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Abstract

The MVE estimator is an important tool in robust regression and
outlier detection in statistics. We develop fast and efficient algorithms
for the MVE estimator problem and discuss how they can be imple-
mented efficiently. The novelty of our approach stems from the re-
cent developments in the first-order algorithms for solving the related
Minimum Volume Enclosing Ellipsoid problem. Comparative com-
putational results are provided which demonstrate the strength of the
algorithms.

1 INTRODUCTION

The problem of enclosing a given set of points with a simple body has many
applications in statistics, physical sciences, and optimization. For example,
the Minimum Enclosing Ball (MEB) problem finds the ball of smallest ra-
dius that covers a given set of points. When the set to be covered is sym-
metric around the origin, this is a trivial problem; while for the general case,
it is a convex optimization problem that can be solved efficiently. In partic-
ular, an ε-approximate solution for a set of m points in Rn can be found in
O(mn/ε) operations as discussed in [40] and [3].

Similarly, the Minimum Volume Enclosing Ellipsoid (MVEE) problem
finds an ellipsoid that encloses the given data set which is centered around
the origin and has the smallest volume. It is shown in [20] that when the
data set is not symmetric with respect to the origin, it can be lifted to a
higher dimensional space where the (lifted) data set is centered. There-
fore, the assumption that the MVEE ellipsoid is centered at the origin is
not a restrictive one. The MVEE problem can be formulated as a convex
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optimization problem like the MEB problem. This problem and its dual,
the so-called D-optimal Design problem, have vast applications in various
fields, especially in statistics, and so they have received significant atten-
tion from the statictics and optimization communities. It is known that an
ε-approximate solution for the MVEE problem can be found in O(mn2/ε)
arithmetic operations for m data points in Rn. (See [32] and [2] for the latest
developments in the MVEE problem.) When the data set is given as a sys-
tem of linear equations, finding the minimum volume enclosing ellipsoid
is NP-complete. In principle, this ellipsoid can be calculated by solving
an MVEE problem on the set of the vertices of the polytope but the vertex
set may be very large. There are methods that can provide good solutions
for small dimensional instances as in [12], nevertheless devising an algo-
rithm that can handle larger problems remains a significant challenge for
the global optimization community.

Using ellipsoids (or balls which are special ellipsoids) to approximate
a data set has been popular due to three reasons. First, the problem of
enclosing a data set with an ellipsoid is relatively easy for a family of well-
defined objective functions (matrix means of the shape matrix of the el-
lipsoid). Second, ellipsoids are simple but flexible enough to be used in
estimating many properties of the data set such as the volume of its convex
hull. Third, finding the minimizer of a linear or a quadratic function over
an ellipsoid is a straightforward task.

In some applications, enclosing with other bodies is of interest, never-
theless most of these problems are much harder than covering with ellip-
soids. For example, enclosing a given data set with a simplex, i.e., find-
ing (n + 1) points whose convex hull encloses the data set and has the
smallest possible volume, is a global optimization problem where multi-
ple local minima may exist. This problem is referred to as the Minimum
Volume Simplicial Enclosure problem (MVSEP) and is used extensively in
linear mixing models, see for example [17]. Another related problem with
many local minima is that of finding an enclosing minimum volume hyper-
rectangle. This problem is investigated in great detail in [18].

In this paper, we study the problem of enclosing a subset of a given
set of points with an ellipsoid so that the ellipsoid has the smallest volume
and the cardinality of the chosen subset is not smaller than a given number.
This is a combinatorial problem which can be solved by an enumeration
method: 1) list all possible subsets of the required cardinality; 2) find the
MVEE of every subset in this list and record its volume; 3) output the subset
with the smallest volume. When the data set has m points and the goal is
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to enclose at least h of them, this would correspond to solving
( m

h
)

MVEE

problems with h data points in each problem. This is a challenging task, if
not impossible, especially when there are many points in the data set.

The paper is organized as follows. In Section 2, we introduce the Min-
imum Volume Ellipsoid Estimator and provide a short literature review.
Section 3 provides technical background on the MVEE problem and a state-
of-the-art algorithm to calculate the MVEE of a set. Section 4 provides new
bounds that relate the volume of the MVEEs of two sets that differ from
each other by at most one point, i.e., either one set has an extra point or
two sets differ only by one point. These bounds are used in developing a
2-exchange heuristic in Section 5. Computational results follow in Section
6, before we conclude with a summary of our results in Section 7.

2 THE MVE ESTIMATOR

Given an integer h, 1 ≤ h ≤ m, and an arbitrary data set X = {x1, . . . , xm} ⊂

Rn, which has m distinct points, the Minimum-Volume Ellipsoid (MVE) es-
timator is defined to be the minimum-volume ellipsoid that encloses at
least h points in the data set. Letting I = {1, . . . ,m}, the problem of find-
ing the MVE estimator of X can be formulated as

minH�0,c∈Rn f (H) := − ln det H
|{i ∈ I : (xi − c)T H(xi − c) ≤ n}| ≥ h.

The MVE estimator is an important tool in robust regression and outlier
detection in statistics. It is known that if h = d(m + n + 1)/2e, then the MVE
estimator has the maximum breakpoint, i.e., an outlier detection method
based on the MVE estimator can detect outliers in data sets with many con-
taminated points [27]. The problem of finding the exact MVE estimator is a
hard combinatorial problem with two interactive components: finding the
optimum subset of at least h points and computing the minimum-volume
ellipsoid that encloses this subset. Given a set of points, the minimum-
volume enclosing ellipsoid (MVEE) can be computed very quickly using
a coordinate-descent algorithm as discussed in Section 3 (see also [32] and
[2]). Unfortunately, choosing the best subset is not an easy task as the num-
ber of subsets to be considered is large even for small instances of the prob-
lem.

There are various algorithms in the literature that address the problem
of finding the MVE estimator. These algorithms can be divided into three
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categories: Exact methods, heuristics, and metaheuristics. A direct enumer-
ation algorithm in which all h-point subsets are investigated was proposed
in [8]. This method is very slow and can only be useful for very small in-
stances. Later, [1] proposed a branch and bound (B-and-B) algorithm which
avoids investigating a large proportion of the subsets, nevertheless, still not
able to solve large instances. The following random search is proposed by
[27]: 1) Randomly generate a large number of subsets with n + 1 points;
2) calculate the MVEE of these subsets; 3) Deflate or inflate each of these
ellipsoids to enclose at least h points and record their volumes. The ellip-
soid with the smallest volume is chosen as the MVE estimator. This is a
rough estimate and a large number of subsets need to be investigated for
a good approximation. The Feasible Solution Algorithm (FSA), proposed
in [15], starts with a random h-point subset and searches the neighborhood
by swaping two points each time. It is also discussed that the algorithm
should make approximately 5000 random starts to find a satisfactory esti-
mate . Modified versions of the FSA algorithm are also discussed which
use different methods to choose the swaps. Also, a lower bound is used to
eliminate some subsets before calculating the minimum-volume enclosing
ellipsoid. These algorithms are improved in [16] by using an easy-to-check
condition during the initialization to eliminate some of the covered points
if the initial sample covers more than h points. A much simpler algorithm
was proposed by [23] based on EID values. The EID value of a point is an
estimate of the contribution of the point to the determinant of the Fischer
information matrix. EID values are known to be closely related to the vol-
ume of the minimum-volume enclosing ellipsoid as discussed in [24]. This
algorithm is very fast but can fail to find a near-optimal solution. Hawkins’
FSA algorithms and Poston’s EID algorithm are combined by [13] to obtain
better approximations. Various metaheuristics such as genetic algorithms,
tabu search, and simulated annealing were applied in [36].

In this paper, we develop a 2-exchange heuristic and provide ideas that
can be used in building a branch and bound algorithm for the MVE estima-
tor. In this context, a 2-exchange is a local search method which produces
a solution that is at least as good as every other solution that can be ob-
tained by dropping one point from the current subset and adding another
one. Hawkin’s FSA algorithm is also a 2-exchange heuristic; nevertheless
our algorithm uses new bounds that have not been considered before. We
demonstrate that on a large set of problem instances the new algorithm (1)
is very fast, (2) finds optimal or near optimal solutions and (3) improves
the solutions obtained from the EID heuristic significantly. We build on the
recent developments in the study of the Minimum Volume Enclosing Ellip-
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soid problem and provide valuable insight for the MVE estimator problem.
The new exchange algorithm proposed here should not be taken as a com-
petitor to the existing algorithms. It is rather complementary in the sense
that the new bounds developed in this paper can be incorporated into the
existing methods to improve their performance without much computa-
tional burden.

3 CALCULATING MINIMUM VOLUME ENCLOS-
ING ELLIPSOIDS

We start by describing in detail how to efficiently calculate the MVEE of a
data set X, using a first-order algorithm. We assume that the data set X and
all subsets of X are centered around the origin. The MVEE problem for the
set X = {x1, . . . , xm} is written as

minH�0 f (H) := − ln det H
(P) xT

i Hxi ≤ n, i ∈ X,

and its dual as
maxu g(u) := ln det XUXT

(D) eT u = 1,
u ≥ 0,

where X := [x1, . . . , xm], U := Diag(u), and e is a vector of ones in Rm. The
assumption on the centrality of the data set is without loss of generality.
Given an arbitrary set X̂ = {x̂1, . . . , x̂m} ⊂ R

n , we can obtain a new set

X = {[x̂1; 1], [−x̂1;−1], . . . , [x̂m; 1], [−x̂m;−1]} ⊂ Rn+1,

which has twice many points and centered around the origin. It is proved
in [20] that MVEE of the original set is the intersection of the MVEE of the
centralized set with the hyperplane xn+1 = 1.

Problem (D) is the well-known statistical problem of finding a D-optimal
design measure on the set X (See [5], [6], [9], [25], [28], [37], and [38]. A de-
tailed proof of the duality of the two problems above can be found in [2].
The following optimality conditions are derived from this relationship and
will be needed to develop algorithms below.

Lemma 3.1. Let H∗ and u∗ be optimal solutions with respect to (P) and (D). Then
f (H∗) = g(u∗). Furthermore, the following conditions are necessary and sufficient:

(a) u∗i > 0 only if xT
i H∗xi = n; and
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(b) H∗ = (XU∗XT )−1.

The optimality conditions can be understood better from a geometric
point of view. A feasible solution to problem (D) is a vector u in the unit
simplex in Rm, which is also a probability distribution over the set of points
in X. There is an ellipsoid centered at the origin and defined by the shape
matrix H(u) := (XUXT )−1 corresponding to u, which assigns an ellipsoidal
distance (from the origin) to a point xk ∈ <

n. This distance, defined as ξk :=
xT

k (XUXT )−1xk, is sometimes also referred to as the Mahalabolis distance of
xk and plays an important role in detecting outliers: The MVE estimator
is actually a set of points (a subset of the given data set) and a probability
distribution over them, which together define a distance function, which
in turns identifies the outliers. If for a feasible solution u, the points in
X with positive weight also happen to lie on the surface of the ellipsoid,
i.e., the ellipsoidal distances of these points are all exactly equal to n, then
the problems (P) and (D) are both solved to optimality. In practice, it is
enough to find approximate solutions to both problems, which are defined
as follows:

Definition 3.1. Given a positive ε, a dual feasible point u satisfies the ε-approximate
optimality conditions or it is an ε-approximate optimal solution if

(a) ξi(u) ≤ (1 + ε)n for all i, and

(b) ξi(u) ≥ (1 − ε)n whenever ui > 0.

It is straightforward to show that the objective function value of an ε-
approximate optimal solution is at most ln(1 + ε) away from the optimal
objective function value of (D). Such a solution can be found efficiently
by a customized Frank-Wolfe type algorithm that maximizes a lineariza-
tion of the objective function at each iteration (see [10] for the Frank-Wolfe
method). Various such algorithms were proposed and analysed by statisti-
cians since the 1960s. The first algorithms appeared in [9] and [38], which
only considered iterations that increase the weight of a chosen coordinate.
These methods were very slow, and soon were improved by [6] by allowing
the weight of the chosen coordinate to also decrease, referred often as the
away steps. Recently, these algorithms were analysed rigorously by the op-
timization community, starting with [20] that provided the time complex-
ity analysis of the algoritm without the away steps. Later, [21] proposed
to start this algorithm at a carefully chosen initial solution so that the fi-
nal solution has significantly smaller number of nonzero weights than that
of [20]. This variant is much faster than the one without the initialization
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scheme both in theory and practice. They also introduced the concept of
core sets, and were able to provide upper bounds on the number of nonzero
weights of the solution obtained by the algorithm. The analysis was ex-
tended by [32] to also include away steps. Hence, rigorous complexity re-
sults for an algorithm equivalent to that of [6] were obtained. During this
period, [14] proved a simple condition that characterizes the points that
have zero weight in the optimal solution. Such points do not contribute to
the optimal solution and therefore can be eliminated from X immediately.
Incorporating this condition to any Frank-Wolfe type algorithm is straight-
forward and decreases the computational time dramatically (see Chapter 2
in [4]). In addition, [2] proved that Frank-Wolfe type algorithms with away
steps and exact line search have favorable local convergence properties and
therefore can be used to obtain very acurate solutions. This state-of-the
art algorithm is provided below as Algorithm 1. Just to give a quick idea
to the interested reader, this variant can find a 10−7-approximate solution
for a randomly generated problem instance with 500.000 points in R50 in a
few minutes on an ordinary laptop (same one used in our experiments in
Section 6). In order to achieve this, the algorithm should be implemented
carefully, especially when updating the ξ values in Step 4 (see [4] for imple-
mentation details).

In contrast to Frank-Wolfe type algorithms, multiplicative algorithms
update all weights simultaneously. Several early versions were developed,
including [31] and [29], and more recent and faster versions exist, such as
[41] and [39]. The convergence properties of the original algorithm are an-
alyzed in [22]. A relatively recent survey on multiplicative algorithms to-
gether with a new multiplicative approach can also be found in [33]. Al-
though there does not exist a thorough comparative study between Frank-
Wolfe type algorithms and the variants of the multiplicative algorithm, the
first-order method provided in this paper is more promising for large scale
problem instances. In addition, for the main goal of the paper, which is to
develop efficient exhange heuristics for the MVE estimator problem, Algo-
rithm 1 is very suitable: The 2-way exchanges performed by the heuristics
below mimic the add and away steps of this algorithm, therefore, it is easy
to incorporate this algorithm as a subroutine to the exchange algorithms
developed below.

Another interesting and modern approach is using semidefinite pro-
gramming reformulations as discussed in [35]. This approach fails to solve
large problems due to the lack of efficient solvers.
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Algorithm 1.
Input: X ∈ Rn×m, ε > 0, and NE > 0.
Step 0. Use the algorithm of Kumar and Yıldırım [21] to obtain an

initial feasible u. Set iter = 0 and compute ξ(u).
Step 1. Find j := arg maxl{ξl(u) − n}, i = arg minl{ξl(u) − n : ul > 0}.

If ξ j(u) − n ≤ εn and ξi(u) − n ≥ −εn,
STOP: u satisfies the ε-approximate optimality conditions.

Else, iter = iter + 1,

if mod{iter,NE} = 0, then find XE :=
{
xi : ξi(u) < n(1 + ε

2 −
√
ε(4+ε−4/ε)

2 )
}
,

update X = X − XE , and erase the corresponding coordinates of u and ξ(u).
if ξ j(u) − n > n − ξi(u), go to Step 2; else, go to Step 3.

Step 2. Update u := (1 − τ)u + τe j, where τ = ξ j(u)/n−1
ξ j(u)−1 > 0. Go to Step 4.

Step 3. Update u := (1 − τ)u + τei, where now τ = max{ ξi(u)/n−1
ξi(u)−1 ,−

u j
1−u j
} < 0.

Step 4. Update ξ(u) and go to Step 1.
Output: An ε-approximate MVEE for X.

4 NEW BOUNDS FOR THE MVE ESTIMATOR PROB-
LEM

We assume that the data set X and all subsets of X are centered around the
origin as before. In addition, let A ⊆ I be a subset of indices. The MVEE
problem for the set XA := {xi ∈ X : i ∈ A} ⊆ X can be written as

minH�0 fA(H) := − ln det H
(PA) xT

i Hxi ≤ n, i ∈ A,

and its dual as

maxu gA(u) := ln det XUXT

(DA) eT u = 1,
u ≥ 0,
ui = 0, i < A,

where X := [x1, . . . , xm], U := Diag(u), and e is a vector of ones in Rm.

Definition 4.1. A feasible solution for the MVE estimator problem is any subset
A ⊂ I such that |A| ≥ h. Its value is equal to fA(H∗), where H∗ is the optimal
solution for (PA).
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We need to solve (PA) and (DA) in order to evaluate the value of each
subset. These values can be calculated by the algorithms mentioned in Sec-
tion 3. Nevertheless, we should avoid solving this problem from scratch
as much as we can. The following observations will be useful in determin-
ing which subsets to investigate or eliminate. When two subsets lie in the
neighborhood of each other in the search space, (i.e., one subset can be ob-
tained by adding or removing a single point, or exchanging two points),
solving the MVEE problem for one of them gives information about the
value of the other one as discussed next. For simplicity we will assume
that the data points are indexed so that A = {1, 2, . . . , |A|}. In addition,
the points to be added, removed, or exchanged are chosen among x|A| and
x|A|+1.

Lemma 4.1. GivenA = {1, . . . , k−1} and Â = A∪{k}, let H, Ĥ, u, and û be opti-
mal for (PA), (PÂ), (DA), and (DÂ), respectively. Also let ξk := xT

k (XUXT )−1xk.
If ξk ≤ n, then

fÂ(Ĥ) = fA(H).

Otherwise,

fÂ(Ĥ) − fA(H) ≥ n ln
(
ξk

n

)
− (n − 1) ln

(
ξk − 1
n − 1

)
.

Proof. When ξk ≤ n, xk is already enclosed by MVEE(XA); hence MVEE(XA)
is also MVEE(XÂ).

Assume ξk > n. For any 0 ≤ τ < 1, u+ := (1 − τ)u + τek is feasible w.r.t
(DÂ), where ek is the kth unit vector.

The Sherman–Morrison-Woodbury formula gives

(XU+XT )−1 =
1

1 − τ

(XUXT )−1 −
τ(XUXT )−1xkxT

k (XUXT )−1

1 − τ + τξk(u)


and hence

det XU+XT = (1 − τ)n−1[1 − τ + τξk(u)] det XUXT . (1)

Using this, we have

fÂ(Ĥ) = gÂ(û) ≥ gÂ(u+)

= (n − 1) ln(1 − τ) + ln(1 − τ + τξk(u)) + gA(u)

= (n − 1) ln(1 − τ) + ln(1 − τ + τξk(u)) + fA(H).

The rest of the proof follows from the fact that τ = ξk/n−1
ξk−1 maximizes the

right-hand side of this inequality. �
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Lemma 4.2. GivenA = {1, . . . , k} and Â = A− {k}, let H, Ĥ, u, and û be optimal
for (PA), (PÂ), (DA), and (DÂ), respectively. If uk = 0, then

fÂ(Ĥ) = fA(H).

Otherwise,

fÂ(Ĥ) − fA(H) ≥ −n ln(1 − uk) + ln(1 − nuk).

Proof. When uk = 0, u is feasible and also optimal for (DÂ); hence MVEE(XA)
is also MVEE(XÂ).

Suppose now that uk > 0. Since u is optimal w.r.t (DA), uk > 0 implies
that ξk = n. Consider the update u+ := (1 − τ)u + τek where τ = −uk

1−uk
. Since

(u+)k = 0, u+ is feasible w.r.t (DÂ). Using (1), we have

fÂ(Ĥ) = gÂ(û) ≥ gÂ(u+)

= (n − 1) ln(1/(1 − uk))

+ ln((1 − ξkuk)/(1 − uk) + gA(u)

= −n ln(1 − uk) + ln(1 − nuk) + fA(H).

�
Assuming that we have found the MVEE of a particular subset XA,

Lemmas 4.1 and 4.2 provide lower bounds on the value of the subsets that
can be obtained by adding an element toA or removing one fromA. These
lower bounds can be useful in a branch-and-bound scheme to eliminate
some subsets even without solving the MVEE problem for them. The fol-
lowing lemma takes a further step ahead and derives a lower bound on the
value of the subsets that can be obtained by adding a point and removing
another one from the current subset A simultaneously. This will be useful
in developing the 2-exchange heuristic in the following section.

Lemma 4.3. Given two setsA = {1, . . . , k− 1, k} and Â = {1, . . . , k− 1, k+ 1}, let
H, Ĥ, u, and û be optimal for (PA), (PÂ), (DA), and (DÂ), respectively. Then we
have

fÂ(Ĥ) − fA(H) ≥ LBk,k+1

:= (n − 1) ln(1 − τ2) − n ln(1 − uk) + ln(1 − ukξk − τ2 + τ2δ),

where ξk(k+1) := xk(XUXT )−1xk+1,

δ = ukξk + (1 − uk)ξk+1 − uk(1 − uk)
(
ξkξk+1 − ξ

2
k,k+1

)
,

and τ2 = max{0, δ−n+nukξk+1−ukξk
nδ }.
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Proof. Consider
u+ := (1 − τ1 − τ2)u + τ1ek + τ2ek+1. (2)

If we choose

τ1 =
uk(τ2 − 1)

1 − uk
, (3)

then (u+)k = 0. Then u+ is a feasible solution for (DÂ). We can calculate the
dual objective function value at this point easily as follows. We have

XU+XT = (1 − τ1 − τ2)(XUXT ) + τ1xkxT
k + τ2xk+1xT

k+1,

which leads to

det(XU+XT ) = det(XUXT )(1 − τ1 − τ2)n(1 + τ1
1−τ1−τ2

ξk +
τ2

1−τ1−τ2
ξk+1 +

τ1τ2
(1−τ1−τ2)2 (ξkξk+1 − ξ

2
k,k+1)).

Plugging in (3) and taking logarithms, we get

ln det(XÛ+XT ) = ln det(XUXT ) + (n − 1) ln(1 − τ2) − n ln(1 − uk) + ln(1 − ukξk + τ2δ).

The rest of the proof follows since τ2 = max{0, δ−n+nukξk+1−ukξk
nδ } maximizes

the right-hand side of this inequality while keeping u+ feasible. �
Note that Lemma 4.3 deduces to Lemma 4.1 for uk = 0 and to Lemma

4.2 for τ2 = 0 as expected.

5 A 2-EXCHANGE HEURISTIC

In this section, we develop a 2-exchange heuristic which is capable of find-
ing good solutions quickly even for large instances of the problem. The
heuristic can roughly be summarized in three steps:

1. Find an initial feasible solution and evaluate its value.

2. Select an exchange that will improve the objective function.

3. Perform the exchange.

The last two steps are repeated until there does not exist an exchange
that improves the best solution found so far. It is unlikely that a single
run of the algorithm would return a local optimum. It should be repeated
many times with many different initial solutions in order to guarantee a
good quality solution. As we will discuss below, the quality (by quality
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we mean the speed of the method as well as the quality of the solutions
produced) of the heuristic is highly dependent on the initial solutions, the
number of times the algorithm is called, and the selection of the points
to be swapped at each iteration. Lower bounds on the value of the can-
didate subsets developed in the previous section are useful in decreasing
the number of exchanges performed by the heuristic. Running time can
further be reduced by careful implementation, especially when performing
the exchange in Step 3. We will elaborate on these details in the following
subsections.

5.1 Finding a Feasible Initial Solution

Here we introduce several methods to find an initial feasible solution. While
some of the methods are elegant but computationally expensive, others are
crude but cheap as we will illustrate in detail in the next section.

a. Ellipsoidal peeling
Ellipsoidal peeling starts with the MVEE of the whole data set X and

‘peels’ this ellipsoid by discarding one of the points on its boundary at
each iteration until only h points remain. Lemma 4.2 provides an estimate
(lower bound) on the volume of the new MVEE when one of the points is
discarded from the current subset. Since the lower bound is a decreasing
function of the weight of the point being discarded, a point on the bound-
ary with maximum weight is left outside. This method starts with covering
all points and generates ellipsoids which cover m−1, m−2, . . . , and h points
as it proceeds. It can be summarized as follows:

Algorithm 2 (Ellipsoidal Peeling).
Input: X ∈ Rn×m, h ∈ {1, . . . ,m}.
Step 1. SetA = I.
Step 2. If |A| = h, STOP: OutputA.

Else, find an optimal solution u for (DA).
Step 3. Find j = arg maxi ui. SetA = A− { j}.

Go to Step 2.

Although ellipsoidal peeling is an elegant idea, it has three major disad-
vantages. First, it is an expensive algorithm because we need to solve m− h
instances of the MVEE problem. Second, it is a deterministic algorithm
which is not useful in designing a local search heuristic. Third, it does not
produce good quality solutions. Nevertheless, when combined with other
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methods such as Poston’s EID method, it becomes very fast and produces
remarkably good quality solutions as we will discuss in the next section. b.
Ellipsoidal ordering

The following algorithm calculates the MVEE of the whole data set,
orders points with respect to their ellipsoidal distance (defined using the
MVEE), and picks the points with the h smallest distances as the initial so-
lution. It is much faster than ellipsoidal peeling but it is still a deterministic
algorithm.

Algorithm 3 (Ellipsoidal Ordering).
Input: X ∈ Rn×m, h ∈ {1, . . . ,m}.
Step 1. Find an optimal solution u for (DA).
Step 2. Sort ξi1(u) ≤ ξi2(u) ≤ · · · ≤ ξim(u).

STOP: OutputA = {i1, . . . , ih}.

c. Random ellipsoidal peeling/building
The following algorithm randomizes the ellipsoidal peeling algorithm.

It is useful in local search and usually very fast compared to its determinis-
tic version.

Algorithm 4 (Random E. Peeling/Building).
Input: X ∈ Rn×m, h ∈ {1, . . . ,m}.
Step 1. Choose a subsetA randomly s.t.
A ⊂ I, |A| = n + 1, and XA spans Rn.

Step 2. Find an optimal solution u for (DA).
Step 3. LetA = {i : ξi(u) ≤ n}.
Step 4. If |A| = h, STOP: OutputA.

elseif |A| < h, setA = A∪ { j} where,
j = arg min{ξi(u) : ξi(u) > n};

else setA = A− { j}, where j = arg maxi ui.
Step 5. Go to Step 2.

d. Random ellipsoidal ordering
Similarly, we can also randomize the ellipsoidal ordering algorithm as

follows.
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Algorithm 5 (Random E. Ordering).
Input: X ∈ Rn×m, h ∈ {1, . . . ,m}.
Step 1. Choose a subsetA randomly s.t.
A ⊂ I, |A| = (n + 1), and XA spans Rn.

Step 2.Find an optimal solution u for (DA).
Step 3. Sort ξi1(u) ≤ ξi2(u) ≤ · · · ≤ ξim(u).

OutputA = {i1, . . . , ih}.

5.2 Selecting Points for the Exchange

At each iteration of the heuristic, we move from the current solution (a
subset A with h points) to a new one in its neighborhood by making an
exchange between a covered point i ∈ A and an uncovered point j < A.
Although there are h × (m − h) possible exchanges, considering exchanges
between points on the boundary of the MVEE of the current subset and
the (m − h) uncovered ones is enough. This is due to the fact that exchang-
ing a point in the interior of the current ellipsoid will not lead to a subset
whose MVEE has smaller volume. Given a set of points in Rn, it is shown
in [19] that there exists a subset of at most n(n + 1)/2 points, which can
be referred to as the core set, or the 0-core set to be precise, such that the
MVEE of the smaller subset is equal to the MVEE of the whole set. In addi-
tion, when the MVEE is calculated approximately as in Definition 3.1, then
[21] shows that there exists an ε-core set of cardinality at most O(n log(n)/ε)),
which is the subset of points whose approximate MVEE has the same vol-
ume with the approximate MVEE of the whole set. Obviously, neither of
these bounds give an upper bound on the number of points on the bound-
ary of the MVEE as all of the h covered points may be on the boundary.
Nevertheless, this is a highly unlikely situation. According to the author’s
experience, the number of points on the boundary of an MVEE for a typ-
ical dataset is usually limited by O(n). Therefore, the number of possible
exchanges is usually around O(n) × (m − h) instead of h × (m − h).

For each candidate pair of points to be exchanged, the lower bound (on
the volume of the candidate subset) from Lemma 4.3 is used in order to
eliminate nonpromising exchanges. Once we obtain a candidate exchange
xi and x j whose lower bound is lower than the current objective function
value, we solve the corresponding MVEE problem for the candidate set
Â = A−{i}∪{ j}. If the volume of MVEE(Â) is smaller than that of MVEE(A),
we record this value. Three different versions of the algorithm can be used:
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i. BEST exchange version: evaluates all possible exchanges and uses the
best one.

ii. FIRST exchange version: picks the first exchange that provides an
MVEE with a smaller value.

iii. BEST BOUND version: calculates a lower bound (from Lemma 4.3)
for all possible exchanges, picks the best, and calculates its value. This
exchange is used if the value of the candidate solution is better than
the value of the current solution, otherwise the exchange with the
second (or third, etc.) smallest lower bound is considered.

All versions of the heuristic are faster than the previously reported ex-
change heuristics in the literature because of the decreased number of ex-
changes considered at every iteration and the improvement on the lower
bound. In addition, we are capable of evaluating each candidate exchange
faster because we don’t solve the corresponding MVEE problem from scratch
but start at a feasible solution obtained from the current optimal solution
for MVEE(A) using the best step size as discussed in Lemma 4.3. In addi-
tion, we stop evaluating a subset when the objective function value exceeds
the best solution found so far.

We can summarize the heuristic as follows:

Algorithm 6 (2-Exchange Heuristic: FIRST).
Input: X ∈ Rn×m, h ∈ {1, . . . ,m}.
Step 1. Obtain anA from Algorithms 2-5.

Let u be an optimal solution for (DA), and H be an optimal solution for (PA).
Set Bvol = fA(H) and opt = 1.

Step 2. For all k : uk > 0 and all j : j < A,
calculate LBk j as in Lemma 4.3 with j replacing k + 1, and let Â = A− {k} ∪ j.
If LBk j < Bvol,

find optimal Ĥ and û for (PÂ) and (DÂ).
If fÂ(Ĥ) < Bvol, set Bvol = fÂ(Ĥ),

cA = Â, cH = Ĥ, cu = û and opt = 0.
Step 3. If opt = 0, then setA = cA, H = cH,

u = cu and opt = 1. Go to Step 2.
Else, output Bvol andA.
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6 COMPUTATIONAL RESULTS

In this section, we investigate the four main questions below: 1) How much
does the quality of the output depend on the initial feasible solution. 2)
How effective is the local search, i.e., how much does the initial solution im-
prove with the exchange heuristic. 3) How many random starts are needed
by the heuristic to obtain reasonable solutions. 4) How do the outliers af-
fect the computational time and quality of the proposed heuristics. For
this analysis we use two types of synthetic data. The first type of synthetic
datasets are used in Sections 6.1, 6.2, and 6.3. These are generated from
4 or more independent random multivariate normal distributions as in [2]
and [30]. These datasets have four or more clusters of data points, which
can be encountered in practice. Existence of several clusters make these
datasets more challenging than the typical data sets used in literature such
as [34]. These datasets are generated using an independent multivariate
normal distribution, which is contaminated with outliers. In particular, the
datasets used in [34] have 5% or 30% contamination. We use same method
to obtain our second set of synthetic datasets and discuss the effect of con-
tamination in Section 6.4 below. The algorithms used for the tests are de-
veloped in C++1 using the GSL library. The experiments are conducted on
a Macbook Air with a 1.7 GHz Intel Core i7 processor and 8 GB memory.
In all experiments we have set ε = 10−2 and N = 1 unless stated otherwise.

6.1 Effect of the Initial Feasible Solution

We have first tested the exchange heuristic with various initialization meth-
ods. We have used small sized problems (from (n,m) = (2, 20) to (n,m) =
5, 30)) that we can solve exactly using a branch and bound technique in
order to be able to calculate the optimality gap for each problem. The av-
erage results (over a sample of thousand instances) are presented in Table
1. The first three columns demonstrate the dimensions of the problem. The
remaining columns correspond to the relative percentage errors in the ob-
jective function value of the heuristic solution, where the initial feasible so-
lution is obtained by the ellipsoidal peeling method (Column 4: Algorithm
2); a hybrid of the ellipsoidal ordering and peeling methods (Column 5:
Algorithm 3 followed by Steps 2 and 3 of Algorithm 2); a hybrid of the EID

1The main code for Algorithm 1 is provided in https://code.google.com/p/
minimum-volume-enclosing-ellipsoid/. The exchange heuristic used in tests to-
gether with a branch-and-bound algorithm that finds the optimal solution are also available
on request together with the source code for generating datasets.
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n m h EP EO-EP EID-EP REP
2 20 12 22 7 0 7
2 30 17 30 13 1 10
2 50 27 35 17 1 10
3 20 12 24 6 5 9
3 30 17 31 14 5 11
3 50 27 37 15 4 11
5 20 13 13 6 3 5
5 30 18 13 4 3 9

Table 1: Average relative error of the heuristic solution with various initial-
ization methods (in percents).

and the ellipsoidal peeling methods (Column 6: EID algorithm followed by
Steps 2 and 3 of Algorithm 2); and the random peeling method (Column 7:
Algorithm 4). We more a more detailed version of this table with minimum
and maximum values as well as the standard deviations in Table 2.

It is remarkable that the quality of the solution depends highly on the
initial solution. It seems that the EID heuristic followed by an ellipsoidal
peeling is a reliable strategy to use, especially when the computational re-
sources are limited and only few starting points can be tried out. This
is generally the case for large problem instances. We have also observed
that when started with this particular strategy, the heuristic stops in much
shorter time than the rest of initialization strategies, usually less than half
time of its closest competitor.

6.2 Effectiveness of the neighborhood search

In this section we compare the quality of the solutions obtained by the
EID method and those obtained by the 2-exchange algorithm (Algorithm
6), which uses the initial feasible solution from the EID method. The first
set of results presented in Table 3, correspond to small problem instances.
The first three columns demonstrate the dimensions. The next two columns
give the corresponding average objective function values from the EID heuris-
tic and the 2-Exchange algorithm which uses the solution obtained by the
EID heuristic as a starting point. The next column provides the average op-
timal value obtained by the enumeration algorithm. The last two columns
provide the time required by the exchange heuristic and the enumeration
algorithm. We provide more statistics about these experiments such as the
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n m h EP EO-EP EID-EP REP
mean 2 20 12 22 7 0 7
min 0 0 0 0
max 615 165 32 168
std 38 17 2 19

mean 2 30 17 30 13 1 10
min 0 0 0 0
max 514 445 88 441
std 41 30 4 26

mean 2 50 27 35 17 1 10
min 0 0 0 0
max 824 816 55 213
std 44 37 3 22

mean 3 20 12 24 6 5 9
min 0 0 0 0
max 682 148 148 271
std 44 49 14 21

mean 3 30 17 31 14 5 11
min 0 0 0 0
max 752 759 98 222
std 49 41 13 22

mean 3 50 27 37 15 4 11
min 0 0 0 0
max 338 215 209 213
std 36 26 15 20

mean 5 20 13 13 6 3 5
min 0 0 0 0
max 140 112 87 112
std 17 12 9 11

mean 5 30 18 13 4 3 9
min 0 0 0 0
max 148 73 43 169
std 19 14 7 16

Table 2: Average, minimum, and maximum relative errors obtained by dif-
ferent initializations
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n m h EID 2 EX OPT Time2X (ms) TimeBB (ms)
2 20 12 15.13 13.73 12.32 0.99 99.02
2 30 17 14.98 13.73 12.05 1.55 4206.85
3 20 12 20.82 17.86 15.95 1.91 132.54
3 30 17 21.13 18.30 15.68 3.28 6449.11
5 20 13 31.53 26.86 24.37 2.95 135.71
5 30 18 31.76 26.37 23.28 5.47 6483.03

Table 3: Average objective function value for small datasets

minimum and the maximum values as well as the standard deviations in
Table 4.

We observe that the exchange heuristic improves the objective function
value significantly over the EID heuristic. It is remarkable how fast we are
able to find good solutions for these instances. We also observe that the ex-
change heuristic scales much better than the branch and bound algorithm.
The worse case performance of the branch and bound algorithm can be ex-
tremely bad as given in Table 4. We have also tested larger instances with
parameters varying from (n,m) = (5, 100) to (n,m) = (20, 500), which are re-
ported in Table 5 and Table 6 in more detail. For these instances, it is not
possible to find the optimal objective function value with the current state
of the art methods. We still observe that the exchange heuristic improves
the EID solution significantly. More importantly, the exchange heuristic is
able to provide good solutions for such large instances in short amount of
time even for cases when the initial solution is quite poor as often is the
case with the EID heuristic. Note that the exchange heuristic used in this
experiment is deterministic, it starts with the EID heuristic, so it cannot be
started at many random points. We demonstrate here how much it can im-
prove a single starting point such as EID start. If more accurate solutions
are needed, then the exchange heuristic should be applied to many random
starts for example using the random ellipsoidal peeling method discussed
above. We investigate this further next.

6.3 Effect of the number of random starts

For a set of problem sizes, we have run the heuristic N = 1, 10, 100, 1000
times, where in each run an initial feasible solution is generated using the
random ellipsoidal peeling method presented in Table 7 provides details
of the experiment. In particular, the first three columns demonstrate the
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n m h EID 2EX OPT Time2EX(ms) TimeBB(ms)
mean 2 20 12 15.13 13.73 12.32 0.99 99.02

std 2.78 3.31 3.12 0.62 133.48
min 1.36 -0.82 -0.82 0.19 0.58
max 21.11 20.39 19.81 4.45 1483.05

mean 2 30 17.00 14.98 13.73 12.05 1.55 4206.85
std 2.84 3.36 3.14 1.01 6724.75
min 2.15 2.00 0.34 0.27 1.69
max 20.57 20.56 19.76 10.13 44356.00

mean 3 20 12.00 20.82 17.86 15.95 1.91 132.54
std 4.48 4.87 4.21 1.10 130.98
min 3.79 1.51 -1.53 0.30 3.31
max 28.52 28.48 25.75 10.50 945.47

mean 3 30 17.00 21.13 18.30 15.68 3.28 6449.11
std 4.36 4.90 4.06 2.07 10334.72
min 4.38 3.44 1.99 0.51 12.49
max 29.90 27.93 25.21 16.81 87477.60

mean 5 20 13.00 31.53 26.86 24.37 2.95 135.71
std 7.00 7.01 6.38 1.45 87.39
min 0.52 -1.03 -1.70 0.53 14.83
max 44.88 40.29 38.35 12.40 668.95

mean 5 30 18.00 31.76 26.37 23.28 5.47 6483.03
std 7.33 7.20 6.36 2.46 8459.12
min -5.12 -7.71 -8.25 0.95 68.87
max 45.66 44.17 38.18 16.86 71808.40

Table 4: Average, minimum, and maximum objective function values for
small datasets with standard deviations

dimensions as usual. The next four columns provide the number of prob-
lem instances (out of the 1000) that is solved by the heuristic with 1,10,100,
and 1000 random starts, respectively. It is reported by [15] that the FSA
algorithm requires around 5000 random starts for a relatively small data
set (n = 3,m = 28, h = 16) to guarantee a good solution. Our tests suggest
the heuristics developed in this paper require significantly less number of
random starts to find the optimal solution. In particular, for the largest
problem size we have tried so far, 100 starts were enough to find the opti-
mal solution for 70% of the instances, which is very encouraging.
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n m h EID 2 EX Time (ms)
5 100 53 32.68 27.97 37.89
5 200 103 32.91 29.35 119.11
5 500 253 32.68 30.15 606.32
10 100 56 60.54 51.23 82.49
10 200 106 59.59 51.54 303.07
10 500 256 58.18 52.10 1663.19
20 100 61 115.58 102.65 132.63
20 200 111 116.88 105.92 500.42
20 500 261 112.98 104.00 3252.19

Table 5: Average objective function value for large datasets

6.4 Effect of outliers

The MVE estimator is a tool to identify outliers, therefore, it is natural to
test the algorithms with data sets that have a certain ratio of outliers. We
generate random datasets similar to those in [34]. We first generate m data
points in Rn from the multivariate standard normal distribution for n = 3
and m = 30. Then we shift the mean of 5% or 30% of the observations
up to 7 units. We provide the average, minimum, and maximum objective
function values of three algorithms, the Branch and Bound Algorithm, the 2
Exchange Heuristic, and the EID Heuristic in Figure 1. The results are aver-
aged over 1000 instances. The standard deviation for all three algorithms is
around 0.6. We observe that although both heuristics can perform quite bad
compared to the optimal solution on some rare instances, especially with
highly contaminated data sets, on average the heuristics provide a reason-
able alternative. We also observe that the exchange heuristic provides close
to optimal solutions on the average and improves the EID heuristic.

The effect of contamination on the running time of the branch and bound
algorithm and the exchange heuristic is quite dramatic as observed in Fig-
ure 2, where we report the average CPU times required by the two algo-
rithms over the same 1000 instances as above. As the dataset gets more
contaminated the problem becomes much easier to solve. This is expected
since the bounds on the volume used by the heuristic would be more use-
ful in the contaminated cases, where the exchange heuristic can eliminate
the exchanges including the outlier points directly without evaluating the
corresponding subsets.
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Figure 1: Average, minimum, and maximum objective function values ob-
tained by the Branch and Bound algorithm and the two heuristics, the EID
heuristic and the 2-exchange heuristic. (Left: 5% contamination, RIGHT:
30% contamination)
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Figure 2: Average CPU times for the Branch and Bound algorithm (LEFT)
and the 2-exchange heuristic (RIGHT).
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7 CONCLUSIONS AND SUMMARY

Detecting outliers in a data set is an important question in statistics. There
are various methods that can be used for this purpose such as the Minimum
Covariance Determinant (MCD) Estimator of [26] or distance-based meth-
ods as in [7]. The Minimum Volume Ellipsoid Estimator (MVE) is one of
the most reliable methods in outlier detection. The MVE problem finds an
ellipsoid with the smallest possible volume which covers a large portion of
the data set (usually close to half). Naturally, the problem is related to the
well-known Minimum Volume Enclosing Ellipsoid problem. The MVEE
problem can be formulated as a convex optimization problem and can be
solved efficiently even for very large instances using a first-order method.

This paper develops a new heuristic for calculating the MVE estimator
based on the new advances in solving the MVEE problem. In particular,
the suggested method improves the existing methods in three ways. First,
new initialization techniques are presented which can be incorporated into
other methods as well. Second, given a feasible solution to the problem,
lower bounds are provided on the feasible solutions in the neighborhood.
These bounds decrease the number of candidate subsets to be investigated
which increases the efficiency of the algorithm significantly. Third, it is
noted that each subset can be evaluated much faster by taking advantage
of better initial solutions and fathoming unpromising candidates much ear-
lier. Although, the proposed heuristic makes heavy use of the first-order
method that is used to solve the MVEE problems for each subset, the ideas
presented in this paper can be insightful in developing similar search meth-
ods based on other MVEE algorithms. In addition, similar techniques can
be used to develop a richer class of exchange heuristics where more than
two points are exchanged at each iteration. We also provide enough in-
formation for developing an efficient branch-and-bound algorithm to ob-
tain exact solutions for the problem. Further computational studies can be
carried out to compare the new method and the other available methods
such as metaheuristics. We believe that the method outlined in this paper
has significant advantages because it exploits the structure of the particular
problem instead of applying a generic approach.
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n m h EID 2EX Time2EX(ms)
mean 5 100 53 32.68 27.97 37.89

std 6.81 7.42 26.10
min 2.57 -3.89 7.31
max 45.50 44.89 162.08

mean 5 200 103 32.91 29.35 119.11
std 6.42 7.41 126.05
min 7.66 0.24 20.90
max 46.39 45.76 990.47

mean 5 500 253 32.68 30.15 606.32
std 6.56 7.30 654.13
min 6.09 2.92 210.46
max 45.06 44.80 7434.33

mean 10 100 56 60.54 51.23 82.49
std 12.16 13.13 42.98
min 5.67 0.23 14.72
max 83.75 77.43 278.59

mean 10 200 106 59.59 51.54 303.07
std 12.71 13.65 207.19
min -2.20 -14.36 42.60
max 83.96 78.60 1316.48

mean 10 500 256 58.18 52.10 1663.19
std 12.44 13.55 1851.06
min 1.90 0.55 247.67
max 86.03 84.64 15425.50

mean 20 100 61 115.58 102.65 132.63
std 29.22 29.01 46.55
min -16.87 -22.12 18.67
max 172.50 164.50 399.52

mean 20 200 111 116.88 105.92 500.42
std 26.32 27.00 246.59
min -38.70 -46.06 77.63
max 172.86 169.45 1779.15

mean 20 500 261 112.98 104.00 3252.19
std 26.87 28.25 2329.57
min 10.65 1.37 364.63
max 176.30 174.27 15740.60

Table 6: Average, minimum, and maximum objective function values for
large datasets with standard deviations
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n m h N =1 N =10 N =100 N=1000
2 20 12 429 837 912 976
2 30 18 312 735 870 953
2 50 27 221 653 815 949
3 20 12 351 826 857 910
3 30 18 129 633 788 908
3 50 27 89 469 738 890
5 20 12 340 637 758 870
5 30 18 293 598 733 810

Table 7: Number of problems (out of 1000 random instances) solved to op-
timality with N = 1, 10, 100, and 1000 random starts.
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