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Abstract. We address the iterative solution of KKT systems arising in the solution of convex
quadratic programming problems. Two strictly related and well established formulations for such
systems are studied with particular emphasis on the effect of preconditioning strategies on their rela-
tion. Constraint and augmented preconditioners are considered, and the choice of the augmentation
matrix is discussed. A theoretical and experimental analysis is conducted to assess which of the two
formulations should be preferred for solving large-scale problems.
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1. Introduction. Interior Point (IP) methods for solving large-scale Quadratic
Programming (QP) problems have been an intensive area of research in the past
decades. Their efficiency depends heavily on the per-iteration cost and this is mainly
due to the solution of a structured algebraic linear system. Therefore, much effort
has been devoted to developing properly tailored preconditioned iterative solvers,
whose computational cost and memory requirements may be lower than those of di-
rect solvers. The analysis and development of these resulting inexact IP methods have
covered several different aspects such as the level of accuracy in the solution of linear
systems, the design of suitable iterative methods and preconditioners, and the con-
vergence analysis of the inexact IP solver, including worst-case iteration complexity,
see, e.g., [4, 7, 8, 11,14,16,19,22,34].

We consider the sequence of symmetric KKT systems arising in the solution of
convex QP problems in standard form and analyze two well established formulations
for such systems. The former is the system originally formed during the application
of an IP method and its symmetrized version; the latter is a widely used formulation
of smaller dimension obtained by an inexpensive variable reduction. In the following,
we refer to these systems as unreduced and reduced respectively. Relevant alternative
formulations, possibly definite, such as condensed systems and doubly augmented
systems (see, e.g., [19]) are not considered in this work. It is well-known that the
reduced systems become increasingly ill-conditioned in the progress of the IP iterations
while the unreduced systems may be well-conditioned throughout the IP iteration and
nonsingular even in the limit. This distinguishing feature, observed in [18] and recently
supported by spectral analysis in [25, 31], motivates our interest in this possibly less
exercised formulation.

On the one hand, an in-depth study of the ill-conditioning and computational
error of direct system solvers in the reduced formulation has shown that, in spite
of possible increasing ill-conditioning at the late stage of the IP method, the steps
remain sufficiently accurate to be useful [20, 39]. This analysis has supported the
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practical use of the reduced systems, due to their lower dimension. On the other
hand, a theoretical and experimental comparison of the iterative solution of reduced
and unreduced formulations in the preconditioned regime has not been performed and
it is the goal of this work. First we aim to assess whether the use of unreduced systems
may still offer some advantage over the reduced ones in terms of eigenvalues and
conditioning as occurs in the unpreconditioned case [25, 31]; successively we conduct
a computational comparison between the unreduced and reduced formulations.

For the unreduced systems we use both the unsymmetric and symmetric formu-
lations, while the reduced systems are genuinely symmetric. Regularization of the
QP problem is also considered. We relate the systems by either matrix transfor-
mations or congruence transformations. Then, we consider some frequently employed
constraint preconditioners and augmented preconditioners and show that in the unre-
duced case, their condition number may vary slowly with the IP iterations and remain
considerably smaller than in the reduced formulation. We also show that the two for-
mulations remain strictly related in terms of spectra of the preconditioned matrices,
block structure of the linear equations and, possibly, convergence behaviour of the
iterative solver’s residuals.

Numerical experiments with standard QP problems and the IP solver pdco [33]
confirm that the conditioning of the unreduced systems, as well as of some corre-
sponding preconditioners, may be considerably smaller than in the reduced formula-
tion. However, these better spectral properties may not play a role as long as the
reduced systems are numerically nonsingular, which is a realistic situation if the QP
problem is well-scaled and the solution accuracy is not very high. Specifically, in such
a case our experience shows that the IP implementations with the unreduced and
reduced formulations are both successful and the preconditioned linear solvers and
the IP solvers behave similarly. Thus the smaller dimension of the reduced systems
makes such formulation preferable in terms of computation time.

In principle the unreduced formulation may maintain better spectral properties
than the reduced one and its use may enhance the robustness of the interior point
solver when the reduced systems become severely ill-conditioned, or even numerically
singular, although we were not able to see this in practice.

The paper is organized as follows. In §2 we review the linear system formulations
under study and well-known classes of structured preconditioners suitable for such
matrices, and establish connections between the systems. In §3 we show that the
unreduced and reduced formulations are closely related when some types of precon-
ditioners are used, and characterize the spectra of the preconditioned matrices. In §4
we experimentally compare the two formulations and their iterative solution in an IP
solver, and in §5 we draw our conclusions.

Notation. In the following, ‖ · ‖ denotes the vector 2-norm or its induced matrix
norm. For any vector x, the ith component is denoted as either xi or (x)i. Given
x ∈ Rn, X = diag(x) is the diagonal matrix with diagonal entries x1, . . . , xn. Given
column vectors x and y, we write (x, y) for the column vector given by their con-
catenation instead of using [xT , yT ]T . Given a matrix A, the set of its eigenvalues is
indicated by Λ(A). The notation diag(A) denotes the diagonal matrix derived from
the diagonal of A. Finally, for any positive integer p, the identity matrix of dimension
p is indicated by Ip.

2



2. Preliminaries. We consider the primal-dual pair of QP problems

min
x

cTx+
1

2
xTHx subject to Jx = b, x ≥ 0, (2.1)

max
x,y,z

bT y − 1

2
xTHx subject to JT y + z −Hx = c, z ≥ 0, (2.2)

where J ∈ Rm×n has dimensions m ≤ n, H ∈ Rn×n is symmetric and positive
semidefinite, x, z, c ∈ Rn, y, b ∈ Rm, and the inequalities are meant componentwise.

A primal-dual IP method [40] is defined by replacing the inequality constraint
x ≥ 0 in (2.1) by a logarithmic barrier function and then using the Lagrangian duality
theory to derive first-order optimality conditions. These conditions take the form of a
system of nonlinear equations and are solved by Newton’s method. In this section we
review different formulations of the linear systems arising in Newton’s method, and
the features of the associated coefficient matrices taking the KKT form

M =

[
E FT

G −C

]
, (2.3)

with E ∈ Rn1×n1 , C ∈ Rn2×n2 both positive semidefinite, F ∈ Rn2×n1 , G ∈ Rn2×n1 ,
and any relation allowed between n1 and n2.

Omitting for simplicity the iteration index k in the IP method and letting (x, y, z)
be the current iterate with x, z > 0, we may write the Newton direction (∆x, ∆y, ∆z)
as the solution to the linear system H JT −In

J 0 0
−Z 0 −X

 ∆x
−∆y
∆z

 =

−c−Hx+ JT y + z,
b− Jx,

XZ1n − µ1n

 , (2.4)

whereX = diag(x), Z = diag(z) are diagonal positive definite matrices, 1n ∈ Rn is the
vector of ones, and the positive scalar µ is the barrier parameter, which controls the
distance to optimality and is gradually reduced during the IP iterations. If correctors
are used, systems of the form (2.4) need to be solved with different right-hand sides
[40].

The above system is unsymmetric, 3×3 block structured, and of dimension 2n+m.
Letting1 K̂3 be the matrix in (2.4) and R be the diagonal positive definite matrix

R =

In 0 0
0 Im 0

0 0 Z
1
2

 , (2.5)

we can transform the system (2.4) into a symmetric one with matrix

K3 = R−1 K̂3R =

 H JT −Z 1
2

J 0 0

−Z 1
2 0 −X

 , (2.6)

and proper right-hand side [18]. We refer to [18, 25, 31] for a detailed analysis of K̂3

and K3 and their relations.

1Throughout we use the hat symbol, ̂, for matrices corresponding to the nonsymmetric 3 × 3
formulation.
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Alternatively to the above 3 × 3 formulations, it is common to eliminate ∆z in
(2.4) and use a system of smaller dimension n+m. The resulting system has matrix

K2 =

[
H +X−1Z JT

J 0

]
, (2.7)

and right-hand side formed accordingly.
In order to provide a comprehensive analysis of the 3× 3 systems, it is useful to

consider the case where regularizations are applied to the optimization problems (2.1),
(2.2). Several regularization techniques have been proposed in order to improve the
numerical properties of the KKT systems, and for details we refer to [1,10,21,33,37].
Here we focus on primal-dual regularizations such that system (2.4) becomes

K̂3,reg ∆̂3 = f̂3 (2.8)

with

K̂3,reg =

H + ρIn JT −In
J −δIm 0
−Z 0 −X

 , ∆̂3 =

 ∆x
−∆y
∆z

 , f̂3 =

fxfy
fz

 , (2.9)

where δ, ρ ≥ 0 and the right-hand side vectors fx, fz ∈ Rn and fy ∈ Rm are appro-
priately computed, see, e.g., [21, 25, 33]. Using again the block diagonal matrix R in
(2.5) gives the corresponding symmetric formulation

K3,reg ∆3 = f3, (2.10)

where

K3,reg =

H + ρIn JT −Z 1
2

J −δIm 0

−Z 1
2 0 −X

 , ∆3 =

 ∆x
−∆y

Z− 1
2 ∆z

 , f3 =

 fx
fy

Z− 1
2 fz

 . (2.11)

Upon reduction of ∆z, system (2.8) becomes

K2,reg ∆2 = f2, (2.12)

with

K2,reg =

[
H + ρIn +X−1Z JT

J −δIm

]
, ∆2 =

[
∆x
−∆y

]
, f2 =

[
fx −X−1fz

fy

]
. (2.13)

For δ, ρ ≥ 0, throughout the paper we refer to K2,reg as the reduced matrix

and to K̂3,reg and K3,reg as the unsymmetric and symmetric unreduced matrices and

recover K2, K̂3 and K3 by setting δ = ρ = 0. A similar terminology is used for
the corresponding systems. For later convenience, we observe that as long as X
is nonsingular, the reduced and unreduced matrices are mathematically related by
means of suitable transformations. Indeed, setting

L̂1 =

 I 0 0
0 I 0

X−1 0 I

 , L̂2 =

 I 0 0
0 I 0

X−1Z 0 I

 , (2.14)
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gives

K̂3,reg = L̂T1

 K2,reg
0
0

0 0 −X

 L̂2, (2.15)

while setting

L =

 I 0 0
0 I 0

X−1Z
1
2 0 I

 , (2.16)

gives the congruence transformation (see, e.g., [25])

K3,reg = LT

 K2,reg
0
0

0 0 −X

L. (2.17)

We use (2.15) and (2.17) only for theoretical purposes, but it is interesting to observe

that the possibly ill-conditioned matrices L̂1, L̂2 and L do not in fact necessarily
transfer their conditioning to K3,reg.

The following theorem from [25, Corollary 3.4, Corollary 3.6, Theorem 3.9] char-
acterizes the nonsingularity of the considered matrices.

Theorem 2.1. Suppose that H is symmetric and positive semidefinite, ρ ≥ 0,
and X, Z are diagonal with positive entries. Then K2,reg in (2.13), K̂3,reg in (2.9),
and K3,reg in (2.11) are nonsingular if and only if either δ > 0, or δ = 0 and J has
full row rank.

The use of the 2 × 2 formulation is supported by its reduced dimension and by
the variety of direct solvers, iterative solvers and preconditioners available for its
numerical solution [5]. However, the presence of X−1Z may cause ill-conditioning of
K2,reg as a solution is approached, and it represents the key difference between K2,reg

and the matrices K̂3,reg, K3,reg.

The unreduced matrices K̂3,reg, K3,reg and K̂3 are nonsingular throughout the IP
iterations, and remarkably remain nonsingular at a solution of (2.1)-(2.2) if proper con-
ditions, including strict complementarity and Linear Independence Constraint Qual-
ification are satisfied. The conditions for nonsingularity stated in [25, Theorem 3.11]
are reported below for completeness.

Theorem 2.2. Suppose that H is symmetric and positive semidefinite, X, Z
are diagonal with nonnegative entries, x and z satisfy the complementarity condition
xizi = 0, for all i. Necessary and sufficient conditions for K̂3,reg to be nonsingular
are that: xi > 0 if zi = 0, and zi > 0 if xi = 0 (strict complementarity); Ker(H) ∩
Ker(J)∩Ker(Z) = {0} if ρ = 0; [JT − (In)A] is full rank if δ = 0, with (In)A being
the submatrix of In of the column corresponding to the active set A for x (Linear
Independence Constraint Qualification).

These properties may favor the use of unreduced systems and have indeed mo-
tivated the study of their spectral estimates [25, 31]. Regarding the use of K3,reg, it
is important to note that ill-conditioning occurs in the matrix R defined in (2.5) but
the square root in the (3, 3) block has a damping effect on ill-conditioning at the final
stage of the IP process. On the other hand, when either of the systems in (2.8) and
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(2.10) is solved iteratively and preconditioning is required, assessing the advantages
of the unreduced formulation over the reduced one is still an open issue. We address
this problem by studying, both theoretically and computationally, the systems (2.8),
(2.10) and (2.12) when corresponding preconditioners are applied, and we establish
their distinguishing features.

We conclude this section by recalling a few suitable preconditioners for our sys-
tems that will be analyzed in the following: constraint preconditioners and precon-
ditioners based on augmentation of the (1, 1) block. In order to handle the above
systems simultaneously, we refer to the matrix in (2.3).

A block diagonal preconditioner for M based on augmentation is

PD =

[
E + FTW−1G 0

0 W

]
, (2.18)

where W ∈ Rn2×n2 is a symmetric positive definite weight matrix [9, 24, 26, 31]. The
advantages of using PD over preconditioners based on the Schur complement of E
are visible for E singular or ill-conditioned. Interestingly, this may be the case for
both the reduced and unreduced matrices, as E may be ill-conditioned in K2,reg at
the late stage of the IP method, and singular in K3 at any IP iteration both if E is
the leading 1× 1 or the leading 2× 2 block. Clearly, PD is positive definite if F = G
and ker(E) ∩ ker(F ) = {0}.

Alternatively, block triangular preconditioners based on augmentation of E can
be defined; see, e.g., [2, 6, 9, 34, 38], where, however, most results are for a zero (2,2)
block C. In this nonsymmetric framework, one option is to set

PT =

[
E + FTW−1G κFT

0 −W

]
, (2.19)

where κ is a scalar and W ∈ Rn2×n2 is a symmetric positive definite weight matrix.
If κ = 0, PT is block diagonal and indefinite. Another possibility is to consider

TW =

[
E + FTW−1G κFT

0 −(W + C)

]
, (2.20)

where κ is a scalar and W ∈ Rn2×n2 is symmetric positive definite. This precondi-
tioner was introduced for symmetric matrices in [38] with κ = 2.

Finally, indefinite constraint preconditioners for M are commonly used in opti-
mization, see, e.g., [7, 8, 13–16,19,28,29], and take the form

PC =

[
Ẽ FT

G −C

]
, (2.21)

where Ẽ is a symmetric approximation to E.

3. Standard preconditioners for the unreduced systems. In this section
we consider some of the preconditioners of type (2.18)–(2.21). We establish two dif-
ferent results on the relationship between preconditioned 2×2 and 3×3 formulations.
The first result is given in §3.1 and holds for specific constraint preconditioners and
augmented triangular preconditioners; invariance of the spectra of the preconditioned
matrices and correspondence of block equations in the preconditioned systems are
shown. The second result, given in §3.2, is valid for specific augmented diagonal and
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triangular preconditioners and indicates that, with the same elimination of ∆z as in
(2.10), the preconditioned 3× 3 systems reduce to the preconditioned 2× 2 systems.

Despite the spectral invariance of the preconditioned matrices K2,reg, K̂3,reg,
K3,reg via specific constraint and triangular preconditioners, the fact that a precon-
ditioner is invertible in the limit and possibly well-conditioned may be preferable in
finite precision arithmetic, making the unreduced system more appealing. This topic
is further explored in §4.

3.1. Equivalence properties of 2×2 and 3×3 formulations under certain
preconditioners. The considered constraint preconditioners have the form

P2,C =

[
diag(H + ρIn +X−1Z) JT

J −δIm

]
, (3.1)

P̂3,C =

diag(H + ρIn) JT −In
J −δIm 0
−Z 0 −X

 = L̂T1

 P2,C
0
0

0 0 −X

 L̂2, (3.2)

P3,C =

diag(H + ρIn) JT −Z 1
2

J −δIm 0

−Z 1
2 0 −X

 = LT

 P2,C
0
0

0 0 −X

L, (3.3)

where the factorizations in (3.2) and (3.3) are analogous to those for K̂3,reg and K3,reg

in (2.15), (2.17) and follow from the equality diag(H+ρIn+X−1Z) = diag(H+ρIn)+
X−1Z. Constraint preconditioners where the (1, 1) block is approximated by its main
diagonal are frequently used in optimization, see, e.g., [7, 8, 16,28,29].

Augmentation in PT (see (2.19)) is performed on the (1, 1) block of K2,reg and
K3,reg as follows. Let Rd ∈ Rm×m be positive definite and such that

Rd = δIm, with δ > 0,

and let W =

[
Rd 0
0 X

]
for system (2.10), and W = Rd for system (2.12). The

augmented block triangular preconditioners P2,T, P̂3,T, P3,T for K2,reg, K̂3,reg, K3,reg

are of the form

P2,T =

[
H + ρIn +X−1Z + JTR−1

d J κJT

0 −Rd

]
, (3.4)

P̂3,T =

H + ρIn +X−1Z + JTR−1
d J κJT −κIn

0 −Rd 0
0 0 −X

 =

 P2,T
−κIn

0
0 0 −X

 , (3.5)

P3,T =

H + ρIn +X−1Z + JTR−1
d J κJT −κZ 1

2

0 −Rd 0
0 0 −X

 =

 P2,T
−κZ 1

2

0
0 0 −X

 .(3.6)

If regularization is applied, the above choice of W amounts to W = C, and GMRES
[36] converges in at most two iterations if P2,T (or P3,T) is applied exactly and round-
off errors are ignored, see [38, Remark 2.1].

Now we establish connections between the spectra of the systems (2.12), (2.8)
and (2.10) preconditioned by the constraint preconditioners in (3.1)–(3.3) and the
triangular preconditioners (3.4)–(3.6). Such results follow from the transformations
(2.15), (2.17). We prove that, apart from the multiplicity of the unit eigenvalue, the
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eigenvalues of preconditioned K3,reg and K2,reg coincide with either the constraint
or the triangular (with κ = 1) preconditioners. Second we show that the first two
block equations of P−1

3,CK3,reg∆3 = P−1
3,Cf3 (P−1

3,TK3,reg∆3 = P−1
3,Tf3) are equivalent to

P−1
2,CK2,reg∆2 = P−1

2,Cf2 (P−1
2,TK2,reg∆2 = P−1

2,Tf2) and the third equation is equivalent
to the third equation in (2.10). Similar results hold for the unsymmetric 3×3 system.

Theorem 3.1. Suppose that H is symmetric positive semidefinite, X and Z are
diagonal with positive entries, K2,reg, K̂3,reg and K3,reg in (2.13), (2.9) and (2.11)

are nonsingular. Let P2,C, P̂3,C and P3,C be the preconditioners in (3.1), (3.2) and
(3.3) respectively, and consider systems (2.12), (2.8) and (2.10). Then
i) θ ∈ Λ(P−1

3,CK3,reg) if and only if either θ = 1 or θ ∈ Λ(P−1
2,CK2,reg).

ii) Solving P−1
3,CK3,reg∆3 = P−1

3,Cf3 is equivalent to solving P−1
2,CK2,reg∆2 = P−1

2,Cf2
and recovering ∆z from the third equation in (2.10).

iii) θ ∈ Λ(P̂−1
3,CK̂3,reg) if and only if either θ = 1 or θ ∈ Λ(P−1

2,CK2,reg).

iv) The same feature in (ii) holds with K̂3,reg and P̂3,C.
Proof. To show i), consider the generalized eigenvalue problem K3,regu = θP3,Cu

with u ∈ R2n+m. Using (2.17) and (3.3), we have K3,regu = θP3,Cu if and only if

LT

 K2,reg
0
0

0 0 −X

Lu = θLT

 P2,C
0
0

0 0 −X

Lu,
and the result readily follows from the nonsingularity of L.

Concerning ii) we use again (2.17) and (3.3) and note that P−1
3,CK3,reg∆3 = P−1

3,Cf3
if and only if

L−1

 P2,C
0
0

0 0 −X

−1  K2,reg
0
0

0 0 −X

 (L∆3) = L−1

 P2,C
0
0

0 0 −X

−1

L−T f3.

The result follows from explicitly writing

L∆3 = (∆x,−∆y,X−1Z
1
2 ∆x+ Z− 1

2 ∆z) = (∆2, X
−1Z

1
2 ∆x+ Z− 1

2 ∆z), (3.7)

L−T f3 = (fx −X−1fz, fy, Z
− 1

2 fz) = (f2, Z
− 1

2 fz), (3.8)

with ∆2 and f2 given in (2.13).
From their definition, we obtain

P̂−1
3,CK̂3,reg = L̂−1

2

 P−1
2,C

0
0

0 0 −X−1

 L̂−T
1 L̂T1

 K2,reg
0
0

0 0 −X

 L̂2

= L̂−1
2

 P−1
2,CK2,reg

0
0

0 0 In

 L̂2,

showing that the two preconditioned matrices are similar, leading to (iii).
The proof of (iv) parallels the arguments of (ii) and is based on (3.2).

The spectral properties of P−1
2,CK2,reg have been studied in a variety of papers,

e.g., [7, 13–15, 28, 29], and in light of Theorem 3.1, these results apply to P−1
3,CK3,reg.

In terms of performance, Theorem 3.1 shows that in exact arithmetic little can be
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gained by the unreduced formulation when the popular constraint preconditioner is
employed; the situation might differ in finite precision arithmetic.

The comparison of the two approaches in the unsymmetric case, given in the above
item (iv), requires further comments, as the performance of iterative preconditioned
solvers such as Krylov subspace methods does not only depend on the eigenvalues
of the two matrices. To this end, let us consider the right-preconditioned matrices
K̂3,regP̂

−1
3,C and K2,regP

−1
2,C, which is what we will use in our numerical experiments.

In the 3 × 3 case in (2.8), for instance, the system to be solved is K̂3,regP̂
−1
3,C∆ = f̂3,

with ∆̂3 = P̂−1
3,C∆; analogously for the 2× 2 system. We have that

K̂3,regP̂
−1
3,C = L̂T1

 K2,regP
−1
2,C

0
0

0 0 In

 L̂−T
1 .

An interesting relation between the residuals obtained by using a Krylov subspace
solver and the constraint preconditioner on the 3× 3 and 2× 2 systems can be estab-
lished. Consider an approximate solution ∆̂(k) in the Krylov subspace of dimension
k generated with K̂3,regP̂

−1
3,C and f̂3 = (fx, fy, fz) and zero starting approximate solu-

tion. For some polynomial ϕk of degree at most k, such that ϕk(0) = 1, the residual
can be written as

f̂3 − K̂3,regP̂
−1
3,C∆̂(k) =

ϕk(K2,regP
−1
2,C)f2 + ϕk(1)

[
X−1fz

0

]
ϕk(1)fz

 , (3.9)

where f2 is given in (2.13). Indeed,

f̂3 − K̂3,regP̂
−1
3,C∆̂(k) = ϕk(K̂3,regP̂

−1
3,C)f̂3

= L̂T1 ϕk

 K2,regP
−1
2,C

0
0

0 0 In

 L̂−T
1 f̂3

= L̂T1

ϕk(K2,regP
−1
2,C

) 0
0

0 0 ϕk(1)In

 L̂−T
1 f3

= L̂T1

ϕk(K2,regP
−1
2,C

) 0
0

0 0 ϕk(1)In

fx −X−1fz
fy
fz


= L̂T1

[
ϕk(K2,regP

−1
2,C)f2

ϕk(1)fz

]
,

and the last vector is precisely (3.9). The quantity ϕk(K2,regP
−1
2,C)f2 is the same

as that obtained by using a Krylov subspace on the 2 × 2 system, except that the
polynomial ϕk is different, in general. Indeed, for a minimal residual method such
as GMRES [36], ϕk is obtained so as to minimize the residual Euclidean norm. For
the 3 × 3 case, ϕk must minimize the norm of both block vectors in (3.9), whereas
in the 2 × 2 case, only the vector ϕk(K2,regP

−1
2,C)f2 needs to be minimized in norm.

Following the discussion in [35], we expect a similar behavior of the two residual norms
if the minimizing polynomial for the 2× 2 problem is small at one, which may be the
case whenever one is enclosed in the spectral region of K2,regP

−1
2,C. Clearly, the two

9



problems become equivalent as soon as fz = 0, and their residual norms are very close
if fz is small; we refer the reader to [35] for these and other considerations on the
spectral properties of constraint-preconditioned Krylov subspace methods.

Finally, we observe that the spectral analysis of [31, §3] ensures that solving with
P3,C may remain a well conditioned problem throughout the IP iterations and at the
limit point unlike with P2,C. Additional comments are postponed to the end of this
section.

The second proof uses similar arguments.

Theorem 3.2. Suppose that H is symmetric positive semidefinite, X and Z
are diagonal with positive entries, and K2,reg, K̂3,reg and K3,reg in (2.13), (2.9) and

(2.11) are nonsingular. Let P2,T, P̂3,T and P3,T be the preconditioners (3.4), (3.5)
and (3.6) respectively with κ = 1, and consider systems (2.10), (2.8), and (2.12).
Then
i) θ ∈ Λ(P−1

3,TK3,reg) if and only if either θ = 1 or θ ∈ Λ(P−1
2,TK2,reg).

ii) Solving P−1
3,TK3,reg∆3 = P−1

3,Tf3 is equivalent to solving P−1
2,TK2,reg∆2 = P−1

2,Tf2
and recovering ∆z from the third equation in (2.10).

iii) θ ∈ Λ(P̂−1
3,TK̂3,reg) if and only if either θ = 1 or θ ∈ Λ(P−1

2,TK2,reg).

iv) The same feature in (ii) holds with K̂3,reg and P̂3,T.
Proof. To characterize the spectrum of P−1

3,TK3,reg, we first observe that for L in
(2.16),

L−TP3,TL
−1 =

 P2,T
0
0

Z
1
2 0 −X

 , (3.10)

and that the eigenvalue problem K3,regu = θP3,Tu, u ∈ R2n+m can be written as

LT

 K2,reg
0
0

0 0 −X

Lu = θLTL−TP3,TL
−1Lu.

Thus, by using (3.10) K2,reg
0
0

0 0 −X

Lu = θ

 P2,T
0
0

Z
1
2 0 −X

Lu. (3.11)

With û = Lu = (û1, û2) where û1 ∈ Rn+m, û2 ∈ Rn, the first block row gives
the eigenproblem K2,regû1 = θP2,Tû1 while the second block row gives −Xû2 =

θ([Z
1
2 , 0]û1 − Xû2). Therefore, all eigenvalues of (K2,reg, P2,T) are also eigenvalues

of the unreduced problem with û2 given by the second block row. The remaining
eigenvalues are obtained for û1 = 0, which gives θ = 1. Note that if θ = 1 is also an
eigenvalue of (K2,reg, P2,T), then the matrix pencil in (3.11) is not diagonalizable.

We now prove item ii). By multiplying from the left by L in (2.16) and using
(2.17), we can write the preconditioned system P−1

3,TK3,reg∆3 = P−1
3,Tf3 as

LP−1
3,TL

T

 K2,reg
0
0

0 0 −X

L∆3 = LP−1
3,TL

TL−T f3.

10



Since LP−1
3,TL

T = (L−TP3,TL
−1)−1 and L−T f3 = (f2, Z

− 1
2 fz), from (3.10) it follows

that the system can be rewritten as P2,T
0
0

Z
1
2 0 −X

−1  K2,reg
0
0

0 0 −X

L∆3 =

 P2,T
0
0

Z
1
2 0 −X

−1  f2

Z− 1
2 fz

 .
By (3.7) the first block equation coincides with the reduced preconditioned system
while the third block equation is equivalent to the third equation in (2.10).

The proof of (iii) and (iv) parallels the above arguments and is based on (3.2)
and on the equality

L̂−T
1 P̂3,TL̂

−1
2 =

 P2,T
0
0

Z 0 −X

 .
Let now suppose that the 3×3 and 2×2 systems are solved by a Krylov subspace

solver coupled with the triangular augmented preconditioner analyzed above. By
(2.15) and

P̂3,T = L̂T1

 P2,T
0
0

Z 0 −X

 L̂2,

we get

K̂3,regP̂
−1
3,T = L̂T1

 K2,reg
0
0

0 0 −X

 L̂2L̂
−1
2

 P2,T
0
0

Z 0 −X

−1

L̂−T
1

= L̂T1

 K2,reg
0
0

0 0 −X

 L̂2L̂
−1
2

 P−1
2,T

0
0

[X−1Z 0]P−1
2,T −X−1

 L̂−T
1

= L̂T1

 K2,regP
−1
2,T

0
0

−[Z 0]P−1
2,T In

 L̂−T
1 =: L̂T1ML̂−T

1 .

Therefore, for any polynomial ϕk of degree not greater than k and setting B =
−[Z, 0]P−1

2,T, we have

ϕk(K̂3,regP̂
−1
3,T) = L̂T1 ϕk(M)L̂−T

1 (3.12)

= L̂T1

[
ϕk(K2,regP

−1
2,T) 0

Bψk−1(K2,regP
−1
2,T) ϕk(1)I

]
L̂−T
1 . (3.13)

We thus find that

ϕk(K̂3,regP̂
−1
3,T)f̂ = L̂T1

[
ϕk(K2,regP

−1
2,T)f2

Bψk−1(K2,regP
−1
2,T)f2 + ϕk(1)fz.

]
Here ψk−1 is as defined in [35, formula (2.7)], and the derivation is the same as
in [27, Theorem 1.21] and [35, Lemma 2.2], except that it is lower block triangular
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instead of upper block triangular. Unlike the case discussed above for the constraint
preconditioner, now the two residual minimizations do not become equivalent for
fz = 0, and the residual vectors are not expected to be close for small values of fz.

The above theorem is valid as long as κ = 1 and the weight is the one employed so
far. It does not further hold if the (3, 3) block is different from X or if augmentation
is performed using only the Schur complement JTR−1

d J . From the previous theorem,
the spectrum of the preconditioned matrices is fully characterized by the eigenvalues
for P−1

2,TK2,reg and we refer to the results in [9, 24, 34]. As for the conditioning of

matrices P2,T in (3.4), P̂3,T in (3.5), and P3,T in (3.6), we observe that the (1,1) block
of the preconditioners may be badly affected by a small regularizing parameter δ and
possibly by X−1Z.

If we assume that Rd is inexpensive to invert, the only significant effort in the
application of P3,T, P̂3,T and P2,T is represented by the solution of a system with
coefficient matrix

M := H + ρIn +X−1Z + JTR−1
d J.

This solution is likely to be too expensive for the preconditioning strategy to be
effective. Thus, in practice M should be replaced with a suitable approximation
M̃ . The equivalence established in Theorem 3.2 between reduced and unreduced
formulations still holds in this case. This is formalized in the following corollary,
where for simplicity we consider only the symmetrized case.

Corollary 3.3. Let M̃ be an invertible matrix, and consider

P̃2,T :=

[
M̃ JT

0 −Rd

]
, P̃3,T :=

 P̃2,T
−Z1/2

0
0 0 −X

 .
Then items (i) and (ii) of Theorem 3.2 still hold if P3,T is replaced with P̃3,T and P2,T

is replaced with P̃2,T.

Proof. We observe that relation (3.10) still holds for P̃3,T and P̃2,T, i.e.

L−T P̃3,TL
−1 =

 P̃2,T
0
0

Z
1
2 0 −X

 .
The rest of the proof is similar to the one of Theorem 3.2.

Summarizing our results, for the preconditioners considered, the spectral proper-
ties of the preconditioned 2×2 and 3×3 matrices are the same, and the computational
performance of an iterative solver, at least in terms of number of iterations, is expected
to be similar for the reduced and unreduced systems (the similarity matrices L and
L2 do not affect the first two blocks). On the other hand, due to the potential well-
conditioning of the preconditioner in (3.3) in the limit of the IP process, P3,C seems
to genuinely exploit the unreduced formulation and may justify the larger memory
allocations and computational costs per iteration required with the unreduced for-
mulation. An experimental analysis on constraint and augmented preconditioners is
performed in §4.

3.2. Further relations between the 2 × 2 and 3 × 3 preconditioned sys-
tems. Further relationships between systems (2.8), (2.10) and (2.12) preconditioned
by augmented diagonal and triangular preconditioners are shown in this section. The

12



triangular preconditioners are P2,T in (3.4), P̂3,T in (3.5), and P3,T in (3.6), and here
we are interested in the case κ 6= 1. The diagonal preconditioners of type PD in (2.18)
are defined with the same augmentation, thus,

P2,D =

[
H + ρIn +X−1Z + JTR−1

d J 0
0 Rd

]
, (3.14)

P3,D =

H + ρIn +X−1Z + JTR−1
d J 0 0

0 Rd 0
0 0 X

 =

 P2,D
0
0

0 0 X

 . (3.15)

Observe that P2,D, P3,D are positive definite.
We remark that in the regularized case, W is equal to the (2, 2) block of the

matrices and this is an “optimal” choice for the diagonal preconditioner in terms of
spectral distribution [31, §4.3].

We now show that, upon elimination of ∆z, the 3 × 3 preconditioned system
reduces to the 2×2 preconditioned system; note that here this property holds for any
real κ in the block triangular preconditioner.

Theorem 3.4. Suppose that H is symmetric and positive semidefinite, X and
Z are diagonal with positive entries, K2,reg and K3,reg given in (2.13) and (2.11) are
nonsingular. Let P2,T and P3,T be the preconditioners in (3.4) and (3.6) respectively,
with κ ∈ R. Then, after the same elimination of ∆z as in K3,reg∆3 = f3, the system
P−1
3,TK3,reg∆3 = P−1

3,Tf3 reduces to P−1
2,TK2,reg∆2 = P−1

2,Tf2.
The same feature holds with P2,D, P3,D in (3.14), (3.15).
Proof. We first observe that

P−1
3,T =

P−1
2,T −κP−1

2,T

[
X−1Z

1
2

0

]
0 0 −X−1

 .
Then, by (2.17) the preconditioned system P−1

3,TK3,reg∆3 = P−1
3,Tf3 can be written as

P−1
3,TL

T

[
K2,reg 0

0 −X

]
L∆3 = P−1

3,TL
TL−T f3,

and takes the formP−1
2,TK2,reg −(1− κ)P−1

2,T

[
Z

1
2

0

]
0 0 Im

L∆3 =

P−1
2,T (1− κ)P−1

2,T

[
X−1Z

1
2

0

]
0 0 −X−1

L−T f3.

Finally, by (3.7) and (3.8) it readily follows that by back substitution of ∆z the first
block equation coincides with the reduced preconditioned system.

The claim for the diagonal preconditioners P2,D, P3,D in (3.14), (3.15) can be
proved by repeating the above arguments.

The previous result is still valid if we consider the systems (2.12) and (2.8) and

either the preconditioners P2,T and P̂3,T in (3.4), (3.5) or P2,D, P3,D in (3.14), (3.15);
the proof is omitted.

4. Qualitatively different preconditioning strategies. Our previous results
show that the reduced and unreduced formulations are closely related, also when a
large class of preconditioning strategies is used. To be able to investigate their true
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potential in a comparative manner, we need to select the free parameters of these
acceleration strategies and to apply the preconditioners in an ad-hoc way.

In this section, we experiment with an IP method for problem (2.1). Our aim
is to compare the performance of the preconditioners of the form PD, PT, TW, PC in
(2.18)–(2.21) and to assess whether the unreduced formulation can be advantageous
in terms of conditioning and execution time relative to the reduced one. We put
emphasis on the solution of the whole sequence of linear systems generated with each
formulation.

The numerical experiments were conducted using Matlab R2015a on a 12x Intel
Core i7-5820K, 3.30GHz, 64 GB of RAM processor. Elapsed times were measured by
the tic and toc Matlab commands.

The datasets used are eight convex QP problems from the CUTEr collection [23]
(cvxqp1–cvxqp3, stcqp1 a–stcqp2, gouldqp3 a–gouldqp3 b), and four prob-
lems from the Maros and Mészáros collection [30] (qship12 s, qship12 l, laser and
qsctap3). Possible linear inequality constraints have been reformulated as equality
constraints by using a slack variable. The features of these problems are summarized
in Table 4.1. In all the considered datasets H is not a diagonal matrix and the number
of its nonzero elements is generally quite large, so as to justify the use of an iterative
solver. The last four data sets have medium dimensions and the matrices H and J
are very sparse. In spite of their relatively small dimensions, these problems may
be representative of the spectral features of larger matrices stemming from similar
application problems, thus offering some insights into conditioning issues. The con-
sidered data from the CUTEr collection are the largest ones in the data set with H
non-diagonal.

Table 4.1
Test problems: values of n, m, nonzeros in H and in J

Problem n m nnz(H) nnz(J)
cvxqp1 10000 5000 69968 14998
cvxqp2 10000 7500 69968 7499
cvxqp3 10000 7500 69968 22497
stcqp1 a 8193 4095 106473 28865
stcqp1 b 16385 8190 229325 61425
stcqp2 16385 8190 229325 61425
gouldqp3 a 9999 4999 29993 14997
gouldqp3 b 19999 9999 59993 29997
qship12 s 2869 1151 33764 8284
qship12 l 5533 1151 122433 16276
laser 3002 2000 5430 8000
qsctap3 3340 1480 1908 9734

The QP problems were solved by the Matlab code pdco (Primal Dual interior
method for optimization with Convex Objectives) developed by Michael Saunders and
available in [33]. In pdco, nonnegativity constraints are replaced by the log barrier
function and a sequence of convex barrier subproblems is generated; for each barrier
subproblem, one step of Newton’s method is applied to the KKT conditions with
perturbed complementarity conditions. In order to improve solver stability in pdco
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it is suggested to regularize (2.1) as

min
x,r

cTx+
1

2
xTHx+

1

2
‖D1x‖2 +

1

2
‖r‖2 subject to Jx+D2r = b, x ≥ 0,

where D1 and D2 are positive definite diagonal matrices specified by the user. There-
fore, with D1 =

√
ρIn and D2 =

√
δIm for positive ρ and δ, the unreduced and

reduced coefficient matrices of the systems to be solved take the form K2,reg, K̂3,reg

and K3,reg respectively.

We applied regularization only when needed, that is we set ρ = δ = 0 every-
where except in the following cases. In problems stcqp1 a, stcqp1 b, qship12 s,
qship12 l we used δ > 0, otherwise K̂3 is singular at every iteration due to the
rank deficiency of the matrix J (see Theorem 2.1). In problems cvxqp1, cvxqp2,

cvxqp3 we used δ > 0 because otherwise K̂3 is singular in the limit, since the Linear
Independence constraint Qualification is not satisfied (see Theorem 2.2). For these
cases, we set δ = 10−6. Moreover, to overcome failures of pdco in the unregularized
setting, we set δ = 10−6 for problem laser and ρ = 10−6 for problem qsctap3.

pdco allows one to work with two alternative linear system formulations: a re-
duced form with matrix K2,reg and a condensed formulation where the coefficient
matrix is a Schur complement. Symmetric indefinite systems are solved by a direct
solver whereas for condensed systems both direct and iterative solvers are available.
We modified pdco so that the unreduced regularized formulation with matrices K̂3,reg,
K3,reg could also be explicitly formed. For the 3 × 3 formulation, the unsymmetric
form (2.9) will be used when indefinite preconditioners will be employed. Indeed, the
process of symmetrization (2.6) requires the application of matrix R, which becomes
increasingly ill-conditioned along the IP process and may also have a detrimental ef-
fect on the scaling of the right-hand side of the linear systems. Summarizing, the
systems in the sequence were solved by using: i) Matlab’s sparse direct solver (func-
tion “\”); ii) MINRES [17, 32] coupled with a diagonal augmented preconditioners
PD in (2.18) for the symmetric matrices K3,reg, K2,reg; iii) GMRES [36] coupled with
the indefinite constraint preconditioner PC (see (2.21)) and the augmented triangular

preconditioners PT (see (2.19) and TW (see (2.20)) for the matrices K̂3,reg, K2,reg.
We do not report the results obtained with PT as they were slightly worse than those
obtained with the other triangular preconditioner TW.

We are aware that the sparse direct solver is a compiled code whereas the iterative
solvers are Matlab implementations (interpreted) and thus slower; nonetheless, we will
show runs where the iterative methods can largely overcome this disadvantage.

4.1. Implementation issues in preconditioning. The distinguishing feature
of the preconditioner P̂3,C given in (3.2) with respect to P2,C in (3.1) is that the
former is invertible and possibly well conditioned throughout the IP iterations as long
as K3,reg is invertible at the solution. The application of P̂3,C requires solves that can
be performed either via a sparse complete or incomplete LU factorization, or by the
following standard a-priori block decomposition Letting D = diag(H + ρIn), as long
as D is invertible, we have

P̂3,C =

 In 0 0
JD−1 Im 0
−ZD−1 0 In

D 0 0
0 −S10

In D−1JT −D−1

0 Im 0
0 0 In

 , (4.1)
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with

S1 =

[
J
−Z

]
D−1

[
JT − In

]
+

[
δIm 0

0 X

]
=

[
JD−1JT + δIm −JD−1

−ZD−1JT ZD−1 +X

]
,

and, since ZD−1 +X is diagonal, it holds

S1 =

[
Im −J(Z +DX)−1

0 In

] [
S2 0
0 ZD−1 +X

] [
Im 0

−(Z +DX)−1ZJT In

]
,

with

S2 = JX (Z +DX)
−1
JT + δIm. (4.2)

This matrix S2 is the same Schur complement one obtains by block factorizing the
2× 2 formulation, that is

P2,C =

[
In 0

J
(
D +X−1Z

)−1
Im

] [
D +X−1Z 0

0 −S2

] [
In

(
D +X−1Z

)−1
JT

0 Im

]
.

(4.3)

It holds that JX (Z +DX)
−1
JT = JD−1(D−1X−1Z + I)−1JT , and the (diagonal)

entries of (D−1X−1Z + I)−1 belong to the interval (0, 1) with the smallest value
being of the order of mini xi if strict complementarity holds at the solution. Thus,
the eigenvalues of S2 belong to the interval [δ, δ + ‖JD−1JT ‖] throughout the IP
iterations and the lower bound is possibly achieved as mini xi tends to zero. As a
consequence, the condition number of S2 may be large, e.g., in the case when H is
positive semidefinite and the regularization parameters δ and ρ are small. This ill-
conditioning correctly reflects that of P2,C, whereas in the 3× 3 case S2 may be much
more ill-conditioned than the original preconditioner.

As for the augmented preconditioners PD, PT, TW in (2.18)–(2.20), their effec-
tiveness is very sensitive to the choice of the weight matrix W ; from a computational
point of view, it is convenient to choose W diagonal so that it is inexpensive to in-
vert. We know that an optimal choice of W in terms of eigenvalue distribution of
the preconditioned matrices is W = C [31, §4.3], [38, Remark 2.1]. For our purposes,
however, this choice is not interesting, since we have shown in Theorems 3.2 and 3.4,
and Corollary 3.3 that this choice makes the unreduced and reduced formulations be-
have very similarly. Moreover, we notice that W = C is optimal only in the presence
of regularization in the (2, 2) block.

We have used a diagonal augmented preconditioner PD of the form (2.18), and a
triangular augmented preconditioner TW of the form (2.20). For the definition of TW,
following [38], we set κ = 2 in (2.20) and consequently

TW =

[
E + FTW−1G 2FT

0 −(W + C)

]
. (4.4)

As for the unreduced case (2.9) we let

E = H + ρIn, F =

[
J
−In

]
, G =

[
J
−Z

]
, C =

[
δIm 0

0 X

]
,

while in the reduced case (2.13) we have

E = H + ρIn +X−1Z, F = G = J, C = δIm.
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Approximations such as W = γIn+m with γ equal to either the arithmetic mean,
geometric mean or median of diag(C) actually led to slow convergence of precondi-
tioned MINRES and GMRES. In the spirit of the proposal in [34], for the unreduced
systems we obtained an effective choice of W by setting

W =

[
γ1Im 0

0 γ2In

]
, (4.5)

where

γ1 =
α

‖H + ρIn‖F
, γ2 = γ1 ·mean(z), (4.6)

α is a positive parameter, and ‖ · ‖F is the Frobenius norm. In all our experiments
we set α = 10−2. For the reduced system K2,reg, we instead set

W = γIm, γ =
1

‖H + ρIn +X−1Z‖F
. (4.7)

This choice of W , in both the reduced and unreduced cases, makes the precon-
ditioner robust with respect to the scaling of the variables. Specifically, consider the
unreduced formulation. When the variables x and z are scaled by some positive pa-
rameters sx and sz, respectively, the resulting coefficient matrix in (2.10) takes the

form K̃3,reg = T 1/2K3,regT
1/2, where T is the diagonal matrix

T =


sx
sz

0 0

0
sz
sx

0

0 0
1

sx

 .
The augmented block diagonal preconditioner (3.15) constructed for the scaled sys-

tem, withW chosen as in (4.5), has the form P̃D = T 1/2PDT
1/2. Thus, the eigenvalues

of the preconditioned scaled matrix P̃−1
D K̃3,reg are the same as those of the precondi-

tioned unscaled matrix P−1
D K3,reg. Similar relations hold for preconditioners PT and

TW, and also for the reduced formulation.
The choice (4.5) for W exploits the partitioning of the original matrix by giving

different weights at the two diagonal blocks. If the problem is well scaled, the values
of γ1 and γ2 are expected to be of moderate size and bounded away from zero; this
feature may mitigate ill-conditioning in the (1,1) block of the preconditioner and the
following numerical experiments support this claim. On the other hand, we remark
that γ in (4.7) is expected to tend to 0.

4.2. Selected numerical results. We report selected numerical results on the
inexact implementation of the IP method in pdco and the comparison of different
linear system formulations and linear algebra solvers. Once again, our main aim is
to report on our numerical experience while comparing the reduced and unreduced
preconditioned formulations. Nonetheless, we report and discuss the performance of
different approaches, such as that of direct solvers, which should be a reference when
trying to attack the solution of this class of problems by means of iterative methods.

The issue of how much inaccuracy is allowed in the solution of the linear systems
while preserving the convergence properties of IP methods has been investigated in
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several papers [3,4,7,8,16,22,29]. The norm of the residual in the linear systems can be
directly linked to the barrier parameter µ = xT z/n in (2.4) whereas the convergence
of the IP method is driven by the barrier term tending to zero. This setting implies an
increasing accuracy in the solution of the linear system as the IP iterate approaches
the solution. The resulting IP method can be interpreted as an Inexact Newton
method [12] and its convergence can be analyzed in such framework [4]. On the
basis of the mentioned literature we solve iteratively the unreduced system (2.8) and
monitor the unpreconditioned system residual until

‖K̂3,reg ∆̂3 − f̂3‖ ≤ ηµ, (4.8)

with η being a forcing term in (0, 1). Analogously for system (2.10), the control on
inexactness is ‖K3,reg ∆3 − f3‖ ≤ ηµ. For the 2× 2 formulation, we solve iteratively
(2.12) until the residual satisfies

‖K2,reg∆2 − f2‖ ≤ ηµ. (4.9)

Successively, the step ∆z is recovered from the third block equation in (2.8). .
The following results were obtained by applying MINRES and GMRES with

stopping criterion (4.9) and η equal to 10−2. In the whole section, the total execution
times for the iterative solution of the systems include the time needed to form the
preconditioner and its factorization and the time for the iterative solver. pdco was
stopped with accuracy on feasibility (FeaTol) equal to 10−6 and complementarity
tolerance (OptTol) equal to 10−6.

In pdco, variable scaling can be applied if estimates on the largest components
of the solution x and z are available, and this may improve the code performance. We
assumed no a priori knowledge on the solution and thus no scaling was implemented.

Table 4.2
Conditioning data of K3,reg, K2,reg, expressed in the form 10min−max. For PD: conditioning

of the (1,1) block Cholesky factor. For PC: conditioning of L and U factors (unreduced case) and
of the Cholesky factor of the Schur complement in the reduced case.

K3,reg K2,reg

Backslash PC PD Backslash PC PD

κe(K3,reg) κe(L) κe(U) κe(L) κe(K2,reg) κe(L) κe(L)
Problem min-max min-max min-max min-max min-max min-max min-max
cvxqp1 11-12 7-8 15-17 3-3 11-22 2-4 2-6
cvxqp2 11-11 5-6 11-13 2-3 11-21 2-3 2-6
cvxqp3 11-12 7-8 16-17 2-3 12-22 3-4 3-5
stcqp1 a 10-10 5-5 12-12 3-4 10-19 4-5 3-6
stcqp1 b 10-10 6-6 13-13 4-4 10-19 4-5 3-6
stcqp2 7-7 2-3 5-5 4-4 7-15 1-2 3-8
gouldqp3 a 2-7 1-4 1-6 3-4 1-11 0-4 2-5
gouldqp3 b 2-7 1-4 1-6 3-4 1-10 0-4 2-5
qship12 s 12-12 2-4 11-14 2-3 10-22 2-8 3-8
qship12 l 11-13 2-4 11-14 3-5 10-23 2-7 3-8
laser 10-13 0-3 10-14 0-4 8-25 0-7 1-10
qsctap3 4-9 3-6 7-12 6-9 4-12 2-4 5-9

We start by analyzing the conditioning of matrices K3,reg, K2,reg, and the corre-
sponding preconditioners. Condition numbers κe(·) were estimated by the Matlab
function condest and only the order of magnitude exponent is reported. In the unre-
duced formulation, we decided to avoid using the factored form of PC in (4.1) since
the matrix D may not be invertible, and the use of matrix S2 in (4.2) would introduce
unnecessary ill-conditioning. Thus, preconditioner PC was applied using the factor-
ization ΠPCQ = LU . Column reordering (matrix Q) reduces fill-in in the sparse
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case and is commonly more time and memory efficient than just row pivoting via
the permutation matrix Π, although we observed that the condition number of the
factors L and U may be considerably higher than the conditioning of PC. However,
we should say that the IP method did not display any anomalous behavior related to
the conditioning.

In Table 4.2 we display the observed condition numbers, for both (unreduced and
reduced) formulations. We report the minimum and maximum condition numbers of
the system matrix and of the Cholesky factor L of the (1,1) block of PD during the
IP iterations. For the unreduced case, where PC is applied via direct factorization, we
also report the conditioning of its L and U factors. For the reduced case, where PC

is applied via the Schur complement factorization (4.3), we report the conditioning
of the Cholesky factor L of S2. Since the condition number of K3,reg and K2,reg

did not vary significantly in runs with different linear algebra solvers, we report only
the values obtained with the Matlab’s direct solver. Similarly, we do not show the
condition number of the Cholesky factors of the (1,1) block of TW as they are very
similar to those of PD.

As expected, the maximum value attained by the conditioning of K3,reg is several
orders of magnitude smaller than that of K2,reg. In the unreduced formulation the
condition number of the Cholesky factor L of the (1,1) block of PD is at most a couple
of orders of magnitude smaller than the condition number of the Cholesky factor for
K2,reg.

Next, we present the performance of pdco with the discussed strategies for the
linear algebra phase. As for the augmented preconditioners, in the first eight prob-
lems PD and TW were approximated by replacing E + FTW−1G with its incomplete
Cholesky factors computed with threshold 10−3; larger thresholds led to a breakdown
of the factorization. In the remaining problems, the exact Cholesky factors were
computed as the incomplete factorization failed with threshold down to 10−4.

Interestingly, for all problems the number of IP iterations was insensitive to the
linear algebra solver used in the inner phase, for both formulations. This seems to
imply that with the chosen stopping criterion for the inner approximate solution,
the selection criterion of the inner solver should be based on performance, also when
comparing the reduced and unreduced formulations. Moreover, the iterative solution
of the inner systems does not degrade the overall performance of the IP method
compared with the sparse direct solver.

Table 4.3
Unreduced system. Number of linear systems solved (outer iterations), number of inner itera-

tions required by the iterative solvers.

K3,reg

PC-GMRES PD-MINRES TW-GMRES
Outer Inner Iter Inner Iter Inner Iter

Problem Iter min/max/avg min/max/avg min/max/avg
cvxqp1 21 9/22/18.9 32/114/ 72.0 15/ 34/28.5
cvxqp2 22 20/23/22.2 51/ 90/ 64.2 21/ 27/24.7
cvxqp3 23 9/28/22.5 34/118/ 88.1 16/ 42/36.3
stcqp1 a 17 2/ 9/ 4.1 22/ 30/ 26.5 17/ 22/18.5
stcqp1 b 17 3/10/ 4.3 29/ 38/ 33.3 20/ 25/22.1
stcqp2 18 2/15/ 4.6 12/ 26/ 20.2 8/ 14/11.4
gouldqp3 a 13 7/10/ 7.8 36/241/115.9 14/136/57.3
gouldqp3 b 14 7/11/ 8.0 38/526/202.2 15/208/88.6
qship12 s 56 3/ 5/ 4.2 57/111/ 91.0 21/ 48/34.7
qship12 l 61 3/ 5/ 4.3 50/161/109.4 19/ 94/46.1
laser 31 2/ 8/ 4.9 19/131/ 57.1 14/ 90/35.3
qsctap3 31 4/ 7/ 6.1 14/ 30/ 22.4 5/ 8/ 5.6
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Table 4.4
Unreduced systems. Number of linear systems solved (outer iterations) and total execution

times (secs) for solving the sequence of unreduced systems. (Timings of Backslash are included for
completeness.)

K3,reg

Backslash PC-GMRES PD-MINRES TW-GMRES
Problem Outer Total Total Total Total

Iter time time time time
cvxqp1 21 156.93 5.54 4.09 2.99
cvxqp2 22 63.37 1.80 2.98 2.12
cvxqp3 23 275.24 21.14 6.80 5.10
stcqp1 a 17 29.30 3.32 1.33 1.37
stcqp1 b 17 137.31 15.86 3.50 3.43
stcqp2 18 2.22 0.79 2.16 1.89
gouldqp3 a 13 0.52 0.58 2.40 10.44
gouldqp3 b 14 1.13 1.28 7.61 44.21
qship12 s 56 2.08 1.20 9.85 10.74
qship12 l 61 7.59 2.73 72.32 51.55
laser 31 0.44 0.59 1.65 4.38
qsctap3 31 0.91 1.11 2.55 1.22

Table 4.5
Reduced systems. Number of linear systems solved (outer iterations), number of inner iterations

required by the iterative solvers.

K2,reg

PC-GMRES PD-MINRES TW-GMRES
Outer Inner Iter Inner Iter Inner Iter

Problem Iter min/max/avg min/max/avg min/max/avg
cvxqp1 21 9/22/18.8 31/ 91/68.6 14/ 33/27.3
cvxqp2 22 20/23/22.1 35/ 52/43.1 19/ 27/24.0
cvxqp3 23 9/28/22.5 36/109/84.9 16/ 40/35.5
stcqp1 a 17 2/ 9/ 4.1 19/ 28/22.1 12/ 24/14.3
stcqp1 b 17 3/10/ 4.3 26/ 36/29.1 15/ 31/18.1
stcqp2 18 2/15/ 4.6 7/ 13/ 8.7 8/ 12/ 8.6
gouldqp3 a 13 7/10/ 7.8 9/107/50.9 7/ 60/30.9
gouldqp3 b 14 7/11/ 8.0 10/190/86.4 7/102/46.7
qship12 s 56 3/ 5/ 4.2 10/ 22/18.8 2/ 11/ 3.6
qship12 l 61 3/ 5/ 4.3 14/ 23/19.7 2/ 11/ 3.5
laser 31 2/ 8/ 4.9 6/ 23/11.8 2/ 6/ 2.8
qsctap3 31 4/ 7/ 6.1 3/ 8/ 4.3 3/ 4/ 3.4

Table 4.3 shows the number of linear systems solved (outer iterations) and the
minimum, maximum and average (min/max/avg) number of inner iterations required
by the iterative solvers PC-GMRES, PD-MINRES and TW-GMRES in the 3× 3 case.
Table 4.4 displays the total execution time for solving the sequence of systems with
Matlab’s direct solver, PC-GMRES, PD-MINRES and TW-GMRES. For the sake of
completeness, timings of the Matlab’s direct solver are also reported.

Comparisons with sparse direct solvers should in general be performed on more
challenging, larger and possibly denser problems. Nonetheless, even on these contrived
examples, the performance of the iterative solvers is in general satisfactory. Analogous
statistics for the solution of the sequences of reduced systems are given in Tables 4.5
and 4.6.

Tables 4.3 and 4.5 show that in general preconditioned GMRES and MINRES
behave somewhat similarly in the two formulations in terms of number of iterations,
except that for the gouldqp3 data, where the reduced system requires significantly
fewer iterations. Closeness of the residual norms of PC-GMRES for both the 3×3 and
2× 2 systems was experimentally verified in the whole IP process, see the discussion
in Section 3.

Tables 4.4 and 4.6 report timings for the unreduced and reduced systems, re-
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spectively. All vectors have smaller dimensions in the reduced formulation, and this
shows up both in the memory requirements and in the elapsed times, apart from the
two runs on problems stcqp1 a and stcqp2 a with preconditioner PC, where the
factorized Schur complement appears to be denser than for the other cases, and thus
expensive to solve with.

A few comments on performance within each formulation can also be made. In
the 3 × 3 formulation, runs with PC-GMRES show significant CPU time reductions
over the direct solver in most of the cases; see Table 4.4. Augmented preconditioners
outperform PC in problems stcqp1 a and stcqp1 b, while there is clear computa-
tional disadvantage from their application in the last six problems. Concerning the
reduced formulation, the computational times in Table 4.6 are low but iterative solvers
still produce significant savings in the first six problems.

In light of our theoretical analysis and numerical experience, we can conclude
that the better spectral properties of the unreduced formulation and possibly of the
corresponding preconditioners, do not provide sufficient benefits in terms of robustness
and efficiency. The step computed through iterative solvers applied to the 2 × 2
systems are accurate enough to guarantee the success of the IP method, and the
smaller dimension provides computational and time savings in the IP procedure.

Table 4.6
Reduced systems. Number of linear systems solved (outer iterations) and total execution times

(secs) for solving the sequence of unreduced systems. (Timings of Backslash are included for com-
pleteness.)

K2,reg

Backslash PC-GMRES PD-MINRES TW-GMRES
Problem Outer Total Total Total Total

Iter time time time time
cvxqp1 21 10.10 1.31 3.48 2.18
cvxqp2 22 7.24 1.27 1.80 1.59
cvxqp3 23 15.15 3.03 6.03 4.12
stcqp1 a 17 2.57 7.78 1.03 1.04
stcqp1 b 17 8.92 31.58 2.87 2.75
stcqp2 18 6.56 0.55 1.34 1.48
gouldqp3 a 13 0.23 0.23 0.88 1.86
gouldqp3 b 14 0.50 0.45 2.47 7.67
qship12 s 56 0.63 0.55 3.18 1.76
qship12 l 61 2.59 0.99 17.27 6.78
laser 31 0.19 0.31 0.37 0.25
qsctap3 31 0.25 0.33 0.94 1.17

5. Conclusions. The high sparsity structure of KKT systems arising in the
numerical solution of quadratic programming problems by means of interior point
methods encourages the use of reduction strategies before solving the systems. For
stability purposes, however, the unreduced formulation may be appealing. Following
previous analysis in [18, 19, 25, 31], we have explored these two formulations when
preconditioned iterative solvers are applied in the inner phase.

We have shown that the application of certain classes of preconditioners to the two
formulations may result in either mathematically equivalent solution procedures, or
to strictly related sequences of approximations. Moreover, our experimental analysis
illustrates that once specifically designed preconditioners are used, and as long as
implementations with the unreduced and reduced formulations are successful, the
CPU time performance seems to favor the latter, in view of the smaller dimensions.
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