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Abstract In this paper we consider a class of non-Lipschitz and non-convex
minimization problems which generalize the L, — L, minimization problem.
We propose an iterative algorithm that decides the next iteration based on
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result is also applied to the problem with general linear constraints under mild
conditions.
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1 Introduction

In this paper, we consider the following optimization problem:
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1 ,
Minimize  h(z) = §xTQ$ +afz+c+ A E x¥
i (1)

Subject to x>0

where Q € R"". 0 < Q < Bl,a € R",c € R,A > 0,0 < p < 1. This
non-Lipschitz and nonconvex problem is a generalization of the Ly — L, min-
imization problem with nonnegative constraints:

1
Minimize — =[|Az —b|> + A a?
2 ; (2)

Subject to x>0

Chen et al. [5] show the equivalence between Problem (2) and the uncon-
strained Ly — L, minimization problem. A global minimizer of the Ly — L,
problem is also called a bridge estimator in statistical literature[10]. The bridge
regression problem has been studied extensively in variable selection and sparse
least squares fitting for high dimensional data. See [3,4,6,8-10,7,15-17] and
references therein.

Despite the fact that different approaches have been developed to tackle
the problem (2), e.g., [3,4,6,14,16], Chen et al.[7] show that the Ly — L,
minimization problem is strongly NP-Hard for any p € [0, 1), including its
smoothed version. From complexity theory perspective, an NP-hard optimiza-
tion problem with a polynomially bounded objective function does not admit
a polynomial-time algorithm, and a strongly NP-hard optimization problem
with a polynomially bounded objective function does not even admit a fully-
polynomial-time approximation scheme (FPTAS), unless P=NP [21].

A theoretically (nearly) linear time algorithm for problem (1) still remains
unknown yet. The objective function in problem (1) is a combination of a
quadratically convex function and a p-norm concave function, with either part
of which an optimization problem can be approximated to an e-KKT point in
O(e!log(e1)) steps. In the previous literature of non-convex minimization,
Ye [22] proposes a potential reduction algorithm to obtain an e-KKT point in
O(e~1log(e1)) iterations for the general quadratic minimization problem with
linear constraints, where each iteration solves a trust-region quadratic mini-
mization problem. He also proves that when e goes to 0, the iterative sequence
converges to a point which satisfies the second order necessary optimization
condition. Ge et al.[13] present a similar potential reduction algorithm on min-
imizing linearly constrained concave function ||z||} (0 < p < 1) with the worst
case complexity O(e!log(e™1)).

Recently, Bian et al. [1] propose two algorithms for a class of non-Lipschitz
and non-convex minimization problems with box constraints. Based on the
idea of affine scaling, the solution in each iteration only lays on the interior
region in which the objective function is differentiable. Their first order ap-
proximation algorithm can obtain an e-KKT point in O(e~2) steps. Moreover,
they also propose a second order approximation algorithm with the worst-case
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complexity O(e_%), whereas a higher computational complexity is required at
each iteration. Bian et al. [2] present an smoothing quadratic regularization al-
gorithm for solving a class of unconstrained non-smooth non-convex problems.
They show that their method takes at most O(e~2) steps to find an eKKT
solution. To the best of our knowledge, an algorithm with (nearly) linear time
complexity is still under the exploration: overcoming the additional difficulty
caused by the presence of both the convex and concave functions in an object
needs a further analysis and understanding of the problem structure.

In this paper, we propose a breakthrough iterative algorithm to find an e-
KKT point for problem (1) with a worst-case complexity O(log(e~!)). We also
show that the same result is applied to the general case with linear constraints
under mild conditions. There are two interesting techniques we use in the
algorithm. Firstly, we adjust the direction and step length of the next iteration
based on the strength of the local convexity and concavity of the current
solution. Secondly, we develop a lower bound at each step similar to the work
by [6]. At each step, if an entry falls below the lower bound, the algorithm
will fix its value to zero and remove all the information of that dimension. The
dimension of the decision vector is reduced by one while the objective function
value keeps decreasing.

The remaining part of the paper is organized as follows. In section 2, we
present the algorithm and briefly explain the main idea. In section 3, we pro-
vide a formal complexity analysis of the algorithm. In section 4, we extend the
discussion to the general linearly constrained case.

Notations: Throughout the paper, let I = {1,2,--- ,n}. For any column
vector © € R™, x; denotes the ith component of z. Let W C I, zw = [2;]icw,
which is a subset of vector =, and z_w = [zi]ier\w-

2 A 3-Criterion Algorithm

In this section we first present a potential function and analyze its connection
with e-KKT points. Then we present the algorithm with a precise explanation
of the main idea.

Throughout the paper, we make the following assumptions for the conve-
nience of our analysis.

Assumption 1 The optimal value of problem (1) is lower bounded by 0.

Assumption 2 For any z° > 0, there exists v such that sup{|z|eo|h(x) <
h(z°)} <.

Assumption 1 is natural considering that the optimal value of problem
(1) is always lower bounded. It will not change our computational complexity
analysis. Assumption 2 always holds for the Ly — L, minimization problem
given that 3||Az — b||? is lower bounded by 0, and 2! — oo as z; — oo.

Denote the support set of x* by supp(z*) = {i|l < i < n,zf # 0}. We
define an e-KKT point of problem (1) as follows.
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Definition 1 For any € € (0,1), we call 2* > 0 an e-KKT point of problem
(1) if there exists y* > 0, such that

* >0, (3a)

||[Vh(.’£*) - y*]supp(ac*) S €, (3b)
y* >0, (3¢)

()7 <. (34)

We only consider the K KT condition on the support set given that [Vh(z)];
doesn’t exist when x; = 0, and [Vh(z)]; — 400 as z; — 07. We also relax
both of the first order conditions and complementary conditions by a scale e.
Our definition is consistent with the K KT conditions given in [1,?] with e =0
for the unconstrained Ly — L, problem.

To simplify our analysis, we let f(z) = 3827 + a’x + ¢ and let g(z) =
AY, 2t 4+ 327(Q — BI)z. Thus the objective function h(z) = f(z) + g(z).

Note that if we fixed a working set A C {1,--- ,n}, and let 2* , = 0, then
the e-KKT condition of problem (1) is equivalent to the e-KKT condition of
the reduced problem

Minimize  h(za,2_4 =0)
Subject to x4 >0,

(4)

providing y* , = 0. For any feasible solution z, Vh(z); is undefined at z; = 0.
Thus, it is more convenient for us to work on the support set supp(z). To sim-
plify our notation, in the following discussion, we always explicitly assume that
we are working on the set supp(x), for the current solution x. The parameters
Q@ and c in the objective function can be adjusted accordingly.

Our algorithm and analysis are heavily based on the idea of potential func-
tion reduction. We first introduce a potential function.

The fact that function g(z) is concave implies that, for any z > 0 and
x>0,

W) < f(2) + g(2) + V() (& - 2).

Now we consider the problem:

Minimize — L.(z) = f(x) + g(2) + Vg(2)T (z — 2)
Subject to x>0

()

Let Z be a minimizer of problem (5). The potential function AL(z) : R — R
is defined as

AL(z) = L,(2) — L,(2).
The objective function L, (x) in problem (5) is strictly convex and separable
on every entry of x. Thus, the unique minimizer of problem (5) has a closed
form as

Z; = max{0, —%[ai + Ap2l T+ (Q — BI);2]}, Vi (6)

where (Q — BI); is the ith row of matrix @ — S81.
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We also define a descending direction
d, =%z —z. (7)

Next we show that a positive vector z is an e-KKT point of problem (1) if
the potential function value at z is small enough.

Lemma 1 Givene € (0,1), foranyz > 0, if AL(z) < then z is an e-KKT

point of problem (1).

&
287

Proof Problem (5) is a convex optimization problem. So its KKT conditions
are both necessary and sufficient for the optimality.

Vf(z) +Vg(z) =5 =0, (8a)
'z =0, (8b)

y >0, (8¢c)

7> 0, (8d)

where ¥ is an optimal dual variable.

Next, we will show that z is indeed an e-KKT point of problem (1), pro-
viding ¥ is its dual variable.

Consider the e-KKT conditions for problem (1), and let z* = z,y* = 7.
For the first order condition (3b), we get

IVf(z") + Vg(a™) ="
= [IVf(2) +Vyg(z) -9l

IVf(2)+Vg(z) =5+ VI(z) =V
= IBd.]],

where the third equality follows from (8a).
For the complementary condition (3d),by (8b) and (8a), we have

W) 2 =) 2= @)"(z+2—-2) =-VL.(2)"d.. (9)

Since z > 0 and § > 0, it only remains to show that ||5d.| < e and
~VL,(2)Td, <e.
From the definition of AL(z), we know that

AL(z) = L.(2) — L.(2) = =VL.(2)Td. + g(dz)TdZ > -VL.(2)Td..

Note that z € argmin,q L.(x). Due to the first order optimality condition,
we have
~VL.(2)%d, >0,

which together with (9) imply

AL(z) > Z(d,)d..

o™
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&
28"

I1Bd=|| < /2BAL(z) <€, —VL.(2)"d. < AL(2) <e.
Therefore, z is an e-KKT point of problem (1). O

By the assumption that AL(z) < we get

According to Lemma 1, the potential function value AL(z) is lowered

bounded by % to reach an e-KKT point z. Notice that there are two other
possible criteria to measure the convergence and the optimality of an algo-
rithm: the number of zero entries(at most n), the objective function value(lower
bounded by 0). We design an iterative algorithm by taking all these 3 criteria
into account: at each step, the algorithm will either reduce the problem di-
mension by one, or decrease the objective value by a constant, or shrink the
potential function value at a constant exponential rate.

Before presenting the details of the algorithm, let us give a high level
overview of our approach. We start from an initial point x°, and then we
compute the next point based on the situation of the current point z*. There
are three possible exclusive cases that could happen at the current point z*
and we use different strategies to deal with them.

At step k we always check the value of every entry.

— Case 1: an entry of ¥ falls below our calculated lower bound. We let the
entry be zero, reduce the problem dimension by one and remove all the
information related to this dimension in (@, a) and update z* accordingly.
When no such a sufficiently small entry exists, we turn to Case 2 or Case
3 by checking the local convexity of the objective function at point z*.

— Case 2: the objective function at x is not locally “strongly” convex. We
update ¥ by a line search method, the newly updated objective function
value can be shown to be decreased by at least a constant value M by
taking advantage of the concavity of L, function.

— Case 3: the objective function is locally “strongly” convex. A modified
Newton method is applied. It leads to a constant exponential rate reduction
on the potential function value while obtaining a lesser objective function
value.

The algorithm terminates only if 2% = 0 or an e-KKT point has been found.
Vector 0 is a KKT point as well.

A summary of the algorithm is presented in Table 1. One can observe that
case 1 and Case 2 would only happen finite times in our algorithm, since the
number of decision variables is limited and the objective function is lower
bounded. In conjunction with Case 3, we will show that the algorithm obtains
an e-KKT point in no more than O((n + f%zo)]) log 1) steps.

The algorithm is presented in Algorithm 1. For simplicity, we let d* denote
dyr, LF(z) denote Lx(z) and ALF denote AL(x*). That is, L*(x) is the
objective function of problem (5) where z = 2*, and AL* is the potential
function value at point 2%. We let x_; = (21,22, ..., Ti_1, Tit1,- -, Tn)-

We also observe that when case 1 happens, we reduce the problem di-
mension by 1 and update the problem information accordingly. The objective
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Algorithm 1 3-Criterion Algorithm

Require: : choose € € (0,1), 29 > 0; Define s > 0,7 > 0 and L > 0 (Specify later)
1: k=0;Q°=Q;a’ = a.
2: while Not Stop do

3 Case 1:

4 if xf < L for some index i, then

5: xhtl = x’ii, i.e., define 1 by removing the ith entry from x*.
6: Update @**! by removing the ith row and column of Q¥, and a**! =a” .
7 end if

8: Case 2:

9: if 2% > L for all index ¢ and (d*)TV2h(z*)d* < 7|d*||? then

10: ¢k = max{t|z® +td* > 0,2* — td* >0}

11: ahtl = argming e ok ckgk ok _ckghy h(T)

12: QFtl = QF, and a*t! = aF.

13: end if

14: Case 3:

15: if 2% > L for all index i and (d*)TV2h(zF)d* > 7||d*||? then
16: xhtl = gk 4 sdb

17: QFt1 = QF, and a*t! = ak.
18: end if R

19: if 28 =0 or ALF < ;—5 then
20: z* = zk

21: Stop

22: else

23: k=k+1

24: end if

25: end while

Table 1 Summary in Three Criteria

Function value h(zF) | Potential func- | Cardinality of =¥
tion value ALy

Case 1: nonincreasing upper bounded | decreased by 1
by h(z9)

A nearly-0 component

Case 2: decreased by M upper bounded | nonincreasing
by h(z9)

Not-strongly convex

Case 3: nonincreasing shrink at a rate | nonincreasing
(1—s6)

Strongly convex

function, the potential function and all related information should be also up-
dated accordingly. We will prove that this change does not affect our analysis
of the algorithm.

3 Computational Complexity Analysis

In this section, we discuss three cases respectively and then conclude the main
theorem.
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We first consider Case 1. When there exists entry 4 less than a given lower
bound in the current decision vector z*, we can simplify the problem by re-
moving all the information related to the ith dimension without increasing the
objective function value.

Lemma 2 Let 0 < L < min{(% (n||Q:lly + |ai\))P%1,Vi}. At iteration k in

Algorithm 1, if there exists an index i such that 0 < z¥ < L, then by following
Algorithm 1, we let x**1 = 2% .. And we also update (QF,a*) accordingly.
Then we have h(z*) — h(z*+1) > 0.

Proof If z¥ = 0, h(z¥) — h(z**!) = 0. For 2¥ > 0, recall that h(z*) =

12TQ%z + (a®)Ta + c+ XY, a?. By ||z"]|oc <, we can derive

h(ﬂ;‘k) _ h(l‘k+1)

1
Ty QU + afay + o (27) Qs + A7)
2P |QF I (=my) + afay + Axf)?
@ [M@?)P~t = nllQFlly + af] -

?

Y

Since 0 < 2¥ < L < min{@ ()| Qslly + |ai|))ﬁ,w}, and —1 <p—1<0,
we have
AP~ = n||Qilly + ai > 0.

Therefore,
h(z®) — h(z**t1) > 0.

O

Now comnsider the case that the objective function is not locally strongly
convex. We show that the objective function would decease at least a constant
value M by a line search along direction d*.

2p(1-p)(2=p)(3—p)L* K

Lemma 3 For any k > 0 and L > 0, if 0 < 7 < T2 , X

L for all index i, (d*)TV2h(xF)d* < 7||d¥|?, [|[7*|l < 7, and let zF+1

arg Miny e (oh 4 ckar ok —chgey P(T), where ¢* = max{t|z* + td* > 0,2% — td*
0}, then

\Y

IVl

h(z*) — h(z**1) > M > 0,
where M = £p(1 —p)(2 — p)(3 — p)LP — Sny2.

Proof We show it by two steps.
Step 1, when QF = Q, a* = a, i.e., case 1 never happens before iteration k.
We start from the Taylor expansion. Since h(z*+1) = min{h(z* + ¢*d"),
h(z* — ¢*d*)}, it is sufficient to show that

h(z* + ¢*d*) 4 h(z* — ¢(*d¥)

5 < h(z*) — M.
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From Taylor expansion, we get
h(zk + ¢Fd¥) + h(xk — ¢FdP)

2
= f(a*) +g(")
+ %(Ck)Q(dk)TVZf(mk)dk + %(Ck)Q(dk)TVZQ(l‘k)dk (10)
+oo n 2g—1
335 T o=ty cta -y,
q=2 i=1

For the second term of (10), since (dF)TV2h(z*)d* < 7||d¥||?, we have

(€7 (@2 ) + (TPl

St

1 O, o, CRdE
= y;(xi)(x?).

By the definition of ¢*, % < 1. Then it follows

IN

1 1 1 1
3 (@ T2 + 5T ) = 5 Y (el < g,
i=1
(11)
where the last inequality uses the assumption that ||z¥||oo < 7.
For the third term of (10), we notice that
1 2qg—1
gl LT (0 =Dl =21(ckdy)* (-1)% < 0,¥g > 1,
¢
which implies
+o0o n 2q—1
ZZ H — a2 (¢kdf )P (1)
q=2 i=1 (12)

()P (M)

M:

< f%pu— DIERICEO)

.
Il

i k Eldily — ; p¢tldr]
By the definition of (¥, we have max{>—7-} = 1. Let j = argmaz;{>—-},

we derive
(bt
o (13)

M:

- P D)2 - p)3 )

— P(1- P2 - )3 - )

< - %p(l -p)2-p)(3—-pL”

Il
—

A

AN
&



10 D. Ge et al.

where the last inequality follows from —(z¥)? < —LP.
Upon substituting (12), (13) and (11) into (10), we obtain

h(z® + ¢FdF) + h(ah — ¢Fd¥)
2
< h@h) g — Tp(l - p)(2 - p)(3 - p)LY
= h(zF) - M.

Dueto0 <7< 2”(1‘P)§f,;§3(3‘?)”, we have M > 0. Therefore

h(z*) — h(z**1) > M > 0.

Step 2: case 1 happens previously. Suppose the problem dimension is m(<
n) now. We can still follow the algorithm and prove the similar result, i.e.,

we choose 7 < 7/ < 2p(1_p)fj;£)2(3_p)m and define constant M’ and prove
accordingly. Then

h(z*) — h(zFt1) > M’ > 0.

One can observe that we can always use the same 7 as the one in Step
1 since 7 < 7'. And from the definition process we can easily observe that
M > M > 0.

So in every case, we always have
h(zF) — h(z*t1) > M > 0.
O

Next, Lemma 4 shows that when the objective function is locally strongly
convex, taking a small step along d* will lead to a lesser objective function
value and a constant exponential rate shrink on the potential function value.

Lemma 4 For any k > 0,7 > 0 and L > 0, if 2¥ > L for all indez i,
(d*)TV2h(z*)d* > 7||d*||2,and let 2%+ = 2% + sd*, where 0 < s < min{ﬁ(T—
), v, 1}, 0 <6 <min{3,1}, 0 <v < 1, p=5+5{p(1—p)P[L(1—v)P~*
+1BI — Q|?}, then we have

1. h(z®) — h(zFt1) >0,
2. AL+ < (1 —s6)ALF.

Proof We prove it by two steps similar to Lemma 3.
Step 1. Case 1 never happened before.

1. Firstly, we prove that h(z%) — h(zF*+1)

Vg(x*)T (x — 2%) + g(«*). It follows L*(
fact that LF(z*T1) > h(2*+1), we have

Recall that LF(x) = f(z) +

> 0.
2%) = h(2*). Combining with the

Lk(ﬁck) _ Lk(xk+1) S h(l?k) _ h($k+1)’
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Then we show that Ly (z*) — Ly (z**1) > 0 by the optimality of Z*. Using
Taylor expansion, we can obtain

L*(2%) — LE(aF ) = —sVLE(@5)Tdr + s(1 — g)gnd’fn?.

Since z¥ € arg min, g LF(z), the first order optimality condition implies
VL*(z%)T(—d*) > 0. Therefore,

0 < LF(a®) — LF(z*) < h(a®) — n(2*Th).

2. Secondly, we prove that ALk < (1 — $6)ALyg. In order to bound ALy
by (1 — s0)ALy, we first write ALk41 into a combination of Ly(x) and
Vg(x). By the definition of ALy and Ly(z), we get

AL = phL(ghly PR gkt
F@F ) — @YY — Vg (aP )T (0 — g+l
= LF(ghtl) - LR(ERHY
+ [vg(xk) _ vg(xk+1)]T (Zh+L — gty
= LR(RHY) - LR@EY)
LR — LR () 4 [Vg(ah) — Vg(aP )T (#+1 — ok,
(14)

Then we estimate L*(x*+1) — L*(z%) and L*(z*) — L¥(z**!) separately.
For the first term of (14),

Lk(xk+1) _ Lk(i‘k)
B

— —VLk(.’Z'k)T(.f‘k—{L‘k+1)+§(fk—$k+1)T(i'k—xk—H)
= —(1-s)VL¥@"Td" + g(l — 5)2||d"||?
= (1= ) [VLEET A + D = Dt 4+ D - )

= (1) [LAa) — LHE)] — Ds(1 - )P

— (1-s)AL* - gs(l = )",

(15)
where both the first and fourth equalities follow from the Taylor expansion.
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Then we estimate the second term of (14). Let w = z*+1 — z*.

LF(@*) — LF@EH) + [Vg(a®) — Vg(ahth)] " (@ — o+
= —VLF@EMTw - BT

+ [Vo(a*) = Vg(a*+h)] " (w+2* — 2*+)

DT+ [Vg(ah) - V() w
+ (1= s)(d")7" [Vg(z) — Vg« )]

< 55IVea) = Vol DI + (1= 5)(d)T [V(a) = V()]

(16)
where the first inequality uses the fact that the first order optimality condi-
tion implies —VL*(z*)Tw < 0 because % € argmin, > L*(z); and where
the second inequality follows from the fact that

IN

251994) = Vg IE & Gl - (Vo) - Vol )] w
— 351 [V9(a") ~ V()] - pul* 2

Upon substituting (15) and (16) into (14), we have

1
ALFTY < (1—s)ALY — 25(1 —s)lld"|> + ﬁHVg(xk)

= Vg(@* P + (1 = s)(d")" [Vg(a*) = Vg(a*)] .

Note that Vg(x) is Lipschitz continuous when x is away from the boundary.
Then by Lemma 8 (see Appendix),

IVg(z*) = Vg(z"+1)|? < 282{[>\p(1—p)}2[13(1—V)]Q”_4+IIQ—ﬁI|2}|Idf2)~

17
Since g(x) is the sum of L, function and a concave quadratic function,
Lemma 9 shows that

—5
1—s

(dk)T [Vg(:ck) — Vg(:ckﬂ)} < (dk)TVZg(xk)dk. (18)
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Let 7 = [Ap(1 — p)?[L(1 — v)]?**~* 4 ||Q — BI||?>. Combining (17) and (18)
with (d*)TV2h(x*)d* > 7||d*||?, we end with

ALM < (1 - 8)AL® — 25(1 — 5)|d¥||?

2
S
+ Eﬁ||dk||2 — s(d")"V2g(a*)d*
= ALF—s <ALk + (d5)TV2g(z%)d" + §||dk||2)

2,8 M k|2
+57(5 + )l

< ALF—s (ALk - §||dk||2 4 T|dk|2>

2,8 M k(2
r 24 Dl

Note that p = g + % By Lemma 10 (see Appendix) that if 0 < s <
min{L (7 — %ﬁ), 1}, then
m

B
ALY = s(ALY = T d* [ + rlld"|[*) + 5 (ulld*||*) < (1 — s0) AL*.

We conclude that
ALFTY < (1 — s0)AL”.

Step 2. Case 1 happened before.
We can define i/ accordingly. Notice that in this case
g1 _
W =5+ gD —pPILA - )7+ 181 - Q1P
And BI — Q% = 0. So we know |81 — Q||> > [|B] — Q*||?, i.e., i/ < p. Then
we can always find a larger s’ > s such that

ALMY < (1 - 8/6)ALF < (1 - s8)ALF.

So in this case,the potential function value shrinks with a larger exponential
rate. We complete the proof. a

In summary, if ||2¥||cc < 7, and s,7, and L are defined accordingly in
lemma 2, lemma 3, and lemma 4, then the claims above all hold and can be
summarized as follows.

— Case 1 would at most happen n times.

— Case 2 would happen at most L%mo)J times because of two facts: the ob-
jective value of problem (1) is lower bounded by 0; and in any case, the
objective function keeps non-increasing.

— Each time Case 3 happens, the potential function value shrinks by a con-
stant exponential rate.
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— In case 1 and case 2, the potential function value is always bounded by
h(zg) according to its definition.

From the observations above, we first have the following lemma:

Lemma 5 Starting from a given initial solution x°, Case 1 and Case 2 of the

algorithm would happen no more than n + L%Q}U)J times.

We are now ready to present the main result of this paper:

Theorem 1 For any € € (0,1), Algorithm 1 obtains an e-KKT point of prob-
lem (1) in no more than O((n + Lh( 155—‘) steps.

;IO)J +1) ’Vhl% In =

h(z9)28
In 2G)

Proof For any fixed number € € (0,1), let 8 = ’V—ln(l—sé)-‘ . We will show that

there exists a k < (n+ Lh(]fjo)J +1)(0 + 1), such that z* is an e-KKT point of

problem (1).

1. If there exists an [ such that | < (n + L%U)J +1)* (0 +1), 2! =0, then
2! is an eKKT point of problem (1).
0
2. IV < (n+ P22 ] 4 1) % (6 4 1), 2! £ 0:

Let N = (n+ 2 | 4 1)« (0 +1)

0
We divide the iteration sequence {z', 22, --- 2V} into (n + L%ﬂj +1)
contiguous segments. Segment j consists of elements {z7(0+1)+1 zi(0+1)+2

gD+

We can observe that the sequence is divided into (n+ L%OCU)J +1) segments.

By Lemma 5, *’s at which Case 1 or Case 2 happens would appear at most
0

(n + L%ﬂj) times. Therefore there must exists one segment in which

neither Case 1 nor Case 2 would happen by the Pigeonhole Principle.

Suppose this segment includes sequence x*=9 2#=0+1 2% and k < (n+

L%O)j +1) % (6 +1). From lemma 4 , we have AL < (1 — s6)AL; for
any [ in this segment. Therefore,

AL, < ALj_g* (1 —s0)°

< b)) * o
< £
<2

By lemma 1, we have 2* is an e-KKT point of problem (1). Therefore

the algorithm obtains an eKKT point of problem (1) in no more than
O(nloge™!) steps.
O
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4 The Case with Linear Constraints

In this section, we consider a more general case of problem (1) by adding affine
linear equality constraints.

Minimize  h(x)
Subject to Az =1b (19)
x>0
where h(z) is defined the same as problem (1), A € R™*", and b € R™. Also
let F,, denote the feasible region of problem (19). In this section, we will show
that under mild assumptions, the analysis of our algorithm can also be applied

to problem (19).
We first make the following assumptions.

Assumption 3 The optimal value of problem (19) is lower bounded by 0.

Assumption 4 F, is bounded and there exists an r such that sup{||z|lec|x €
Fp} <7.

Similar to problem (1), Assumption 3 is only for the simplicity of our anal-
ysis. It will not change our complexity result if the optimal value of problem
(19) is lower bounded by any other value. Assumption 4 is usual in linearly
constrained problems and it can be satisfied in many situations, for example
the simplex constraint, i.e. ez = 1.

We define the e KKT conditions of problem (19) as follows:

Definition 2 For any € € (0,1), we call z* € F}, an ¢ KKT point of problem
(19), if there is y* , such that

(Vh(z*) — ATy")Ta* <, (20a)

Vh(z*) — ATy* > 0. (20b)

Note that this e-KKT condition is little stronger than that in definition 1,

since only the complementary condition has been relaxed by e.
Following the idea in problem (1), for any z € F},, we consider the problem:

Minimize  L.(z) = f(z) + g(z) + Vg(2)T (z — 2)

. (21)
Subject to = € F,

Let z be minimizer of problem (21), then the potential function AL(z) : R™ —
R is defined as
AL(2) = L,(2) — L.(2).

AL(z) also has a similar relationship with e-KKT point, which is given as
follows:

Lemma 6 For any z € F,, if AL(z) <
problem (19).

ﬁ, then z is an e-KKT point of
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Proof First, we consider the following linear minimization problem:

Minimize  Vh(z)(z — 2)

. (22)
Subject to x € F,

Since F), is compact, there must be a minimizer £ of problem (22). Let § be
the optimal dual variable corresponding to Z, then the KKT conditions are
given as follows:

(Vh(z) = ATg)"
Vh(z) — AT§ >

Consider the e-KKT conditions of problem (19) and Let z* = z,y* = §.
Then for the first order condition (20a), we get

(Vh(df*) _ ATy*)Tl‘*
= (Vh(z) - ATj)"z
= (Vh(z) - AT9)" (z+2-2)
= Vh()T(z—2) —yTA(z - 2)
—Vh(2)T(2 - 2),

where the last equality follows from (23a). We only need to show that —Vh(z)
(2 — 2) < ¢, then combining with Vh(z) — AT§ > 0 and z € F, we could
conclude z is an e-KKT point of problem (19).

Since AL(z) = L.(2) — L.(2), and z € argmin,cp L.(z), the following
condition holds for any 0 < s < 1:

AL(2) > L(2) — L.(z + 5(2 — 2)) = —sVh(2)T (2 — 2) — g,s?(é —2)T(3 - 2).
Suppose -Vh(2)T(2 — z) > € (for contradiction), then we have
AL(z) > se— gsz(é —2)T(2-2)
> se— %SQﬂn’}/Q.

where the last inequality uses the assumption 4 that sup{||z| |z € Fp} < 7.

Let s = nﬁe'y2' Thus

€2

>
2nBy

which contradicts the assumption. Therefore, z is an e-KKT point of problem
(19). O

AL(z)

The following theorem presents a lower bound condition under which the
problem (19) can be solved by Algorithm 1 with the same worst-case complex-
ity as the problem (1).
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Theorem 2 If we have a constant number L > 0 such that for any x € Fp, if
3j,x; < L, we could find an v+ € F,, such that Ji,z;” = 0 and h(z)—h(z*) >
0, in polynomial times, then for any e € (0,1), we could use Algorithm 1 to
obtain an e-KKT point of problem (19) in no more than O(log(L)) steps.

The proof of theorem 2 use almost the same logic as that of theorem 1, and is
omitted for brevity. Note that the procedure in Case 1 of Algorithm 1 should
be adjusted for the new lower bound described in the theorem.

The conditions in the theorem 2 hold for many problems. For example,

Minimize h(x)
s.t efe=1 (24)

The following lemma provides a lower bound for problem (24).

Lemma 7 For the problem (24), if

0< L <min([(1 - )LDl 4o, Q1 vair - (0, — a)]7T1i # 5.

and L < 1, then for any x € {z|leTz = 1,2 > 0} such that 3j,z; < L, we
could find a 2+ such that 3i,x] =0 and h(x) — h(z*) > 0.

Proof We select i such that z; = min{z;|z; < L}, and randomly select a
index j which is different from . Let p = x;, and

xt =x — pe; + pe;.
Then, from the definition of h(z), we have
h(z) = h(z™)
= 5P Qu— Qi)+ p(Qi = Q) (x — pea) + ol — ay)
+ 07+ (af = (x4 p)P) .

By the mean-value theorem, there exists a x; € [z;,z; + p| such that x? -

(zj + p)P = —pp(z;)P~". Due to z; > x; > p, we have
af — (zj +p)’ = —pp”.
Also, we know that 0 < p < L <1 and ||z — pe;|| < v/nr, which imply
h(z) — h(z™)
>~ 2l — Qul — pIQ: — Qs+ plai — ay)
+p7(1—p).
1

In conjunction with p < L < [(1 —p) 928l 1@, — @,|lv/nr — (a; — ;)] 77
and —1 < p—1 < 0, we have h(z) — h(z™) > 0. |
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One application of problem (24) is the sparse portfolio selection problem,
which aims to select a limit number of securities with minimal estimated vari-
ance and maximal expected return. Given the estimated covariance matrix
Q € R™", and the estimated return vector € R™ of a set of securities, this
problem can be modelled as problem (19).

1
Minimize §xTQx —urTz + ) Z ¥
i

Subject to ez =1
x>0

where u € (0,400) and A € (0, +00). Interested reader may refer to [5].
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Appendix

Let g1(z) = XY, 2% and go(z) = %xT(Q — BID)x. Note that g(z) = g1(x) +
g2(x).

Lemma 8 Ifx+d >0, x; > L for all index i, and 0 < s <v < 1, then
IVg(x + sd) — Vg(z)||> < 25*{[Ap(1 — p)P[L(1 = »)]**~* + [|Q — BI|*}|d]?

Proof We consider g;(x) and go(x) separately.
By the definition of ¢; (), we have

[Vgi(z + sd) — Vgi(z)|

1
< / V2g1 (2 + tsd)sd|| dt
0

n

1
=sAp(l — p)/ Z(xl + std;)?P—4d? dt.
0

i=1

Since x; + tsd; > (1 — s)L, for all index 4, we have

1 n
/ S (s + stdy)2p-4d2dt < (1 - $)L)" 72 |d].
0

i=1
In conjunction with s <v and 0 < p < 1, we get
IVgi(x + sd) = Vi (2)[* < s*[Ap(1 = p)P[L(1 = v)]*P~*d||*.
For go(x), we have
IVg2(z + sd) = Vga(2)|* < s?[1Q — BI||*|d]|*.
Thus,

IVg(z + sd) = Vg ()|
<2([Vgi(a + sd) = Vg1 (@)]|* + | Voa(z + sd) — Vga(2)||)
<25 { (1 = p)P[LA = )P+ [|Q — BI|*} [1d]f*.
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Remark: Lemma 8 is the consequence of that g(x)’s gradient is Lipschitz con-
tinuous in the region that z; > L(1 — v) for all index i.

Lemma 9 Ifx+d > 0,2 >0and0 < s < 1, thend® (Vg(z) — Vg(z + sd)) <
==d"V3g(z)d.

Proof We consider g¢;(z) and go(x) separately. From the definition of g (x),
we have

d"(Vgi(x) — Vi (z + sd)) )\pz P (2 4 sdi)PTY),

and

T2 . p—2 ;2
lidVgl() —1 Ap(1 Zx a2

To prove that d” (Vgi(z) — Vgi(z + sd)) < ﬁdTV2g1(x) , it suffices to

show that d;(2?™") — (2; + sd;)?~! < 12 (1 — p)a?~2d?, Vi.
Ifd; > 0, by the mean-value theorem, there exists a «} € [x;, z; + sd;], such
that 2P~ — (2; + sd;)P~' = 2P 7*(1 — p)sd;. Since 0 < p < 1, we have

diz? (1 — p)sd; < s(1 —p)a? 2d? < s

1—p)at2d?.
— 1_8( p)xz 7

If d; <0, We let v =—

di (.’L'P_l — (l’i + Sdi)p_l) S E(l - p)fl;f_zd?,

can be simplified as

Since
sv SV

1- 1-—

T S e menl G OF

letting u = sv, it is sufficient to show that (17u)p '—1 < % (1—p). Consider
function w(u) = (1 —u)? = (1 —u) —u(l —p), 0 <u < 1. A snnple calculation
shows that w(u) is a decreasing function. Hence w(u) < lim,_ow(u) = 0. It
follows that (1 —u)?~!' —1 < %-(1 —p),V0 < u < 1. Thus, we obtain

pd; (a:f71 — (@ + sdi)pfl) < 1—;0(1 — )dixfddi.

For go(x), since 0 < s < 1, we have
d" (Vgz(z) — Vga(w + sd))
= d'(BI - Q)d
(BI —Q)d

— 17_SdTv2gz(:p)d.
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Therefore,
d"(Vg(z) = Vg(x + sd))
= d" (Vgi(z) — Vgi(z + sd) + Vga(x) — Vga(z + 5d))
S8 T2 —S T2
< 2 2
< 1—sd Vgl(x)d—i—l_sd Vego(x)d
5 Ty
= 1z sd VZg(z)d.
O

Remark: Lemma 9 is a result of the special structure of function g(z), which
is the sum of L,, function and a concave quadratic function.

Lemma 10 If AL > ngHQ, then
B
AL = s(AL = Z[ld|I* + rlld]*) + s*(ulld]]*) < (1 - s6) AL,

where 7 >0, p>0,0<0 < min{%, 1}, and 0 < s < min{L(r — %), 1}

Proof
AL — s(AL - §||d||2 +7)dl?) + s*uld]]* — (1 - s6)AL
=-s(AL - glldl\2 + 7lld]]*) + s*uld|* + s8AL

“sl(spt 2 )Id)? - (1 - H)AL)

2
1-9
<sl(sn+ 2~ )a? — L2
1)
=slldIP(su— 7+ ),

where the inequality follows from ngH2 < AL. Due to 0 < 6 < %T and
s < %(T - %ﬁ), we have
]
Sp— T+ 75 <0.

Therefore, AL — s(AL — 2||d||2 + 7||d||?) + s?(ul|d]|?) < (1 — s§)AL. |



