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ABSTRACT. In a general Hilbert framework, we consider continuous gradient-like dynamical systems
for constrained multiobjective optimization involving non-smooth convex objective functions. Based
on the Yosida regularization of the subdifferential operators involved in the system, we obtain the
existence of strong global trajectories. We prove a descent property for each objective function,
and the convergence of trajectories to weak Pareto minima. This approach provides a dynamical
endogenous weighting of the objective functions. Applications are given to cooperative games,
inverse problems, and numerical multiobjective optimization.
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INTRODUCTION

Throughout the paper, H is a real Hilbert space with scalar product and norm denoted by (-, )
and || - || = \/(:,) respectively. We are interested with a gradient-like dynamical approach to the
Pareto optima of the Constrained Multiobjective Optimization problem ((CMO) for short)

(CMO) min{F(v): ve K}

where F': H — R?, F(v) = (fi(v));=1,_4 ¢ € N*. Working in a general Hilbert space (possibly
infinite dimensional) covers both applications in decision sciences and engineering. We make the
following standing assumptions on the multiple objective functions (f;)i=1,2, 4, and constraint K:

HO) K C H is a closed convex nonempty set.
For each i =1,2,...,q, f;:H — R is a real-valued function which satisfies:

H1) f; is convex continuous. It is supposed to be Lipschitz continuous on bounded sets. Equiv-
alently, its subdifferential df; : H — 2% is bounded on bounded sets;

H2) f; is bounded from below on H.

We are interested in this paper with the lazy solutions (also called slow solutions, see [10, Ch.
6, section 8]) of the differential inclusion
(1) u(t) + Nic(u(t)) + Conv {0fi(u(t))} 0,

which is governed by the sum of the two set-valued operators u — Ng (u), and u +— Conv {9 f;(u)}.
For u € K, Nk (u) is the normal cone to K at u, a closed convex cone modeling the contact forces
which are attached to the constraint K. Besides, Conv {0 f;(u)} denotes the closed convex hull of
the sets {0f;(u); i = 1,...,q}, and models the driving forces which govern our system.
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Lazy solution means that the trajectory chooses a velocity which has minimal norm among all
possible directions offered by the differential inclusion. This type of differential inclusion occurs in
various domains (mechanics, economics, control...), and has subsequently be the object of active re-
search, see for example [5], [9], [13], [20]. Precisely, for any u € K, the set —Ng (u) — Conv {df;(u)}
is a closed convex set, therefore it has a unique element of minimal norm, denoted as usual
(—Ng(u) — Conv {df;(u)})". The direction s(u) := (—Ng (u) — Conv {8 fi(u)}) is called the mul-

tiobjective steepest descent direction at u, and the associated dynamical system

0
@ (MOG) u<t>+(Nm(t))+Conv{afi<u<t>>}) _o,

is called the Multi-Objective Gradient system, (MOG) for short. It was first investigated by Henry
[31], Cornet [21], [22], [23], and Smale [38] in the seventies (in the finite dimensional case, and in the
case where the objective functions f; are smooth), as a dynamical model of allocation of resources
in economics (planification procedure).

From the point of view of modeling, we will show that the (MOG) system has the following prop-
erties:

a) It is a descent method, i.e., for each i = 1,...,q, t— fi(u(t)) is nonincreasing.

b) Its trajectories converge to weak Pareto optimal points.

¢) The scalarization of the multiobjective optimization problem is done endogeneously. At time
t, the vector field which governs the system involves a convex combination Y ¢, 0;(£)0f;(-) of the
subdifferential df;(-), with scalars 0;(¢) which are not fixed in advance. They are part of the process,
whence the decentralized features of this dynamic.

Indeed, this system provides a weighting of the different criteria which offers applications in vari-
ous domains, and which are still largely to explore. In inverse problems, signal/imaging processing,
putting convenient weights on the data fitting term, and the regularization, or sparsity term is a
central question. In game theory, economics, social science, management, the multiobjective steep-
est descent direction has attractive properties: it improves each of the objective functions, while
putting a higher weight on the “weakest”agents, a key property of the interaction between coop-
erating agents. In addition, for each trajectory, the Pareto equilibrium which is finally reached, is
not too far from the initial Cauchy data. In some particular situations, it is the projection of the
initial data on the Pareto set.

Mathematical analysis of (MOG) gives rise to general statements whose formulation is simple,
but some proofs are quite technical. The dynamic is governed by a vector field, u +— s(u), which
is discontinuous. Indeed, the multivalued operators u — Ng(u) and u — Conv {9f;(u)} are only
upper semicontinuous (with closed graphs). Moreover, in general, u — s(u) is not a gradient vector
field, nor Lipschitz continuous, and v — —s(u) is not a monotone operator. Let us list our main
results concerning the (MOG) dynamical system. A section is devoted to each of them.

i) In Theorem 1.9, section 1, based on von Neumann’s minmax duality theorem, we provide equiv-
alent formulations of the multiobjective steepest descent direction: instead of the subdifferential
operators, they make use of the directional derivatives of the objective functions.

ii) In Theorem 2.2, section 2, we prove the weak convergence of the trajectories of (MOG) to
weak Pareto optimal solutions of the constrained multiobjective optimization problem (CMO). Our
proof is in the line of the proof of convergence of the steepest descent by Goudou and Munier [30]
in the case of a single (quasi-convex) objective function; it makes use of Lyapunov analysis and
Opial’s lemma.

iii) In Theorem 3.1, section 3, assuming further that # is finite dimensional, we prove the
existence of strong global solutions to (MOG). This is the more delicate part of the mathematical
analysis. We provide a constructive proof which is based on the Yosida approximation of df;, and
Peano existence theorem for differential equations. The regularized equations are relevant of the
existence results which have been obtained in [6]. The difficult point is to pass to the limit on the
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regularized differential equations, as the regularization parameter goes to zero, because the vector
field which governs our dynamic is not continuous, nor monotone.

iv) In section 4, some modeling and numerical aspects are discussed for the (MOG) system. We
first consider some connections between (MOG) and modeling in cooperative games, and inverse
problems (signal/imaging processing). Then, by time discretization of (MOG), we introduce nu-
merical algorithms for nonsmooth constrained multiobjective optimization, and make the link with
the recent studies of Fliege and Svaiter [25], Grana Drummond and Svaiter [27], Bonnel, Iusem and
Svaiter [14].

We end with a conclusion and some perspectives.

1. PARETO OPTIMALITY AND MULTIOBJECTIVE STEEPEST DESCENT

As a preliminary, let us make precise some classical notions of variational analysis. Given a
proper lower-semicontinuous convex function f : H — RU {400}, its subdifferential Of(u) is the
closed convex subset of H defined for any u € H by

Of(u) ={peM: f(v) = fu)+ (p,v—u) VveH}.

In the special case where f = §x is the indicator function of a nonempty closed convex set K C H,
the subdifferential of 6k at u € K is the normal cone to K at u, denoted Ng (u). The subdifferential
operator enjoys the following additivity rule: let f and g be two proper lower-semicontinuous convex
functions such that one of them is continuous at a point belonging to the domain of the other, then

o(f+9)(v) =0f(v) +0g(v) forall v e H.

Suppose now that f is locally Lipschitz continuous. Then the subdifferential of f at ©v € H is a
nonempty closed convex and bounded set. It is also interesting to consider the directional derivative
of f at u € H in the direction d € H, defined by

td) —
df(u, d) = 1im 20T = F0)
t10 t
It is in duality with the subdifferential since df (u,d) is equal to sup{(p,d) : p € 9f(u)}. Thus, in

our context, this directional derivative takes only finite values. Furthermore, for all u € H, df (u, -)
is convex and Lipschitz continuous on H.

1.1. Pareto optimality. When considering problem (CMO), which is to minimize various cost
functions on K, we seek a solution in the sense of Pareto, i.e., none of the objective functions can
be improved in value without degrading some of the other objective values. It is a cooperative
approach, the mathematical formulation is described below.

Definition 1.1. (Pareto optimality)

i) An element u € K is called Pareto optimal if there does not exist v € K such that f;i(v) < fi(u)
foralli=1,..,q, and f;j(v) < fj(u) for one j €1,....q.

ii) An element u € K is called weak Pareto optimal if there does not exist v € K such that
filv) < fi(u) foralli=1,....q.

We equip R? with the order y < z & y; < z; for all ¢ = 1,...,q, and the strict order relation
y<z<y <z forall i =1,...,q. Then Pareto optimality admits an equivalent formulation:
u € K is Pareto optimal iff there does not exist v € K such that F(v) < F(u) and F(v) # F(u),
while u is a weak Pareto optimum if there does not exist v € K such that F(v) < F(u). These
optimality notions can be generalized by considering orders generated by convex cones (see [39]).

In the case of a single objective function f, Pareto and weak Pareto optima coincide with the
notion of global minimizer. Writing the necessary optimality condition leads to the notion of critical
point, namely Nk (u) + df(u) 0. A similar approach exists for Pareto optimality:
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Definition 1.2. Denote by S9={0 = (6;) e R1:0<6;, <1, > 6, =1} the unit simplex in RI.
We say that uw € K is a Pareto critical point of the constrained multiobjective optimization problem
(CMO) if there ezists (0;) € ST such that

(3) Nic(u) + Y 0:0fi(u) 3 0.
=1

In the differentiable case, this notion has been considered by Smale in [38], Cornet in [21], see
[11], [27], [39] for recent account of this notion, and various extensions of it. It is a multiobjective
extension of the Fermat rule, and (see below) a first-order necessary optimality condition for (local)
vectorial optimization. Note that equivalent formulations of this notion can be given, thanks to
the positive homogeneity property of the formula: the condition Y 7 ; 6; = 1 can be dropped, just
assuming the 6; to be nonnegative, and at least one of them positive.

Let us respectively denote by P, P,, and P. the set of Pareto optima, weak Pareto optima,
and Pareto critical points. Clearly, P C P, always holds. In the case of convex multi-objective
optimization, critical Pareto optimality is a necessary and sufficient condition for weak Pareto
optimality. Let us state it in a precise way.

Lemma 1.3. Let f; : H — R, i=1,...,q be convex objective functions. Then Py, = P.. Assuming
further that the objective functions are strictly convex, then all these concepts of Pareto optimality
coincide, i.e., P = Py = Pe.

Proof. The inclusion P,, C P, is obtained for convex functions by a direct application of the Hahn-
Banach separation theorem (see for example [21, Proposition 1.1], [39], [11]). Let us prove the
reverse inclusion. Let u € P.. Then, u is a (global) solution of the convex minimization problem

(4) min{ Z&fi(v): UEK}
i=1

for some 6; € [0,1] which are all nonnegative, and at least one of them positive. Indeed, (4) forces

u to be a weak Pareto minimum. Otherwise, there would exist some v € K such that f;(v) < fi(u)

for all ¢ = 1,...,q, which would imply (one uses the fact that at least one of the 6; is positive)

S 0ifi(v) < 308 0ifi(u), a clear contradiction. Now suppose that the objective functions are
q

strictly convex, then ) 0;f; is also strictly convex (we use again the fact that at least one of the
i=1
0; is positive), and v is its unique minimizer over K. If we assume the existence of v € K such

q

that f;(v) < fi(u) for all i = 1, ..., g, this would imply that v is also a minimizer of > 6, f; over K.
i=1

Hence v = u, and u is Pareto optimal. ]

1.2. Multiobjective steepest descent direction. We discuss the concept of multiobjective de-
scent direction, and present a multiobjective steepest descent direction, by analogy with the case
of a single criterion. Considering the problem of minimizing a single objective f over K, we say
that d is a descent direction at v € K when df (u,d) < 0, and d lies in the closed convex tangent
cone to K at u, which is defined as the polar cone of Nk (u)

Tr(u) :={veH:(v,n) <0 foralln € Ng(u)}.

Following Smale [38], let us generalize this notion of descent direction for the multiobjective opti-
mization problem (CMO).

Definition 1.4. Considering the problem (CMO), we say that d € H is a multiobjective descent
direction at u € K if dfi(u,d) <0 for each i € {1,...,q}, and d € Tk (u).
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Remark 1.5. Define the closed convex hull of the subdifferentials at ©w € H

Conv {dfi(u); i =1,...,q} := {Z Oipi : pi € Ofi(u), (0;) € ST}.

i=1
To simplify the notation we just write Conv{9df;(u)}. Then, from the dual characterization
dfi(u,d) = sup{(p,d) : p € 0f(u)} and the definition of Tk (u), d is a multiobjective descent
direction at u iff
(p,d) <0 and (n,d) <0 Vpe Conv{dfi(u)},Vn € Nk (u).
It is therefore clear that no multiobjective descent direction can be found at a critical Pareto v € P,
since this is equivalent to 0 € Nk (u) + Conv {0fi(u)}.
Let us define the vector field that governs our dynamical system.

Definition 1.6. For any u € K, the unique element of minimal norm of the closed conver set
—Ng(u) — Conv{0fi(u)} is called the multiobjective steepest descent direction at w. It is denoted

by
0
(5) s(u) := (— Nk (u) — C’onv{@fi(u)}> .

Note that, for any u € K, the set —Ng(u) — Conv{df;(u)} is a closed convex set, as being equal
to the vectorial sum of two closed convex sets, one of them being bounded. Hence, it has a unique
element of minimal norm, and s(u) is well defined. See Theorem 1.9 for an equivalent formulation of
the multiobjective steepest descent direction that makes use of dual notions, namely the directional
derivatives of the objective functions, and the tangent cone to K. This vector field clearly satisfies
u € P. < s(u) = 0. Furthermore, for any u ¢ P,, s(u) is a multiobjective descent direction:

Proposition 1.7. For all u € K we have
(6) (s(u),p) < —lls)|* for all p € Conv{dfi(u)}.

In particular, s(u) is a multiobjective descent direction at any u € K \ P..

The above result has a simple geometrical interpretation. Take for simplicity the unconstrained
problem, ie., K = H and two criteria f1, fo. Then —s(u) is the orthogonal projection of the
origin on the vectorial segment [V fi(u), V fa(u)]. By the classical result on the sum of the angles
of a triangle, this forces the angles bewteen —s(u) and V fij(u), ¢ = 1,2 to be accute, and hence

(s(u), Vfi(u)) <0. In order to prove Proposition 1.7, and in the following, we will make frequent
use of the Moreau decomposition theorem [32].

Theorem 1.8. (Moreau) Let T' be a closed convex cone of a real Hilbert space H, and N be its
polar cone, i.e., N ={v e H: (v,§) <0 for all £ €T}. Then, for allv € H there exists a unique
decomposition

v=vr+uvy, vr€T, vy €N;
(vr,on) = 0.
Moreover, vp = projp(v), and vy = projy(v).
Proof of Proposition 1.7. We introduce the notation C(u) = Conv {Jf;(u); i =1,...,q}. By defini-

tion, —s(u) is the projection of the origin onto the closed convex set Ni(u) + C(u). Hence, using
that 0 € Ng (u), we have for any p € C(u)

(7) (0= (=s(u)),p — (=s(u))) <0,
that is
(8) ls(u)[|” + (s(u),p) <0
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which is the desired inequality. Verify now that s(u) is a multiobjective descent direction at
0
u € K\ P.. By definition of s(u), we can write s(u) = <z - NK(u)) for some z € —C(u). Since

Tk (u) is the polar cone of Nk (u), then by Moreau decomposition theorem,

0
<z - NK(U)> = 2 = PrOj Ny (u)?

= Projry (u)?
which shows that s(u) € Tk (u), and concludes the proof. O
Now that we have established that s(u) is a multiobjective descent direction, one may wonder

why it is called the steepest descent direction. Observe first that in the case of a single differentiable
objective function f, and a constraint K, the direction s(u) at u € K is given by

(9) s(u) = (=Nk(u) = Vf(u)))°,
(10) = Projry (u) (= Vf(w))-
s(u)

It is known that the normalized vector Ts(a)l is the solution, when V f(u) # 0, of the minimization

problem

min { df (u,d) : d € Tk(u), ||d|| =1},
whence the name of steepest descent direction for projr, ,)(—V f(u)). As shown below, this steepest
descent property can be extended to the multiobjective case:

s(u) = argmin { max (u . u _
. Is(w] — *® {“,._.,qdﬁ( () d € Ti(u), |d] 1}.

Moreover, in the case of a single differentiable objective function, it can be easily verified that

(12) s(u) = argmin {;HUHQ +df(u,d): de TK(u)} ,

and this further characterization will also be generalized to the multiobjective case. In addition, we
make a link between the formulations (12) and (11), by introducing a continuum of characterizations
based on the use of ||-||", these two situations corresponding to = 2, and the limiting case r = +o0.

Theorem 1.9. Let u € K\ P.. Then s(u) can be formulated in the following equivalent forms:

0
(13) 1. s(u) = (— Nk (u) — Conv {8fl(u)}>

(14) 2. 8(7u)r_2 = argmin {Hd”r + max df;(u, d)} for all r €]1,400[
()5 dan Lr
s(u) = argmin{ max dfi(u,d)}.
q

[|s(w)l veTy (u) L=
[[lv]=1

(15) 3.

Remark 1.10. The equivalence between formulations 1. and 3. of the steepest descent direction
has been first obtained, in the finite dimensional and smooth case, by Cornet in [21, Proposition
3.1]. Formulation 2 appears in Fliege and Svaiter [25] in the smooth case, for r = 2 :

1
s(u) = argmin {HdH2 + max df;(u, d)} ,
deTrc(u) | 2 =1,

but the equivalence between formulations 1. and 2. is seemingly new. The second formulation for
r # 2 is new, although it was stressed in [25] that %[|d||? could be replaced by any positive proper
L.s.c strictly convex function which is dominated by the norm around the origin. The interest of



Dynamical Pareto-optimization with nonsmooth convex objective functions 7

considering r arbitrary large is that we can see -at least formally- the third formulation as the limit
of the second when r — +00 : Z=2 tends to 1, while the function 1| - ||" is pointwise converging to
the indicator function of the unit ball dg(g 1)(-)-

The following proof is based on duality arguments (von Neumann’s min-max theorem) which
were first introduced in the smooth differentiable case in [21]. The extension of these results to the
non-smooth case is nontrivial and requires some adjustments. In addition, the third formulation is
obtained from the second, using an epiconvergence (I'-convergence) argument.

Proof of Theorem 1.9. In all that follows, C(u) denotes Conv{df;(u)}, where u is a fixed element
of K\ P.. As a consequence, s(u) # 0.
Let us start by proving item 2. Because of the powered norm term, d — %HdHT +. max dfi(u,d) is
1=1,...,q

a coercive strictly convex function. Therefore, there exists a unique solution d to the minimization
problem

1
16 i —d|I" + i, d) p.
(16) dg;l;rzu){rll "+ mmax max (p >}

Let us show that d = s(iu)r_Q We use a duality argument which relies on the equivalent formu-
s(u)[ =1
lation of (16) as the convex-concave saddle value problem

1
17 i 2 + (p,d) V.
") e {1l ) |

It is associated with the convex-concave Lagrangian function
1
L(d,p) = —|d" + (p, )

defined on T (u) x C(u). Since L is convex and coercive with respect to the first variable, and C(u)
is bounded, by the von Neumann’s minimax theorem (see [3, Theorem 9.7.1]) there exists p € C(u)
such that (d,p) is a saddle point of (17), that is

(18) inf L(d,p) = L(d,p) = sup L(d,p).
deTr (u) pEC(u)
For any p € C(u) let us define
I N A
(19) dlp) = angain { )"+ () |
deTx (u) LT

Writing down the optimality condition for the above primal problem gives

(20) d(p) = Proj7y (u) (Hd(]:)]ﬁrz) )

which, by Moreau’s theorem, can be rewritten as

1 0
(21) d(p) = 7= (=P — Nk (u))".
[d(p)["—>
Observe that (d,p) being a saddle point of L implies d = d(p). Thus we just need to prove that
d(p) = s(iul,z To identify p, we use the dual formulation
l[s(u)[ =T
(22) p—argmax min {2dl" + (0}
= X - 9 ’
peC(u) d€Tk(u) T
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which, by (19) and (20), can be rewritten as

_ 1 _ —p ) —p
(23) p = argmax ~||d(p)||" — [|d(p)|I" > (5= PrOJryc (u <>>
peCu) T [d(p)[I"—2 et \ Jld(p) =2
Using Moreau’s theorem, we obtain
i 1 _ . 4 2
(24) p = angmax )" = [ proin o (s ) I
peC(u) T T () Hd(p)”r 2

which, by (20) and r €]1, 400}, is equivalent to

(25) p = argmin [|d(p)||""".

p€EC(u)
From (21,) we know that ||d(p)||"~! = || (—=p — Nx(u))" ||. Therefore, s(u) = (—p — N (u))? with
1d(p)||I"~! = ||s(u)||. Using again (21), we obtain d(p) = —"L_, | as expected.

l[s(u)]| 71
Let us complete the proof by proving the third characterisation. As we said in Remark 1.10,
it relies on a limit argument. Define, for any r > 1, the functions F, : d € H — *||d|" +
max dfi(u,d) + 01, (u)(d). It can be easily verified that the sequence (F.),~1 epiconverges when

Z:17"'aq
r — +00 to

F:deH— 5{H'||§1}(d) + iiI%aX dfi(u, d) + 6TK(u)(d)-

yeeesq
From (14) and [3, Theorem 12.1.1] we can deduce that

(26) s(u) = argmin { ‘max df;(u, d)} ,
sl very(u) =10
llvll<1
where the inequality constraint ||v]| < 1 can be replaced by [jv|| = 1, since HiEZ;H is a normalized
vector.

0

1.3. The Multi-Objective Gradient dynamic. Here we present and discuss the continuous
dynamic governed by the multiobjective steepest descent vector field u +— s(u).

In [38], Smale defined the notion of gradient process for the multiobjective optimization problem
(CMO). 1t is a differential equation

(27) a(t) = p(u(t))
where ¢ : K — H is a mapping which satisfies the following properties:

(28) { igug is 3 n‘afultiol;gective descent direction whenever u ¢ P,
u)=0 ifueP..

The interest of such a gradient process is twofold : the stationary points of the dynamic are exactly
the critical Pareto points, and as long as u(t) is not a critical Pareto point, all the objective functions
are decreasing. Clearly, from its definition and Proposition 1.7, the vector field u — s(u) induces
a gradient process, defined as follows :

Definition 1.11. The dynamical system which is governed by the vector field u — s(u), is called
the Multi-Objective Gradient system. Its solution trajectories t — u(t) verify

0
(29) (MOG) u(t) + (NK(u(t)) + Conv {8fz(u(t))}> = 0.
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Remark 1.12. Instead of considering the vector field u +— s(u) to govern our dynamic, we could
have chosen one of the directions that appear in Theorem 1.9. In fact, each of them induces a
gradient process. From the viewpoint of the dynamic system, these directions generate the same
integral curves, with a different time scale.

In [38], the vector field ¢ governing the gradient process is continuous, in a finite dimensional
setting. In our context, the corresponding notions have been extended in order to cover dynamical
systems governed by a discontinuous vector field on a general Hilbert space, as the (MOG) dynamic.
In particular, instead of classical (continuously differentiable) solutions, we will consider strong
solutions (absolutely continuous on bounded time intervals), the equality (29) being satisfied almost
everywhere. Let us make precise this (see [16, Appendix]| for more details):

Definition 1.13. Given T € R™, a function u : [0,T] — H is said to be absolutely continuous if
one of the following equivalent properties holds:
i) there exists an integrable function g : [0,T] — H such that u (t) = u (O)+f0t g(s)ds Vt €[0,T7;
ii) u is continuous and its distributional derivative belongs to the Lebesgue space L' ([0,T];H);
ii1) for every € > 0, there exists n > 0 such that for any finite family of intervals I, = (ay, by),
LN =0 fork#j and 37 by — ap] <= llu(br) —u(ar) || <e.

Moreover, an absolutely continuous function is differentiable almost everywhere, its derivative co-
incide with its distributional derivative almost everywhere, and one can recover the function from
its derivative v/ = ¢ using the integration formula (i). We can now make precise the notion of
solution for the (MOG) dynamic (recall that S? denotes the unit simplex in RY).

Definition 1.14. We say that u(+) is a strong global solution of (MOG) if the following properties
are satisfied:

(i) u: [0, +oo[— H is absolutely continuous on each interval [0,T], 0 < T < +o0;

(7) there exists n : [0, +oo[— H, v; : [0, +o00]— H, 6; : [0,4+00[— [0,1] i=1,2,...,q which satisfy

[0
(30) 0; € L=(0,+00;R), (0;(t)) € S for almost all t > 0;
(31) v; € L0, T;H), ne€L?0,T;H) forallT >0 and alli=1,2,...,q;
(32) n(t) € Ng(u(t)), vi(t) € Ofi(u(t)) for almost all t > 0;
(33) au(t) +n(t) + Z 0;(t)vi(t) =0 for almost all t > 0;

(34) u(t) + (N (u(t)) + Conv {0fi(u(t)})° =0  for almost all t > 0.

Now we can establish the first qualitative properties of strong solutions of (MOG). First, we
show that trajectories satisfy a local Lipschitz continuity property. Second, as announced, we show
that the objective functions are decreasing along the trajectories.

Proposition 1.15. Let us make assumptions H0), H1). Then for any strong global solution t €
[0, 400 u(t) € H of (MOG), the following properties hold:

i) Descent property: for each i = 1,....,q, t — fi(u(t)) is a nonincreasing absolutely continuous
function, and for almost all t > 0

d .
3 fitu®) < i)

i1) Lipschitz continuity: The trajectory u is Lipschitz continuous on any finite time interval [0,T].
If moreover it is bounded, w is Lipschitz continuous on [0, +o0].

(35)

This Proposition is a direct consequence of Proposition 1.7 and the following generalized chain rule
from Brézis:
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Lemma 1.16. [16, Lemma 4, p.73] Let ® : H — R U {+o0} be a closed convexr proper function.
Let uw € L*(0,T;H) be such that & € L*(0,T;H), and u(t) € dom(d®) for a.e. t. Assume that
there exists ¢ € L*(0,T;H) such that £(t) € 0®(u(t)) for a.e. t. Then the function t — ®(u(t))
is absolutely continuous, and for every t such that u and ®(u) are differentiable at t, and u(t) €
dom(0®), we have

d

vp € 02(u(t),  —®(u(t) = (a(t), p)-

Proof of Proposition 1.15. i) By definition of (MOG), for almost all ¢ > 0, 4(t) = s(u(t)) holds.
Hence, using Proposition 1.7, for any p € Conv {9 f;(u(t))}

(36) la(8)]1* + (a(t), p) < 0.

Moreover, for almost all t > 0, there exists v;(t) € df;(u(t)) with v; € L2(0,T;H). Hence taking
p =v;(t) € Conv {0f;(u(t))} in (36) yields

(37) la(®)]1* + (a(t), vi()) < 0.

The derivation chain rule is valid in our situation, see Lemma 1.16. Hence, f;(u) is absolutely
continuous on each bounded interval [0, T, which, by (37), gives for almost all ¢ > 0

(39) () + 2 faCu(t)) < 0.

As a consequence, %fi(u(t)) <0, and for each i = 1, ..., ¢ the function ¢t — f;(u(t)) is nonincreasing.
i1) By Definition 1.14 of a strong global solution, we can write

i(t) +7(6) + 3 0i(t)ui(t) = 0

with n(t) € Ng(u(t)), vi(t) € 0fi(u(t)),(0;(t)) € ST for almost all ¢ > 0. Let us argue on some
[0,T]. Since 9f; is bounded on bounded sets, and (0;(t)) € S?, we have

u(t) +n(t) = g(t)
with g := =), 6;v; € L*°(0,T;H). Taking the scalar product with «(t), we obtain
(39) [a()]* + (n(t), a(t)) = (g(t), a(t)) .

Note that the normal cone mapping Nk is the subdifferential of dx, the indicator function of K.
Using the derivation chain rule, we have

) d
(40) (n(t), a(t)) = =0k (u(?)) = 0.
Combining (39), (40) and the Cauchy-Schwarz inequality, we obtain
()l < lg(@®)]-
Hence, u € L*(0,T;#), which is equivalent to the Lipschitz continuity of w. If w is bounded, just
notice that g € L>°(0, +00; H), and conclude in a similar way. O

1.4. Examples. We now illustrate the (MOG) dynamic through some simple examples in H =
R x R. They suggest that its study is nontrivial, because (MOG) is governed by a vector field that
is neither monotone, nor locally Lipschitz: without any further assumption, we cannot expect more
than the Holder continuity of this field vector (see [6], and Example 3 below).

Example 1. Take the quadratic functions fi(x,y) = %(334—1)24—%3/2 and fo(z,y) = %(:L’— 1)2—1—%?;2.
The corresponding Pareto set is P = P, = [—1,+1] x {0} and the steepest descent is given by :
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—(z—1,y) if z>1,
(41) s(z,y) =< —(0,y) if —1<z<1,
—(z+1,y) if z<—-1.

Figure 1 shows some trajectories of the (MOG) dynamic. Trajectories are straight lines connecting
the starting point and its projection on P. On this example, we can observe that (MOG) is different
from the descent dynamics associated with a scalarized function «fi+ fo, @ > 0. It is neither related
to the descent dynamic associated to the max function f = max f;. Indeed, when starting from
some (zg,%0) with xg > 1, the trajectory of the steepest descent for f = max f; is first oriented
toward the Pareto equilibrium (—1,0), while the trajectory of (MOG) is oriented toward (1,0).

Figure 1

Example 2. Let fi(z,y) = 322 and fo(z,y) = 2y>. Here P = {(0,0)} and P, = Rx {0}U{0} xR.
The multiobjective steepest descent vector field, once computed, is:

2 2
s(x,y) = — <x2xi ot e y2> if (2,) # (0,0), (0,0) = (0,0),

Observe that (z,y) — s(x,y) is a nonlinear vector field, and it is not a gradient vector field.
Moreover, trajectories tend to move away from each other (see Figure 2), which reflects the fact
that (z,y) — —s(x,y) is not a monotone operator. Indeed, for z >0, y >0, z # y

(~s(r) +0,2), (7.9) ~ () = 220 <0
/ B
s(z,y)
: x
Figure 2
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Example 3. Let fi(z,y) = %(:cQ—i—yQ) and fa(x,y) = x. The corresponding Pareto set is P = P, =
| — 00,0] x {0}. Once computed, we see that the steepest descent vector field is defined according
to three areas of the plane (see Figure 3):

—(1,0) if z>1,
(42) s(x,y) = —(z,y) if (x— %)2 +y2 < ia
ot WA (1 —2))  else.

As in the previous example, this vector field is neither linear nor a gradient vector field, or mo-
notonous. Moreover, it is not locally Lipschitz. The lack of Lipschitz continuity occurs at the
point (1,0), where the vector field ”splits” into three parts. Figure 4 provides a simple example

of parameterized vectors ug, vy that converge both to (1,0) when 6 goes to zero, but such that

lis(ue)=s(vo)ll . @
-0

|s(ug) — s(vg)|| = sin() and |jug — vg|| = sin(f) tan(f). As a consequence, Ty —vg] 2 18

unbounded when 6 — 0.

r=1
Figure 3
Vo
Ug
N
(0,0)e—10 N(1,0)
Figure 4

1.5. Related dynamics. When there is just one objective function f, since df(u(t)) is a closed
convex set, the (MOG) system specializes to

0
u(t) + <NK(’LL(t)) + 6f(u(t))> =0.
Indeed, this system is equivalent to

u(t) + Nic(u(t) + 0f (u(t)) 3 0,
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because, in this case, the lazy solution property is automatically satisfied by the trajectories of the
semigroup of contractions generated by the maximal monotone operator Ng +9f, see [16, Theorem
3.1]. In particular, our existence and asymptotic analysis for (MOG) in Sections 2 and 3 extends
the well-known results for the nonsmooth gradient flow (see [16]).

This leads us to ask a natural question, which is the study of the relationship (or differences)
between (MOG) and the Multiobjective Differential Inclusion ((MDI) for short)

(43) (MDI) a(t) + Ng(u(t)) + Conv {9 f;(u(t))} 3 0.
It appears that (MDI) enjoys a weaker form of Proposition 1.15 7) :

Proposition 1.17. Let t € [0,4o00[— u(t) € H be a strong global solution of (MDI) in the sense
of Definition 1.14 (except the lazy property). Then for almost all t > 0, such that u(t) ¢ P., there
exists some i € {1,---,q} (which depends on t) such that

< fitu(t)) <0
Proof. Since u is a strong solution of (MDI), there exists n : [0,+oo[— H, v; : [0,+o0[— H,
0; : [0, +00[— [0,1] i = 1,2,...,q which satisfy
0; € L*°(0,+o0;R), (6;(t)) € S? for almost all ¢ > 0;
v; € L®(0,T;H), neL*0,T;H) forallT >0 andalli=1,2,..,q;
n(t) € Ni(u(t)), vi(t) € dfi(u(t)) for almost all ¢ > 0;
a(t) +nt) + > 0i(t)vi(t) =0 for almost all ¢ > 0;

Taking the scalar product of the above equation with «(t), we obtain
(44) (N + (n(t), () + Y 6:(t) (vi(t), a(t)) = 0.

The derivation chain rule is valid in our situation, see Lemma 1.16. Hence, f;(u) is absolutely
continuous on each bounded interval [0, 7], which gives, for almost all ¢ > 0

d
(45) o fiu(t)) = (vi(t),a(t)) .
By a similar argument using the indicator function dx of K (recall (40)) we have
d
(46) 0= 0k (u(t)) = (1), a(t)) -
Combining (44) with (45), (46), we obtain
d
(47) la()|® + Z@*(t)@fi(u(t)) <0.

Since u(t) ¢ P., we have u(t) # 0. Hence
(13) S 0u(0) 5% u(0) < 0.

Since (0;(t)) € S, this clearly implies that at least one of the derivatives %fz(u(t)) is negative. [J

Remark 1.18. Proposition 1.17 tells us that, for any trajectory of (MDI), for almost all ¢ > 0,
at least one of the objective functions decreases. We will illustrate this on a few examples, and
highlight the fact that, by contrast, for (MOG) trajectories, they are all decreasing.

a) Consider the steepest descent dynamic associated to one of the objective functions, say f;, i
being fixed. Clearly, 0f;(u) C Conv{df;(u)}, and the corresponding trajectories are solutions of
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(MDI). The strategy consisting in taking care of only one objective function f;, clearly leads to
Pareto equilibria, but fails in general to improve all the objective functions.
b) The scalarization approach consists in taking a constant convex combination of the objective

q
functions fy = > 0;f;, with 8 € S%. The sum rule for continuous convex functions gives, for any

=1
u€eH
q
(49) Ofs(u) = 0:0fi(u),
=1

and clearly 0 fp(u) C Conv {0f;(u)}. By Bruck’s theorem [19], any orbit of the generalized gradient
flow generated by Ofy converges to a minimizer of fy, which, by Lemma 1.3, is a weak Pareto
optimal point. But, in general, this approach fails to improve all the objective functions. Take for
instance in Example 1 any 6 = (A, (1 — X)) for A €]0, 1]. When starting from (1,0), the trajectory
goes straight to (1 — 2\,0) by decreasing fi but increasing fo.

c¢) Consider the steepest descent dynamic associated to the function f = max; f;. This dynamic
has some similarities with (MOG), but it is different. As a supremum of a finite number of con-
vex continuous functions, f is still convex continuous. The classical subdifferential rule for the
supremum of convex functions, see for example [12, Theorem 18.5], gives (in our setting)

(50) Of(u) = Conv{dfi(u): i€ I(u)}

where I(u) = {1 €1: fi(u)= f(u)} is the set of the active indices at u. Clearly df(u) C
Conv {0f;(u)}. As a consequence, the trajectories of the steepest descent for f = max f; are
also solutions of (MDI). But, in general, they fail to satisfy that all the objective functions are
decreasing. Take for instance Example 1: when starting from some (g, yo) with xg > yo > 1, along
the trajectory fo is first decreasing, until the current point reaches the projection of (1,0) on the
line segment joining (zp,yp) to (—1,0), then it is increasing.

d) As shown by the above examples, (MDI) provides diversity, an interesting feature for evolu-
tionary processes, and generating the whole Pareto set, see [18].

2. ASYMPTOTIC CONVERGENCE TO A WEAK PARETO MINIMUM

In this section, we study the asymptotic behavior (as t — +00) of the strong global solutions of
(MOG). We take for granted their existence, this question being examined into detail in section 3.
In order to prove the weak convergence of the trajectories of (MOG), we use the classical Opial’s
lemma [33]. We recall its statement in its continuous form, and give a short proof of it:

Lemma 2.1. Let S be a non empty subset of H, and u : [0, +00|— H a map. Assume that
. I B L
(i)  for every z € S, ,dm |lu(t) — z|| exists;
(i) every weak sequential cluster point of the map u belongs to S.

Then
w— lim u(t) =us exists, for some element us € S.
t——4o00

Proof. By (i) and S # (), the trajectory u is bounded in H. In order to obtain its weak convergence,
we just need to prove that the trajectory has a unique weak sequential cluster point. Let u(tl) — 2!
and u(t?) — 22, with t} — +o00, and t2 — +o0. By (ii), 2! € S, and 22 € S. By (4), it follows that
limy oo [Ju(t) — 21| and limy_, 1o |Ju(t) — 22|| exist. Hence, limy_, oo (Ju(t) — 2% — |Ju(t) — 22||?)
exists. Developing and simplifying this last expression, we deduce that

. 2 1 .
t_l)lgloo (u(t),z” —z") exists.
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Hence
. 1y .2 1\ _ 1 2y .2 1
nBI-sI—loo <u(tn), z 2 > = nEI—‘,l:loo <u(tn), z z > ,
which gives ||22 — 2!||> = 0, and hence 2% = 2. O

We can now state our main convergence result.

Theorem 2.2. Let us make assumptions HO), H1), H2). Then for any strong global solution
t € [0,+o00[— u(t) € H of (MOG), the following properties hold:
i) Finite energy property:

+oo
(51) /0 l|a(t)||2dt < +oc.

i1) Weak convergence: Assume that the trajectory t € [0, 4+oo[— u(t) € H is bounded in H. Then
u(t) converges weakly in H as t — +oo to a weak Pareto optimum.

Remark 2.3. a) Since each function ¢ — f;(u(t)) is nonincreasing (see Proposition 1.15), a natural
condition insuring that the trajectory remains bounded is that one of the functions f; has bounded
sublevel sets (see also Remark 2.5).

b) Similarly, if one of the functions f; has relatively compact sublevel sets (inf-compactness prop-
erty), then the trajectory is relatively compact, and hence converges strongly in H. It is an
interesting (open) question to find other conditions on the data (f; and K) which provide strong
convergence of trajectories, and extend the well-known conditions in the case of a single criterion.

Proof. From Proposition 1.15 and by integrating (35), along with the fact that f; is bounded from
below on K, we obtain

+o00
(52) /0 i) [2dt < fi(u(0)) — infic f:.

This proves items ).
Let us now prove the weak convergence of any bounded trajectory u of the (MOG) system. To
that end we use Opial’s Lemma 2.1 with

(53) S = {v eK:Vi=1,...,q filv)< 7%g(f)f,(u(t))} .

Functions f; are convex continuous, and hence lower semicontinuous for the weak topology of H.
As well, the closed convex set K is closed for the weak topology of H. The trajectory t € [0, +oo[—
u(t) € H has been assumed to be bounded in H. As a consequence, every weak sequential cluster
point of the trajectory belongs to S, which is a closed convex non empty subset of H.

i) Take z € S and set, for any ¢t > 0

(54) ha(t) = S llu(t) — 2|

We have

(55) ha(t) = (a(t), ult) - z).

Since w is a solution of (MOG), for almost all ¢ > 0 there exists

(56) n(t) € Ni(u(t)), and v;(t) € Ofi(u(t)), (0:i(t)) € S?
such that,

(57) a(t) + D Oi(t)ui(t) +n(t) = 0.
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By combining (55) and (57) we obtain
(58) ha () + Y 0i(t) (vilt), u(t) — 2) + (n(t), u(t) — 2) =
i=1

On the one hand, since n(t) € Ng(u(t)) and z € K

(59) (n(t), u(t) - z) = 0.

On the other hand, the convex subdifferential inequality at u(t), and v;(¢) € df;(u(t)) gives
(60) fi(z) 2 filu(t)) + (vi(t), 2 = u(t)) -

Since z € S we have f;(z) < fi(u(t)), which gives

(61) (vi(t),z —u(t)) <O0.

As a consequence
q

(62) > 0i(t) (wilt), ult) = z) > 0.

i=1
Combining (58) with (59) and (62) we obtain
(63) h.(t) < 0.
Hence, h, is a nonincreasing function, which proves item ) of Opial’s Lemma 2.1.

Let us verify item 4¢) of Opial’s Lemma 2.1. Let w —limu(¢,) = z for some sequence ¢, — +00.

Since u(t,) € K and K is a closed convex subset of H, we have z € K. Moreover

(64) inf fiu(t)) = dim _fi(u(t))
(65) = lm  fi(u(ty))
(66) > fi(2)

where the last inequality follows from the fact that f; is convex continuous, and hence lower
semicontinuous for the weak topology of H. This being true for each i = 1, ..., ¢ we conclude that
z € S. The two conditions of Opial’s Lemma 2.1 are satisfied, which gives the weak convergence of
each bounded trajectory of the (MOG) dynamic. Set

(67) u(t) = us weakly in H, as t — 400,

and show that us is a Pareto critical point, and hence a weak Pareto optimum (Lemma 1.3). The
finite energy property (51)

+oo
/ [ a(t)||2dt < +oo
0
implies
(68) liminfess;_, oo ||%(t)|| = 0.

Since relations (32) and (33) are satisfied for almost all ¢ > 0, (68) implies the existence of a
sequence t, — +oo such that

(69) U(ty) — 0 strongly in H

(70) —u(ty,) € Ni(u(ty)) + Conv{dfi(u(t,))} for each n e N.
Moreover by (67)

(71) u(tn) = ueo weakly in H.

We conclude using (69), (70), (71), and the following lemma which establishes a closure property
for the operator N (-) + Conv {0f;(-)}. O
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Lemma 2.4. Under assumptions HO), H1), the multi-application

H = H
u — Ng(u)+ Conv{dfi(u)}

is demiclosed, i.e., its graph is sequentially closed for the weak — H X strong — H topology.

Proof. Let (un,wy,) be a sequence in the graph of Ng+C where C(u) = Conv {0 f;(u)}. Suppose that
u, converges weakly to u € K, that w,, converges strongly to w, and prove that w € Nk (u)+C ().
For each n € N, there exists g, € Nk (uy,), pin € 0fi(un), Ain €[0,1], 9 =1,..., ¢, such that

q q
(72> Wy = Qp + Z /\i,npi,n and Z /\i,n =1
=1 =1

For each n, (\j)i=1,. 4 belongs to the unit simplex in R?, which is a compact set. Hence we can
extract a subsequence (still noted (\; ) to simplify the notation) such that, for each i = 1,..., ¢

(73) /\i,n — 5\1‘,
with
— q —
(74) 0<X<1, ) Ni=1
=1

Noticing that the functions f; are convex continuous, thanks to the Moreau-Rockafellar additivity
rule for the subdifferential of a sum of convex functions, we can rewrite (72) as follows

(75) wy, € 0 (51( + zq: Az,nfz) (Un)a

=1

where 0 is the indicator function of K. Equivalently, for any £ € H

q q
(76) D> Xinfil€) +0k(€) =D Nimfiun) + 6k (tn) + (wn, § — ) .
i=1 i=1
Let us pass to the lower limit in (76). By using (73), the lower semicontinuity property of the f;
and 0x for the weak topology of H (K is closed convex and hence weakly closed), and the weak
(resp. strong) convergence of wu, (resp. wy,), we obtain

(77) D Xfil€) +6k(&) =) Nifi@) + Ok (w) + (0,& — 1)
i=1 i

In the above limit process, we use the fact that the functions f; are finitely valued (otherwise we
would face the delicate question concerning the product 0xoo). Using again the Moreau-Rockafellar
additivity rule, we equivalently obtain

q
W€y NOfi(u) + Nk (u),
=1

which, with (74), expresses that (u,w) is in the graph of Ng +C. O

Remark 2.5. Suppose that there exists an ideal solution z to (CMO). Then, for any solution
trajectory of (MOG), z € S, where S has been defined in (53). Following the proof of Theorem 2.2,
the function hz(-) = 3||u(-) — z||? is nonincreasing. Thus, in that case, any trajectory of (MOG) is
bounded. We recover the fact that, in the case of a single convex objective function, the trajectories
of the steepest descent equation are bounded iff the solution set is not empty.
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3. EXISTENCE OF STRONG GLOBAL SOLUTIONS

In this section, it is assumed that % = R? is a finite dimensional Euclidean space. This is because
our proof of the existence of solutions to the (MOG) dynamic is based on the Peano theorem,
and not on the Cauchy-Lipschitz. It is likely that the proof can be adapted to the case of infinite
dimension by making ad hoc assumption on the data (as inf-compactness). This is an interesting
topic for further studies, particularly involving applications to PDEs. Our approach is based on
the regularization of the non-smooth functions f; by the Moreau-Yosida approximation. This ap-
proximation brings us back to the situation studied in [6], which considers the case of differentiable
functions.

3.1. Statement of the result.

Theorem 3.1. Let H be a finite dimensional Hilbert space. Let us make assumptions HO), H1),
H2). Then, for any initial data ug € K, there exists a strong global solution u : [0,+oc[— H of
(MOG) system (2), which satisfies u(0) = ug.

Remark 3.2. In Theorem 3.1, for any ug € K, we claim the existence of a strong global solution
u : [0, +o0o[— H of (MOG) system, satisfying the Cauchy data u(0) = up. By definition of a strong
solution, u is absolutely continuous on any finite time interval [0, 7], but from Proposition 1.15 we
know it is moreover Lipschitz continuous.

In the above theorem, we only claim existence. Without further assumptions, uniqueness is not
guaranteed. Indeed, the following proof of existence relies on Peano, not Cauchy-Lipschitz theorem.
Before entering the proof of existence, we will briefly discuss the question of uniqueness which
remains an open question.

Remark 3.3. In the unconstrained case, and for convex differentiable objective functions, illus-
trative examples of the (MOG) dynamic were given in Section 1.4. In these elementary situations,
we have been able to explicitely compute the vector field v — s(v). We observed that it can be
Lipschitz continuous (Example 1 and 2) or only Hélder continuous (Example 3). This naturally
raises the following question: in the unconstrained case, and for differentiable objective functions,
what are the assumptions ensuring that the vector field v — s(v) is Lipschitz continuous (recall
that it is Holder continuous, see [6])7 This is clearly a key property for uniqueness for (MOG).

The end of this section is devoted to the proof of Theorem 3.1, which is quite technical. To
make reading easier, the proof has been divided into several stages. First of all, let us bring some
additional results to [6], which concern the smooth case, and which will be useful for our study.

3.2. The smooth case, complements. Let us suppose that the f; are convex differentiable
functions. Following [6], for any ug € K, there exists a strong global solution u : [0, +oo[— H of
the Cauchy problem

0
. i)+ NK(u(t))+Conv{vfi(u(t))}> —0,

u(0) = up.

The concept of solution u is as follows.
(i) u : [0,4o00[— H is absolutely continuous on each interval [0,7], 0 < T < +o0;
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(1) there exists 7 : [0, +00[— H and w : [0, +00[— H which satisfy

(79) neL*0,T;H), weL®0,T;H) foral T > 0;
(80) n(t) € Ng(u(t)), w(t) € Conv{Vfi(u(t))} for almost all t > 0;
0
(81) n(t) + w(t) = | Ng(u(t)) + Conv {Vfl(u(t))})) for almost all ¢ > 0;
(82) u(t) +n(t) +w(t) =0 for almost all £ > 0.

Let us make precise (80).

Lemma 3.4. Let u be a solution of (78), and n,w the associated functions satisfying (79)-(80)-
(81)-(82). Then w(t) € Conv {sz(u(t))} can be written as follows:

(53) = S HOV Al

with 0; € L*®(0,+0), i = 1,2,...,q, and for almost all t > 0, (6;(t)) € S9.
Proof. From (81) we see that for almost all £ > 0
(84) w(t) = proje(u()) (—n(t)),

Wh(}elrehC(u(t)) = Conv {V fi(u(t))}. Equivalently, w(t) = > . 6;(t)V fi(u(t)) for any 6(t) = (6;(t))
such that

(85) 0(t) € argmin {j(¢,0) : 6 € R}
where
(86) J(t,0 Hn+§EVﬁ £)[| + ds4(6),

where dgq is the indicator function of S?. The crucial point is to prove that we can take the
0;(t) measurable. Since j : [0,4+00[xR? — R U {400} is a positive (convex) normal integrand,
the mapping ¢ — argminj(¢,-) is measurable, and hence admits a measurable selection ¢t — 6(t),
see [37, Corollary 14.6; Theorem 14.37]. Hence, we can write w(t) = >, 6;(t)V fi(u(t)), with 6;
measurable, and H(t) € §9. Since 6; is bounded, we have

ZG )V fi(u(t)) and 0; € L>(0,4+00), 0(t) € ST a.e. t > 0.

Let us now return to our setting involving non-smooth objective functions f;.

3.3. Approximate equations. The main difficulty comes from the discontinuity of the vector
field which governs the (MOG) dynamic (2). As a main ingredient of our approach, we use the
Moreau-Yosida approximation of the convex functions f; (equivalently the Yosida approximation
of the maximal monotone operators df;), i = 1,...,q. This regularization method is widely used
in nonsmooth convex analysis, see [1], [10], [12], [16], [42] for a detailed presentation. Its main
properties are summarized in the following statement.

Proposition 3.5. Let ® : H — RU {400} be a closed convex proper function. The Moreau-Yosida
approximation of index X > 0 of ® is the function ®) : H — R which is defined for all v € H by

(87) %@ﬂﬁﬁ@+;W%W &H}
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(1) The infimum in (87) is attained at a unique point Jyv € H, which satisfies

1
(88) Qy(v) = ®(Jyv) + 5“” — Tl
(89) Jyv 4+ A0P(J\v) 3 v.

Jy = (I+X0®)~! : H — H is everywhere defined and nonexpansive. It is called the resolvent
of index A\ of A= 09.

(2) @y is convex, and continuously differentiable. Its gradient at v € H is equal to

1
(90) Vo, (v) = X(U — Jyv).
(3) The operator Ay = V®y = 1(I — J)) is called the Yosida approzimation of index X of the
mazimal monotone operator A = 0®. It is Lipschitz continuous with Lipschitz constant %
(4) For any v € domA, |[Ayv] < ||A°)|, (A°(v) is the element of minimal norm of A(v)).
(5) For anyv € H, ®r(v) T ®(v) as A{0.

We are going to adapt to our situation the classical proof of the existence of strong solutions to
evolution equations governed by subdifferentials of convex lower semicontinuous functions, see [16].
For each A > 0, we set f; x = (fi) the Moreau-Yosida approximation of index A of f;. We consider
the Cauchy problem which is obtained by replacing each Jf; by its Yosida approximation Vf; y,
in (MOG). So doing, we are in the situation studied in [6], which treats the case of differentiable
objective functions. Precisely, by [6, Theorem 3.5], for each A > 0 there exists of a strong global
solution uy : [0, +o00[— H of the Cauchy problem

0
(91) (MOG), ﬂx(t>+<NK(UA(t>>+Conv{Vfi7A<uA(t))}> =0,

ZL)\(O) = Uup.

By Lemma 3.4 and (82), there exists 6; » € L>(0,+00), and n) € L?(0,T;H) for all T > 0, such
that, for almost all ¢ > 0

(92) in(t) + ) 00V fia(ua(t)) + na(t) =0,
i=1

and

(93) Mm(t) € Ni(ur(t), (0;A(1)) € ST

3.4. Estimations on the sequence (u)). Let us establish bounds for the net (uy)y, which are
independent of A. Let us make a similar argument to that used in Theorem 2.2, just replacing f;
by fix. We obtain

oo
(94) | lia@IPat < i) — i
0
Then notice that f; x(uo) < fi(uo), and infy f; x = infy f;. Hence
—+o0
(95) | las®IPat < o) - igt i,
0
and

+00
(96) sup/ llix () ||?dt < +oo.
x Jo
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From

(97) ux(t) = o + /0 ax(r)dr,

and Cauchy-Schwarz inequality, we obtain

1
t 2
(08) haa®ll < Jluoll + v ( /0 ||71A(T)||2d7> .
Combining (96) with (98) we deduce that, for any 7' > 0

(99) Sl)l\p HUAHLOO([()’T};H) < +00.

Let us now consider the gradients terms V f; y(uy) which appear in (92). By Proposition 3.5, item
4., foranyveH, A>0,andi=1,2,...,q

(100) IV fia()ll < [1@f)° ()]l

Combining (99) with (100), and using assumption H1), which tells us that f; is a convex continuous
function whose subdifferential df; is bounded on bounded sets, we obtain that, for any 7" > 0

(101) SUp [V Fir(ua) = (omiae) < +oo-

3.5. Passing to the limit (A — 0). As we have already pointed out, the difficulty comes from
the discontinuous nature of the multivalued operators df; and Nk, and hence of the vector field
which governs the differential equation (2). Indeed, we are going to use the monotonicity property
of these operators, and the demiclosedness property (closedness for the strong x weak product
topology) of their graphs in the associated functional spaces.

By (96), (99), the generalized sequence (uy) is uniformly bounded and equi-continuous on [0, 7.
Since H is finite dimensional, we deduce from Ascoli’s theorem that, for any 0 < T < 400, the
generalized sequence (uy) is relatively compact for the uniform convergence topology on [0, T].
Thus, by a diagonal argument (we keep the notation (uy) for simplicity), we obtain the existence
of u € C([0, +oo[;H), and v;,n € L2 (0,+00;H), 6; € L°°(0,+00) such that, for any 0 < T < +o0,

loc

(102) Uy — U strong — C(0,T;H)

(103) Uy — 1 weak — L?(0,T;H)

(104) Vfia(ux) = vi o(L=(0,T; M), L' (0, T; H))
(105) ;) — 0; o(L>®(0,T),L*(0,T))

(106) m—n weak — L2(0,T;H).

The last statement comes from the following observation: by (92)

q

(107) M) = —ia(t) = Y 0ia(BO)V fialua(t)),

i=1

which implies that the net (1)) remains bounded in L?(0,T;%H) for any T > 0.
Let us complete this list with the convergence of the net (f; x(u))).

Lemma 3.6. The following convergence result holds: for any 0 < T < 400

(108) fir(uy) = fi(u) uniformly on [0,T] as X — 0.
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Proof. Let us fix T > 0, and work on the bounded interval [0, T']. Let us write the triangle inequality

(109) [fia(ur) = fi(w)] < [fin(ur) = fia(uw)| + | fia(u) = fi(u)l.
On the one hand, by the Mean value theorem, (100), and (102)

(110) [fia(ua(®)) — fia(u(®))] < ( sup ||Vfi,A(5)H) Jua(t) —u(®)]
E€[un(t),u(t)]
(111) < ( sup || (9f:)° (f)ll) [[ua(t) —u(®)]
E€[un(t),u(t)]
(112) < Cllux(t) — u(®)l,
and hence,
(113) fir(ux) — fix(u) = 0 uniformly on [0,7] as A — 0.
On the other hand, the net (f; x(u))x is equi-continuous. This results from the following inequalities
d
(114) | fia(u(®)l = [ {Vfir(u(t)), a(t)) |
(115) <@ fau() [[lla()]
(116) < Clla@)]],
and
(a17) Finu®) = aN < [ 12 fiatutr)iar
(113 <vi=s ([ rjifi,mm)r?df) 2
T 3
(119) e </ ||u(7)\|2d7)
0

Hence, the net (f; x(u)) is equi-continuous. Since it converges pointwise to f;(u), by Ascoli Theo-
rem, we obtain

(120) fir(u) — fi(u) = 0 uniformly on [0,7] as A — 0.
Combining (109), (113), (120), we obtain (108). O

Technically, the most difficult point is to pass to the limit in (92) on the product of the two
weakly converging sequences (6; x) and (V f; x(uy)). In order to circumvent this difficulty, we use a
variational argument based on the convex differential inequality: for any & € L>°(0,T;H),

q q q
(121) >0t finl€ Z ) fir(ux(?)) + <Z 0:a(0)V fix(ur(t)), &(t) — U/\(t)> :
=1 =1

i=1

After integration on [0, 7], we obtain

T 4 T 4
(122) /0 > a0 un(E(0)it > /O D 0ia(0in (a0

T q
(123) + /0 <Z 0iA(E)V fin(ur(?)),€(t) — U/\(t)> dt.
i—1
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By (92), >7 1 0; x(t)V fir(ua(t)) = —ux(t) — na(t). Replacing in (122)-(123), we obtain

T 4 T 4
(124) /0 ICROIACOIEE /0 ICIAROT
T
(125) 4 /O (—in(t) — (1), €(t) — ux(8)) dt.
Since fix(£(t)) < fi(€(t)), and 6; A(t) > 0, we obtain
T 4 T 4
(126) /0 OIS /0 IICIACROT
T
(127) 4 /0 (—in(t) — ma(t). €(t) — ux(8)) dt.

For any & € L>(0,T;H), since f; is continuous and bounded on bounded sets (assumption H1)),
we have f;(£(+)) € L>(0,T). Moreover 6; x — 6; for the topology o(L>°(0,T), L'(0,T)). Therefore,
by passing to the limit on the left member of (126), we obtain

) T 4 T 4
i | > 6ua (€01 = / LRI

Let us now pass to the limit on the right member of (126)-(127). For the first term, we use
Lemma 3.6. For the second term, we notice that this expression involves duality products of nets
which are respectively converging for the strong and weak topologies of a duality pairing. More
precisely 1y + 1y converges weakly in L%(0,T;H) to @ + 1, and & — uy converges uniformly, and
hence strongly in L%(0,T;H) to £ — u. Hence, by passing to the limit as A goes to zero, we obtain

T 4 T 4
(128) /0 > 60 A(Er 2 /0 >0 w0

T
" /0 (i) — (), £(t) — u(t)) dt.

Let us interpret this inequality in the duality pairing bewteen the functional spaces L*°(0,T;H)
and L'(0,T;H) C (L>®(0,T;H))". For this, introduce I, the integral functional on L% (0,T;H)
which is defined by

i

T 4q
(129) 1(6) = /0 SO 0:(0) £ (1))t
=1

We observe that I : L*°(0,T;H) — R is convex and continuous on L*°(0,T;H). Hence, inequality
(128) can be rewritten as

(130) —i — 1 € I (u).

According to the duality theorem of Rockafellar for convex functional integrals, see [36, Theorem
4], for almost all t > 0

(131) —i(t) —n(t) € <Z ei(tm) (u(t))

=1

(132) = 0(6:(t)fi) (u(t),
i=1
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where the last equality comes from the additivity rule for the subdifferential of the sum of convex
continuous functions on R?. Indeed we need to prove a slighter more precise result:

q

—a(t) — n(t) = 3 6:(t)i(t)

i=1
with measurable functions v; € L*(0,7; H) such that
(133) v;(t) € dfi(u(t)) for almost all ¢ > 0.

This can be proved by a precise analysis of the duality theorem from [36]. Since it is quite technical,
the proof is stated in Lemma 3.7, at the end of this section. Assuming this result, we obtain by
combination with (130) that

(134) )+ Z 0;(t =0 for almost all ¢t > 0,

with

(135) 6; € L=(0,4+00;R), v; € L=(0,T;H), n € L?(0,T;H), forall T >0, and all i = 1,2, ..., ¢;
(136) (0;(t)) € S? and v;(t) € Ofi(u(t)) for almost all ¢ > 0;

On the other hand, from uy — u strong—C(0, T;H), nx — 1 weak—L2(0,T;H), na(t) € N (ux(t)),

and from the demi-closedness property of the extension to L?(0,7;%H) of the maximal monotone
normal cone mapping (N is the subdifferential of the indicator function fo K'), we obtain

(137) n(t) € Nk (u(t)).
Thus
(138) u(t) + N (u(t)) + Conv {0 fi(u(t))} 2 0.

3.6. Lazy solution. Let us complete the proof of Theorem 3.1 by showing that u is a lazy solution
of the differential inclusion (138). Let us start from the lazy solution property satisfied by the
approximate solutions uy

0
(139) ia(0) = (Nic(ur(0) + Conv (Vfinur(0)} ) -
By the obtuse angle property, since 0 € N (uy(t)) we have
(140) <1'M(t)a an(t) + Y 9z‘(t)Vfi,A(UA(t))> <0,
i=1

for all §; € L>°(0,400), i = 1,2,...,q that satisfy (6;(¢t)) € S?. After developing, and using the
classical derivation chain rule, we obtain

(141) [ ax(t)]|% + Ze fM (un(t)) < 0.

In order to pass to the limit on (141), take a a nonnegative test function (a function of ¢ which is
regular, and with compact support in |0, 7). After multiplication of (141) by «, and integration
on [0, 7], we obtain

(142) / ot lia (t u?dwz / < firtun())de <0
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The convex function v — fOT a(t)|Jv(t)||?dt is continuous on L?(0,T;H), and hence lower semicon-
tinuous for the weak topology of L?(0,T;#H). Since iy — u weakly in L?(0,T;H), we have

T T
(143) /Oa(t)uu(t)y?dtghmmffo at) |l (£)|2dt.

In order to pass to the limit on the second term of (142), we use a density argument. First
assume that the 6; are Lipschitz continuous on bounded sets. Since f; y(u)) and ab; are absolutely
continuous functions of a real variable, their product is still absolutely continuous (see [17, Corollary
VIIL.9]), and integration by part formula is valid. Hence

(144) Z / 4 firtu Z / () (0 firlur (1)

By Lemma 3.6,
fir(uy) = fi(u) uniformly on [0,T7], as A — 0.
Moreover %(a@i) € L*>®(0,T;R). Thus, as A — 0

q T q T
(145) > [ Gatd@atud > > [ Lo i)
i=1"0 i=1 70

Since f;(u) is absolutely continuous, using again integration by part formula

(146) —Z / & (00:) (0) i)t = Z / e u(t))dt.

From (144), (145), and (146) we obtain

(147) Z / b f;A u(t))dt — Z / ~(u(t))dt.

Combining (142), (143), and (147) we obtain, for 6; that satisfy (0;(¢)) € S?, and are Lipschitz
continuous on bounded sets,

T q T
(148) /0 oa(t)]u(t)Hth—i—;/o a(t)&i(t)%fi(u(t))dtgo.

Let us show that, by density, (148) can be extended to arbitrary 6; € L>°(0,4o00;R) that satisfy
(0;(t)) € S Given such functions (6;)i=1,.. 4, by regularization by convolution, we can find a
sequence of regular functions §;, € C*(0,+00), such that

(149) Oin —0; ae te(0,+00) when n goes to + oo.

Let T : R? — RY be the projection onto the unit simplex S C R%. T is a nonexpansive mapping.
By (149), and 0(t) = (6;(t)); € 87 for almost all ¢ > 0, we see that T o 6,, is Lipschitz continuous
on any interval [0, 7], and satisfies, for almost all ¢ > 0

(150) Tob,(t) e S,
(151) (T'06,);(t) — 6;(t) for almost all ¢ > 0.
By (148), for each n € N, we have

(152) / (t)]|(t) Hth—l—Z/ )T o6, »(t)%fi(u(t))dtg 0.
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On the other hand, by Lemma 1.16, for any ¢ € L?(0,T; H) such that £(t) € 9f;(u(t)) (there exists
such elements, for example take v; obtained in (136)), we have

(153) © giu(t)) = {i(e), €0),

and %fi(u) is integrable on [0,T] (¢t — fi(u(t)) is absolutely continuous on [0,7]). From (151), by

applying Fatou’s lemma, (note that < £ fi(u) € L*([0,T]), which allows us to reduce to the case of
non-negative functions), we obtain

(154) Z/ Filu(®) dt<hmmfz/ )T o6, (t)%fi(u(t))dt.

From (152) and (154) we deduce that

(155) / )t HQdHZ/ L eyt < 0.

Since « is an arbitrary positive test function, we deduce from (155) that

(156) [t HMZ@ ))dt < 0.

Take arbitrary n € L?(0,T;H), & € L2(O,T; H) i = 1,...,q, such that n(t) € Ng(u(t )) &i(t) €
Jfi(u(t)) for almost all ¢ > 0. Since u(t) € K, we have 4(t) € Tk (u(t)), and since n(t) € N (u(t))
(157) (), n(t)) < 0.

Combining (153), (156), and (157) we obtain

(158) ()1 + )+ 29 i(t)) <0.

Equivalently, for any z(t) € Nk (u(t)) + Conv {8fi(u( )}
(159) (0= (=u(t), 2(t) —u(t)) < 0.
Combining this property with (138) we obtain
0
u(t) + <NK(u(t)) + Conv {8fz(u(t))}> =0 for almost all ¢ > 0,
which ends the proof.

Lemma 3.7. Let I : L*>®°(0,T;H) — R be defined by I(£ fo oI 0:(0) fi(&(8))dt, with 0; €
L>(0,T;H) fori = 1,...,q, and (0;(t)) € S for almost all t > 0. Let £ € L>0,T;H) and
z € LY0,T;H) such that z € OI(§). Then for alli = 1,...,q there exists v; € L>(0,T;H) such that

for almost all t > 0, v;(t) € 0fi(&(t)), and z(t) ZG

Proof. By the Fenchel extremality relation,
(160) 2 € DI(€) & 1(€) + I*(2) — {6, ) om0ty Lr(0.230) = O

By [36, Theorem 2], we have
T [ 4 *
- / (Z @-(t)ﬁ) (2(1))dt.
i=1
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Let us analyze this last expression. Since the f; are convex continuous functions, their conjugate
are coercive functions, and

<Z ei(t)fi> (2(t)) = min (Z (0:i(t) fi)" (zi) - Zzi = Z@)) :
=1

i=1 i
The same measurable selection argument as the one used in Lemma 3.4 gives the existence of
measurable functions z;(+) such that

(161) (Zei(tm) (2(8) =D (0:(t) ;)" (2(t)) with Zzz ) = 2(
=1 ]

Returning to (160) we obtain

T 4 T
(162)  z€0I(€) o / SO0 f(E(E) + (6:(0) ) (s4(1)))dt — / (E(8), () dt = 0
=1

T 4
o OO €0 + 008 (00 — (0.0 dt =

Since each of the elements of this last sum expression is nonnegative, we deduce that, for each
i1=1,2,...,q, and for almost all t > 0

0i(t) fi(§(1)) + (0:(1) fi)" (zi(t)) — (£(1), 2i(t)) = 0.
Equivalently z;(t) € 0 (6;(t) fi) (£(t)). Let us now verify that
9 (0s(t) fi) (u(t)) = 0:(t)0 fiu(t)).

Take some Z; € L*°(0,T;H) such that Z;(t) € 9f;(£(t)) for almost all ¢ > 0, (there exists such
element, take for example Z;(t) = (0f;)°(£(t))). We have
)

(163) zi(t) = Oa(t)vi(t

for almost all t > 0,

where
2O if 9,(t) > 0
(164) wipy= (o0 HOH>0
Zi(t) if 6;(t) =0.
Moreover v; is measurable, and v;(t) € 0f;(£(t)) for almost all £ > 0. By continuity of f;, we
conclude that v; € L>(0,T;H). O

4. SOME MODELING AND NUMERICAL ASPECTS, PERSPECTIVES

4.1. Cooperative games. In this section, we consider some modeling aspects concerning the
multiobjective steepest descent for cooperative games. This completes [6], where was considered
the smooth case. Indeed, for applications, it is quite useful to consider objective functions which
are not differentiable (like the || - ||; norm for sparse optimization).

Let us consider ¢ agents (consumers, social actors, deciders,...). The agent i acts on a decision
space H;, and takes decision v; € H;, i = 1,2,...,q. Let K be a given closed subset of H =
H1 x Ha % ... x Hgy, which reflects the limitation of ressources, and/or various constraints. Feasible
decisions v € ‘H satisfy

v = (v1,v2,...,vq) € K.
Each agent ¢ has a disutility (loss) function f; : X — R which associates to each feasible decision
v € K the scalar f;j(v). The game in normal form is given by the triplet (H, K, (fi)i=1,.4). The
(MOG) dynamic has been designed in order to satisfy some desirable properties with respect to
Pareto equilibration: each trajectory t — u(t) of (MOG) satisfies
i) for each i = 1,2,...,q, t+> fi(u(t)) is nonincreasing (Theorem 2.2, item i));
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ii) u(t) converges to a Pareto critical point as t — +o0o0 (Theorem 2.2, item iii));

Let us make some futher observations:

iii) In (MOG) dynamic there is no a priori or a posteriori scalarization of the original vector
optimization problem. Neither ordering information nor weighting factors for the different objective
functions are assumed to be known. The scalarization is done dynamically, endogenously ((MOG)
is an autonomous dynamical system). Taking into account the worst directional derivative (indeed,
in view of minimization, it is the greatest), can make progress all agents, and gives to (MOG)
system robustness (minimization in the worst case), and good convergence properties. When it is
no longer possible to make progress all the agents, the process stops at a weak Pareto optimal point.
It is a natural question whether it is possible to reach a Pareto optimum. Indeed, it depends on
the willingness of the agents to cooperate more or less. After reaching a weak Pareto optimum, a
natural way is to consider the coalition involving agents that can further enhance their performance.
Then we can consider the (MOG) dynamics involving these agents. An additional constraint must
be added which states that the performance of the agents who stay at rest is not damaged.

iv) The choice of the metric on the space H plays a fundamental role in the definition of the
gradient-like system (MOG). The metric reflects the friction and inertia that are attached to the
changes in dynamical decision processes, see [2], [7], for an account on the notion of costs to change
(changing a routine...). The definition of (MOG) involves local notions (subdifferentials of the f;,
and tangent cone to K) which corresponds to the modeling of myopic agents.

v) A central question in Pareto optimization is obtaining a Pareto optimum with desirable
properties. A major advantage of the dynamic gradient approach is that we don’t need to know the
whole Pareto front. The weak Pareto equilibrium finally reached is not too far from the starting
point of the dynamics (see Figures 1 and 2), making the process realistic in engineering and human
sciences. Moreover, one can select a Pareto optimum which is not too far from a desirable state uq by
using an auxiliary asymptotic hierarchical procedure (see [4] and references therein). For example,
according to the method of Tikhonov regularization, we can consider €(t) — 0 as t — 400, with
Jo7 e(t)dt = +o0, and the following dynamics

) + (NK<u<t>> + Conv {D(u(t)) + (t) (ut) — ud>}) 0.

It is a (time)-multiscaled nonautonomous dynamic, an interesting subject for further research.

vi) Hybrid methods combine gradient methods (fast, with low computational cost, but local)
with evolutionary computation methods (global, but with high computational cost). They have
proved to be efficient for the minimization of a single objective function. It would be interesting
to develop the same type of idea in order to reach the whole Pareto set, see [15], [18] for some first
results in this direction.

4.2. Inverse problems. As a model situation, let us consider the computation of sparse solutions
for underdetermined systems of equations. It is an important problem in signal compression and
statistics (see [24, 40]). It leads to the following nonsmooth convex minimization problem

min{||Az — b||> + a||z|l; : =€ K c R"}

where ||Ax — b||3 is a least squares data fitting term, and ||z||; forces sparsity. There is numerical
evidence that a careful weighting of these two terms is important for the effectiveness of the method.
Usually it is done by experimental trials. It would be of great interest to develop a numerical method
based on a multiobjective optimization approach (with fi(x) = |[[Az—b||3 and fo(x) = ||z||1), where
the weighting is done automatically, while giving more weight to the lower term. Indeed, this is
what the (MOG) dynamic does.

All these considerations naturally lead us to consider discretized, algorithmic versions of the method.
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4.3. Numerical descent methods for nonsmooth multiobjective optimization. In the un-
constrained case, an explicit discretization of (MOG) provides an algorithm of the form:
(165) At step k, compute ugi1 = up + A\pdy,

where dj, = s(ug) is the multiobjective steepest descent direction at uy, and Ag is some nonnegative
steplength. If we have a constraint K, we can approach s(uy) by replacing the tangent cone Tk (uy)
with €= (for some small j,) in (14). This leads to :

1k
(166) U1 = Ug + Aedp,
1
167 where dj, = argmin{ —||d||> + max max (p;,d }

Note that the algorithms given in (165) and (166) are equivalent when K = H and px = p.
These algorithms have been studied in [25], [27] (unconstrained case), in [29] (constrained case)
in a finite-dimensional setting, and assuming that the objective functions are C' (not necessarily
convex). As a distinctive feature of these algorithms, the steplength Ay is computed by an Armijo-
like rule (to secure a descent property), and directions dj are computed approximatively (with a
given tolerance). They lead to the following results:

(1) If pp = p, then any accumulation point is a critical Pareto point.
(2) If the objective functions are convex, and if py = with ay € €2\ £, then any
i=1

P

bounded sequence converges to a weak Pareto optimal point.

It appears that these algorithms, which are obtained -at least formally- by the explicit discretiza-
tion in time of (MOG), share common properties with our continuous dynamic (descent property,
convergence to weak Pareto optimal points). It would be interesting to justify mathematically that
the continuous and discrete dynamic systems have the same asymptotic behavior, as it was estab-
lished in the case of a single objective (see [34]). Another challenging aspect of these algorithms
is the effective computation of di. For instance, in the unconstrained case, we need to solve the
minimization problem (13), which can be done by applying a Gauss-Seidel-like method to

1 < I
(168) minimize —|| AiPiH2 +6sp(A) + P 5 (uk (pi)-
A=A, on)) €S? 2 Z; 2 e

(p1s .y pg) € H

Problem (14) is also well suited for primal-dual methods, and perhaps other methods could be
examined and compared. To our knowledge, this work has never been done, and is a subject for
further study.

More recently, a trust-region method for unconstrained multiobjective problems involving smooth
functions has been developed in [41], which uses the norm of the multiobjective steepest descent
vector as a generalized marginal function. In [26, 28], a Newton method for unconstrained strongly
convex vector optimization has been developed, with a local superlinear convergence result. Instead
of taking dy, as a descent direction computed from first-order quadratic models as in (14), the authors
use second-order quadratic models to define a multiobjective Newton direction as:

1

(169) dj, = argmin {.max (V fiug),d) + = (V% f;(ug)d, d)} .
der (=l 2

As in Theorem 1.9, they show that this discrete dynamic corresponds to the classical Newton’s

method applied to a weighted combination of the objective functions, but with an endogenous
scalarization. In other words, at each step, the algorithm provides (Hf) € 87 such that

q -1/ q
(170) dp = — (Z v fi(uk)> (Z oFv fi(uk)> :
=1

i=1
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See also [35] for second-order models built with a BEGS scheme, to avoid the direct computation of
the Hessian. These works suggests the existence of corresponding continuous Newton-like dynamics
(see for example [8] in the case of a single objective).

5. CONCLUSION, PERSPECTIVES

In this paper, we have shown some remarkable properties of the multiobjective steepest descent
direction, and of the dynamical system which is governed by the corresponding vector field: along
each trajectory, all the objective functions are decreasing, and there is convergence to a weak
Pareto minimum. Working in a general Hilbert space, and with convex continuous functions (not
necessarily differentiable) allows us to cover a wide range of applications. However, there are
many issues to be resolved. Among the most challenging, let us mention the uniqueness of the
solution, for a given Cauchy data, and the dynamical properties of the weighting coefficients. The
natural link between the (MOG) dynamic and the theory of gradient flows naturally suggests to
study the dynamics for semi-algebraic functions, on the basis of Kurdyka-Lojasiewicz inequality.
Obtening rapid methods based on an analysis of second order in time (inertial aspects), or space
(Newton-like methods) is important both from the numerical, and modeling point of view. It would
be also interesting to consider interior point methods. Some modeling aspects in game theory,
economics, and inverse problems, have been considered in the previous sections. They are still
largely unexplored. All these results suggest that there is a broad class of continuous dynamics that
contains (MOG), and having similary properties with respect to Pareto equilibration. Enriching
this class of dynamics can be useful for numerical purpose, and for understanding the complex
interactions in Pareto equilibration (coalitions, negotiation, bargaining, dealing with uncertainty,
changes in the environment, psychological aspects). These are interesting topics for further research.
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