AN ERROR ANALYSIS FOR POLYNOMIAL OPTIMIZATION OVER
THE SIMPLEX BASED ON THE MULTIVARIATE
HYPERGEOMETRIC DISTRIBUTION
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ABSTRACT. We study the minimization of fixed-degree polynomials over the simplex.
This problem is well-known to be NP-hard, as it contains the maximum stable set problem
in graph theory as a special case. In this paper, we consider a rational approximation
by taking the minimum over the regular grid, which consists of rational points with
denominator r (for given r). We show that the associated convergence rate is O(1/r?) for
quadratic polynomials. For general polynomials, if there exists a rational global minimizer
over the simplex, we show that the convergence rate is also of the order O(1/r?). Our
results answer a question posed by De Klerk et al. [9] and improves on previously known
O(1/r) bounds in the quadratic case.

1. INTRODUCTION AND PRELIMINARIES

We consider optimization of polynomials over the standard simplex:
n
A, = a:eR’}r:inzl
i=1

More precisely, given a polynomial f € H, 4, where H,, 4 denotes the set of n-variate
homogeneous real polynomials of degree d, we define

1) /= min f(z),

and f := maxgea, f(z). For computational complexity reasons, we assume throughout
that the polynomial f has integer coefficients.

For quadratic f € H, 2, Vavasis [18] shows that problem (1) admits a rational global
minimizer z*, whose bit-size is polynomial in the bit-size of the input data. On the other
hand, when the degree of f is larger than 2, there exist polynomials f for which problem
(1) does not have any rational global minimizer. This is the case, for instance, for the
polynomial f(z) = 2z:% — 21 (31, :ci)Z, whose global minimizer always has the irrational
component 1 = 1/\/6
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Complexity and approximation results. The global optimization problem (1) is known
to be NP-hard, and contain the maximum stable set problem in graphs as a special case.
Indeed, for a graph G = (V, E), Motzkin and Straus [12] show that its stability number
a(@) can be calculated via

1 . T
—— = min z (I + Ag)z,

where I denotes the identity matrix and Ag denotes the adjacency matrix of graph G.

On the other hand, there exists a polynomial time approximation scheme (PTAS) for
problem (1) over the class of polynomials f € H, q with fixed degree d, as was shown by
Bomze and de Klerk [2] for degree d = 2 and by De Klerk, Laurent and Parrilo [8] for
degree d > 3. The PTAS is easily described: It takes the minimum of f over the regular
grid

A(n,r):={z € A, :rz e N}
for increasing values of r € N. Note that

2 = i
( ) fA(n,r) a:enAlgzl,r) f(l‘)
may be computed by performing |A(n,r)| = (”’L:_l) evaluations of f. Thus, for fixed r,

fA(n,r) can be obtained in polynomial (in n) time. The following error estimates have been
shown for the range fa(n,) — f in terms of the range f— f of function values.

Theorem 1.1. [2, Theorem 3.2] For any polynomial f € Hy2 and r > 1, one has

fA(n,r)_iS ;f

Theorem 1.2. [8, Theorem 1.3] For any polynomial f € Hyq and v > 1, one has
rd\ (2d -1\ 4 —
fA(n,r)_iS (1_7ad> < d )dd(f_f)

For more results about the computational complexity of problem (1), see [5, 6]; for
properties of the grid A(n,r), see [3], and for recent studies of the approximation fa
see [1, 9, 15, 16, 17].

De Klerk et al. [9] recently provided alternative proofs of the PTAS results in Theorems
1.1 and 1.2. The idea of these proofs is to define a suitable discrete probability distribution
on A(n,r) (seen as a sample space), by using the multinomial distribution. (This idea is
an extension of a probabilistic argument by Nesterov [13]; for the exact connection, see [9,

|

Section 6].)
Recall that the multinomial distribution may be explained by considering a box filled
with balls of n different colors, and where the fraction of balls of color i € {1,...,n} is

denoted by x;, say. If one draws r balls randomly with replacement and let the random
variable Y; denote the number of times that a ball of color ¢ was drawn, then

|
Pr[lﬁ:al,...,Yn:an]:r—"ma, a erAn,r),
al
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where ol := [["; a;! and 2 := [[ ="
X =1y € A(n,r), one has

o

Defining the normalized random variable

aerA(n,r)
and the right-hand-side expression is precisely the Bernstein approximation of f of order
r at x. Therefore, since fam,y < E[f(X)], the new PTAS proof in [9] is essentially a
consequence of the properties of Bernstein approximation on the standard simplex.

This approach can be put in the more general context of the framework introduced
by Lasserre [10, 11] based on reformulating any polynomial optimization problem as an
optimization problem over measures. When applied to our setting, this implies the following
upper bound:

famn SEf) = [ fouldz)
A(n,r)
for any probability measure g on A(n,r). So the work [9] is based on selecting the multi-
nomial distribution with appropriate parameters as measure y. In this paper we will select
another measure, as explained below.

Contribution of this paper. In this paper, we give a partial to a question posed in [9],
concerning the error bound in Theorems 1.1 and 1.2, that may be rewritten as:

L fA(n,r)_i_ (1)
3 =—==01-]).
(3) i) = 2 k
In [9] several examples are given where this error is in fact of the order O(1/7?) and the
question is posed whether this could be true in general.

Here, we give an affirmative answer for quadratic polynomials. More precisely, we show
that p.(f) < m/r? if f has a global minimizer with denominator m (see Theorem 2.2).
In view of Vavasis’ result [18] on the existence of rational minimizers for quadratic pro-
gramming, this implies that p,.(f) = O(1/r?) for quadratic f. For polynomials f of degree
d > 3, when f admits a rational global minimizer, we show that p,(f) = O(1/r?) (see
Corollaries 3.1 and 4.1).

The main idea of our proof is to replace the multinomial distribution above by the
hypergeometric distribution, and we therefore review some necessary background on the
hypergeometric distribution next.

Multivariate hypergeometric distribution. Consider a box containing m balls, of

which m; are of color ¢ for ¢ = 1,...,n. Thus ' ; m; = m. We draw r balls randomly
from the box without replacement. This defines the random variable Y; as the number of
balls of color i in a random sample of r balls. Then, Y = (Y1,...,Y,) has the multivariate

hypergeometric distribution, with parameters m, r and n. Given o € N” with " | a; =,
the probability of obtaining the outcome «, with «a; balls of color 7, is equal to

[T (5)
)

(4) PriYi=ay,...,.Y, =a,] =
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For g € N”, the S-th moment of the multivariate hypergeometric distribution Y is defined

n . H?: ng
My (V) = E (Hl Y5> = > aﬂ(jfg),

a€cl(n,r)

where I(n,r) := {a € N" : |a| := " | a; = r}. Combining [4, relation (34.18)] and [4,
relation (39.6)], we can obtain the explicit formula for m(ﬁn " (Y) in terms of the Stirling
numbers of the second kind. For integers a,b € N, the Stirling number of the second kind

S(a, b) counts the number of ways of partitioning a set of a objects into b nonempty subsets.
Moreover, denote ¢ := r(r —1)--- (r — d + 1).

Theorem 1.3. For 8 € N”, one has

rlel
m(ﬁn,r) (Y) = Z |a\ Hmz Bza al

aGN":a</3’
Define the random variables
(5) X =(X1,...,X,) where X;:=Y;/r (i=1,...,n).

Thus X takes its values in A(n,r). Theorem 1.3 gives the explicit formula for the moments
of X.

Corollary 1.1. For g € N”, one has

n . 1
mf(Bn,r)(X) =E <1;[1 Xzﬂz> = 7180 Z ‘ | Hmz S(Bi, ai).

aEN”:a<B
The multivariate hypergeometric distribution can be used for upper bounding the min-
imum of f over A(n,r).
Lemma 1.1. Let f = Zﬁel(n,d) fgmﬁ € Hpq and let X = (X1, Xo,...,X,) be as in (4)
and (5). Then, one has
fA(n,'r) <E (f(X)) )
and the above inequality can be strict.
Proof. By definition (5), the random variable X takes its values in A(n,r), which

implies directly that the expected value of f(X) is at least the minimum of f over A(n,r).
In order to show the inequality can be strict, we consider the following example f =

223 + 23 — 5z122. One has f = —1T attained at the unique minimizer (176, 16) Then we
let m = 16, m; = 7 and mo = 9. When r = 2, one can easily check that fa(2) = —%
(attained at the unique minimizer (3, 3)). On the other hand, when r =2, E (f(X)) =3l

and thus E (f(X)) > fa(22)- O
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Bernstein coefficients. Any polynomial f = Zﬂel(n,d) fg:z:ﬁ € H,,q can be written as

(6) f= 2> fe’= ) (fﬁg:)@

pel(n,d) Bel(n,d)

Then, the scalars fﬁ% (for g € I(n,d)) are called the Bernstein coefficients of f since they
are the coefficients of f when expressing f in the Bernstein basis {%xﬂ :p € I(n,d)} of
Hna (see e.g. [7,9, 16]). Combining (6) with the multinomial theorem

n d
o (Ta) - 3 4
=1

acl(n,d)

it follows that, when = € A,, f(x) is a convex combination of its Bernstein coefficients
fg%. Hence, for any z € A,,, we have

p A
8 < —.
(8) ﬁergnggd foy = fl2) ﬁgllgfd)fﬁd!
In Section 4, we will make use of the following theorem by de Klerk et al. [§], which bounds
the range of the Bernstein coefficients in terms of the range of function values f — f.

Theorem 1.4. [8, Theorem 2.2] For any polynomial f = Zﬁel(n’d) fazP € Hpa, one has

s B =1\ a7
ﬂGI(nd)fﬁd' ,Belnd)fﬁd' —< >d(f -

Notation. We denote [n] := {1,2,...,n} and let N” be the set of all n-dimensional non-
negative integral vectors. For a € N, we define |a| := Y ;" | o and ol := aqlag!- - oyl
For vectors a, f € N™, the inequality o < 8 means «; < 3; for any i € [n]. As before, set
I(n,d) :={a € N" : |a| = d} and let H,, 4 be the set of all multivariate real homogeneous
polynomials in n variables with degree d. Then, for @ € N, we denote z® := [[;_, z7".
Similarly, for I C [n], we let 2! := [[,.; ;. A monomial 2 is called square-free (aka mul-
tilinear) if o; € {0,1} (i € [n]), and a polynomial f is called square-free if all its monomials
are square-free. Moreover, denote 22 := z(z — 1)(z — 2)--- (2 — d + 1) for integer d > 0
and 2% =[], mzai for o € N™. We let e denote the all-ones vector and e; denote the i-th
standard unit vector. Furthermore, for a random variable W, E(W) is its expectation.

Structure. The rest of the paper is organized as follows. In Section 2, we consider the
standard quadratic optimization problem, while in Section 3 we treat the cubic and square-
free (or multilinear) cases. In Section 4, we focus on the general fixed-degree polynomial
optimization over the simplex. Finally, we give all the proofs of results stated in Section 3
in the Appendix.
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2. STANDARD QUADRATIC OPTIMIZATION

We consider the problem (1) where the polynomial f is assumed to be quadratic. The
following result plays a key role for our refined error analysis in Theorem 2.2 below.

Theorem 2.1. Let f = 27 Qx € Hn,2. For any integers v and m such that 1 < r < m,
one has
m-—r

Proof. Let z* € A(n,m) be a minimizer of f over A(n,m), i.e., f(z*) = fa(n,m), and set
m; = ma for i € [n]. If m =1, then r = 1 and the result is trivial. Now assume m > 2.
Consider the random variable X = (Xi,...,X,,) defined as in (4) and (5). By Corollary
1.1, one has

o (miNE[(  m-—r m(m —r) icn
ElX] = (m) <1 r(m—1)+rmi(m—1)> (i € [nl),
ElXiX;] = ﬁﬁ <1 - T(m_1)> (i #j € [n]).
Then, we have
E[f(X)] = Y  QuEXX;]+) QuE[X]]
i,jen]it] i=1
B i,je[zn]::#j QUEE (1 ) rim - 1)>

= m;\ 2 m—r m(m —r
+ ;Q” (%) (1 Cr(m—1) * rm;(m
+
( _

)
] ZH;QM?

1
i

. x m—r r
B Z Qi (1 B r(m — 1))
i,5€[n]
. m-—r m-—r )
s S - r(m—1)= " r(m—1) Iirel%"f](Q“
N m-—r m-—r —
s S - r(m — 1)i+ r(m — 1)f'
Hence, we obtain
ES(X)] = famm = EIf(X)) = 1) < -5 = D).
Using Lemma 1.1, we can conclude the proof. O

When f is quadratic, Vavasis [18] shows that there always exists a rational global mini-
mizer z* for problem (1). Say, 2* has denominator m, i.e., z* € A(n,m). Our next result
gives an upper bound for the error estimate fa(n,) — f, in terms of this denominator m.
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Theorem 2.2. Let f = 27Qx € Hy 0, and let x* be a global minimizer of f over A, with
denominator m. For any integer r > 1, one has

m ,—
fagn —F= 3 (f=1)-
The proof uses the following easy fact (whose proof is omitted).

Lemma 2.1. Let v, k,m > 1 be integers such that (k — 1)m < r < km. Then,

km—r _m
< —.
km—1"r
Proof. (Proof of Theorem 2.2) Let k > 1 be an integer such that (k — 1)m < r < km.
We apply Theorem 2.1 to 7 and km (instead of m) and obtain that

km—r
famry = famem) < %(f - f)-

Now, observe that fam.im) = famm) = f, since z* € A(n,m) C A(n,km) C A, and use
the inequality from Lemma 2.1. ]

As a direct application of Theorem 2.2, we see that the rate of convergence of the
sequence p,(f) in (3) is in the order O(1/7?), where the constant depends only on the
denominator of a rational global minimizer.

Corollary 2.1. For any quadratic polynomial f € Hpa, pr(f) = O(1/r%).

Moreover, the results of Theorems 2.1 and 2.2 refine the known error estimate from
Theorem 1.1, which shows that p,(f) < % To see it, use Theorem 2.1 and the fact that
% < % if 1 < r < m, and use Theorem 2.2 and the inequality % < % in the case

r > m.
The following example shows that the inequality in Theorem 2.1 can be tight.

Example 2.1. [9, Example 2] Consider the quadratic polynomial f = >  x?. Since f

is convex, one can easily check f = 1 (attained at any standard unit vector) and f= %

(attained at x = %e, with denominator m = n). Moreover, for any integer r < n, we have
fame) = % Thus, we have
n—r — m-—r —
famr) —i—m(f_i) = m(f—i)
Hence, for this example, the result in Theorem 2.1 is tight, while the result in Theorem 1.1
s not tight.

3. CUBIC AND SQUARE-FREE POLYNOMIAL OPTIMIZATIONS OVER THE SIMPLEX

For the minimization of cubic and square-free polynomials over the standard simplex,
the following results from [9] refine Theorem 1.2.
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Theorem 3.1. (i) [9, Corollary 2] For any polynomial f € Hy3 and r > 2, one has
4 4\ —
—f<(===)(F-1.
agmn =1 < <7, 73) (f =1

(ii) [9, Corollary 3] For any square-free polynomial f € H, q and r > 1, one has
d

faon 1< (1-5) (F-9).

We can show the following analogue of Theorem 2.1 for cubic and square-free polynomi-
als. We delay the proof to Appendix A, since the details are similar to the quadratic case
(but more technical).

Theorem 3.2. (i) Let f € Hp3. Given integers r,m satisfying 1 <r <m andm > 3,
one has

(m —r)(dmr —2m —2r) —

fA(n,r) - fA(n,m) < r2(m — 1)(m — 2) (f - i) .

(ii) Let f € Hpa be a square-free polynomial. Given integers r,m satisfying 1 <r < m
and m > d, one has
d,d

rem®\ —
When problem (1) admits a rational global minimizer, then one can show that Theorem
3.2 (ii) implies Theorem 3.1 (ii), and that Theorem 3.2 (i) implies Theorem 3.1 (i) for

r>1+ \/g%i T We give the proofs for these statements in Appendix B.

Theorem 3.1 shows that the ratio p,(f) is in the order O(1/r). As an application of
Theorem 3.2, we can show that the ratio p,.(f) is in the order O(1/r?) for cubic polynomials
admitting a rational global minimizer over the simplex (see Corollary 3.1, whose proof is
given in Appendix C). The same holds for square-free polynomials as we will see in the
next section.

Corollary 3.1. Let f € H, 3 and assume that f has a rational global minimizer in A,.
Then, p,(f) = O(1/7%).
4. GENERAL FIXED-DEGREE POLYNOMIAL OPTIMIZATION OVER THE SIMPLEX

In this section, we study the general fixed-degree polynomial optimization problem over
the standard simplex. We first upper bound the range fa(n) — fA(n,m) in terms of f — f.

Theorem 4.1. Let f € H, 4. For any integers r,m satisfying 1 <r < m and m > d, one

has
Ay d d— _
fA(n,r) - fA(n,m) < <1 il > <2 d 1) dd(f =)

rdmd
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Note that when f is square free, we have proved a better bound in Theorem 3.2 (ii).
For the proof of Theorem 4.1, we will use the following Vandermonde-Chu identity

n d
(9) (Zx) = > %x@ Yz € R"
1=1

a€l(n,d)

(see [14]), as well as the multinomial theorem (7). We will also need the following two
lemmas about the Stirling numbers of the second kind.

Lemma 4.1. (e.g. [9, Lemma 3]) For any positive integer d and r > 1, one has

d—1
Z rkS(d, k) = r? — rd.
k=1

Lemma 4.2. (e.g. [9, Lemma 4]) Given o € I(n,k) and d > k, one has

Z B,Hs Bi, ).

Belnd

Furthermore, we will use the following technical result.

Lemma 4.3. Given 8 € I(n,d), for any integers r,m with 1 <r < m, m > d and integers
m; (i € [n]) with Y ;" , m; =m, one has

(10) Aﬁ = Td (f[mzﬁl - ﬁmzﬁz> + Z Hmz /Bzvaz = 7
=1 =1

aeN™:a<f,a#p

|
(11) D

BeI(n,d)

Proof. We first prove (10) For any o € N with |a| < d, one can easily check that
rlel [of

tT = Uo7, that is, rd < ”*m* . Hence, one has
- m

lal,,d ™

4 - rd(Hmﬁf—Hmﬁ% S s
=1 =1

aeN":a<B,a#0 — i=1

AV

n n n
Hmiﬁ— Hmzﬂ" + Z Hm,%S(ﬁz,al) = TQB/g.
=1 =1

aeN":a<p a8 i=1

:=Bg

Then we consider the quantity Bg and show that Bg = 0. As S(8;,3;) = 1, one can

rewrite Bg as
n
B,B: Z Hm’L ﬁuaz _1_‘["77116Z
i=1

aeN":a<p =1
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Applying Lemma 4.1 (with (m;, ;) in place of (r,d)), we have

n
mzﬂi = Z m; % (ﬁla az) implying H mzﬂi = Z H m;t Bza az
a; =0 =1 aeN?:.a<fgi=1

which shows that Bg = 0, and thus Ag > 0, which concludes the proof of (10).
We now show (11). By the definition (10), one has

Bel(n,d) pel nd)

::Cl

d! rlelpd 2
+ Z 21 Z lnT Hml&S(ﬂl,al)

BeI(n,d) Al aeNma<B a8 T i=1

—Co

On the one hand, using the Vandermonde-Chu identity (9), the multinomial theorem
(7) and the identity ;" ; m; = m, we find

C1 = rd(md — m?).

On the other hand, exchanging the summations in the definition of C5, one obtains

d—1 o] n
il _ d!
Cy = mdz Z ani% Z HS Buaz

k=1acI(nk) """ i=1 BeI(n,d) 'z 1
d-1 Kl n

= md —S(d, k) Z E" H m; & [using Lemma 4.2]
k=1 acl(nk) i=1
d—1

= m?> rES(d, k) [using Vandermonde-Chu identity (9)]
k=1

= mi(rd — rd) [using Lemma 4.1]

We can now conclude that Zﬁel(n,d) %Aﬁ = Oy + Cy = rimd — rdmd, O

Now we are ready to prove Theorem 4.1.
Proof. (of Theorem 4.1) Let * € A(n,m) be a minimizer of f over A(n,m), i.e., f(z*) =
fA@m,m)- Set m; = mx} for i € [n]. Let the random variables X; be defined as in (4) and
(5), so that the random variable X = (X, Xs,...,X,,) takes its values in A(n,r). By
Corollary 1.1 we have:

rlel
E[XIB] = ,,Tld Z | | Hmz 5@7051

aENn:a<,8
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Then, as S(5;, B;) = 1, we can rewrite

E[X?] =

aeN:a<B,a#0 m—

% Hmz (/Bzaaz)

i=1

>

/

L m;\ Bi rd md
= H <7> dd T
, m rd ma

T rmg Bi rdmd rd -
= 11(5) s * g | 1Im*
. m/ rimd  rimd

:=Dg
rdmd m2 1
(s
=1
Hm ) + Dlg

+ Dg

i=1 1=1
:\%1 :=To
d,d
B g rtm Ag
= Tl—l-TQ—(ZL') dd .
For the above last equality, note that, since zj = 7, one has
d,d
g reim
Tl = (I )Brdmi
and using the definition of Ag in (10), we can write
Ap
Ty = .
27 pdpd
Thus we obtain
EfX)] = B Y £X= Y fEX)
Bel(n,d) Bel(n,d)
Td md
= Tdmdf< d Z faAg.
Bel(n,d)
Therefore, we have
rimd(E[f(X)] — f(@) = (rm? — rimd) f Z f8Az.
BeI(n,d)

We now upper bound the two terms (r

First, since 7¢m? — r¢md < 0 and f(x

d . d

(12) (r%m

dypd

rmd) f(z*) and Z,Be](n,d) f8Ag.

*) > mingern.q) f5 (see (8)), one obtains

!
r md)f(w*) < (rdmd - rdmd) (ﬁer?(igd) f5§!> )

Second, using the fact that Ag > 0 (by Lemma 4.3), one obtains

As <
2 ks (Bg;(ax

BeI(n,d)

3! a,
f5d|> Z /@l

Bel(n,d)

11
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Using the identity > gc;(,.q) %Ag =r9md — rdm? (see (11)), one can obtain

Z fsApg < < max fﬁ?) (rimd — rdmd).

Bel(nd) BeI(n,d)
Combining with (12), this implies

!

: o
B 0] - £0) < (O = o) (o 135~ win 1),

Using Theorem 1.4, Lemma 1.1 and the fact that f(z*) = fa(n,m), We finally obtain

P st = ) < PmAELCO] = ) < (= sty (* a7 - ),

which concludes the proof of Theorem 4.1. O

In what follows we now assume that f € H, 4 has a rational global minimizer z* with
denominator m, i.e., z* € A(n,m), so that f = fa(n,m)-
First, observe that Theorem 4.1 refines the result from Theorem 1.2 (which follows from

d d d
the fact that 1 — :dgmi <1- 775 forany k >1).

Next, we show as an application of Theorem 4.1 that the ratio p,(f) is in the order

o(1/r?).

Corollary 4.1. Let f € H, 4 and assume that there exists a rational global minimizer for
problem (1). Then, p.(f) = O(1/r?).

For the proof of Corollary 4.1, we need the following notation. Consider the univariate
polynomial (x — 1)(x — 2)---(x — d + 1) (in the variable z), which can be written as

(13)

(z—1)(x—2) (x—d+1) =2 —ag02? +ag_sz® P+ +(=1)" ag = 2% +p(a),

setting
(14) pla) =) (1) et

where a; are positive integers depending only on d for any i € {0,1,...,d — 2}. We also
need the following lemma.

Lemma 4.4. Let r,m and k be integers satisfying m > d ,k > 1 and (k—1)m <r < km.
Then one has

re(km)? o m
) S 72

for some constant cqy depending only on d.

1
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Proof. Based on (14), one can write
rt(km)? (km)®! p(km)  p(r)

T rdkm)d — (km— 1) (km —2) - (km —d + 1) | (km)@1  rd-1

=09 (r,km) =01 (r,km)
First we consider the term o (r, km). For any integer ¢ € {1,...,d—1},ask > 1land m > d,
we have that km(d — 1) > id, which implies kfﬂ”ii < d. Hence, one has ao(r, km) < d%~1.

Next we consider the term o1 (r, km). Recalling (13), we can write o1 (r, km) as o1(r, km) =

d—2 —1—3 1 1 : 1 1 1 1
> im0 (_1)d ‘a; ((km)d—l—i - quq)- Since r < km, then ¢~ < © and (em)d—1=1 e

for any i € {0,1,...,d — 2}. This gives:

d—2 1 1
(15) o1(r,km) < Zai <Td—1—i . (kzm)d—l—i> :

=0

1
(km)d—1-7

Then, we consider the term Td_ll_i — (for any i € {0,1,...,d — 2}) in (15). For
any integer s € [d — 1], we have

1 1 (km)® —r®

- — —Di-D
r$  (km)s r$(km)* L
setting
km—r
D, =
! kmr
(km)*= + (km)*2r + - +r°71
Dy = .

T‘S_l(k)m)s_l

On the one hand, one has D; < T&%:T’l) < 7%, where the second inequality follows by
Lemma 2.1. On the other hand, observe that for any i,j € {0,1,...,s—1} withi+j = s—1,

one has (km)'r? < (km)*1rs=1. Hence, Dy < s < d — 1. That is,
1 1 < m(d—1)
rs (km)s —  r2
Using this in (15), we find that oy (r, km) < % Zf:_oz a;. From (13) and (14), we know
that the term (d — 1)(2?;()2 a;) is a constant c¢q that depends only on d. This concludes
the proof. 0

We can now prove Corollary 4.1.
Proof. (proof of Corollary 4.1) Let * € A(n,m) be a rational global minimizer of f over
A,,. Let r > d and let k > 1 be an integer such that (k—1)m < r < km. Using Theorem
4.1 (applied to r and km (instead of m)), we obtain that
rd(km)?\ (2d — 1\ 4~
Fatur) = £ = It~ finimy < (1= ety ) (%7 )7 - ).
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Combining with Lemma 4.4, one can conclude. ([l

5. CONCLUDING REMARKS

As explained in the introduction, the analysis presented here is essentially a modification
of the analysis in [9], in the sense that one discrete distribution on A(n,r) is replaced by
another.

Having said that, the analysis in the current paper does not imply the PTAS results in
[9] for non-quadratic f, due to the restrictive assumption of a rational global minimizer.
It is not clear at this time if this assumption is an artefact of our analysis using the
hypergeometric distribution, or if there exist examples of problem (1) where all global
minimizers are irrational and p,(f) = €(1/r). This remains as an interesting question for
future research.

REFERENCES

Bomgze, .M., Gollowitzer, S., Yildirim, E.A.: Rounding on the standard simplex: Regular grids for
global optimization. Journal of Global Optimization, 59(2-3), 243-258 (2014)

Bomze, .M., De Klerk, E.: Solving standard quadratic optimization problems via semidefinite and
copositive programming. Journal of Global Optimization, 24(2), 163—-185 (2002)

Bos, L.P.: Bounding the Lebesque function for Lagrange interpolation in a simplex. Journal of Ap-
prozimation Theory, 38, 43-59 (1983)

Johnson, N.L., Kotz, S., Balakrishnan, N.: Discrete Multivariate Distributions. Wiley (1997)

De Klerk, E.: The complexity of optimizing over a simplex, hypercube or sphere: A short survey.
Central European Journal of Operations Research, 16(2), 111-125 (2008)

De Klerk, E., Den Hertog, D., Elabwabi, G.. On the complexity of optimization over the standard
simplex. Furopean journal of operational research, 191, 773-785 (2008)

De Klerk, E., Laurent, M.: Error bounds for some semidefinite programming approaches to polynomial
optimization on the hyeprcube. SIAM Journal on Optimization, 20(6), 3104-3120 (2010)

De Klerk, E., Laurent, M., Parrilo, P.: A PTAS for the minimization of polynomials of fixed degree
over the simplex. Theoretical Computer Science, 361(2-3), 210-225 (2006)

De Klerk, E., Laurent, M., Sun, Z.: An alternative proof of a PTAS for fixed-degree polynomial
optimization over the simplex. Preprint at arXiv:1311.0173 (2013)

Lasserre, J.-B.: Global optimization with polynomials and the problem of moments, SIAM J. Optim.
11, 796-817 (2001)

Lasserre, J.-B.: A new look at nonnegativity on closed sets and polynomial optimization. STAM J.
Optim. 21, 864-885 (2011)

Motzkin, T.S., Straus, E.G.: Maxima for graphs and a new proof of a theorem of Tturan, Candian. J.
Math. 17, 533-540 (1965)

Nesterov, Y.: Random walk in a simplex and quadratic optimization over convex polytopes. CORE
Discussion Paper 2003/71, CORE-UCL, Louvain-La-Neuve (2003)

Powers, V., Reznick, B.: A new bound for Pélya’s theorem with applications to polynomials positive
on polyhedra. Journal of Pure and Applied Algebra, 164, 221-229 (2001)

Sagol, G., Yildirim, E.A.: Analysis of copositive optimization based bounds on standard quadratic op-
timization. Technical Report, Department of Industrial Engineering, Koc University, Sariyer, Istanbul,
Turkey (2013)

Sun, Z.: A refined error analysis for fixed-degree polynomial optimization over the simplex. Preprint
at arXiv:1312.5873 (2013)



ANALYSE POLY. OPT. OVER SIMPLEX USING MULTI-HYPERGEOMETRIC DISTRIBUTION 15

[17] Yildirim, E.A.: On the accuracy of uniform polyhedral approximations of the copositive cone. Optim.
Method. Softw. 27(1), 155-173 (2012)
[18] Vavasis, S.A.: Quadratic programming is in NP. Information Processing Letters 36: 73-77 (1990)

APPENDIX A

We give here the proof of Theorem 3.2. As in the proof of Theorem 2.1, let z* € A(n,m)
be a minimizer of f over A(n,m), i.e., f(z*) = famm), and set m; = maz; for i € [n].
Consider the random variables X; defined in (4) and (5), so that X = (X, Xo,...,X,)
takes its values in A(n, 7).

First we consider the case (i) when f is a homogeneous polynomial of degree 3. Write f
as

n
3 2 2
F=Y L+ >0 (fymad + ggaieg) + Y fieiai s
i=1 1<i<j<n 1<i<j<k<n

By Corollary 1.1, for any i, j, k € [n], one has

m;\3 3mr —2(m +r) 3rm;m? — 3m;m? + m3 — 2rm?
B = () [1_(m_r)7"2(m—1)(m—2) ) S — (m — 9) ]
mi\2 m; 3mr —2(m+r r—1)m
BLX7Xj] = <E> m [1 - (m- r)r2(m - 1)((m+— ;) +(m =) r2mi((m - 1))(m - 2)}
E[X;X;X;] = %%% [1 —(m—r1) Tzznn: - f)(gan +_r2))]

Therefore, one obtains

(16)
Elf(X)] = >, fEX+Y; (fz‘jE[Xz’Xf] + gijE[XfXj]) + i<k JiskE[Xi X; Xi]
= J@) 1= (m—n) S | 1 ot o,

where we set

n
m; mi m;
(17) Z i (3mr —3m; +m — 2r)+m(r—1)z<:(fij+gij)n;m].
=1 1<J

As in [8], by evaluating f at e; and (e; + €;)/2, we obtain respectively the relations:
(18) f<fi<]

(19) fi+ [+ fij + 9i5 < 8F.

Using (19), we obtain

> (it 9oL < S TSF - fi— £y) ——8f2@@—2f2m’<1_7>_

1<J 1<j 1<j
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We use this inequality together with (18) to upper bound the term o from (17):

m; m
o < Zfl (4mir — 4m; + 2m — 2r — mr) + 8m(r — 1) fzmzmj
1<J
- m m; m; "L omy
— dm(r—1) Z;f(m) 2fz<: i My 2m—2r—mr);fimz
1= 1<j =

n n n
- m; 2 ms m; m; m;
< dm(r—-1)f Z<E> +2;mm +2(m—r);fim—mr;fim

=1
< Am(r—1)f+2(m—r)f —mrf = (4mr —2m —2r)f —mrf.
We can now upper bound the quantity E [f(X)] from (16) as follows:

B < fa) + I 2 gy,

Together with Lemma 1.1, this now concludes the proof of Theorem 3.2 (i).

We now consider the case (ii) when f is a homogeneous square-free polynomial of degree
d. Say, f = Zlg[n},m:d frz!. By Corollary 1.1, one has

d
n _ T*Hz‘elmz - m;
E[XT] = rd  md rdde

and thus

d,d

B I rd md _rtm

E[f(X)] _IC[%;”_deE[X] ﬁm ( ) rdmde (n,m)*

Therefore,

ﬁ

BCOI~ fanm = — (1= 12 ) o < — (1= ) £ < (12 525) G- 1)

Here, for the last inequality we have used the fact that f > 0 (since f(e;) = 0 for any
i € [n]). Together with Lemma 1.1, this concludes the proof of Theorem 3.2 (ii).

APPENDIX B

Assume f € H, 3 has a rational minimizer on A,, with denominator m > 3.
First we show how to derive Theorem 3.1 (i) for r > 1 + F - from our result in
Theorem 3.2 (i).

Whenl—i—r .

4
re”

< r < m, this follows directly from the fact that (mr T()ﬁmlg (nimm%) <

=
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Assume now r > m > 3 and (k — 1)m < r < km for some integer k > 2. It suffices to
(km—r)(4kmr—2km—2r) < 4
r2(km—1)(km—2) =7

o(r) := (2km — 1)1 + (4 — 6km)r — k*m? + 6km — 4 > 0.
km—1

One can check that the function ¢(r) is monotonically increasing for r > 1+ 57— and
thus for » > 2. Hence it suffices to show that ¢((k —1)m + 1) > 0. If m > 3 is fixed, then
one can check that p((k—1)m+1), as a function of &, is monotonically increasing for k > 2.
Therefore, it suffices to show that ¢((k — 1)m + 1) > 0 when k£ = 2 and m > 3. One can
now check that ¢((k—1)m+ 1) with k£ = 2, as a function of m, is monotonically increasing
for m > 3. Finally, we can conclude that it suffices to show that ¢((k—1)m+1) > 0 when
k =2 and m = 3, which can be easily checked to hold. Thus we have shown that ¢(r) > 0
for any r > m.

show the inequality — % or, equivalently,

To see that Theorem 3.2 (ii) implies Theorem 3.1 (ii), consider an integer k£ > 1 such

that (kK — 1)m < r < km and observe that 1 — :iggfnlgi <1- :—i.

APPENDIX C

We prove Corollary 3.1. Assume m > 3 is the denominator for a rational global minimizer

of f over A,. If 1 <r < m then, by using Theorem 3.2 (i), Lemma 2.1 and the inequality
dmr—2m—2r < 4(m-1)

Tm=2) = “m—g o+ We deduce that

(m —r)(dmr — 2m — 2r) m?

< .
) S G T O m ) S 2 m =)
Assume now r > m and (k — 1)m < r < km for some integer k > 2. Then Theorem 3.2
(i) implies

km —r)(4k —2km — 2r) —
fA(n,r) - i = fA(n,r) - fA(n,k‘m) < ( mTQ(;)T(n 7”;;(]{7” 1712) r) (f - i) :

t 4kmr—2km—2r
r(km—2)

or(f) < 67”21. This concludes the proof of Corollary 3.1.

One can easily check tha < 6 which, together with Lemma 2.1, implies that
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