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Abstract

Let g be a continuously differentiable function whose derivative is matrix monotone on positive
semi-axis. Such a function induces a function ¢(x) = tr(g(z)) on the cone of squares of an
arbitrary Euclidean Jordan algebra. We show that ¢(z) — Indet(z) is a self-concordant function

on the interior of the cone. We also show that — In(t—¢(x))—Indet(z) is \/g(rJrl)—self—concordant

barrier on the epigraph of ¢, where r is the rank of the Jordan algebra. The case ¢(z) = tr(zlnx)
is discussed in detail.
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1 Introduction

A substantial amount of optimization problems arising in quantum information theory,quantum
statistical physics ,information geometry ([9]) and other areas (for the impressive list of various
applications see [2])requires dealing with the so-called quantum or von Neumann entropy which is
the function of the form Tr(X LnX), where X is positive semi-definite complex Hermitian matrix.
In present paper we propose a self-concordant barrier for this function which, in principle, allows
one to include the above mentioned problems into general interior point polynomial framework. We
develop the corresponding theory within the formalism of Euclidean Jordan algebras which indicates
possible generalizations of this concept. Moreover, proposed approach allows us to consider relatively
broad class of functions, namely, primitives of matrix monotone functions on positive semi-axis. It
turns out that the standard Indet barrier is compatible (in the sense of the theory of self-concordant
functions) with functions from this class. The plan of the paper is as follows. In section 2 we briefly
describe some Jordan-algebraic concepts. In section 3 we introduce a class functions on the cone
of squares of an Euclidean Jordan algebra associated with matrix monotone functions on positive

semi-axis. We then show that the standard Indet self-concordant barrier is compatible with every

*University of Notre Dame, Department of Mathematics (Email: leonid.faybusovich.1@nd.edu) This author is
supported in part by Simmons Foundation Grant 275013.

TNational Graduate Institute for Policy Studies (Email: tsuchiya@grips.ac.jp). This author is supported in part
with Grant-in-Aid for Scientific Research (B), 24310112 from the Japan Society for the Promotion of Sciences.



function in this class. The self-concordance of associated barriers (along with barrier parameter

estimate) on the epigraphs of functions of this class is also shown.

2 Jordan-algebraic Concepts

We adhere to the notation of an excellent book [4].
Let F be the field R or C. A vector space V over F is called an algebra over F if a bilinear
mapping (z,y) — xy from V x V into V is defined. For an element x in V' let L(z): V — V be the

linear map such that
L(z)y = xy.
An algebra V over F is a Jordan algebra if

zy = yz,x(2’y) = 2*(ay),Va,y € V.

In other words, Jordan algebra is always commutative but typically not associative. In an algebra
V one defines 2" recursively by 2" = x - 2"!. An algebra V is said to be power assotiative if

2P - 29 = zPT4 for any x € V and integers p, q.
Proposition 2.1 A Jordan algebra is power associative. Besides,
[L(2P), L(z%)] = 0,Vx €V,
and any positive integers p and q. (In other words, corresponding linear operators commute).

This is Proposition I1.1.2 in [4]. We will always assume that the Jordan algebra has an identity
element e (i.e. , ze = x,Vx € V).

Let V be a finite-dimensional power associative algebra over F with an identity element e, and
let F[X] denote the algebra over F of polynomials in one variable with coefficients in F. For z € V/

we define

Flz] = {p(z) : p € FIX]}.
A polynomial p € F[X] of minimal possible degree such that p(xz) = 0 is called the minimal polyno-
mial of x. Given x € V| let m(x) be the degree of the minimal polynomial of . We define the rank
of V as

r =max{m(z):z € V}.
An element x is called regular if m(x) = r.

Proposition 2.2 The set of requlr elements is open and dense in V. There exist polynomials a1, . . . a,

on V' such that the minimal polynomial of every reqular element x is given by
FOz) = A" —ay ()N an ()N 2+ L+ (=D an(z).

The polynomials a1, ...a, are unique and a; is homogeneous of degree j.



This is Proposition I1.2.1 in [4]. The coefficient a;(z) is called the trace of = and is denoted tr(x)
(in particular, trace is linear). The coefficient a,(z) is called the determinant of x and is denoted
det(x). An element z is said to be invertible if there exists an element y € F[z] such that zy = e.
The set A € F such that  — Ae is not invertible is called the spectrum of z and is denoted spec(z).
Given = € V, we define
P(z) = 2L(z)* — L(z?).

The map P is called the quadratic representation of V. We denote DP(x)y by 2P(x,y). Here DP(x)y
is the Frechet derivative of the map P at point x € V evaluated on y € V. It is easy to see that

P(z,y) = L(z)L(y) + L(y)L(z) — L(zy),z,y € V.

Proposition 2.3 Let V be a finite-dimensional Jordan algebra over F. An element x € V is invert-

ible if and only if P(x) is invertible. In this case
P(z)z™' =z, P(x)™! = P(z™1).
This is Proposition I1.3.1 in [4].

Proposition 2.4 Let J be the (open) set of invertible elements in V. The map x — x 1T =T
is Frechet differentiable and
i)D(z"Du= Pz Yu,x € J,ucV.
ii) If x and y are invertible, then P(z)y is invertible and (P(z)y)~! = P(z~ 1)y~
i11)
P(P(x)y) = P(z)P(y)P(x), Y,y € V.

i)
P(P(z)y, P(x)z) = P(x)P(y, 2) P(z),Y2,y,z € V.
This is Proposition I1.3.3 in [4]. A bilinear form 3 on V is called associative if
By, z) = Blx,yz), VY, y,z € V.

Proposition 2.5 The symmetric bilinear forms TrL(xzy) and tr(xzy) are associative.

This is Proposition 11.4.3 in [4].

In case , where F = R we consider an important class of Euclidean Jordan algebras. A Jordan
algebra V over R is called Euclidean if tr(2?) > 0,Vz € V \ {0}. An element ¢ € V is called
idempotent if ¢ = ¢. Two idempotents are orthogonal if cd = 0. A system of idempotents c1, ... cy

is a complete system of orthogonal idempotents If ¢ = ¢;, cici=0,i# j,and c1 +... + ¢ = e.



Theorem 2.6 Let V' be an Euclidean Jordan algebra. Given x € Vi there exist unique real numbers

A,y ... A, all distinct, and a unique complete system of orthogonal idempotents c1, ..., cp such that
T = AMc1+ ...+ Ac.
In this case spec(x) = {A1,..., Ak}, c1,. .., ¢, € Rlx].

This is Theorem III.1.1 in [4].
An idempotent is primitive if it is non-zero and cannot be written as a sum of two non-zero
idempotents. We say that ¢, ..., ¢, is a complete system of orthogonal primitive idempotents, or

Jordan frame, if each c¢; is primitive idempotent and if
cick =0, #k,ci+...+cm=e.
Note that in this case m = r (rank of V).

Theorem 2.7 Suppose V' has rank r. Then for x € V there exists a Jordan frame cq,...c. and real

numbers A, ...\ such that
s
xr = Z )\jCj.
j=1

The numbers \; (with multiplicities) are uniquely determined by x. Furthermore,

det(x H Aj, tr(x Z)\

This is Theorem I11.1.2 in [4].

Given a function f which is defined at least on spec(x), we can define

Zf )Ci

if £ =571 \i¢;. In particular,

exp(z Zexp cZ,lnx—Zln/\ ci, A > 0.
=1

Convexity and differentiability ofsuch functions on Euclidean Jordan algebras have been studied in
[1],[12] (see also [7]). We extensively use these properties in the paper.
Let

Q={?: 2V}

Theorem 2.8 Let V' be an Euclidean Jordan algebra.The interior Q of Q is a symmetric (i.e.
self-dual, homogeneous) convex cone. Furthermore) is the connected component of e in the set J
of invertible elements, and also € is the set of elements x in V' for which L(x) is positive definite.
In particular, the group of linear automorphisms GL(Q2) of § acts transitively on it. Moreover,

P(z) € GL(QY) for any invertible x.



This is Proposition I11.2.2 in [4].

Let c1,...c, be complete system of orthogonal idempotents. For each idempotent ¢, denote
V(c,0),V (e, 1),V (c,1/2) the eigenspaces of L(c) corresponding to eigenvalues 0,1, 1/2, respectively.
Then L(c1),. .., L(ck) pairwise commute and

V= %]7
1<i<j
where Vi; = V(¢;, 1), Vij = V(e,1/2) NV (¢j,1/2). Such a decomposition of V' corresponding to a
complete system of orthogonal idempotents is called the Peirce decomposition. It is studied in detail

in Section 1 of Chapter IV in [4]. A typical example of a Jordan algebra over a field F is the vector

space of symmetric matrices over F with multiplication operation

_ AB+ BA

A-B ,
2

where on the right we have a usual matrix multiplication. In case F = R we get an exmple of an

Fuclidean Jordan algebra.

3 Main results
For real symmetric matrices A, B of the same size n X n we use notation A = B if
2T Az > 2" Bz, Vi e R™.

A function f : [0,00) — R is said to be matrix monotone if A > B implies f(A) = f(B) provided

A > 0,B > 0. The following theorem is a version of the classical Lowner’s result.

Theorem 3.1 Let f be continuous matriz monotone function on [0,00). Then there exists a positive

measure fr on (0,00) and B > 0 such that

=10+t [ () 1)

and

+oo p
/0 147 p(r) < oo

(see, e.g., Theorem 4.41 in [8]). Let g : [0,00) — R be a continuously differentiable function such
that

f) =4V

is matrix monotone on [0, 00). Given an Euclidean Jordan algebra V', consider the function

¢:Q— R, o(x) = tr(g(x)).



The standard self-concordant barrier function 4 : & — R has the following form ([5]):
w(z) = —Indetz. (2)
Our first result establish compatibility ¢ with p in the sense of ([10], p.66).
Theorem 3.2 Givenxz € Q, he V:
|[D¥(é(a)(h, h, h) < 2D°6(h, ) [D* () (h, h)]/? (3)
Here Do, D%*¢, D3¢ are standard Frechet derivtives of function ¢.
We need two elementary lemmas.
Lemma 3.3 Given h € V, we have
tr(h?) < [or(R2)]? (4)

Proof. We have:
tr(h’) = (h*, h)

Consequently,
tr(h%) < \/(h2, h2)\ /(. ).

Let .
h = Z )\ici
i=1
be the spectral decomposition of h. Then
(W%, h?) = tr(h?) = Z)\ hoh) => A7
i=1
Since , T
DA QoA
i=1 i=1
The result follows. m
Lemma 3.4 Consider the function
Y:=Q—=V, ¢(x)=Pl+T1e) h

Here 7> 0,h € V are fixred. Then,

Dy(x)h = —2P(x + 7€) "2 [P(z + Te)"V/2h7].



Proof. Consider 11 : V. — V, 1(x) = P(x)h;, o : Q — Q, Yo(z) = (z + 7e¢)~L. Then,
Y(x) = 1P1(¢2(x)). Using chain rule, we obtain

Dy(z)h = D1 (¢2(2)) (Da(2)h) = 2P (2 (), Dipe(z)h)h =
—2P((x + 7€), P(x + 1) "'h)h = 2P(P(x 4+ 7¢)"Y2e, P(x + T¢) ta)h =
—2P(x + 7¢)"V2P(e,a) P(z + 7€) /2,

where a = P(x + 7e)~'/?h.
Hence,

Dip(z)h = —2P(z + 7¢) " ?L(a)a = —2P(z + 1e) " /?(a?).

Here we used Proposition 2.4 i). n

Proof of Theorem 3.2. We have ( see [1]):
Do(x)h = tr(f(x)h),
where f(A\) = ¢’()\). Using representation (1):
Dy(x)h = f(0)tr(h) + ptr(zh) + /OOO tr(th — 72(z + 7e) " h)du(T).
Consequently,

D2 (x)(h, h) = Btr(h2)+ /0 T e (Pla+re) V212 2dp(r) = Br(h2)+ /0 h, Platre)  hyr2du(r).

(5)
By Lemma 3.4
D3o(x)(h, by h) = —2 /0 tr(a(r)?)r2du(r), (6)
where a(7) = P(z + 7e)~/2h.
Using Lemma 3.3:
DYp(a) (e )] <2 [ fir(alr)lran(r) <2 [ lir(alr )P A, (7)

Let
k
T = Z Bici
i=1

be the spectral decomposition of x, where 51 > B2 > -+ > [ > 0. Consider the corresponding

Peirce decomposition of V:

V=V

i<j
and corresponding decomposition of h:

h=>hi.

(5]
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Then

tr(a(r)?) = (b P+ 7o) ) = 3 el < 3 o Il 20

i<j i<j

But
2 1y — tr(a(0)2
S g ol = (b Ple) h) = t(a(0)?)

i<j

where a(0) = P(z)~Y/2h. Note that

Du(z)h = —tr(z71h) (8)
D?u()(h,h) = (P(z™")h, h) = tr(a(0)?) 9)
D3u(x)(h,h,h) = —2tr(a(0)?), p(z) = —Indetz. (10)

Consequently, using (7):

lp(z)(h, by h)| < 24/ D2pu(z)(h, h / tr(a(7)?)2dp(t) < 24/ D2pu(z)(h, h)D?*(z)(h, h).

The last inequality is due to (5).

Our next theorem shows that
[i(z) = ¢(x) + p(x)

is a standard self-concordant function on {2.
Theorem 3.5 Given x € Q,heV:
| DTy (2)(h, b, h)| < 2[D°T1 (z)(h, h)]*/2.
Proof. Let a = [D%p(z)(h, h)]*/?,b = [D?u(z)(h, h)]}/2. Then,
D?Ty(h,h) = a® + b

and by Theorem 3.2
|D3p(z)(h, b, h)| < 24d°.

Furthermore,
|D3u(x)(h, h, h)| < 2b°.
Consequently,
|D3Ty(x)(h, h, h)| < 2a%b + 2b°.
However,
(2a%b 4 2b%)2 < 4(a® 4+ b*)®, Va,b > 0.
The result follows. u



Theorem 3.6 Let
epi(p) ={(t,x) e R x Q:t > ¢(x)},
Iy :ep(p) — R,
Dot 2) = —In(t — () + p(x).

Then,

| D30y (t, ) (h, h, h)| < L;[DZFQ(t,x)<iL, h)32, &= (t,x) € epi(p), h=(s,h) e R x V.

Proof. The idea of this proof is taken from [3], Appendix A. Let x(¢,x) =t — ¢(z). Then,

DTy (&)h = —w + Du(z)h, (11)
21 (=\(F T _D2X(3~3>(Eah) [DX@’)E] 2 (x
D F2($)(h7 h) - X(l') XQ(!%) +D M( )(hvh)v (12)
S0, (2 (. T T _ D3x(@)(h,hh) | D*X(&)(h, B)(Dx(B)h) , (Dx(@)h)* .
RO =T (@ T )(M?Z)é)

2(3)(h, )] )
Then
D?Ty(2)(h, h) = a® + b? + 2
Note that

D2X<'i‘)(ﬁ7 iL) - —Dz(p(.%')(h, h)v DSX(j)(Ea i"a B) - —DSQO(.’IJ)(h, h, h)
Hence, (13) and Theorem 3.2 implies:
|D30o(2)(h, b, h)| < 2a2c + 3a%b + 20 + 263,
However,
1
(2ac + 3a®b + 2b° + 2¢%)* < %(aQ + 0% + ?)>.
for any nonnegative a, b, c. This is verified by estimating odd degree powers using inequalities of the

type 2ab < a® + b?. Hence,
S 10 ..
|DTo(Z)(hy b, h)| < 22 [DTa(Z) (hy )2,
Recall ([11] p.193) that the barrier parameter for the self-concordant function I'y is defined as

v= sup sup [2DT(&)h — D*Ty(z)(h,h)].
Zeepi(p) heRxV



Proposition 3.7 We have v < r + 1, where r = rank(V).

Proof. We use notations of the proof of Theorem 3.6. Since x is concave on epi(y),

— DTy(%)(h, h) <

) )] + [2Dp(a)h — D?p(x) (h, h))] <
1—2(z Y h) — (P(zYHh,h) <7 +1,

since

max{(—2(z" 1, h) — (P(z"Yh,h)) :he V}=r.

Remark 3.8 The barrier parameter usually defined for normalized barrier functions. Hence,our

v < \/z(r—i-l).

The most natural examples satisfying our assumptions are

estimate shows that for normalized I'y

g1(A) =2InA, A >0,g2(N) =N, 1 <p<2.

Indeed,
() =IA+1, gh(A) = pAP.

Both functions In\ and A?,0 < ¢ < 1 are known to be matrix monotone. The corresponding

functions

v1(z) = tr(zlnz), @o(x) =tr(z?), 1<p<2

arise in various applications typically for the Euclidean Jordan algebra of complex Hermitian ma-
trices; o1 is known as quantum or von Neumann Entropy and arise in numerous applications ([2]).
Tha function 9 appears in compressed sensing (and is known as nuclear norm for p = 1).

One way to incorporate a new self-concordant barrier to general interior-point scheme is to modify
it for epigraphs of corresponding functions. A general convex programming problem can be easily
reformulated as a problem of minimization of a linear function over intersection of epigraphs of
constraints and objective function. A clear and straightforward path-following scheme for such a
reformulation is presented in [11], section 4.2.6. The resulting algorithm is polynomial provided
computable self-concordant barriers for the corresponding epigraphs are known. One advantage of

this approach is that epigraph version of a self-concordant barrier frequently diminishes the value
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of the barrier parameter and consequently improves the theoretical complexity of the algorithm. A
substantial factor in the overall complexity of the scheme is the computational cost for the evaluation
of Hessians of barrier functions and their inverses. In case of ¢(z) = x Inx the Hessian and its inverse
can be expressed as:

+o00
Hy(z) = P(x + er) " dr,

0
-1 1 1—
Hy W = /0 P(z",xz " ")dr,

as was shown in [6].
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