λ̃

)
=

(
λ

λ̃

)1+β

ΦT (λ̃; z),

which gives the second inequality in (48). The proof of the first inequality uses a similar reasoning
and the first inequality in Proposition 4.2(a) instead of the second one.

(b) This statement follows immediately from (a).
(c) The first assertion follows from (45), Proposition 4.2(b) and Definition 2.4(b). The other

assertion follows immediately from the first one and (a).
(d) Assume that (z̃, u, ε) is a σ̂-approximate solution of (41) for some λ > 0 and σ̂ ∈ [0, 1]. From

the second inequality in Proposition 4.2(c), we have

ϕT (λ; z)

λ
≤ (1 + σ̂)‖z̃ − z‖.

Using the above inequality, (45), Definition 2.4(a) and Definition 3.1(a) we obtain ΦT (λ; z) ≤
λφ ((1 + σ̂)‖z̃ − z‖) ≤ (1 + σ̂)βλφ(‖z̃ − z‖), which gives the second inequality in (49). The proof of
the first inequality in (49) uses a similar reasoning, (29) with τ = 1− σ̂ instead of Definition 3.1(a),
and the first inequality in Proposition 4.2(c).
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Lemma 4.4. Let z ∈ E such that 0 /∈ T (z) and scalars σ`, σu ≥ 0, σ̂ ∈ [0, 1) and β > 0 satisfying (42)
be given. Then, the set of all scalars λ > 0 such that

σ`(1 + σ̂)β ≤ ΦT (λ; z) ≤ σu(1− σ̂)β (50)

is an closed interval [λ`, λu] ⊂ R++ such that

λu
λ`
≥

[(
1− σ̂
1 + σ̂

)β (σu
σ`

)] 1
1+β

> 1. (51)

Moreover, if λ > 0 and (z̃, u, ε) is a σ̂-approximate solution of (41), then the following statements
hold:

(a) if λφ(‖z̃ − z‖) < σ`, then λ < λ` and λu ≤ σu/φ(‖z̃ − z‖);

(b) if λφ(‖z̃ − z‖) > σu, then σ`/φ(‖z̃ − z‖) ≤ λ` and λu < λ.

As a consequence, if λ ∈ [λ`, λu] then (λ, z, z̃) satisfies condition (43).

Proof. First note that (42) and Lemma 4.3(c) imply the existence of unique scalars 0 < λ` < λu such
that

ΦT (λ`; z) = σ`(1 + σ̂)β, ΦT (λu; z) = σu(1− σ̂)β, (52)

and that the set of λ > 0 such that (50) holds is equal to the interval [λ`, λu]. The last two identities
and the second inequality in (48) with λ̃ = λ` and λ = λu imply

σu(1− σ̂)β = ΦT (λu; z) ≤
(
λu
λ`

)1+β

ΦT (λ`; z) =

(
λu
λ`

)1+β

σ`(1 + σ̂)β,

which implies (51).
To prove (a), assume that λ > 0 is such that λφ(‖z̃−z‖) < σ`. The second inequality in (49) and

the first identity in (52) then imply that ΦT (λ; z) < (1 + σ̂)βσ` = ΦT (λ`; z). The claim that λ < λ`
now follows immediately from Lemma 4.3(c). Multiplying the first inequality in (49) by λu/λ and
using the first inequality in (48) with λ̃ = λ and λ = λu, we conclude that

(1− σ̂)βλuφ(‖z̃ − z‖) ≤ λu
λ

ΦT (λ; z) ≤ ΦT (λu; z) = σu(1− σ̂)β,

where the last equality follows from (52). Hence, the second inequality in (a) holds. The proof of
(b) follows in a similar manner.

The last conclusion of the lemma follows immediately from (a) and (b).

The interval [λ`, λu] of Lemma 4.4 plays an important role in the analysis of the search procedure
that will be presented next. Observe that, in view of statements (a) and (b) of Lemma 4.4, the
fact that the triple (λ, z, z̃) fails to satisfy (43) gives you the relevant information that the interval
determined by λ and another easily computable scalar contains the interval [λ`, λu]. Moreover, (51)
ensures that the length of the latter interval on the logarithmic scale is bounded below by a positive
constant which depends only on σ̂, σ`, σu and β.

We now present the generic search procedure which accomplishes the General Goal described
at the beginning of this section. The procedure consists of two stages. The first one, namely the
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bracketing stage, either computes a stepsize λ > 0 and a σ̂-approximate solution (z̃, u, ε) of (41) such
that the triple (λ, z, z̃) satisfies (43), or finds an interval [t`, tu] containing [λ`, λu]. The second one,
namely the bisection stage, iteratively performs a geometric bisection scheme on the interval [t`, tu]
until a triple (λ, z, z̃) as described above is found.

We start by describing the bracketing stage.

Bracketing stage:

Input: z ∈ E such that 0 /∈ T (z), scalars σ`, σu ≥ 0, σ̂ ∈ [0, 1) and β > 0 satisfying (42), and
initial guess λ0 > 0;

Output: either a scalar λ > 0 and a σ̂-approximate solution (z̃, u, ε) of (41) such that the
triple (λ, z, z̃) satisfies (43), or the endpoints of an interval [t`, tu] containing the interval [λ`, λu]
as in Lemma 4.4.

(1) use the black-box to compute a σ̂-approximate solution (z̃0, u0, ε0) of (41) with λ = λ0;

(2) (a) if λ0φ(‖z̃0 − z‖) ∈ [σ`, σu], then output λ = λ0 and (z̃, u, ε) = (z̃0, u0, ε0);
(b) if λ0φ(‖z̃0 − z‖) < σ`, then output t` := λ0 and tu := σu/φ(‖z̃0 − z‖);
(c) if λ0φ(‖z̃0 − z‖) > σu, then output t` := σ`/φ(‖z̃0 − z‖) and tu := λ0.

end

The following result establishes the correctness of the bracketing stage.

Lemma 4.5. The Bracketing stage produces the desired output at the end of step 2.

Proof. If (2a) holds then (z̃, u, ε) is clearly a σ̂-approximate solution of (41) such that (λ, z, z̃) satisfies
(43). Otherwise, if either (2b) or (2c) holds then [t`, tu] ⊃ [λ`, λu] in view of (a) and (b) of Lemma 4.4
and the definitions of t` and tu in (2b) and (2c).

We next describe the bisection stage which is the one that accounts for the overall complexity of
the stepsize search procedure.

Bisection stage:

Input: z ∈ E such that 0 /∈ T (z), scalars σ`, σu ≥ 0, σ̂ ∈ [0, 1) and β > 0 satisfying (42), and
interval [t`, tu] containing the interval [λ`, λu] as in Lemma 4.4;

Output: a scalar λ and a σ̂-approximate solution (z̃, u, ε) of (41) such that the triple (λ, z, z̃)
satisfies (43).

(1) set λ =
√
t`tu and use the black-box to compute a σ̂-approximate solution (z̃, u, ε) of (41);

(2) if λφ(‖z̃ − z‖) ∈ [σ`, σu], then output λ and (z̃, u, ε), and stop;

(3) if λφ(‖z̃ − z‖) > σu, then set tu ← λ; else set t` ← λ;

(4) go to step 1.

end
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We now make some remarks about the bisection stage. If the stage stops at step 2, then clearly λ
and (z̃, u, ε) are such that the triple (λ, z, z̃) satisfies (43). On the other hand, if the stage enters into
step 3, then the interval [t`, tu] obtained after this step is executed can be easily seen, by induction
argument, to satisfy the invariant condition [t`, tu] ⊃ [λ`, λu] in view of Lemma 4.4.

Lemma 4.6. Assume that the bracketing stage outputs an interval [t`, tu] (which therefore contains
[λ`, λu]) and that this interval is given as input to the bisection stage. Then, the bisection stage
terminates with the desired output after performing no more than

1 + log

(
(1 + β) log τ0

log[(1− σ̂)βσu/((1 + σ̂)βσ`)]

)
iterations (and hence black-box calls), where

τ0 := max

{
σu

λ0φ(‖z̃0 − z‖)
,
λ0φ(‖z̃0 − z‖)

σ`

}
> 1 (53)

and z̃0 is obtained as in step 1 of the bracketing stage.

Proof. Consider the interval [λ`, λu] as in Lemma 4.4 and let [t0` , t
0
u] denote the interval output by

the bracketing stage. In view of the bracketing stage, we have [t0` , t
0
u] ⊃ [λ`, λu]. Moreover, (53) and

step 2 of the bracketing stage can be easily seen to imply that

τ0 =
t0u
t0`
. (54)

Assume that the bisection stage does not terminate at the j-th iteration and let tj` and tju denote the
scalars t` and tu obtained at the end of this iteration. Using the second observation following the
bisection stage, and steps 1 and 3 of the bisection stage, we conclude that

[tj` , t
j
u] ⊃ [λ`, λu], log

(
tju

tj`

)
=

1

2j
log

(
t0u
t0`

)
=

1

2j
log τ0,

which together with (51) then imply that

1

2j
log τ0 = log

(
tju

tj`

)
≥ log

(
λu
λ`

)
≥ 1

1 + β
log

(
(1− σ̂)βσu
(1 + σ̂)βσ`

)
,

and hence that

j ≤ log

(
(1 + β) log τ0

log[(1− σ̂)βσu/((1 + σ̂)βσ`)]

)
.

The conclusion of the lemma now immediately follows from the above inequality.

4.2 Computation of the stepsize λk

The goal of this subsection is to present a search procedure for computing a stepsize λk and a triple
(z̃k, uk, εk) as in step 3 of the GLS-IPE framework, and to derive its computational complexity.

We start by stating the stepsize search procedure, which is essentially the brackecting and the
bisection stages of Subsection 4.1 combined and specialized to the case in which z = zk−1, σ̂ = σ̂k,
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T = Ak + B and (β, φ) = (βk, φk) (see the notation of the GLS-IPE framework). The procedure
assumes that we have at our disposal a black-box which, for any given tentative λk > 0, is able to
compute a triple (z̃k, uk, εk) ∈ E× E× R+ satisfying (32).

Bracketing/Bisection Procedure:

Input: zk−1 ∈ E such that 0 /∈ (F + B)(zk−1), scalars σ`, σu ≥ 0, σ̂k ∈ [0, 1) and an approxi-
mation (βk, φk,Ak) of F at zk−1 satisfying the second inequality in (31), and an initial guess
λ0
k > 0.

Output: stepsize λk > 0 and a triple (z̃k, uk, εk) satisfying (32) and (33).

(1) (Bracketing stage) use the black-box to compute a triple (z̃0
k, u

0
k, ε

0
k) satisfying (32) with

λk = λ0
k.

(1.a) if λ0
kφk(‖z̃0

k − zk−1‖) ∈ [σ`, σu] then output λk := λ0
k and (z̃k, uk, εk) := (z̃0

k, u
0
k, ε

0
k) and

stop;

(1.b) if λ0
kφk(‖z̃0

k − zk−1‖) < σ`, then set t` := λ0
k and tu := σu/φk(‖z̃0

k − zk−1‖);
(1.c) if λ0

kφk(‖z̃0
k − zk−1‖) > σu, then set t` := σ`/φk(‖z̃0

k − zk−1‖) and tu := λ0
k;

(2) (Bisection stage)

(2.a) set λk =
√
t` tu and use the Black-Box to compute a triple (z̃k, uk, εk) satisfying (32);

(2.b) if λkφk(‖z̃ − zk−1‖ ∈ [σ`, σu], then output λk and (z̃k, uk, εk), and stop;

(2.c) if λkφk(‖z̃ − zk−1‖) > σu, then set tu ← λk; else set t` ← λk;

(2.d) go to step 2.a.

end

Observe that step 0 of the above procedure assumes that 0 /∈ (F + B)(zk−1), which equivalent
to assuming that 0 /∈ (Ak +B)(zk−1) due to the fact that Definition 3.2(b) implies that Ak(zk−1) =
F (zk−1).

The following result is a specialization of Lemma 4.6 to the particular context of the above
procedure.

Lemma 4.7. The number of black-box calls performed by the Bracketing/Bisection procedure at the
k-th iteration of the GLS-IPE framework is bounded by

2 + log+

(
(1 + βk) log τ0

k

log[(1− σ̂k)βkσu/((1 + σ̂k)βkσ`)]

)
,

where

τ0
k := max

{
σu

λ0
kφk(‖z̃0

k − zk−1‖)
,
λ0
kφk(‖z̃0

k − zk−1‖)
σ`

}
> 1.

Proof. If the Bracketing/Bisection procedure terminates at the brackecting stage, the conclusion of
the lemma immediately holds due to the fact that log+(t) ≥ 0 for all t > 0. Otherwise, the conclusion
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of the lemma follows from Lemma 4.6 with φ = φk, β = βk, σ̂ = σ̂k, z = zk−1, z̃0 = z̃0
k and λ0 = λ0

k,
and the fact that log(t) ≤ log+(t) for all t > 0.

The above bound on the number of black-box calls depends on the term φk(‖z̃0
k − zk−1‖) and its

inverse. In what follows, we derive lower and upper bounds on this quantity. Lemma 4.9 establishes
an upper bound on the latter quantity while Lemma 4.10 derives a lower bound on it. Finally, The-
orem 4.11 states an alternative bound on the number of black-box calls of the Bracketing/Bisection
procedure given in terms of the lower and upper bounds derived in these two lemmas.

We start by stating the following technical result.

Lemma 4.8. Assume that z∗ ∈ (F +B)−1(0) and let (λ, z) ∈ R+×E be given. Let also (βz, φz,Az)
be an approximation of F at z and define Tz : E ⇒ E as Tz := Az +B. Then,

‖z − (I + λTz)
−1(z)‖ ≤ ‖z − z∗‖ [1 + λφz (‖z − z∗‖)] .

Proof. Let
r := F (z∗)−Az(z∗), T̃z := Tz + r. (55)

Using the assumption that 0 ∈ (F + B)(z∗) and the definition of Tz and r, we easily see that
0 ∈ T̃z(z∗). Hence, by relation (47) of Proposition 4.1 with T = T̃z, we have

‖z − (I + λT̃z)
−1(z)‖ ≤ ‖z − z∗‖. (56)

Using the observation that

(I + λT̃z)
−1(z + λr) = [I + λ(Tz + r)]−1(z + λr) = (I + λTz)

−1(z),

the triangle inequality for norms, relation (56) and the fact that by Proposition 4.1 the resolvent is
non-expansive, we then conclude that

‖z − (I + λTz)
−1(z)‖ =‖z − (I + λT̃z)

−1(z + λr)‖
≤‖z − (I + λT̃z)

−1(z)‖+ ‖(I + λT̃z)
−1(z)− (I + λT̃z)

−1(z + λr)‖
≤‖z − z∗‖+ λ‖r‖ ≤ ‖z − z∗‖ [1 + λφz(‖z − z∗‖)] ,

where the last inequality is due to the definition of r in (55) and relation (30) with z′ = z∗.

Lemma 4.9. Consider the sequences {zk}, {φk}, {σ̂k} and {βk} generated by the GLS-IPE frame-
work, the sequence {λ0

k} of initial stepsizes for the Bracketing/Bisection procedure and the corre-
sponding sequence of triples {(z̃0

k, u
0
k, ε

0
k)} generated at its step 1. Let also d0 denote the distance of

z0 to (F +B)−1(0). Then, for every k ≥ 1,

φk
(
‖z̃0
k − zk−1‖

)
≤ 1

(1− σ̂k)βk
{
φk
(
[1 + λ0

kφk(d0)]d0

)}
.

Proof. Letting Tk = Ak + B and noting that (z̃0
k, u

0
k, ε

0
k) is a σ̂k-approximate solution of (41) with

λ = λ0
k and T = Tk, we conclude from Proposition 4.2(c) and (44) with λ = λ0

k, T = Tk, σ̂ = σ̂k and
z = zk−1 that

(1− σ̂k)‖z̃0
k − zk−1‖ ≤ ‖(I + λ0

kTk)
−1(zk−1)− zk−1‖.
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Now, let z∗ ∈ (F +B)−1(0) be such that ‖z∗− z0‖ = d0 and note that ‖zk−1− z∗‖ ≤ ‖z0− z∗‖ = d0,
in view of Lemma 3.4(a). Using the latter observation, the fact that the assumption φk ∈ Ψ(βk)
implies that φk is increasing, and Lemma 4.8 with (λ, z) = (λ0

k, zk−1) and (βz, φz,Az) = (βk, φk,Ak),
we conclude that

‖(I + λ0
kTk)

−1(zk−1)− zk−1‖ ≤
[
1 + λ0

kφk(d0)
]
d0.

The conclusion of the lemma now follows the fact that φk is increasing, the assumption that φk ∈
Ψ(βk) implies inequality (29) with ψ = φk, τ = 1 − σ̂k and β = βk, and the above two displayed
relations.

Lemma 4.10. Let ρ̄ > 0 and ε̄ > 0 be given and let ζk be defined as

ζk := min
{

1, λ0
kφk(µk)

}
, (57)

where

µk := min

{
(2λ0

kε̄)
1/2

σ̂k
,

λ0
kρ̄

2 + σ̂k

}
(58)

and λ0
k and σ̂k are as in the input of the Bracketing/Bisection procedure. Also, consider the triple

(z̃0
k, u

0
k, ε

0
k) computed at step 1 of the Bracketing/Bisection procedure and define

v0
k := F (u0

k) + u0
k −Ak(z̃0

k).

Then, either one of the following statements hold:

(a) λ0
kφk(‖z̃0

k − zk−1‖) > ζk, in which case

ζk <
σu
σ`

{
λ0
kφk

(
[1 + λ0

kφk(d0)]d0

)}
; (59)

(b) v0
k ∈ (F +Bε0k)(z̃0

k) ⊆ (F +B)ε
0
k(z̃0

k) and the following error bounds hold:

‖v0
k‖ ≤ ρ̄, ε0

k ≤ ε̄. (60)

Proof. Assume that (a) does not hold, i.e.,

λ0
kφk(‖z̃0

k − zk−1‖) ≤ ζk. (61)

Using the fact that (z̃0
k, u

0
k, ε

0
k) satisfies (32) with λk = λ0

k in view of step 1 of the Bracketing/Bisection
procedure, we conclude from relation (61) and Lemma 3.3 with (λ, z) = (λ0

k, zk−1) and (z̃, u, ε) =

(z̃0
k, u

0
k, ε

0
k) that v0

k ∈ (F +Bε0k)(z̃0
k),

‖λ0
kv

0
k + z̃0

k − zk−1‖ ≤ (σ̂k + ζk)‖z̃0
k − zk−1‖, 2λ0

kε
0
k ≤ σ̂k‖z̃0

k − zk−1‖2. (62)

Now the latter conclusion together with the fact that ζk ≤ 1 easily imply that

max

{
‖λ0

kv
0
k‖

2 + σ̂k
,

(2λ0
kε

0
k)

1/2

σ̂k

}
≤ ‖z̃0

k − zk−1‖,
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The previous inequality, Definition 2.4(a) and relations (57) and (61), then imply that

φk

(
max

{
‖λ0

kv
0
k‖

2 + σ̂k
,

(2λ0
kε

0
k)

1/2

σ̂k

})
≤ φk(‖z̃0

k − zk−1‖) ≤
ζk
λ0
k

≤ φk (µk) .

Using Definition 2.4(a) again, we then conclude that that

max

{
‖λ0

kv
0
k‖

2 + σ̂k
,

(2λ0
kε

0
k)

1/2

σ̂k

}
≤ µk,

which, in view of the definition of µk and a simple algebraic manipulation, immediately implies (60).
Finally, note that the second inclusion in (b) follows from Proposition 2.2(b). We have thus shown
that (b) holds. To finish the proof, note that (59) follows from the first statement in (a), Lemma 4.9
and (31).

Theorem 4.11. Let tolerances ρ̄ > 0 and ε̄ > 0 be given and consider the GLS-IPE framework where
the stepsize λk and the triple (z̃k, uk, εk) in its step 3 is found by means of the Bracketing/Bisection
procedure. Then, either the triple (z̃0

k, v
0
k, ε

0
k) as in Lemma 4.10 is a (ρ̄, ε̄)-approximate solution of

(26) in the sense of statement (b) of Lemma 4.10, or the Bracketing/Bisection procedure performs
at most

2 + log+

[
(1 + βk)

[
log

(1− σ̂k)βkσu
(1 + σ̂k)βkσ`

]−1

log

(
σu max

{
λ0
kφk

(
[1 + λ0

kφk(d0)]d0

)
σ2
`

, ζ−1
k

})]
(63)

black-box calls during the k-th iteration of the GLS-IPE framework, where ζk is as in (57) and λ0
k is

the initial stepsize for the Bracketing/Bisection procedure during the k-th iteration of the GLS-IPE
framework.

Proof. First note that the second inequality in (31) and relation (59) imply that the arguments for
the two log terms in (63) is greater than one, and hence (63) is well-defined. Now, the conclusion
of the theorem and the bound (63) immediately follow from Lemmas 4.7, 4.9 and 4.10, and the fact
that the assumption that σ̂k ≥ 0 and the second inequality in (31) imply that (1− σ̂k)βk > σ`/σu.

Even though the black-box-complexity bound for the stepsize search procedure given by Theorem
4.11 depends on k, it easily leads to one which does not depend on k under some mild assumptions
on σ̂k, βk, λ

0
k and φk. Instead of stating a result along this direction in this section, we will derive

uniform black-box-complexity bounds (i.e., ones that do not depend on k) for the stepsize search
procedure only in the context of the two applications described in Section 5 by making direct use of
Theorem 4.11.

5 Applications to SQP type methods

In this section, we consider two instances of the GLS-IPE framework studied in Section 3 for solving
the convex optimization problem

min f0(x)
s.t. g(x) ≤ 0,

(64)

where f0 : Rn → R and g = (f1, . . . , fm)T : Rn → Rm and the following assumptions are made:
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O.1) f0, f1, . . . , fm are convex and twice continuously differentiable;

O.2) the Hessian of fi is Li-Lipzchitz continuous for every i = 0, 1, . . . ,m;

O.3) there exists (x∗, y∗) ∈ Rn × Rm such that (x, y) = (x∗, y∗) satisfies

∇xL(x, y) = 0, g(x) ≤ 0, y ≥ 0, 〈y, g(x)〉 = 0, (65)

where L : Rn × Rm → [−∞,∞) is the canonical Lagrangian defined as

L(x, y) = f0(x) + 〈y, g(x)〉 − δRm+ (y). (66)

We now make some remarks about the above assumptions. First, it is well-known that a pair
(x∗, y∗) satisfies (65) if and only if x∗ is an optimal solution of (64), y∗ is an optimal solution for
the Lagrangian dual maxy≥0{infx∈Rn L(x, y)} and the duality gap between the two problems is zero.
In this case, y∗ is said to be a Lagrange multiplier associated with the optimal solution x∗ of (64).
Second, (x∗, y∗) satisfies (65) if and only if (x∗, y∗) is a solution of

∇xL(x, y) = 0, −g(x) +NRm+ (y) 3 0, (67)

or equivalently (x∗, y∗) is a solution of (26) with F and B defined by

F (x, y) =

[
∇f0(x) +∇g(x)y

−g(x)

]
, B(x, y) = NRn×Rm+ (x, y) ∀(x, y) ∈ Rn × Rm. (68)

Clearly,

F (x, y) =

[
∇xL(x, y)
−g(x)

]
∀(x, y) ∈ Rn × Rm+ . (69)

Third, in view of Corollary 12.18 in [18], B is a maximal monotone operator. Fourth, assumption
O.1 implies that F is continuously differentiable on E and

F ′(x, y) =

[
∇2
xxL(x, y) ∇g(x)
−∇g(x)T 0

]
∀(x, y) ∈ Rn × Rm+ . (70)

Fifth, since the linear operator F ′(x, y) is positive semidefinite for every (x, y) ∈ Rn × Rm+ and the
latter set is obviously convex, it follows from [7, Proposition 2.3.2] that F is monotone on Rn ×Rm+ .

In view of the above remarks and assumptions O.1 and O.3, we conclude that the operators F
and B satisfy conditions C.1-C.3 of Section 3 with

Ω := Rn × Rm+ , E := Rn × Rm, (71)

and E endowed with the canonical inner product, namely, 〈(x, y), (x′, y′)〉 = 〈x, x′〉+ 〈y, y′〉.
Our goal in this section will be to present two instances of the GLS-IPE framework to compute

approximate solutions of the maximal monotone inclusion (26). Since instances of the GLS-IPE
framework are inexact proximal point methods, it is interesting to discuss the different characteriza-
tions of an exact proximal point iteration applied to (26). This will also give insight on the different
equivalent forms of an iteration of the two GLS-IPE instances discussed in Subsections 5.1 and 5.2.

With the later goal in mind, it is useful to introduce, for a given constant λ > 0, the augmented
Lagrangian Lλ : Rn × Rm → R defined as

Lλ(x, y) = f0(x) +
1

2λ

[∥∥(y + λg(x))+
∥∥2 − ‖y‖2

]
. (72)
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Proposition 5.1. Let f0 and g = (f1, . . . , fm) be as in (64) and F and B be as in (68). For any
(x, y) ∈ E and λ > 0, the following conditions on a given pair (x̃, ỹ) ∈ E are equivalent:

(a) (x̃, ỹ) = (I + λ (F +B))−1(x, y);

(b) x̃ = arg minx′∈Rn Lλ(x′, y) + (1/2λ)‖x′ − x‖2 and ỹ = (y + λg(x̃))+ ;

(c) (x̃, ỹ) is the unique solution of

min
(x′,y′)∈E

f0(x′) +
1

2λ

[
‖y′‖2 + ‖x′ − x‖2

]
s. t. g(x′)− 1

λ
(y′ − y) ≤ 0.

(73)

Moreover, ỹ is the unique Lagrange multiplier of (73).

Proof. (a)⇔(b) By (68) and (69), we have that (a) is equivalent to

0 = λ∇xL(x̃, ỹ) + x̃− x, 0 ∈ λ
(
−g(x̃) +NRm+ (ỹ)

)
+ ỹ − y . (74)

Clearly, the inclusion in (74) is equivalent to ỹ = (y + λg(x̃))+ so that that (74), and hence (a), is
equivalent to

0 = λ∇xL(x̃, ỹ) + x̃− x, ỹ = (y + λg(x̃))+ . (75)

Since the second equality in the above relation together with (72) imply that

∇xLλ(x̃, y) = ∇f0(x̃) +∇g(x̃)(y + λg(x̃))+ = ∇xL(x̃, ỹ),

we conclude that (75) is obviously equivalent to (b).
(a)⇔(c) Let Q : E× Rm → R denote the canonical Lagrangian of (73), i.e.,

Q(z′, w′) = L(x′, w′) +
1

2λ

[
‖y′‖2 + ‖x′ − x‖2

]
− 1

λ
〈w′, y′ − y〉 ∀z′ = (x′, y′) ∈ E, ∀w′ ∈ Rm

and note that for z̃ := (x̃, ỹ), we have

∇z′Q(z̃, w′) =

(
∇xL(x̃, w′) + (1/λ)(x̃− x),

1

λ
(ỹ − w′)

)
∀w′ ∈ Rm+ . (76)

Since (a) is equivalent to (74), it follows from the last identity that (a) is equivalent to

(0, 0) = ∇z′Q(z̃, ỹ), 0 ∈ −
(
g(x̃)− 1

λ
(ỹ − y)

)
+NRm+ (ỹ).

which is a necessary and sufficient condition for z̃ to be an optimal solution of (73) and ỹ to be an
associated Lagrange multiplier. Noting that the conditions w′ ∈ Rm+ and ∇z′Q(z̃, w′) = 0 necessarily
imply that w′ = ỹ in view of (76), we conclude that (a) and (c) are equivalent, and that the last
statement of the proposition holds.
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Another equivalent characterization of condition O.3 is that (x∗, y∗) be a saddle point of the
Lagrangian function L, i.e., y∗ ∈ Rm+ and

(0, 0) ∈ ∂ [L(·, y∗)− L(x∗, ·)] (x∗, y∗).

The following notion of an approximate saddle-point can be used as an approximate solution of (64).

Definition 5.2. Given (ρ̄, ε̄) ∈ R++ × R++, z = (x, y) ∈ Rn × Rm+ , v = (p, q) ∈ E and ε ∈ R+, the
triple (z, v, ε) is said to be a (ρ̄, ε̄)-saddle point of L if ‖v‖ ≤ ρ̄, ε ≤ ε̄ and

v = (p, q) ∈ T (z; ε) := ∂ε [L(·, y)− L(x, ·)] (x, y). (77)

Clearly, when ρ̄ = ε̄ = 0, the above notion is equivalent to z being a saddle point of L and the
residual pair (v, ε) being zero, i.e., (v, ε) = (0, 0). We will see later that the HPE variants discussed
in this paper generate a sequence of triples (zk, vk, εk) satisfying (77) and hence they will find a
(ρ̄, ε̄)-saddle point when the conditions ‖vk‖ ≤ ρ̄ and εk ≤ ε̄ are met. Note that the ability of these
instances to also generate the sequence {εk} is important since the condition that vk ∈ T (zk; ε̄) can
not be easily checked in general.

In the two subsections of this section, we will present algorithms and study their complexity for
approximately solving (64) in the sense of Definition 5.2. The following technical but simple result
gives another characterization of (77) which is closer to the optimality condition (65) for problem
(64).

Lemma 5.3. Let z = (x, y) ∈ Rn × Rm+ , v = (p, q) ∈ E and ε ≥ 0 be given and define

ε′ := ε+ 〈q + g(x), y〉. (78)

Then, the following conditions are equivalent:

(a) inclusion (77) holds;

(b) there hold

q + g(x) ≤ 0, 〈q + g(x), y〉 ≥ −ε, p ∈ ∂x,ε′L(x, y); (79)

(c) 0 ≤ ε′ ≤ ε and

q ∈ −g(x) +N ε−ε′
Rm+

(y), p ∈ ∂x,ε′L(x, y). (80)

Proof. First note that, in view of (78), we have ε′ ≥ 0 if and only if the second inequality in (79)
holds.

(a)⇐⇒ (b). Inclusion (77) is equivalent to

L(x′, y)− L(x, y′) ≥ 〈p, x′ − x〉+ 〈q, y′ − y〉 − ε ∀(x′, y′) ∈ Rn × Rm+ , (81)

which, in view of (66) and (78), is clearly equivalent to

L(x′, y)− L(x, y) ≥ 〈p, x′ − x〉 − ε′ + sup
y′≥0
〈q + g(x), y′〉 ∀x′ ∈ Rn.

Since the above inequality is obviously equivalent to (79), the equivalence of (a) and (b) follows.
(b)⇐⇒ (c). Using Proposition 2.1 with K = Rm+ , u = q+ g(x) and ρ = ε− ε′, we easily see that

the first inequality in (79) is equivalent to the inequality ε′ ≤ ε and the first inclusion in (80). The
equivalence now follows due to the observation made at the beginning of this proof.
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Clearly, when ε = 0, condition (79) reduces to

p = ∇xL(x, y), q + g(x) ≤ 0, 〈q + g(x), y〉 = 0. (82)

5.1 Primal-dual regularized extragradient SQP (re-SQP) method

This subsection presents the first instance of the GLS-IPE framework in which Ak is chosen as the
first-order approximation of F at the projection of zk−1 onto Ω.

Throughout this subsection, we let

Lg := (L1, . . . , Lm)T (83)

and

θ(x) =

√√√√ m∑
i=1

‖∇2fi(x)‖2 ∀x ∈ Rn. (84)

Lemma 5.4. For any x, x′ ∈ Rn and y, y′ ∈ Rm+ , we have:

‖∇xL(x′, y′)−∇xL(x, y′)−∇2
xxL(x, y′)(x′ − x)‖ ≤ L0 + 〈Lg, y′〉

2
‖x′ − x‖2, (85)

‖∇2
xxL(x, y′)−∇2

xxL(x, y)‖ ≤ θ(x)‖y′ − y‖, (86)

|θ(x′)− θ(x)| ≤ ‖Lg‖ ‖x′ − x‖. (87)

Proof. Let x, x′ ∈ Rn and y, y′ ∈ Rm+ be given. Using (66) and conditions O.1 and O.2, we conclude
that

‖∇2
xxL(x′, y′)−∇2

xxL(x, y′)‖ =

∥∥∥∥∥∇2f0(x′)−∇2f0(x) +

m∑
i=1

y′i
[
∇2fi(x

′)−∇2fi(x)
]∥∥∥∥∥

≤
(
L0 + 〈Lg, y′〉

)
‖x′ − x‖

which, in view of Lemma A.1 with H(·) = ∇xL(·, y′), immediately implies (85). Moreover, (66) and
well-known norm properties imply that

‖∇2
xxL(x, y′)−∇2

xxL(x, y)‖ =

∥∥∥∥∥
m∑
i=1

(y′i − yi)∇2fi(x)

∥∥∥∥∥ ≤
m∑
i=1

|y′i − yi|
∥∥∇2fi(x)

∥∥
which, together with the Cauchy-Schwarz inequality and (84), yields (86). Finally, (84), (83), condi-
tion O.1 and the triangle inequality for norms imply that

|θ(x′)− θ(x)| ≤

√√√√ m∑
i=1

‖∇2fi(x′)−∇2fi(x)‖2 ≤

√√√√ m∑
i=1

L2
i ‖x′ − x‖2 = ‖Lg‖‖x′ − x‖.

The following result gives some facts about the first-order approximation of F at a given point
z ∈ E in light of our GLS-IPE framework.
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Lemma 5.5. Let Ω be as in (71) and let z = (x, y) ∈ E given. Define βz := 2, the linear approxi-
mation Az : E→ E of F at z with respect to Ω as

Az(z′) := F (x, y+) + F ′(x, y+)

(
x′ − x
y′ − y+

)
∀z′ = (x′, y′) ∈ E (88)

and the map φz : R+ → R+ as

φz(t) :=

(
L0 + 〈Lg, y+〉+ 3θ(x)

2

)
t+

2‖Lg‖
3

t2 ∀t ≥ 0 (89)

where L0, Lg and θ(·) are as in condition O.2, (83) and (84), respectively. Then, the triple
(βz, φz,Az) is an approximation of F at z and

Az(z′) =

[
∇xL(x, y′) +∇2

xxL(x, y+)(x′ − x)
−g(x)−∇g(x)T (x′ − x)

]
∀z′ = (x′, y′) ∈ Ω. (90)

Proof. First note that (90) follows straightforwardly from (66), (69), (70) and (88).
It remains to show that the triple (βz, φz,Az) is an approximation of F at z, or equivalently,

it satisfies Definition 3.2. Indeed, using (89), it is easy to verify that φz satisfies conditions (a)-
(c) of Definition 2.4 and condition (a) of Definition 3.1 with p = 1 and β = 2, and hence that
φz ∈ Ψ(2) = Ψ(βz) where the latter equality is due to the definition of βz. In view of (88), Az is a
monotone affine (and hence continuous) map in view of the remark (i.e., the fifth one) following (70).
We have thus shown that Definition 3.2(a) holds.

We will now show that Definition 3.2(b) holds, i.e., that (30) is satisfied. Let z′ = (x′, y′) ∈ Ω be
given. Letting a1 ∈ Rn and a2 ∈ Rm be defined as

a1 = ∇xL(x′, y′)−∇xL(x, y′)−∇2
xxL(x, y+)(x′ − x), (91)

a2 = −
(
g(x′)− g(x)−∇g(x)T (x′ − x)

)
, (92)

it follows from (90) and (69) that F (z′)−Az(z′) = [a1 a2]T , and hence that

‖F (z′)−Az(z′)‖ ≤ ‖a1‖+ ‖a2‖. (93)

Since y+ is the orthogonal projection of y onto Rm+ , y′ ∈ Rm+ and ‖z′ − z‖2 = ‖x′ − x‖2 + ‖y′ − y‖2,
it follows that

max{‖y′ − y+‖, ‖x′ − x‖} ≤ ‖z′ − z‖ . (94)

Using the fact that y+ ≥ 0, well-known norm properties, relations (91), (85), (86) with y = y+, and
(94), we obtain

‖a1‖ ≤ ‖∇xL(x′, y′)−∇xL(x, y′)−∇2
xxL(x, y′)(x′ − x)‖+ ‖[∇2

xxL(x, y′)−∇2
xxL(x, y+)](x′ − x)‖

≤ L0 + 〈Lg, y′〉
2

‖x′ − x‖2 + θ(x)‖y′ − y+‖‖x′ − x‖

≤ L0 + 〈Lg, y+〉+ ‖Lg‖‖y′ − y+‖
2

‖x′ − x‖2 + θ(x)‖y′ − y+‖‖x′ − x‖

≤
(
L0 + 〈Lg, y+〉

2
+ θ(x)

)
‖z′ − z‖2 +

‖Lg‖
2
‖z′ − z‖3. (95)
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Due to condition O.2 and Lemma A.2, we have for every i = 1, . . . ,m,

|fi(x′)− fi(x)− 〈∇fi(x), x′ − x〉| ≤ Li
6
‖x′ − x‖3 +

1

2
‖∇2fi(x)‖‖x′ − x‖2, (96)

which, combined with the fact that g = (f1, . . . , fm)T , relations (83), (84), (92) and (94), yields

‖a2‖ ≤
θ(x)

2
‖z′ − z‖2 +

‖Lg‖
6
‖z′ − z‖3 . (97)

To finish the proof, note that (30) follows immediately from (93), (95) and (97).

Proposition 5.6. Let z = (x, y) ∈ E and λ > 0 be given and consider the map Az as in (88). For
every (x′, y′) ∈ E, define

Qz(x′) := f0(x) + 〈∇f0(x), x′ − x〉+
1

2
〈x′ − x,∇2

xxL(x, y+)(x′ − x)〉, (98)

`x(x′) := g(x) +∇g(x)T (x′ − x) . (99)

Then the following conditions on a given pair (x̃, ỹ) ∈ E are equivalent:

(a) (x̃, ỹ) = (I + λ(Az +B))−1(x, y);

(b) x̃ is the unique solution of

min
x′∈Rn

Qz(x′) +
1

2λ

[∥∥(y + λ`x(x′))+
∥∥2 − ‖y‖2

]
+

1

2λ
‖x′ − x‖2 (100)

and ỹ = (y + λ`x(x̃))+;

(c) (x̃, ỹ) is the unique solution of

min
(x′,y′)∈E

Qz(x′) +
1

2λ

[
‖y′‖2 + ‖x′ − x‖2

]
s. t. `x(x′)− 1

λ
(y′ − y) ≤ 0,

(101)

in which case ỹ is the unique Lagrange multiplier of (101).

Proof. Applying Proposition 5.1 with f0 = Qz and g = `x, we conclude that (b) and (c) are equivalent
and that they are both equivalent to (a) of Proposition 5.1 with F = F̃ where F̃ is given by

F̃ (x′, y′) :=

[
∇Qz(x′) +∇`x(x′)y′

−`x(x′)

]
=

[
∇Qz(x′) +∇g(x)y′

−`x(x′)

]
∀(x′, y′) ∈ E. (102)

The result now follows by noting that the above F̃ is equal to Az due to (66), (90), (98) and (99).

We note that the proof of Proposition 5.6 implies that Az can also be viewed as the “F map”
(see relation (68)) for the quadratic programming (QP) approximation

min{Qz(x′) : `x(x′) ≤ 0} (103)
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of (64). Note also that the constraint map of the above QP is the linearization of g at x and its
quadratic objective function is obtained by adding the linearization of f0 at x with the quadratic
term centered at x whose Hessian equal to that of L(·, y+) evaluated at x.

We now state the first instance of the GLS-IPE framework based on the approximation Ak of
Lemma 5.5.

Primal-dual regularized extragradient SQP (re-SQP) method:

(0) Choose z0 = (x0, y0) ∈ E, 0 < σ` < σu < 1, and set k ← 1;

(1) if zk−1 = (xk−1, yk−1) is a solution of (67), or equivalently 0 ∈ (F + B)(zk−1) where F and B
are defined in (68), then STOP;

(2) otherwise, compute λk > 0 such that the unique solution of the quadratic programming (101)
with z = zk−1, or equivalently the pair z̃k = (x̃k, ỹk) given by

z̃k = (I + λk(Azk−1
+B))−1(zk−1), (104)

satisfies

σ` ≤ λkφzk−1
(‖z̃k − zk−1‖) ≤ σu (105)

where Az and φz are defined in (88) and (89), respectively;

(3) set zk = zk−1 − λkvk where

vk =

(
pk

qk

)
:=

(
∇xL(x̃k, ỹk)

λ−1
k (yk−1 − ỹk)−

[
g(x̃k)− g(xk−1)−∇g(xk−1)T (x̃k − xk−1)

] ) ;

(4) let k ← k + 1 and go to step 1.

end

We now make some remarks regarding the re-SQP method. First, the triple (z̃k, uk, εk) where z̃k
is given by (104) and (uk, εk) = ((zk−1 − z̃k)/λk, 0) is easily seen to satisfy (32) with σ̂k = 0. Hence,
the ability to compute z̃k as in (104) for any λk > 0 yields a black-box satisfying Assumption B-B
with σ̂k = 0. Second, the task of finding λk > 0 and z̃k ∈ E satisfying (104) and (105) corresponds
to solving (32) and (33) with εk = 0 and σ̂ = 0. Hence, the stepsize λk and z̃k as in step 2 of
the re-SQP method can be found via the Bracketing/Bisection procedure of Subsection 4.2, whose
number of black-box calls (i.e., resolvent computations) is bounded according to Lemma 4.7. Third,
the equivalence between (a), (b) and (c) of Proposition 5.6 provides alternative ways of computing
z̃k in step 2 of the above method.

The following result shows that the re-SQP method is a special case of the GLS-IPE framework
of Section 3 which satisfies condition (40) with ψ given by (107).

Proposition 5.7. Consider the sequences {λk}, {zk}, {z̃k}, {φk = φzk−1
} and {Ak = Azk−1

}
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generated by the re-SQP method with F and B given by (68), and define

σ̂k = 0, βk = 2, εk = 0, uk =
zk−1 − z̃k

λk
∀k ≥ 1 (106)

and the function ψ : R+ → R+ as

ψ(t) =

(
L0 + 〈Lg, y+

0 〉+ 3θ(x0) + 2
√

10‖Lg‖d0

2

)
t+

2‖Lg‖
3

t2, (107)

where d0 is the distance of z0 to (F + B)−1(0) and L0, Lg and θ(·) are as in condition O.2, (83)
and (84), respectively. Then, the following statements hold for every k ≥ 1:

(a) the triple (βk, φk,Ak) is an approximation of F at zk−1;

(b) relations (31) with σ = σu, (32), (33) and (34) hold.

As a consequence, the re-SQP method is a special instance of the GLS-IPE framework with σ = σu
and the sequences {σ̂k}, {βk} and {εk} given by (106). Moreover, the re-SQP method satisfies
condition (40) with ψ given by (107).

Proof. (a) This statement follows from step 2 of the re-SQP method, Lemma 5.5 and the definition
of βk in (106).

(b) Using the definition of σ̂k in (106) and the assumption that σ` < σu (see step 0 of the re-SQP
method), we easily see that (31) holds with σ = σu. Relation (104) and the definitions of uk, εk
and σ̂k in (106) immediately imply (32). Moreover, (33) follows from (105). To show (34), it suffices
to show in view of step 3 of the re-SQP method that F (z̃k) + uk − Ak(z̃k) = vk. Indeed, using the
inclusion in (32) with εk = 0 and the fact that the x-component of B(z̃k) is zero by (68), we conclude
that the x-component of F (z̃k) + uk −Ak(z̃k) is equal to the x-component of F (z̃k), which in turn is
equal to pk in view of the fact that ỹk ∈ Rm+ , (69) and the definition of pk in step 3 of the re-SQP.
Likewise, using the definition of F and uk in (68) and (106), respectively, and relation (90) with
z = zk−1 and z′ = z̃k, we easily see that the y-component of F (z̃k) + uk −Ak(z̃k) is equal to qk.

We have thus shown that the re-SQP method is a special case of the GLS-IPE framework with
sequences {σ̂k} and {βk} given by (106). Hence, it follows by Lemma 3.4(a) that the re-SQP method
is a special case of the HPE framework, and hence satisfies the conclusions of Proposition 2.5, and in
particular condition (17). Using the latter condition, the Cauchy-Schwarz inequality and inequality
(87) with x′ = xk−1 and x = x0, we conclude that

〈Lg, y+
k−1〉+ 3θ(xk−1) = 〈Lg, y+

k−1 − y
+
0 〉+ 〈Lg, y+

0 〉+ 3[θ(xk−1)− θ(x0)] + 3θ(x0)

≤ 〈Lg, y+
0 〉+ 3θ(x0) + ‖Lg‖‖yk−1 − y0‖+ 3‖Lg‖‖xk−1 − x0‖

≤ 〈Lg, y+
0 〉+ 3θ(x0) +

√
10‖Lg‖‖zk−1 − z0‖

≤ 〈Lg, y+
0 〉+ 3θ(x0) + 2

√
10‖Lg‖d0 .

The conclusion that the re-SQP method satisfies condition (40) now follows immediately from the
above inequality and the definitions of φz(·) and ψ(·) in (89) and (107), respectively.

Lemma 5.8. Consider the sequences {λk}, {z̃k} and {vk} generated by the re-SQP method and
define the ergodic sequences {z̃ak}, {vak} and {εak} as in (19) and (20) with εk = 0 for all k. Then,
εak ≥ 0 and the triples (z, v, ε) = (z̃k, vk, 0) and (z, v, ε) = (z̃ak , v

a
k , ε

a
k) satisfy (77) with L(·, ·) given

by (66).
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Proof. Since by Proposition 5.7, the re-SQP method is a special case of the GLS-IPE framework with
εk = 0 for all k, it follows from Lemma 3.4(a) that vk ∈ (F + B)(z̃k) for every k ≥ 1. Clearly, due
to (68) and (69), the latter inclusion is equivalent to (82) with (x, y) = z̃k and (p, q) = vk. In view of
the equivalence of (a) and (b) of Lemma 5.3 with ε = 0, the latter condition is in turn equivalent to
the triple (z̃k, vk, 0) satisfying (77). The claim that εak ≥ 0 and (z, v, ε) = (z̃ak , v

a
k , ε

a
k) also satisfy (77)

now follows immediately from Proposition A.3 with Γ = L, X = Rn, Y = Rm+ , εi = 0 and αi = λi/Λk
for all i = 1, . . . , k.

As an immediate consequence of Theorem 3.5 and Proposition 5.7, we obtain the following outer
convergence rate result for the re-SQP method.

Theorem 5.9. Assume that max{σ−1
` , (1 − σu)−1} = O(1) and consider the sequences {λk}, {z̃k}

and {vk} generated by the re-SQP method and the ergodic sequences {z̃ak}, {vak} and {εak} defined in
Lemma 5.8 with εk = 0 for all k. Let d0 denote the distance of z0 to the solution set of (26), L0, Lg
and θ(·) be as in condition O.2, (83) and (84), respectively, and define

m0 := max
{
L0, 〈Lg, y+

0 〉, θ(x0)
}
. (108)

Then, for every k ≥ 1:

(a) (pointwise convergence rate) the triple (z̃k, vk, 0) satisfies (77) and there exists an index i ≤ k
such that

‖vi‖ ≤ O
(
d2

0

k
max {m0, ‖Lg‖d0}

)
; (109)

(b) (ergodic convergence rate) the triple (z̃ak , v
a
k , ε

a
k) satisfies (77) and

‖vak‖ ≤ O
(
d2

0

k3/2
max {m0, ‖Lg‖d0}

)
, 0 ≤ εak ≤ O

(
d3

0

k3/2
max {m0, ‖Lg‖d0}

)
. (110)

Proof. We know from Proposition 5.7 that the re-SQP method is a special instance of the GLS-IPE
framework with σ = σu and it satisfies condition (40) with ψ given by (107). Hence, in view of the
assumption that max{σ−1

` , (1− σu)−1} = O(1) and Theorem 3.5, we conclude that for every k ≥ 1,
there exists i ≤ k such that

‖vi‖ ≤ O
(
d0√
k
ψ

(
d0√
k

))
,

and

‖vak‖ ≤ O
(
d0

k
ψ

(
d0√
k

))
, 0 ≤ εak ≤ O

(
d2

0

k
ψ

(
d0√
k

))
.

These bounds together with relations (107) and (108), and Lemma 5.8, now imply the conclusions
of the theorem.

Corollary 5.10. Assume that max{σ−1
` , (1 − σu)−1} = O(1) and consider the re-SQP method in

which, at every iteration k, the Bracketing/Bisection procedure with initial stepsize λ0
k = 1 is used

to find a stepsize λk > 0 satisfying the conditions of step 2. Let d0 denote the distance of z0 to the
solution set of (26) and let Lg and m0 be as in (83) and (108), respectively. Then, given ρ̄ > 0 and
ε̄ > 0, the re-SQP will find:
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(a) a (ρ̄, 0)-saddle point of L in at most

O
(
d2

0

ρ̄
max {m0, ‖Lg‖d0}

)
(111)

iterations;

(b) a (ρ̄, ε̄)-saddle point of L in at most

O

(
max

{
m

2/3
0 , ‖Lg‖2/3d2/3

0

}
max

{
d

4/3
0

(ρ̄) 2/3
,

d2
0

(ε̄) 2/3

})
(112)

iterations.

Moreover, if in addition [log(σu/σ`)]
−1 = O(1), then each iteration will make at most

O
(
1 + log+

[
log
(
1 +m0 + d0 + ‖Lg‖+ (L0ρ̄)−1

)])
(113)

black-box calls.

Proof. Statements (a) and (b) of the corollary follow immediately from (a) and (b) of Theorem 5.9
and the concept of (ρ̄, ε̄)- saddle point of Definition 5.2.

We will now prove the last assertion of the corollary. First note that, by Proposition 5.7, the
re-SQP method is a special instance of the GLS-IPE framework which satisfies (40) with ψ given
by (107) and for which σ̂k = 0, βk = 2 and εk = 0 for all k ≥ 1. By Theorem 4.11, we conclude
that at the k-th iteration of the re-SQP method, one of the following two cases occur: i) z̃0

k and the
vector v0

k as in Lemma 4.10 satisfy statement (b) of the latter lemma, i.e., v0
k ∈ (F + B)(z̃0

k) and
‖v0
k‖ ≤ ρ̄, or; ii) the Bracketing/Bisection procedure performs a number of black-box calls bounded

by (63). In the case i), only one black-box call is performed and the triple (z̃0
k, v

0
k, 0) is clearly a

(ρ̄, 0)-saddle point of L. In the case ii), relations (40), (63), (106) and (107), and the assumption
that [log(σu/σ`)]

−1 = O(1), imply that the number of black-box calls is bounded

O
(
1 + log+

[
log
(
max{ψ([1 + ψ(d0)]d0), ζ−1

k }
)])

(114)

where ζk is as in (57). Moreover, (57), (58), (106), the fact that λ0
k = 1 and (89) with z = zk−1 imply

that

ζk = min{1, φk(ρ̄/2)} ≥ min{1, L0ρ̄/4}. (115)

The result now follows by combining (114) and (115) and using the definitions of m0 and ψ in (108)
and (107), respectively.

5.2 Primal-dual regularized extragradient SQCQP (re-SQCQP) method

In this subsection, we present the second instance of the GLS-IPE framework in which Ak = Azk−1

is chosen according to Lemma 5.11 below. The results presented here are all analogues of the ones
presented in the previous subsection and, as a consequence, we will skip some details of their proofs
whenever we feel that clarity and rigor is not sacrificed.

As we have seen in the remark below Proposition 5.6, the map Az for the re-SQP method of
Subsection 5.1 can be viewed as the “F map” of the QP approximation (103) of problem (64). On
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the other hand, the Az approximation used in the second instance of the GLS-IPE framework studied
in this subsection is the “F map” of the convex quadratic constrained QP approximation

min{q0
x(x′) : qx(x′) ≤ 0} (116)

of problem (64), where

qx(x′) = (q1
x(x′), . . . , qmx (x′)) ∀x′ ∈ Rn (117)

and

qix(x′) := fi(x) + 〈∇fi(x), x′ − x〉+
1

2
〈x′ − x,∇2fi(x)(x′ − x)〉 ∀x′ ∈ Rn, ∀i = 0, . . . ,m . (118)

The following result explicitly introduces this approximation and states its fundamental properties
which are essentially analogues of the ones stated in Lemma 5.5.

Lemma 5.11. Let Ω be as in (71) and let z = (x, y) ∈ E given. Define βz := 2 and Az : E→ E by

Az(z′) :=

[
∇q0

x(x′) +∇qx(x′)y′

−qx(x′)

]
∀z′ = (x′, y′) ∈ E (119)

and the map φz : R+ → R+ as

φz(t) :=

(
L0 + 〈Lg, y+〉

2

)
t+

2‖Lg‖
3

t2 ∀t ≥ 0 (120)

where L0 and Lg are defined in condition O.2 and (83), respectively. Then, the triple (βz, φz,Az) is
an approximation of F at z and

Az(z′) =

[
∇xL(x, y′) +∇2

xxL(x, y′)(x′ − x)
−qx(x′)

]
∀z′ = (x′, y′) ∈ Ω. (121)

Proof. First note that (121) follows straightforwardly from (119), (118), (117) and (66).
It remains to show that the triple (βz, φz,Az) is an approximation of F at z, or equivalently,

it satisfies Definition 3.2. Indeed, using (120), it is easy to verify that φz satisfies conditions (a)-
(c) of Definition 2.4 and condition (a) of Definition 3.1 with p = 1 and β = 2, and hence that
φz ∈ Ψ(2) = Ψ(βz) where the latter equality is due to the definition of βz. It is easy to see that
Az in (119) is the “F map” of the minimization problem (116). This observation together with the
remark (i.e., the fifth one) following (70) and the fact that the functions qix, i = 0, . . . ,m, are convex
quadratic imply thatAz is monotone and continuous on Ω. We have thus shown that Definition 3.2(a)
holds.

We will now show that Definition 3.2(b) holds, i.e., that (30) is satisfied. Let z′ = (x′, y′) ∈ Ω be
given. Letting b1 ∈ Rn and b2 ∈ Rm be defined as

b1 = ∇xL(x′, y′)−∇xL(x, y′)−∇2
xxL(x, y′)(x′ − x), (122)

b2 = −(g(x′)− qx(x′)), (123)

it follows from (121) and (69) that F (z′)−Az(z′) = [b1 b2]T , and hence that

‖F (z′)−Az(z′)‖ ≤ ‖b1‖+ ‖b2‖. (124)
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Using relations (122), (85) and the fact that max{‖y′ − y+‖, ‖x′ − x‖} ≤ ‖z′ − z‖ we obtain

‖b1‖ ≤
(
L0 + 〈Lg, y′〉

2

)
‖z′ − z‖2

≤
(
L0 + 〈Lg, y+〉

2

)
‖z′ − z‖2 +

‖Lg‖
2
‖z′ − z‖3. (125)

Moreover, due to condition O.2, (118) and Lemma A.2, we have for every i = 1, . . . ,m,

|fi(x′)− qix(x′)| ≤ Li
6
‖x′ − x‖3, (126)

which, combined with the fact that g = (f1, . . . , fm)T , relations (83), (117) and (123), yields

‖b2‖ ≤
‖Lg‖

6
‖z′ − z‖3 . (127)

The conclusion of (b) now follows immediately from (124), (125), (127) and (120).

The following result is the analogue of Proposition 5.6.

Proposition 5.12. Let z = (x, y) ∈ E and λ > 0 be given and consider the map Az as in (119) and
the functions q0

x and qx as in (118) and (117), respectively.
Then the following conditions on a given pair (x̃, ỹ) ∈ E are equivalent:

(a) (x̃, ỹ) = (I + λ(Az +B))−1(x, y);

(b) x̃ is the unique solution of

min
x′∈Rn

q0
x(x′) +

1

2λ

[∥∥(y + λ qx(x′))+
∥∥2 − ‖y‖2

]
+

1

2λ
‖x′ − x‖2 (128)

and ỹ = (y + λqx(x̃))+;

(c) (x̃, ỹ) is the unique solution of

min
(x′,y′)∈E

q0
x(x′) +

1

2λ

[
‖y′‖2 + ‖x′ − x‖2

]
s. t. qx(x′)− 1

λ
(y′ − y) ≤ 0,

(129)

in which case ỹ is the unique Lagrange multiplier of (129).

Proof. It follows from Proposition 5.1 with f0 = q0
x and g = qx and the definition of Az in (119)

that (b) and (c) are equivalent and that they are both equivalent to (a) of Proposition 5.1 with
F = Az.

We now state the second instance of the GLS-IPE framework based on the approximation Ak of
Lemma 5.11.
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Primal-dual regularized extragradient SQCQP (re-SQCQP) method:

(0) Choose z0 = (x0, y0) ∈ E, 0 < σ` < σu < 1, and set k ← 1;

(1) if zk−1 = (xk−1, yk−1) is a solution of (67), or equivalently 0 ∈ (F + B)(zk−1) where F and B
are defined in (68), then STOP;

(2) otherwise, compute λk > 0 such that the unique solution of the quadratically constrained
quadratic programming (129) with z = zk−1, or equivalently the pair z̃k = (x̃k, ỹk) given by

z̃k = (I + λk(Azk−1
+B))−1(zk−1), (130)

satisfies

σ` ≤ λkφzk−1
(‖z̃k − zk−1‖) ≤ σu, (131)

where Az and φz are defined in (119) and (120), respectively;

(3) set zk = zk−1 − λkvk where

vk =

(
pk

qk

)
:=

(
∇xL(x̃k, ỹk)

λ−1
k (yk−1 − ỹk)−

[
g(x̃k)− qxk−1

(x̃k)
] ) ;

(4) let k ← k + 1 and go to step 1.

end

The following three results are the analogues of Proposition 5.7, Theorem 5.9 and Corollary 5.15,
respectively. Since their proofs are quite similar to the ones of the latter results, we skip most of
their details.

Proposition 5.13. Consider the sequences {λk}, {zk}, {z̃k}, {φk = φzk−1
} and {Ak = Azk−1

}
generated by the re-SQCQP method with F and B given by (68), and define σ̂k, βk, εk and uk as
in (106) and the function ψ : R+ → R+ as

ψ(t) =

(
L0 + 〈Lg, y+

0 〉+ 2‖Lg‖d0

2

)
t+

2‖Lg‖
3

t2, (132)

where d0 is the distance of z0 to (F + B)−1(0), and L0 and Lg are as in condition O.2 and (83),
respectively. Then, the following statements hold for every k ≥ 1:

(a) the triple (βk, φk,Ak) is an approximation of F at zk−1;

(b) relations (31) with σ = σu, (32), (33) and (34) hold.

As a consequence, the re-SQCQP method is a special instance of the GLS-IPE framework with se-
quences {σ̂k}, {βk} and {εk} given by (106). Moreover, the re-SQCQP method satisfies condition
(40) with ψ given by (132).

Proof. The proof follows the same outline as in Proposition 5.7. Using Lemma 5.11, (130), (131)
and (119) instead of Lemma 5.5, (104), (105) and (90), respectively, we conclude that (a) and (b)
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hold and that the re-SQCQP method is a special instance of the GLS-IPE framework with sequences
{σ̂k}, {βk} and {εk} given by (106). By the same reasoning as in Proposition 5.7 we have that
condition (17) holds. Using the latter condition and the triangle inequality, we conclude that

〈Lg, y+
k−1〉 = 〈Lg, y+

0 〉+ 〈Lg, y+
k−1 − y

+
0 〉

≤ 〈Lg, y+
0 〉+ ‖Lg‖‖yk−1 − y0‖

≤ 〈Lg, y+
0 〉+ 2‖Lg‖d0.

The conclusion that the re-SQCQP method satisfies condition (40) now follows immediately from
the above inequality and the definitions of φz(·) and ψ(·) in (120) and (132), respectively.

Theorem 5.14. Assume that max{σ−1
` , (1− σu)−1} = O(1) and consider the sequences {λk}, {z̃k}

and {vk} generated by the re-SQCQP method and the ergodic sequences {z̃ak}, {vak} and {εak} defined
in Lemma 5.8 with εk = 0 for all k. Let d0 denote the distance of z0 to the solution set of (26), L0

and Lg be as in condition O.2 and (83), respectively, and define

m̃0 := max
{
L0, 〈Lg, y+

0 〉
}
. (133)

Then, all the conclusions of Theorem 5.9 hold with m0 replaced by m̃0.

Proof. The proof is similar to that of Theorem 5.9 except that it uses m̃0, Proposition 5.13, (132)
and (133) in place of m0, Proposition 5.7, (107) and (108), respectively.

Corollary 5.15. Assume that max{σ−1
` , (1−σu)−1} = O(1) and consider the re-SQCQP method in

which, at every iteration k, the Bracketing/Bisection procedure with initial stepsize λ0
k = 1 is used to

find a stepsize λk > 0 satisfying the conditions of step 2. Let d0 and Lg be as in Theorem 5.14 and
m̃0 as in (133). Then, all the conclusions of Corollary 5.10 hold with m0 replaced by m̃0.

Proof. The proof is similar to that of Corollary 5.10 except that it uses Theorem 5.14, Proposi-
tion 5.13, m̃0 and (132) in place of Theorem 5.9, Proposition 5.7, m0 and (107), respectively.

A Appendix

The proofs of the following two lemmas can be found in [6, Lemmas 4.1.12 and 4.1.14].

Lemma A.1. Let H : Rn → Rn be continuously differentiable such that there exists a nonnegative
constant L satisfying

‖H ′(x̃)−H ′(x)‖ ≤ L‖x̃− x‖ ∀x, x̃ ∈ Rn .

Then,

‖H(x̃)−H(x)−H ′(x)(x̃− x)‖ ≤ L

2
‖x̃− x‖2 (134)

for all x, x̃ ∈ Rn.
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Lemma A.2. For any twice continuously differentiable function f : Rn → R with L-Lipschitz
continuous Hessian we have

|f(x̃)− f(x)− 〈∇f(x), x̃− x〉 − 1

2
〈x̃− x,∇2f(x)(x̃− x)〉| ≤ L

6
‖x̃− x‖3 (135)

for all x, x̃ ∈ Rn .

Proposition A.3. Let X ⊂ Rn and Y ⊂ Rm be given convex sets and Γ : X × Y → R be a function
such that, for each (x, y) ∈ X × Y , the function Γ(·, y) − Γ(x, ·) : X × Y → R is convex. Suppose
that, for i = 1, . . . , k, (x̃i, ỹi) ∈ X × Y and (pi, qi) ∈ Rn × Rm satisfy

(pi, qi) ∈ ∂εi (Γ(·, ỹi)− Γ(x̃i, ·)) (x̃i, ỹi) .

Let α1, · · · , αk ≥ 0 be such that
∑k

i=1 αi = 1, and define

(x̃ak, ỹ
a
k) =

k∑
i=1

αi(x̃i, ỹi), (pak, q
a
k) =

k∑
i=1

αi(pi, qi),

εak =
k∑
i=1

αi [εi + 〈x̃i − x̃ak, pi〉+ 〈ỹi − ỹak , qi〉] .

Then, εak ≥ 0 and

(pak, q
a
k) ∈ ∂εak (Γ(·, ỹak)− Γ(x̃ak, ·)) (x̃ak, ỹ

a
k) .

Proof. See [12, Proposition 5.1] .
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