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Abstract. We consider the linearly constrained convex minimization model with a separable
objective function which is the sum of m functions without coupled variables, and discuss how
to design an efficient algorithm based on the fundamental technique of splitting the augmented
Lagrangian method (ALM). Our focus is the specific big-data scenario where m is huge. A
pretreatment on the original data is to regroup the m functions in the objective and the cor-
responding m variables as ¢ subgroups, where t is a handleable number (usually ¢ > 3 but
much smaller than m). To tackle the regrouped model with ¢ blocks of functions and vari-
ables, some existing splitting methods in the literature are applicable. We concentrate on the
application of the alternating direction method of multiplier with Gaussian back substitution
(ADMM-GBS) whose efficiency and scalability have been well verified in the literature. The
block-wise ADMM-GBS is thus resulted and named when the ADMM-GBS is applied to solve
the t-block regrouped model. To alleviate the difficulty of the resulting ADMM-GBS subprob-
lems, each of which may still require minimizing more than one function with coupled variables,
we suggest further decomposing these subproblems but proximally regularizing these further
decomposed subproblems to ensure the convergence. With this further decomposition, each
of the resulting subproblems only requires handling one function in the original objective plus
a simple quadratic term; it thus may be very easy for many concrete applications where the
functions in the objective have some specific properties. Moreover, these further decomposed
subproblems can be solved in parallel, making it possible to handle big-data by highly capable
computing infrastructures. Consequently, a splitting version of the block-wise ADMM-GBS,
is proposed for the particular big-data scenario. The implementation of this new algorithm is
suitable for a centralized-distributed computing system, where the decomposed subproblems
of each block can be computed in parallel by a distributed-computing infrastructure and the
blocks are updated by a centralized-computing station. For the new algorithm, we prove its
convergence and establish its worst-case convergence rate measured by the iteration complexity.
Two refined versions of this new algorithm with iteratively calculated step sizes and linearized
subproblems are also proposed, respectively.
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1 Introduction

We consider a separable convex minimization problem with linear constraints and its objective func-
tion is the sum of more than one function without coupled variables:

mln{i&z(xz) } in;AlfL‘Z =b,x; € X;,i=1,--- ’m}, (11)

where 6; : R" — R (i = 1,--- ,m) are convex (not necessarily smooth) closed functions; 4; € R,
be R’ and X; CR™ (i = 1,--- ,m) are closed convex sets. The solution set of (1.1) is assumed
to be nonempty throughout our discussions in this paper. We also assume that matrices Al-TAi
(i =1,...,m) are all nonsingular.

Our discussion is under the assumption that each function 6; in the objective of (1.1) has some
specific properties and it is worthwhile to take advantage of them in algorithmic design. One repre-
sentative case, which has wide applications in many sparse- and/or low-rank-related fields, is when
the proximal operator of #; given by

-
in {0;(z;) + = |lzi — pill? 1.2

arnggﬁg}”{ i(w) + 2sz pill } (1.2)

has a closed-form representation for any given vector p; € R™ and scalar 7 > 0. In (1.2), || - || denotes

the standard lo norm. Thus, we do not discuss the case where the model (1.1) is treated as a whole
and its separable structures are ignored in algorithmic design. Instead, we are interested in such an
algorithm whose subproblems at each iteration are all of the same difficulty as (1.2) or at most as
the one -

arg min. {6;(zi) + §|]Aixi —al®} (1.3)

T; €

with a € R’. Note that when the proximal operator given in (1.2) has a closed-form representation,
solving (1.3) is generally easy. For instance, the problem (1.3) can be iteratively solved by linearizing
the quadratic term in (1.3) because the linearized subproblem reduces to the task of evaluating
the proximal operator defined in (1.2). This is indeed an implementation of the forward-backward
splitting method which originated in [28]. Therefore, to expose our main idea of algorithmic design
with easier notation, we mainly focus on the discussion of designing an algorithm with subproblems
in form of (1.3) and only briefly mention its advanced version with subproblems in form of (1.2).

The augmented Lagrangian method (ALM) in [23, 30] is the basis for a number of splitting
methods in the literature for solving the model (1.1). Let the Lagrange function of (1.1) be

L™(@1, 29,y A) = > Oi(ai) = AT () Ay — b), (1.4)
i=1 i=1

with A € R¢ the Lagrange multiplier and it be defined on Q = X; x Xy X --- X X,,, x Rf. The
augmented Lagrangian function is

m m B -
LF (@10, A) = L™ @1,y A) + > Agai — b, (1.5)
=1

where L™ (x1,2,...,%m, ) is given by (1.4) and 8 > 0 is a penalty parameter with respect to the
violation of the linear constraints in (1.1). If we treat the primal variables in model (1.1) as a whole
and apply directly the ALM, then the resulting scheme is

{ ($If+1a$§+1a to axfr:rl) = argmin{ﬁgl(l‘law% o ,:L‘m,>\k) | T; € Xl'a 1= ]-7 o 7m}7 (1 6)

N = XF BT At ).



The minimization subproblem in (1.6) is clearly not efficient under the mentioned assumption that
each 60; has specific properties. Thus, when considering the model (1.1), the scheme (1.6) is only of
conceptual sense. But it is the basis of a number of efficient methods in the literature whose common
feature is to decompose the minimization subproblem in (1.6) appropriately and then to ensure the
convergence with some additional steps if necessary. The most successful case is decomposing the
minimization subproblem in (1.6) in Gauss-Seidel order for the special case of (1.1) with m = 2:

l‘lf+1 = argmin{ﬁ%(:vl,xg,)\k) ‘ T € Xl}a
;pg“ = argmin{ﬁ%(wlfﬂ,l‘za ) ‘ x2 € XQ}’ (1.7)
R A A )

This is the so-called alternating direction method of multiplier (ADMM) in [11] and it has found
many efficient applications in a broad spectrum of application domains such as image processing,
statistical learning, computer vision, network optimization, and so on. We refer to [2, 5, 10] for some
review papers on the ADMM.

With the efficiency of ADMM, it is natural to consider directly extending the scheme (1.7) to the
case of (1.1) with m > 2. The resulting direct extension of ADMM reads as

( gt = argmin{ﬁ?(ml,xg, sk N e X,
ol = argmin{ﬁ%”(x'f“, e ,mffll,xi,xfﬂ, sk ) @€ Xi ), 18)
k= arg min{ﬁg”(xlfﬂ, e ,xfr:r_ll,xm,)\k) ‘ T € Xm},

| A= M= B, A - D).

Empirically, the direct extension of ADMM scheme (1.8) indeed works well for some applications,
as shown in, e.g. [29, 31]. However, it was shown in [3] that theoretically the scheme (1.8) is not
necessarily convergent. Hence, like the extreme case of treating (1.1) as a whole and applying no
splitting at all to the ALM (1.6), this scheme (1.8) resulted by applying a full splitting to the ALM
(1.6) does not work either.

In the literature, some surrogates with provable convergence and numerical performance compet-
itive to (1.8) have been well studied. For examples, the schemes in [15, 16] treat the output of (1.8)
as a predictor and suggest correcting it appropriately to ensure the convergence. These schemes are
all in the prediction-correction framework. The scheme in [17] requires no correction step, but it
slightly changes the order of updating the Lagrange multiplier and twists some of the subproblems
appropriately to obtain the convergence. Accordingly, the (xg,--- , Z,,)-subproblems can be solved
in parallel but they should be regularized by appropriate proximal terms with sufficiently large prox-
imal coefficients. Moreover, the scheme in [24] suggests attaching a shrinking factor to the Lagrange
multiplier updating step in (1.8). In [3], it was shown that it could be very hard to find such a factor
to guarantee the convergence of the direct extension of the ADMM scheme (1.8).

In this paper, we focus on the particular case of (1.1) which arises from a big-data scenario;
thus m is assumed to be huge. Under this big-data scenario with a huge m, a pretreatment on
the original model (data) is usually implemented. For example, we can classify the original func-
tions and the corresponding variables into ¢ classes by identifying some common features or data-
processing in particular applications. A more specific case is that t represents the number of fea-
tures in a data-mining application of the abstract model (1.1). In general, ¢ > 2 is a handleable
number but it is much smaller than m. The general model (1.1) is thus treated as a separable



model with ¢ blocks of functions and variables. For the r-th block (r = 1,2,---,t), let m, be
the number of variables in the r-th block and thus Zizl m, = m. That is, we consider regroup-
ing the variables x = (1,22, -+ ,2y) and functions (01,609, --- ,0,,) in (1.1) as (x1, @9, - ,x;) with
Ty = (Tyy, Tryy - Ty, ) and (D1(@1), V2(22), - -+, Ve(2t)) With O, () = 377, 0, (2, ), respectively;
and furthermore, we define

y Arm,.

Ar=(An,. A ), X=]]Xy, r=1.. .t (1.9)
j=1
Then, the model (1.1) can be reformulated as the block-wise form

¢ t
min{Zﬁr(mr) } Z.Aril}r =b x,€X,, r=1,.. .,t}. (1.10)

r=1 r=1

Reiterating the block-wise reformulation (1.10) may account for the application where each block of
variables and functions represents a specific set of decision variables and cost functions in the same
classification. Accordingly, the Lagrange function (1.4) can be written as the block-wise

t

L@y, mn \) = > Op(my) — A (3 Avr — 1), (1.11)

r=1

and thus the augmented Lagrangian function (1.5) as
t _ ot Bt 2
Lo, .., N) = LH(@1,. ., 2, A) + 5 1> Arxy — b7, (1.12)

When ¢t = 2, the original ADMM scheme (1.7) can be applicable to the block-wise reformulation
(1.10) and its iterative scheme reads as

;1;]1”1 = argmin{ﬁ%(wb:ﬂ%y)\k) | T € Xl}?
mg—"_l = arg min{ﬁ%(mlf+1, o, )\k) | 9o S X?}a (113)
ARFL = € — B( AT+ Apf T — b).

We refer to [22] for the discussion of how to further decomposing the subproblems in (1.13) and
obtain solvable subproblems in form of (1.3).

In this paper, we focus on the case of t > 3 and discuss how to design implementable algorithms
for the block-wise reformulation (1.10). Recall that the scheme (1.8) is not necessarily convergent.
Thus, its block-wise extension to (1.10), which reads as

(bt = argmin{ﬁtﬁ(a}l,wg, co kR ‘ x € X},
:c§+1 — argmin{ﬁtﬁ(m’fﬂ’... 733,]fﬂ,$r,fﬂf+17 ... 73357)\/%) | z, € Xr}; L
zht! = argmin{ﬁtﬁ(mlfﬂ, R AR T L | @ € X},
AL = AP = By Ayt =),

is not necessarily convergent, either; and it is important to investigate how to design implementable
algorithms for (1.10) based on the scheme (1.14). In particular, since the efficiency and stability of
the ADMM with a Gaussian back substitution (ADMM-GBS for short) in [15] has been well verified



for various applications such as image processing, statistical learning, SDP, etc., we focus on this
method and further discuss how to extend it to the block-wise reformulation (1.10).

The rest of this paper is organized as follows. In Section 2, we review some known results and
prove some preliminary propositions which are useful for further analysis. The new algorithm is
presented in Section 3, followed by some remarks. Then, we prove the convergence for the new
algorithm in Section 4; and establish its worst-case convergence rate in Section 5. In Section 6, we
elucidate some special cases of the new algorithm and see its relationship to some existing schemes in
the literature. We present a refined version for the new algorithm with an iteratively calculated step
size in Section 7; and briefly mention its convergence analysis. In Section 8, we present a linearized
version of the new algorithm proposed in Section 3, whose subproblems are in form of (1.2) rather
than (1.3). In addition, two key results which essentially guarantee its convergence are established
for this linearized version. Finally, we make some conclusions in Section 9.

2 Preliminaries

In this section, we summarize some results known in the literature and introduce some additional
notations for the convenience of analysis later.

2.1 Variational Inequality Characterization

Let (x{, Ty Ty, )\*) be a saddle point of the Lagrange function (1.4), it follows that

LTE]R‘ (.TT, :‘Cza e ax:m )‘) < Lm(aﬁ? x;a U 71':(77,’ )‘*) < LZ?EXZ- (i=1,...,m) (wlv L2+ Tm, )‘*)
Then, finding a saddle point of L™ (x1, z9,...,Tm, ) is equivalent to finding (z7, 25, ...,z \*) €
such that

I'T € Xy, 91(.%'1) — 91(33?) + (:L'l — I'T)T(—A{)\*) >0, Va1 € Xq,
a:§ € Xo, 92(1‘2) — (92(:63) + (IQ — x§)T(—AgA*) >0, Vzo € Xo,
: (2.1)
25 € Xy Om(Tm) — O (25,) + (2m — 25,) T (=ATN*) >0, Vo, € X,

M e R, A =TXCm, A —b) >0, VA € RE

We denote by Q* the set of all saddle points of L™ (x1,xa, ..., Zm,A). More compactly, (2.1) can be
written as the following variational inequality:

VI(Q, F,0) w*eQ, dx)—3dx)+ (w—w) Flw*) >0, Vwe Q, (2.2a)
where
T — AT\
1 . m )
= |, w=| " |, 9@ =D bi(x:), Flw)= : (2.2b)
. Tm, =1 —AT )
m A Z?ll Azl’l —-b

Using the mentioned block-wise notation, we can rewrite (2.1)-(2.2) respectively as

xi e Xy, Vi(w1) —i(x}) + (x — )T (—ATA*) >0, Vo, € A,
a:§ € Ao, 192(2132) - 192(.’133) + (2122 - :B;)T(—.Ag)\*) >0, Vxg e Ay,

(

(2.3)

IIZ%k € Ay, 19t(113t) — 19,5(.’13?;) + ((Et — .’IJI)T<—.A%;)\*) >0, Va;e A,
M € R, A=) A —b) >0, VA € R,




and

VI(Q, F,0) w*eQ, dx)—dx")+ (w—w) Flw*) >0, Vwe Q, (2.4a)
where
I —A{)\
z1 . ¢ .
T = : , W= : , HNx) =) O (x,), F(w)= : (2.4b
! A S A, —b

2.2 Some Properties

Recall the matrices A,’s defined in (1.9). Then, for A4, and A, we have

Smg

AZlAm cee e AZ;A
AL A, =
ArTmT Ay oo e AZW A,

For these matrices A,.’s, they have a useful property for further analysis. We summarize it the
following lemma and omit its trivial proof.

Lemma 2.1. For the matriz A, defined in (1.9), if we define

AlA., o - 0
diag( A, A,) = _ ; (2.5)

: 0

0 o 0 ATTWATW
then we have
my - diag(ATA,) = AT A, r=1,...t (2.6)
Further more, we define

T, > my — 1, and D, = (1, + )diag(AT A,), r=1,...,t (2.7)

3 The Block-wise ADMM with Gaussian Back Substitution

In this section, we consider how to extend the ADMM-GBS in [15] to the block-wise reformulation
(1.10) of the original model (1.1) and propose a block-wise ADMM-GBS with solvable subproblems in
form of (1.3). In particular, this block-wise ADMM-GBS turns out to be a unified scheme including
the existing algorithms in [15, 17] as special cases.

3.1 The ADMM-GBS in [15]

First of all, let us recall the ADMM-GBS in [15] for the original model (1.1). As mentioned, the
ADMM-GBS in [15] treats the output of the direct extension of the ADMM scheme (1.8) as a



predictor and corrects it via a Gaussian back substitution procedure to ensure the convergence. Its
iterative scheme reads as

( zhtl = argmin{ﬁg(azl,xlg, coak AR ! x1 € X1},
7t = argmin{ L3 @ B el ) [ € X
: (3.1)
zhH = argmin{ L7 (2T, - 2 20, M) | 2 € X b,
[ A=A = BT At - b),
vl = oF — P71 (vF —oF), € (0,1),

where L' is defined in (1.5) and the matrix P is a block-wise upper triangular matrix defined as

L, (AT A5)~1AT A4 (AT A9)~1AT A, 0
0
P- (A AT A0 | O
0 “e 0 Iy, 0
0 X 0 0 Iy
whose dimension is (ng + -+ + ny, + £). Note that in (3.1), v represents the collection of variables
(3 .- 2l AT)T which are essentially required in the iteration. As mentioned in [2], the first

variable x is not required in the iteration and it is thus “intermediate” in the iteration. This is why
in the scheme (3.1), the back substitution procedure is only implemented to v without x;. Clearly,
the last step in (3.1) can be written as

P(Uk—l-l . ,vk) — a(,l—)k—H o ’Uk).

Thus, with the block-wise upper triangular matrix P defined in (3.2), the entries of v**! can be
updated in the order of A — x,, — - - - x9, just like the standard Gaussian back substitution procedure
for solving a system of liner equations.

For the ADMM-GBS (3.1), the ADMM splitting step (i.e., the z;-subproblems in (1.8)) is mainly
for yielding easier subproblems so that it becomes possible to exploit the properties of 6;’s indi-
vidually. However, since yielding these easier subproblems is on the cost that the individual m
x;-subproblems in (3.1) is only an approximation of the ALM subproblem in (1.6) and thus the de-
composed subproblems, even if all are solved exactly, are not necessarily accurate enough to provide
a qualified input to update the Lagrange multiplier such that the convergence can be still ensured.
This is an explanation of the failure of convergence for the direct extension of ADMM (1.8), see the
counter example given in [3] showing the divergence of the direct extension of ADMM (1.8). The
Gaussian back substitution step in (3.1) can thus be regarded as a correction step to compensate the
inaccuracy resulted by the decomposition on the ALM and so as to ensure the contraction property
for the iterative sequence to the solution set. With this contraction, the convergence of (3.1) can be
established from the contraction method perspective.



3.2 Motivation

Since we consider the block-wise reformulation (1.10) with ¢ > 3 blocks and the block-wise direct
extension of ADMM scheme (1.14) is not necessarily convergent, the ADMM-GBS (3.1) can be
extended to (1.10) and its convergence is ensured provided that all the resulting subproblems are
solved exactly. The resulting block-wise ADMM-GBS reads as

( j’f“ = argmin{ﬁ%(ml,wé,--- L, \F) ’ x € X},
zhtl = argmm{ﬁt k+1’ e ,iiffll,wr,mffﬂ,”' L, \F) ‘ T, € XT},
(3.3)
53?“ = argmln{ﬁt k“, e mfﬂ,m,)ﬁ) ’ T € Xt}?
REH = A B Akt - ),
’Ul€+1 = Uk — anl(vk - @kJrl)a o€ (07 1)7

where Etﬁ is defined in (1.12) and the matrix P in (3.3) is a block-wise upper triangular matrix
similar as in (3.2), see (3.8). Note that this block-matrix P makes the output of (1.14) updated via
a Gaussian back substitution procedure in block-wise form in the scheme (3.3).

For a general case, similar as (1.14), each of the minimization subproblems in (3.3) involves
more than one function in its objective and the m, variables are coupled by the quadratic term in
(1.12). This may make it hard to solve these subproblems unless the special case m, = 1. Recall
that we only consider the case where each subproblem to be solved is in the form of (1.2) or (1.3).
Thus, we suggest further decomposing the x,-subproblem in (3.3) as m, smaller subproblems so that
each function 6; is treated individually. More specifically, the block-wise @,-subproblem in (3.3) is
decomposed as the following m, smaller subproblems:

k4l _ t (gt —k+ k k k kE vk
Ty argmln{ﬁ g, By 1,xrl,xr2,~~~,xrmT,wT+1,~~~,a:t,)\)|:1:r1 € X},

—k 1_ t (gh+1 —k+1 K k k k k k \k

xrj* argmm{ﬁ s B T Ty T Ty T Ty, T A )|xrj€X,,j}, (34
—k 1_ (gt —k+1 K k k k \k

xr‘*‘ argmln{ﬁ RS AR PE PRI AN SN ATEPEERI 2P ) ’ T, € er,.}~

Note that we only consider implementing the parallel decomposition to the x,-subproblem in (3.3).
This makes it possible to implement parallel computation to tackle each block of subproblems by, e.g.,
a distributed-computing system. To summarize, the implementation of the new algorithm can be
ordered as t main phases which are proceeded sequentially according to the block-wise ADMM-GBS
scheme (3.3); and for the r-th phase, there are m, subtasks in form of (1.3) which can be proceeded
in parallel. This feature is useful for big-data scenarios where parallel computation is necessary.

It is also worthwhile to mentation that if the alternating decomposition is implemented to the .-
subproblem in (3.3), then the resulting scheme reduces to the original ADMM-GBS (3.1). Recall that
the ADMM-GBS (3.1) requires solving all the decomposed subproblems in a completely sequential
way. Hence, when the big-data scenario is consider where m is huge in (1.1), the waiting time
resulted by the sequential computing might be too expensive if the ADMM-GBS (3.1) is directly used.
We are thus interested in implementing the ADMM-GBS in the block-wise form (3.3) but further
decomposing the block-wise subproblems in the parallel way of (3.4). In this way, the advantage
of the ADMM-GBS such as its efficiency and stability is preserved among blocks while the parallel
computation to tackle big-data scenarios is applicable within each block. This is the main motivation
of the new algorithm to be proposed.



3.3 Further Remarks

We have emphasized the importance of parallel computation to tackle the big-data scenarios of the
model (1.1). One may ask why not just implement the full parallel decomposition directly to the
ALM (1.6) and thus obtain the following scheme whose m z;-subproblems can be solved fully in
parallel:

:1:]1”1 — argmin{ﬁ%”(xhxé, R 73;%, )\k) ‘ T € X1}7

o = argmin{ L (ak, - 2k s al o 2 ) | e XY, (3.5)
.Cl?lranrl = argmin{ﬁﬁm(xlﬂ T axﬁz—bxmv)‘k) ‘ Tm € Xm}’

M= AP — BT Aja ™ — ).

In fact, the scheme (3.5) requires m work stations to realize the parallel computation. When m is huge
for a big-data scenario, it might be too expensive to be practical. Moreover, from methodological
point of view, as shown in [13], the scheme (3.5) is not necessarily convergent even for m = 2. Later,
it was shown in [18] that the convergence of (3.5) can be guaranteed if all the z;-subproblems are
proximally regularized by certain proximal term

( x’f“ = argmin{ﬁg‘(ml,xg, e ,xfn,)\k) + %HAl(xl — J:If)||2 ’ T € Xl},
gt = argmin{ L (af, -, @f e, 2f g, -, AF) + PN Ay (; — ab)|? | 2 € X}, 36)
whtl = argmin{ﬁg‘(:ﬁ’f, cee ,:Cfn_l,xm,)\k) + %HAm(a@m —zk)||? ! T € Xm},

[ AL = AR BT At — ),

where the proximal parameter s is required to be greater than m — 1. The z;-subproblems in the
scheme (3.6) are also eligible for parallel computation. But recall that we are considering the big-data
scenarios where m is huge. Thus, the proximal terms in (3.6) with s > m — 1 play a dominate role in
the objective functions and the convergence is doomed to be extremely slow due to the huge value of
m — 1, though the convergence can be guaranteed asymptotically. Therefore, we do not expect that
the existing schemes based on the technique of directly decomposing the ALM (1.6) in a parallel way
are applicable for the big-data scenarios of (1.1) with a huge m. Note that in [12, 13], it was also
suggested to correct the output of (3.5) by certain correction steps and the proximal terms are not
needed to regularize the decomposed subproblems. But these schemes also require m work stations
to realize the parallel computation.

3.4 The New Algorithm

Based on the previous discussion, we now propose the new algorithm which embeds the parallel
computation (1.3) into the block-wise ADMM-GBS (3.3). As analyzed in [14, 22], if we replace the
x,-subproblems in (3.3) directly by the further decomposed subproblems in (3.4), the convergence
is not guaranteed. In fact, the proximity to the last iterate should be controlled when solving the
further subproblems in (3.4). Therefore, we should embed not the subproblems in (3.4), but their



regularized counterparts:

k41 . Etﬁ(wlf+17"' 7wf—_i_117$1]flv"' 7x7]fj—17xrj7x7]fj+17"' 7x7]fmrvw§+1a"' 7331’?)Ak>
z, " = argmin f 12 Ty, € Xy,
+ 2 ”AT’j (x"’j - ‘rrj)H
(3.7)
with 7. (r =1,--- ,t) into the block-wise ADMM-GBS (3.3). By defining a matrix
1 0 0 ‘.- 0 0
0 I Dy'ATAs e Dy'*ATA, 0
0 0
P = , (3.8)
DY AT A 0
0 0 0 1 0
0 0 0 0 Iy

where D, is defined in (2.7), we summarize the resulting algorithm as follows.

Algorithm 1: A splitting version of the block-wise ADMM-GBS (3.3) for (1.1)

Initialization: Specify a regrouping for the model (1.1) with determined values of ¢ and m,
forr=1,2,---,t. Choose constants 7. such that 7. > m, — 1 forr =1,...,t. Let P be defined
n (3.8). With the given iterate w® = (2§, 25, -+ |2k A\F) € X3 x Xg x -+ x X, x R, the new
iterate is generated by the following steps.

forr=1,2,...t, do:
for j =1,...m,, parallel do:

t (mk+1 —k+1 K k k k
e . Eﬁ(azl pee By T T Ty T T
I, = argmin N - - o Tp; € Xy 05
xh 1wl AF) + TP Ay (@ — ;)|
end.

end.
Netl = Xk — B(3 A3kt —b).
[ Pwht! —wh) = a(wht —wk), a€(0,1).

(3.9)

Remark 3.1. To implement the proposed algorithm (3.9), at most max{mj,---,m;} work stations
are needed. Also, the proximal parameters 7, is only dependent on the number of variables m, of
the r-th group; they thus can be significantly smaller than m — 1 as required in (3.6). This feature
thus can avoid slow convergence due to too large proximal coefficients. Certainly, when a specific
application of the abstract model (1.1) is considered, the user can optimally determine the values of
t and m, for r = 1,2,--- ,t, so that the balance among the sequential and parallel computation is
achieved and the optimal overall performance is achieved. But in this paper, we focus on the general
methodology of algorithmic design for the generic case of (1.1), and do not discuss the specific
regrouping strategies among variables which are case-dependent.

Remark 3.2. Tt is easy to see that at each iteration, the new algorithm (3.9) mainly requires solving

TTQ'BHATJ. (zr, — x,’fﬂ)H2 to regularize

the further decomposed subproblems in (3.9). But, just like the analysis in [21], we can instead

m subproblems in form of (1.3). We use the proximal terms

10



T

¥ 112, or more generally ™=z, — xff]Hé with a positive definite matrix

use the terms TT2”8||:):TJ. -z
G. Therefore, for the case where A; is not the identity matrix while 6; is simple in the sense that
its proximal operator defined in (1.2) has a closed-form representation, then we can easily further
consider linearizing the quadratic term in its corresponding subproblem in (3.9) and thus propose a
linearized version of the algorithm (3.9). The corresponding analysis is not much different from our
analysis to be presented. We thus will only briefly discuss the linearized version in Section 8; and

mainly focus on the discussion for the scheme (3.9) for the purpose of exposing our main idea with

easier notation.

4 Convergence
In this section, we prove the global convergence for the proposed algorithm (3.9).

4.1 Some Matrices

First of all, for the convenience of analysis, let us define some matrices and prove some useful
properties for these matrices. Let

B(D1 — AT A1) 0 0 0
0 BDa
T
Q= 0 BA3 As ’ (4.1)
: " . 0 0
BAT Ay -+ BATA 1 BDy 0
Ay - A,y —A, %I

where A, and D, are defined in (1.9) and (2.7), respectively.
In fact, the matrix @ in (4.1) can be written as the block-wise form

BD1—ATA;) 0 0
Q= 0 BQ. 0 |, (4.2)
1
0 -A 51
with
A= (Ag, ..., A) (4.3)
and
D, 0 e 0
T .
g = | Mz Ds (4.4)
: . 0
Al Ay - AT A1 Dy
Moreover, we use D, to denote the diagonal part of O, i.e.,
Dy 0 -+ 0
D, = 9 Dy (4.5)
. t. t. . 0
0 0 Dy

11



With the just defined matrices A, Q., and D, we further define

1 0 0
M=|0 o™, o |. (4.6)
0 —-BA I

These matrices will help us present the coming analysis more succinctly.
Indeed, proving the convergence for the proposed algorithm (3.9) crucially depends on some
important properties of the just defined matrices. We summarize them in the following two lemmas.

Lemma 4.1. For the matrices A, Q. and D, which are defined in (4.3), (4.4) and (4.5), respectively,
we have
T E,De‘i‘-ATAy Tr=>my— 1, r=1....1
ol + 9, . (4.7)
=De+ A A, 17.>m,—1, r=1,...,t

Proof. Using the structure of the matrices Q. and D, (see (4.4) and (4.5)), we obtain

Dy ATA, AT,
or+ =p,+ | A Da '
. A?—lAt
Aay o AL D,

Since we choose 7, > (resp. >) m, — 1, it follows that
D, = (1, + 1)diag(AT A,) = (Resp., =)ATA,, r=1,...,t,

and consequently,

Dy AL A; e AT A,
T : :
A3.A2 Ds > (Resp., =)AT A.
: AL LA
Al Ay o AT A Dy
The assertions (4.7) are followed immediately. O

Lemma 4.2. For the matrices Q and M defined in (4.1) and (4.6), respectively, let
H:=QM™! (4.8a)

and

G=Q"+Q—aMTHM. (4.8b)
Then, we have the following conclusions.

1. The matriz H defined in (4.8a) is symmetric and positive definite.

2. For the matriz G defined in (4.8b), we have
{>0’ va € (0, 1), if mm>m.—1,r=1,...1
G=Q"+Q—-aM"HM =0,  a=l, (4.9)
=0, Yae(0,1], i m>m,—1,r=1,...,t.

12



Proof. First, we check the positive definiteness of the matrix H. For the matrix M defined in (4.6),
we have
I 0 0
Mt=[0 D1'Ql 0
0 BADS'QT T

Thus, according to the definition of the matrix H (see (4.8a)), we conclude that

B(D1—ATA;)) 0 0 I 0 0
H = QM= 0 Q. 0 0 D'l 0
0 —A 31 0 BAD;'QT I
B(Dy — AT Ay) 0 0
= 0 BQ.DQL 0 |,
0 0 51

is symmetric and positive definite.
Now, we turn to check the positive definiteness of the matrix G. Note that

26(D1 — AT Ay) 0 0 2B8(Dy — AT Ay) 0 0
0T+Q = 0 ol +0) —am | 0 B(D. + ATA) —AT
0 -A 21 0 -A 21
and
B(D1 —ATA)) 0 0 I 0 0
MTHM = Q™M = 0 BQT —AT ) 0 oTDP. 0
0 0 51 0 —-BA I
B(Dy — AT Ay) 0 0
— 0 B(D. +ATA) AT ) (4.10)
0 —A 51

From the definition of G (see (4.8b) and the two different cases of (4.7)), it follows that

G = Q'+Q-aM'HM
(2—a)B(D; —ATA;)) 0 0 0 0 0
<§> 0 00 |+0-=a)| 0 B(De+ATA) —AT
0 0 0 0 ~A 51

= 0.

The assertion (4.9) is proved.
As we shall see, Lemmas 4.3 and 4.2 actually play a very important role in proving the convergence

for the proposed algorithm (3.9).
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4.2 A Prediction-Correction Reformulation of (3.9)

Now, with the matrices introduced in the last subsection, we can rewrite the proposed algorithm

(3.9) as the following prediction-correction form.

Prediction. For the given w

k(= ~k
w" = (27,75 ...

((for r=1,2,...t, do:

b= (b, ok 2k AR = (2}, ..

ZR Ny = &k

for j =1,...m,, parallel do:

.,a:f, A\F), generate the predictor
. ,c?:f, M) by the following steps:

" . E%(ﬁ:’f, e ,iszl,xffl, e ,xffjil,mrj,xfgﬂ, ceey fmT,
Ty, = argmin L bk " Lo Tr; € Xpj 05
Lypy1s---5Lyt, A ) + THATJ'('%.’I‘J' - x'r'j)H
end.
end.
(4.11a)
Additionally, we define
No= N — p(AE) + Y0 Ayl —b). (4.11D)
Correction. The new iterate w**! is given by
wh! = wk — aM(w* — @), (4.12a)
where " is the predictor generated by (4.11), the matrix M is defined in (4.6) and
0,1), if >m,—1,r=1,... ¢t
a € (4.12b)
0,1}, if 7>m,—1,r=1,... ¢t

As mentioned in [22], we conduct the convergence analysis in the context of the prediction-
correction form (4.11)-(4.12) because the proof of the convergence is essentially to prove the contrac-
tion property with respect to the solution set, while the progress of the proximity to the solution
set is measured by the quantity ||w* — @"||% where G is defined in (4.8b). Thus, it is convenient to
explicitly analyze the predictor w"* and accordingly revisit the algorithm (3.9) from the prediction-
correction perspective. The other reason is that this prediction-correction reformulation enables us
to investigate the relationship between the proposed algorithm (3.9) and some existing schemes in
the literature by a unified framework, as elaborated in Sections 6.1 and 6.2.

Let us take a closer look at the correction step (4.12). Recall that the matrix M defined in (4.6)
and the matrices Q., D, in M are defined in (4.4) and (4.5), respectively. Moreover, using (4.3) and
(4.11b), we can see that the correction step (4.12) consists of the following computations:

( wlchrl _ .k

Dol

_ ~k k
zi = o(x] — x7),
k+1 k ~k k
: 0y : 7 (4.13)
k+1 k ~k k
T, — X Ty — )

A+l = Ak — (S0 Agah —b).

Notice that D1 Q7 is a block-wise upper-triangular matrix whose diagonal parts are identities. Thus,

the block-wise variables (x2, 3, ..

.,x;) are updated consecutively in the back substitution order:

14



it acf+11 —> e — @b Recall that within each block variable, the further decomposed

subproblems are eligible for parallel computation. Thus, The correction step (4.12) can be viewed
as a Gaussian back substitution procedure to correct the output of (4.11).

Now, let us come back to the prediction step (4.11). In the following lemma, we analyze the
optimality conditions of the &, -subproblems in (4.11) and represent the predictor generated by
(4.11) as a VI reformulation. This VI reformulation helps us better discern its difference from the
VI characterization (2.4) of the original model (1.1); and thus clearly see how far the predictor @*
is from a solution point. It also inspires the correction step (4.12).

Lemma 4.3. Let ¥ be generated by (4.11a) from the given vector w* and N be defined by (4.11Db).
Then, the predictor w* € Q satisfies

" e Q, d(x) - I@E") + (w — W TF(ar) > (w - ") TQ(wk — "), Yw e Q, (4.14)
where Q is defined in (4.1).

Proof. Using the notation of the augmented Lagrangian function (see (1.5)), we observe the opti-
1,...,t. Ignoring some

Tp; € XT]}
~k
Sws

xrj S er}-
.f?lfj € Xr]w 97‘]‘ (‘rrj> - erj (:Z'ng) + (xrj o iﬁj )T{_AZ; )\k
AT [t Ak + 30 Ak — b + (7 + V)BAL A (25, — )} >0, Va,, € X,

mality condition of the z,,-subproblem in the r-th group of (4.11a) for r =
constant terms in the objective function of the subproblems, we have

t =k ~k k k k k
. argmin{ﬁﬁ(wlj'”’ajrhxn"”’wr’ T T By

aj . =
ah xR T’“BHAT](xr]—x Mk

Tj
(L5) O () — (/\k>TAzjTj §HATJ (@7, — ) + Zr_l
arg min t k 2y Trﬁ 2
+ 2o Asxs — b7 + 5| Ay (% — )|

The optimality condition of the above convex minimization problem is

Using the definition of A¥ (see (4.11b)), we have
A= N gzl + Ak —b).
Substituting it into the last inequality, we obtain

By € Xojy Oy (@) = 005 (2) + (2 — 27, )T{= AL 2k
+5AZ; [ZZ;; Ag(2F - 28)] + (7 + I)BAZ;ATJ. (i’,’fj - :L'ff])} >0, Vo, € X,
Applying this inequality for the cases of j = 1,...,m,, and summarizing the resulting inequalities,
we get
e X, U.(x)—0.(F) + (z, — 2F)T{—ATNF
—i—B.AT[Z As(ZF — xF)] + (1, + 1)Bdiag(ALA,) (25 — 2F)} > 0, Va, € A,
(4.15)
Note that, for » = 1, (4.15) means that
Z%If € Xl, 191(%1) ’191(581) —|—( i T{ .AT>\k
—ﬁ.Al Al(ﬁﬁlf ) (7’1 + 1)Bd1ag(AiFA1)(5BIf — a:]f)} >0, V€ Ay,

15



Using the notation of matrix D; (see (2.7)), it can be written as
e, vi(z)-01@N)+ (1 —25) AT N +B(D1— AT Ay) (@ —2b)} >0, Vai € X1, (4.16)

In addition, by using (4.11b), we have

t

t
O Az —b) = > Ak —af) +
r=1

s=2

(AF — k) =0,

and it can be rewritten as

t
F e R, (A—X’“)T{(ZAriﬁ—b)—ZAs(izﬁ—a:’;)Jr;(A’“—)\k)}20, VAERL  (4.17)
r=1

Combining (4.16), (4.15) (r =2,...,t) and (4.17) together and using the notations F(w), @ and D,
(see (2.2), (4.1) and (2.7)), the assertion of this lemma is followed directly. |
Recall the VI reformulation (2.4a)-(2.4b) of the model (1.1). Lemma 4.3 thus indicates that
the accuracy of the predictor w* to a solution point w* is measured by the quantity max{(w —
w*)TQ(w* — wk) | w € Q}. This is also the reason we search for a better iterate at the correct step
(4.12) along the direction —(w* — @*) to further reduce the proximity and to guarantee that the
whole sequence is monotonically closer to the solution set. With this strict contraction property, it
becomes standard to prove the convergence from the contraction method perspective in [1].

4.3 An Illustrative Example of Lemma 4.3

For better understanding the proposed algorithm (3.9) and seeing the assertion in Lemma 4.3 more
specifically, we consider the special case of (1.1) with m = 6:

6 6
mm{ZH,(wz) ‘ ZAZ.% = b, T; € Xi, 1= 1,2, ce ,6};
i=1 i=1

and regroup the variables as

T

x=| = with w1—<x1>, w2_<x3) and w3—<$5). (4.18a)
i) Ty Te

T3
Therefore, m; = my = ms = 2. Accordingly, we regroup
Ap = (A, Ag), Ao = (A3, Ay), As = (45, Ag), (4.18b)

and
Xl = X1 X XQ, XQ = X3 X X4, Xg = X5 X X6. (418C)

The corresponding augmented Lagrangian function is

6 6 6
ﬁg($1,$2,I3,$4,$5,x6,/\) = ;61(9@'2) — )\T(; Aixi - b) + gH ;Azxz — sz (4.19)

With the given w® = (28 2 2% 2% 2% 2k \F)| the prediction step (4.11) at the k-th iteration

can be specified as

p . N (4.20a)

:E’f = argmin{ﬁg(mwé’,xlg,xlj,ajlg,:z:lg,)\k) + %HAl(xl — x’f)HZ ‘ r1 € Xl},
Ty = argmin{ﬁg(xlf¢1‘2)1']??7'%'{46)1'57xé?))\k) + %HA2($2 - 1‘2)H2 ‘ Z2 € XQ};
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’?f = argmm{EG xl,x’;,xg,mfj,x’g,mﬁ,)\k) TQﬁHAg(acg — x’§)H2 ‘ T3 € Xg}, (4.200)
ik = argmm{ﬁ (&5, 75 2k wy, 2k 2k 2R + TQﬁHA4(x4 — a:fj)HZ} T4 € X4};
:%’g = argmin{Eg(il,mg,ig,mi,%,m@)\k) ||A5(:L’5 — :E’§)H2’ T5 € X5}, 120
ik — aremin {26 (FF 7k Fk 7k ok g A MA N X (4.20¢)
6 — gmln{ B(x1,$2,$3,$4,$5,1‘6, )+ 2 H 6(:[;6 wﬁ)” ‘.%’66 6}7
No= \F = B(AZ] + Apdhy + 30y Ajaf — b). (4.20d)
By using (4.19), we derive the following optimal condition of the x;-subproblems of (4.20a):
{ 01(z1) — 02(F1) + (21 — ) {—ATN + BAT [Au (3 — 2f) + (5, Ajz) — D) +mBA] Aw(F) —af)} > 0, Var € X3
O2(x2) — 02(Z5) + (w2 — 85)"{ —AFN* + BAT [Ao(85 — 28) + (35, Ajzf — b)|+71BAT Az (85 —a5)} > 0, Vas € Xo.

Substituting \¥ = \¥ + ,B(Alicl + AgZh + > :3ij§ — b) (see (4.20d)) into the last inequalities,

{ Or(z1) — 02(35)+ (w1 — 25)T{—ATNF — BAT[AL (3} — 2f) + A2 (35 — 28)]+(n+1)BAT AL (3F —2f)} > 0, Vo € X
02(x2) — 02(35) + (z2 — #5)T{—ATN¥ — BAT[A1 (3} — af) + A2(85 — 25)]+ (11 +1)BAT Az (35 —a5)} > 0, Va2 € Xo.

Using the notations in (4.18), it can be written as

(1) —0(28) 4+ (21 —25) T {—AT N — AT Ay (25 —28) 4 (11 +1) Bdiag(AT A)) (@8 —xk)} > 0, YV, € Ay

(4.21)
For the xs-group,

{ O3(x3) — O3(Z5) + (w5 — &5)T{ AT [B(ALET + Ao + 20 Ajaf — b) — A + (72 + 1) BAT A3 (&5 — 25)} > 0, Vas € Xs;
01(x) — Ou(Zf) + (wa — &5)T{ AT [B(ALET + A2 + 30 Aol — b) — A + (12 + 1) BAT Au(&5 — o)} > 0, Vaa € Xu;
Substituting 8(A1Zf + A2 + Zj:3A -x’? —b) — N\ = —)\F (see (4.20d)) into the last inequalities,

{ 03(z3) — 03(%

§)+ (w3 — 35) " {— AT N + (2 + 1)BAT As (35 — 25)}> 0, Va3 € Xs;
04(1’ ) - 04(53{:

)+

) (ZE4 — ZEk { A4 Ak ( )ﬂATA4( azf)}z 07 Vay € X4;
Using the notation in (4.18), it can be rewritten as

I(@z) — O(&5) + (2 — &)
For the x3-group,

{ 0s(25) — 05(25) + (x5 — 25)T{AT[B()_, Aid¥ + As@E + Aoz — b) — \*] + 13 BAT A5 (28 — 28)}> 0, Va5 € Xs;
O6(z6) — 06(6) + (w6 — T6) {AT 18( Z?:l Ai#F + Aszk + AgiE — b) — A + 13 BAL A (2 — 37’5)}2 0, Vzs € Xe;

YT{=ATNE + (7 + 1) Bdiag(AT Ao) (25 — 25)} >0, Voo € A, (4.22)

Substituting B(A1Z} + A225 + Zj:?)A -x’? —b) =\ = —\F (see (4.20d)) into the last inequalities,

{ 0s(x5) — 05(35) + (w5 — 28) T {—ATN" + BAL[As(35 — o8) + Au(@h — o)) + (75 + 1)BAT A5 (2 — 25)}> 0, Va5 € Xs;
06(w6) — 06(Z6) + (w6 — £§)" {—AEN* + BAT[As(h — b §—ah)] + (15 + 1)BAG Ae(26 — 26) }> 0, Vae € Xe;

Using the notation in (4.18), it can be rewritten as

O(ws) —0(@5)+ (@ —25) " {—AFA +BA5 Ao (25 —5) +(75-+1) Bliag (A3 Ag) (@5 —25)} > 0, Vg € s,

(4.23)
Using the notations in (4.18), we rewrite (4.20d) as

()\k AL >0, YAeR: (4.24)

3
MWeR: (A= ){( Z )— A (Zh— k) — Az (a5 —ab)+ 5
=1
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Combining (4.21), (4.22), (4.23) and (4.24) together, and using the VI (2.2), the predictor w* € Q

satisfies (4.14) with the concrete matrix ) defined as

(11+1)Bdiag(AT Ay )— BAT A, 0 0 0

0 (2+1)Bdiag(AL As) 0 0

9= 0 BAL A, (t3-+1)Bdiag(AT A3) 0
0 —As —Ajs 51

Therefore, for a given scenario of the abstract model (1.1) and when the regrouping strategy is

determined, the matrix @ in (4.14) can be easily specified.

4.4 Convergence Proof

With the proved propositions, we are now ready to prove the convergence for the proposed algorithm
(3.9). First of all, let us further analyze the term (w — @"*)7Q(w* — w"*) in the right-hand side of
(4.14), which will help us show the strict contraction for the sequence {w*} generated by (3.9) with

respect to the solution set Q*.

Theorem 4.4. Let {wF} be the sequence generated by the proposed algorithm (3.9). We have

d(x) —9(&") + (w — o) F (@)
1 1 ~
2 %(Hw —w" [ = lw - w¥||F) + §||wk — "%, Yw e Q.
Proof. First, it follows from (4.8a) that Q = HM. We thus have

(w _ ﬁ)k)TQ(wk _ ﬂjk) _ (,w o ﬂ)k)TH(’wk _ ,wk:-i-l)'

1
e
Together with (4.14), this identity means

Applying the identity
1 1
(a=b)TH(c—d) = (la—dlf —la—clf) + 5 (Ile—blE — Id—blF),
2 2
to the therm (w — w*)T H(w* — w**1) in the right-hand side of (4.26) with
k k+1

a=w, b=w" c=w" and d=w"",

we thus obtain

(4.25)

1
(w—a")" H(w"—w™") = _ (w—w"[f — w—w"|F) + (Jw" 2" |5 — |w* —a"|F). (4.27)

1
2 2
For the last group term of (4.27), we have

[ R U

—w |

(w"
=7 lw® - @ - [l(w” - aM(w® — @)%
2a(w® — w*)THM (w* — @) — o (w® — @w*)T MTHM (w* — ")

= aw —a"T(Q" +Q — aMT HM)(w" — w)

k_ =k k_ =
= " —@" ) - (" - ") -
w —

)
“)

=7 afw® - a3

18
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Substituting (4.27), (4.28) in (4.26), the assertion of this theorem is proved. O
Now, we are ready to show the strict contraction property of the sequence {w*} generated by
the proposed scheme (3.9).

Theorem 4.5. Let {w*} be the sequence generated by the proposed algorithm (3.9). Then we have
[t = w*[f < Jlw® — w*[f - afw® —@*E, vw* e (4.29)
Proof. Setting w = w* in (4.25), we get

lw® —w*|f = " —w[[f > allw® — @"(|E + 20{0(&") - O(z") + (" — w*) " F(w")}.

Using the optimality of w* and the monotonicity of F(w), we have
9(@") = 9(a") + (0" —w) F(@*) > 9(@") - 9(@*) + (@" — w") F(w*) 20

and thus

lw® — w7 — [l —w|ff > afw® —@"|Z.
The assertion (4.29) follows directly. O

Finally, the convergence of {w"} generated by the algorithm (3.9) can be proved easily. We
summarize it in the following theorem.

Theorem 4.6. The sequence {w"} generated by the proposed algorithm (3.9) converges to a solution
point of VI(S), F,0).

Proof. First, according to (4.29), it holds that {w*} is bounded and

lim ||w® —@"||g =0. (4.30)
k—o00

Thus, {w*} (and {w*}) has a cluster point w>. Using w™ to start a new iteration, (4.14) becomes
w™® e, YI(x)—9Hx®)+ (w— ) F(w>®) >0, YweQ,

and thus w™ is a solution of VI(2, F,#). According to (4.29), the sequence {w"} can not have
another cluster point and it converges to w™. The proof is complete. O

5 Convergence Rate

In this section, we establish the O(1/t) worst-case convergence rates measured by the iteration
complexity in both the ergodic and nonergodic senses for the new algorithm (3.9), where ¢ denotes
the iteration counter. Recall the prediction-correction algorithm (4.11)-(4.12) is a reformulation of
(3.9).

5.1 Convergence Rate in the Ergodic Sense

We first establish a worst-case O(1/t) convergence rate for the scheme (3.9) in the ergodic sense.
The proof is inspired by our earlier work in [19] for the ADMM (1.7).

For this convergence rate analysis, we need to recall a characterization of the solution set 2%,
which is described in the following theorem. Its proof can be found in [6] (Theorem 2.3.5) or [19]
(Theorem 2.1).
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Theorem 5.1. The solution set of VI(Y, F, ) is conver and it can be characterized as
= (N {®weQ: (W= - I&)) + (w— @) Fw) >0}. (5.1)
weN
Therefore, for given € > 0, w € Q is called an e-approximate solution of VI(2, F, #) if it satisfies
d(z) — (@) + (w — ) F(w) > —€, Y w € Dy,
where
Diay) = {w € Q| |lw — @] < 1}.

We refer the reader to [27] ((2.5) therein) for the definition of an e-approximate solution using the
above set.

In the following, we shall show that based on t iterations generated by the proposed algorithm
(3.9), we can find w € Q such that

w e N and ws%p {9() —d(z) + (0 —w) " Flw)} <e (5.2)
P

with e = O(1/t). Theorem 4.4 is also the basis for the coming analysis about the worst-case conver-
gence rate.
Note that it follows from the monotonicity of F' that

(w — W) TF(w) > (w — @) T F(w").
Substituting it into (4.25), we obtain
1 1
I(x) — (&) + (w — W) T F(w) + %H'w —wk|% > %Hw —wr %, v € Q. (5.3)

Note that the above assertion hold whenever G > 0.

Theorem 5.2. Let {wF} be generated by the proposed algorithm (3.9) and {w"} be defined in (4.11).
For any integer t > 0, let wy be defined as

il S wh. (5.4)

k=0
Then, we have w; € ) and

91 — (@) + (1 — w) Flaw) < ——

012 ¥
— || W — W w © Q 55

Proof. First, it holds that @w* € Q for all & > 0. Together with the convexity of X and R’ (5.4)
implies that w; € Q. Applying (5.3) to the cases with £ = 0,1,...,¢, and adding all the resulting
inequalities together, we obtain

t

t
(t+1)9 Zﬂ <t+1 Z ) +—Hw w3 >0, YweQ.
k=0 k=0

Use the notation of wy, it can be written as

LS 0@ — () + (0 — w) T F(w) < ——

012 /.
w —w w € Q .
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Since J(x) is convex and

t
- 1 K
PR oY
t+1 —
we have that .
1
Way) < —— > 9(@h).
(@) < 5 Y0
k=0
Substituting it in (5.6), the assertion of this theorem follows directly. O

Recall (5.2). The conclusion (5.5) thus indicates that based on ¢ iterations of the proposed
algorithm (3.9), we can find an approximate solution of VI(Q, F, ) (i.e., w; defined in (5.4)) with
an accuracy of O(1/t). That is, a worst-case O(1/t) convergence rate is established for the proposed
algorithm (3.9) in the ergodic sense.

5.2 Convergence Rate in a Nonergodic Sense

In this subsection, we establish a worst-case O(1/t) convergence rate in a nonergodic sense for the
proposed algorithm (3.9). Note that in general a worst-case nonergodic convergence rate is stronger
than the ergodic convergence rate. The proof is inspired by our earlier work in [20] for the ADMM
(1.7). We first need to prove the following lemma.

Lemma 5.3. For the sequences {w"} and {@w*} generated by the proposed prediction-correction
algorithm (4.11)-(4.12), we have

(w” — @) T MTHM{(w" — @) — (! — @)} > %H(wk — k) — (wht —@h ) "%QT+Q). (5.7)
Proof. First, set w = @w*! in (4.14), we have
(&) — 9(@F) + (@ — dFTF(@b) > (@ — of)TQ(w" — wb). (5.8)
Note that (4.14) is also true for k := k 4 1. Thus, we have
() — (&) + (w — WFTHT F(@P ) > (w — " THTQ(wh ! — @), Vw € Q.
Setting w = w" in the above inequality, we obtain
9(&F) — 9@ + (@F — TPk > (wF — @F ) Qwh ! — @kt (5.9)
Adding (5.8) and (5.9), and using the monotonicity of F', we get
(@" — W )TQ{(w” — wF) — (wh+! — @)} > 0. (5.10)

Further, adding the term
{(,wk _ ,&)k) _ (wk—‘rl _ 11)k+1)}TQ{(wk _ ,&)k) _ (,wk—H _ ﬁ)k—‘rl)}
to both sides of (5.10), and using w? Qw = 1w? (QT + Q)w, we obtain

(wh — T Q(wh — @) — (wh ) > (@) — (wht k)

2
= lar+a)-

Substituting (w* — w**1) = aM(w* — @") into the left-hand side of the last inequality and using
Q = HM, we obtain (5.7) and the lemma is proved. O

In the following theorem, we prove a key inequality for establishing the worst-case O(1/t) con-
vergence rate in a nonergodic sense for the proposed algorithm (3.9).
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Theorem 5.4. For the sequences {w*} and {w*} generated by the proposed prediction-correction
algorithm (4.11)-(4.12), we have

[ M (w ! — wh || g < |M(w* — &%) ||g, YVE >0, (5.11)
where M and H are defined in (4.6) and (4.8a), respectively.
Proof. Setting a = M (w* — @*) and b = M (w*+* — @**!) in the identity
lallZ — 117 = 2a" H(a — b) — [la — b7,

we obtain
1M (w" = @")[|F — || M (" — ™|
= 20w’ — ") MTHM[(w" —@") — (0™ — @] — | M[(w" —@") — (0™ — @]
Inserting (5.7) into the first term of the right-hand side of the last equality, we obtain
1M (w" — @) — M (0" — ™|
> lwk i) - (@ - @ R ) — MG - @) (- @]

(4.8b) 1 - -
=7 —fl(w” = ") — (WM — @M > 0,

where the last inequality is because of the positive definiteness of the matrix (Q7+Q)—aMTHM > 0.
The assertion (5.11) follows immediately. O

Note that it follows from G = 0 and Theorem 4.5 that there exists a constant ¢y > 0 such that
[+ —w*[|F < [Jw® —w*|[F — col M(w* —@")[F, Vw* e Q.

k ,wk—i-l)

Since aM (w* — w*) = (w , we have a constant ¢ > 0 such that

lw* ™t —w* (|G < flw® —w|[f — cllw® -G, vwt e 0 (5.12)
Now, with (5.12) and (5.11), we are ready to establish a worst-case O(1/t) convergence rate in a
nonergodic sense for the proposed algorithm (3.9).

Theorem 5.5. Let {w*} be the sequence generated by the proposed algorithm (3.9). For any integer
t > 0, we have

oot U < o e - wl v e e (5.13)
with a constant ¢ > 0.
Proof. First, it follows from (5.12) that
[e.9]
> dlw® —w G < w® - w*llf, Yw* e (5.14)
k=0

k+1H2

According to Theorem 5.4, the sequence {||w* —w } is monotonically non-increasing. There-

fore, we have
t
(t+ Dlfw’ — w3 <D w* —w" . (5.15)

The assertion (5.13) follows from (5.14) and (5.15) immediately. O

Let d := inf{|w® — w*||g |w* € Q*}. Then, for any given ¢ > 0, Theorem 5.5 shows that
the proposed algorithm (3.9) needs at most |d?/ce| iterations to ensure that ||w* — wk*1|%, < e.
Recall (4.26) and o > 0 is a constant. It indicates that w® is a solution point of VI(Q, F,6) if
|wk — w*+1||2, = 0. A worst-case O(1/t) convergence rate in a nonergodic sense is thus established
for the proposed algorithm (3.9).
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6 Some Special Cases

In this section, we discuss some special cases when a regrouping strategy for (1.1) is specified and
demonstrate the new algorithm in some more specific contexts. In particular, we show that the
existing algorithms in [15, 17] can both be recovered by regrouping the variables in (1.1) appropriately.
Therefore, the convergence rate results established in Sections 5.1 and 5.2 are applicable to the
methods in [15, 17]. This is a by-product of this paper.

In such special cases, we always consider the first group as z1, thus we have

1 = 21, and my = 1. (61)

In addition, we take
T = MmM1 — 1=0.

Because €1 = x; and 71 = 0, The first subproblem in the prediction step (4.11a) becomes
xy = argmin{ﬁtg[wl,wg,...,wf,)\k] | @1 € X}

For this case, the prediction step (4.11) can be specified as follows.

Prediction. For given v* = (2§,... 2k \F) = (2, ... xF \F),
xh = argmin{ﬁ%[ml,mg, ozl ] ‘ T € Xl};

for r =2,...t, do:
for j=1,...m,, do:

" . [,tﬁ(:i:’f,...,if_l,xffl,...,xl,i;_ljxrj,argﬂ,...,a:,’fmr, (6.2a)
T, = argmin L bk i PN Ty, € Xp) 05
Lpyqse-r Ly A ) + TTHAT]'(‘TT]‘ - Scr]-)H
end.
end.
\
Additionally, we define
t
M= 2 — B(A@f + > Ak —b). (6.2b)
r=2

According to (6.2), because we choose &1 = x1 and 71 = 0, then ®; = x; is an intermediate
variable and it is not needed in the iteration. In other words, to implement the proposed algorithm
(3.9) with 1 = 21, we only need v* = (2, ... ¥ A\¥). Moreover, note that 3(D; — AT A;) is the
unique non-zero elements in the first row and first column of the matrix @ (see (4.1)). In this case,

Dy = (1 + 1)diag(AT A;) = diag(AT A))

and (D7 — AT A1) becomes the zero matrix. Accordingly, Lemma 4.3 is reduced to the following
lemma (for convenience, we still use the same letters to denote the matrices).

Lemma 6.1. Let ¥ be generated by (6.2a) from the given vector v* and N be defined by (6.2b).
Then, the predictor w* € Q satisfies

" e Q, dx) - I@E") + (w— T F(ar) > (v — ") Q" — o), Yw e Q, (6.3)
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where Q is defined by
BQe 0

A and Q. are defined by (4.3) and (4.4), respectively.

Note that the matrix @ in (6.4) can be generated by cutting off the first row and column of
the matrix @ given in (4.1). This is because the first block-wise variable @1 is just an intermediate
variable for the special case under our current consideration. Thus, the matrix () originally given
in (4.1) for the generic case of Algorithm 1 has all zeros in its first row and column for the special
case where 1 = x1; hence we only consider (6.4) for this special case. Likewise, with the specific
in (6.4), we can also define the corresponding matrix H and G as in (4.8a) and (4.8b), respectively.
Moreover, as shown in Lemma 4.2, the positive definiteness of these two matrices is crucial for proving
the convergence of Algorithm 1 for the special case where 1 = ;.

Moreover, the correction step (4.12) in the generic setting can be specified as follows.

Correction. The new iterate v**! is given by
,vk+1 — ’Uk o CKM('UIC . ’i}k), (65&)
where
o-™p, 0 0,1), if 7>m,—1,r=2,... ¢t
[ . ac A (6.5b)
- A1, i mm>me—1, r=2,...,t,
BA I (0,1], if 1 2

and 9" is the related sub-vector of the predictor w* generated by (6.2).

The matrices Qc, D, in (6.5b) are defined in (4.4) and (4.5), respectively. It follows from (6.5b)
that

-T
M:(Q_eﬁie ?) and A= (Ag, As,... An).

Also, because of (6.2b), we have

NFE =X —aB (T A —b). (6.6a)
In addition, the variables xs,- - - , x,, are updated by the back substitution procedure:
Dol : = : : (6.6b)
bt~ of i — af

In the following, we show that both the methods in [15, 17] are special cases of the proposed
algorithm (3.9) with &1 = z;.

6.1 The ADMM-GBS in [15]

Let us consider the special regrouping strategy with a; = z; for i = 1,--- ,m for (1.1). That is, each
block of variables only consists of one variable. For this case, we have

X1 1
x2 2 ,

T = . = . , where x; =2, i=1,...,m. (6.7)
Tm Lm

24



Clearly, for this regrouping strategy, in the implementation of the proposed algorithm (3.9), we have
=0, 1=1,2,...,m,

and thus the matrix Q. (4.4) and D, can be specified as

ATAy 0 e 0 ATAy 0 o 0
ATAy AT A : 0 ATAs . :
Q, = 3472 3433 and D, = 3 )
: . 0 : 0
AT Ay o AL A, AT A, 0 e 0 AT A,

respectively. According to (6.2), the prediction step (4.11) is reduced to

i’f = argmin{ﬁ?(ml,xé,xlg, . ,:cffn,)\k) } Ty € Xl};
ik = argmin{ﬁgl(ilf,xg,mlg, ok AR } To € XQ};
kg ik —k k 25 AR . (6.8a)
7 = argmln{ﬁﬂ (@Y, T, T, T s, Ty ’ xT; € Xi},
| &y, = argmin{ L3 (ZY, ..., By, Ty ) | 2 € X},
and .
N =\ — g(Ai + ) Azak —b). (6.8b)
§=2
The new iterate v**+! is given by (6.5). Since 7; = m; — 1 = 0, the step size a € (0, 1).
If we denote the output (6.8a) by :1:]”1 ’k“, ..., ZF+1 namely,
k+1 = argmm{ﬁm xl,m’g,xlg, ok AR ‘ T € X1}
_§+1 = argmln{ﬁm gkl mg,xlg, ceey ﬁl,)\k ‘ T9 € Xg};
_ 6.9a
xf“ = argmm{ﬁm k“,...,xfﬂl,xz, fﬂ, o xk NR) | xi € X; } ( )
ThHl = arg mln{ﬁm k+1, .. .,a_cfn*'_ll,xm, AR ‘ Tm € Xm},
and set .
YE+1 _ k —k+1
NFL= N — (>~ Azhtt —b). (6.9b)
j=1
The implementation of (6.6) becomes
De_lgg : =« : ) (6 10)
)\k—i—l _ )\k — a(j\k‘-{-l _ )\k)
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Note that for this special case, we have

L, (AT A))71AT A5 e (AT Ay)~tAT A,

D 1 QT —
(A%AA m—1 TlAﬁflAm

m

It is just the left-upper part of the matrix P (see (3.2)). Thus, the method (6.9)-(6.10) reduces to
the ADMM-GBS in [15].

6.2 The Splitting Method in [17]

Then, we consider another regrouping for (1.1):

Z1
T 2
2
Tr = ) = ( zl ), where 1 =27 and x9 = : . (6.11)
: 2
Tm
ITm
For this regrouping, we have
mp =1 and mo =m — 1.
Besides (6.1), for the implementation of the new algorithm (3.9), we have
To=T>m—2=mg—1
and thus the matrix Q. given in (4.4) is specified as
(1 +1)AT Ay 0 e 0
0 (7‘ + 1)A§A3 :
Qe =D, = : (6.12)
. . . 0
0 - 0 (r + 1)AT A,,

Thus, according to (6.2), the prediction step (4.11) is reduced to

ik = argmin{ﬁﬁ(azl,xlg,xé,...,:Elfm)\k) | xr1 € Xl};
LAk ok ak wak o 2k AR } (6.13a)
~k . /3 1942 s Hg—10 1y Fi4+1 rYmo . . .
7 = arg min - xi€X;p, 1=2,...,m.
l { A — )P e
and
5 m
Ne= b — g(Aih +) Ak —b). (6.13b)
j=2

Since 79 = 7 > mg — 1 = m — 2, we take the step size & = 1 in the correction step (6.5). The new
iterate is given by
karl — ,vk _ M(’Uk - 1~Jk)



Because x2 = (z2,...,%m), we have Q. = D, (see (4.4) and (4.5)). Thus the matrix M in (6.5b)

becomes
I 0
M = .
( A 1 )

Using Q. = D, and « = 1, the implementation of correction (6.6) is reduced to

AL = \F = B(3 AjEs — ). (6.14a)

and
: = : . (6.14b)
Therefore, the prediction-correction method consists of (6.13) and (6.14) can be directly represented

by

7m7

k+1 . 2( k .k k
x1+ :argmm{ﬁﬁ L1, T3, L5,y Ty A ‘xleXl}

il —argmm{ﬁﬁ it Jak ok ek ek AR 4 TBHA( — 2|12 = € X},
1=2,...,m
AL = \F — g(3T ) At — b)),
(6.15)

To clearly see the relationship between (6.15) and the method in [17], let us summarize a con-
clusion in the following lemma.

Lemma 6.2. Let the augmented Lagrange function Eg‘(xl, ooy T, A) be defined in (1.5). Then we

have
argmin{ﬁgl(a:lfﬂ,m’; T TR L LA L) + 2 HA (z; — zF)|? | z; € X; }
= arg min{ei(%‘) — (W 2)T A + 7(7 t1) 1A (s — 2f)I1?] @ € X"} (6.16)
where
Ate = AF — B(A bt 4 ZA zF —b). (6.17)

Proof. Let us observe the z;-subproblems in the left-hand side of (6.16). Notice that

my k+1 _k k k k
ﬁﬂ(xl ,$2,$1717$Z,x2+1, )\)

= Oi(x;) — ‘91(955) + ZT:ﬂgj(l’j) - O‘k) [AlxlfH + Aji + ZT:Zj;éiij? —b]
0| A — k) + Ayt 4 0 Ak — b2,

arg min{ﬁg@(azlfﬂ, ah kgl ARy + 78 o || Ai (2 — )|z € Xi}

) m’

{91(.1?1) - ()\k)TAlﬁl + gHAl(:L‘Z - l’f) + A1$]f+1 + ZT:QA]xﬁ; - b”2

= argmin

Ignoring some constant terms in the objective function of the minimization problem, we have
+ 2| Ai (i — )|
Thus, the optimality condition of the xz;-subproblem is

x; € XZ} .
e Xi, 0i() = 0:(af ) + (s — 2T {—AT AR
+BAT[Ai(af T = af) + (AT, Ajaf = )] + TBAT A2 - 2)} 2 0, Vay € X
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It follows from (6.17) that
1
A= Mre g (At 4+ Y Ajal — b).
Substituting this identity into the last inequality, we obtain

:cf“ € X, 0i(x;)— Gi(:vkﬂ) + (z; — xf+1)T{fAiT)\k+% +(1+ T)ﬁAiTAi(fof xf)} >0, Vo, € X;.

1

This is just the optimality condition of the x;-subproblem of the right-hand side of (6.16). O
Thus, by setting u = 7 + 1, the scheme (6.15) can be represented as the following scheme:

( a:’f“ = argmin{ﬁ?(xl,mg,xé, ok AR ‘ T, € Xl};

Mz = Ak — B(Agaf !+ YT, Al — b);

6.18
af ! = argmin {6,(2) — V9T Ay + B2 Ay — )P wi € X}, i =2, m. (6.18)

ARFL = Nk — g(3T Ajal ™t —b).

This is just the method proposed in [17]. Recall that > m — 1 (since 7 > m — 2) is the condition
to ensure the convergence of the method in [17].

7 A Refined Version of Algorithm 1 with Calculated Step Size

Instead of taking the constant step size « in the correction step (4.12), we can refine the algorithm
(3.9) by choosing a calculated step size ay at each iteration. Recall the role of the correction step
in the algorithm (3.9) is to ensure the strict contraction property of the sequence (see (4.29)). The
main idea of refining the algorithm (3.9) is that we can find a better step size, which is iteration-
dependent, for each iteration such that the proximity to the solution set can be further reduced. For
the case where calculating the step size is not computationally expensive, this refined version can
accelerate the convergence and the number of iteration can be reduced while the computation per
iteration is just slightly increased. However, if the step size itself is computationally expensive, we
still recommend the scheme (3.9) with a constant step size because for this case, the computation per
iteration might be significantly increased thus the overall convergence might be slower even though
the number of iteration might be smaller.

To see how to find a better step size to further reduce the proximity to the solution set, let us
revisit Lemma 4.3. Indeed, setting w = w* in (4.14), we get

(" — w)TQ(wk — w*) > 9(&") — V(") — (w* — w*)TF(w*), Yw* € Q*.

Using the monotonicity of F' and (2.4), it follows that

and consequently
(w* — w)TQ(w* — w*) > (w* — T Q(w* — w*), Vw* e Q. (7.2)
Because Q = HM, it follows that

1
k * k ~ k k ~ k|2 * *
(Hw —w'), Mt — @) > Lt — @y, vt e
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This means that M (w" —w") is a descent direction of the distance function ||w —w*||% at the point
wk, even if w* is unknown. Along the direction M ('[vk — wk) with well-chosen step size o, we can
reduce the unknown distance function ||w — w*||%;. We define the step-size-dependent new iterate

by

w"(a) = w* — aM(w® — @"), (7.3)
and
p(a) = w* —w | — " (@) - w*|F. (7.4)
By using HM = @, we have
pla) = [’ —wf — [w (@) - w|}

k k E_ =k
= Jw* —wf — [(w" - w*) — aM(w* —@")[|F

= 20w’ —w") Qw" — @*) — o®||M(w* — @")|F.

Ideally we want to maximize the quadratic function p(a)). However, it is impossible due to the lack
of the unknown solution point w*. By using (7.2), we obtain

p(a) > q(a), (7.5)

where
q(a) = 2a(w* — @) Q(w" — w*) — o || M (w* — @")||3. (7.6)

We thus turn to the second best choice: Maximizing the quadratic function ¢(«) which is a lower
bound of p(«). This promotes us to take the value of « as

o — (wk — ’lbk)TQ(wk — ’lbk) _ (wk B ﬁ)k)TQ(wk B ’lbk) ) (77)
* 1M (wh — *)|3, (wh — @) (M7 HM)(wh — @")
We take av = yarj. According to (4.9), we have
Q" +Q—-M"HM =0
and thus ]

Therefore, the iteration-dependent step size calculated by (7.7) is bounded away from 0.
Moreover, it worths to mention that it follows from (4.10) that

B(D1 — .AlT.A1) 0 0
MTHM = 0 B(D. + ATA) —AT
0 —-A %I

Therefore, the denominator in (7.7) can be calculated directly based on the matrix defined above
before implementing the Gaussian back substitution procedure and there is no need to calculate the
inverse of any matrix for determining cv.

So, the proposed algorithm (3.9) can be altered to a refined version where the constant step size
a in (4.12Db) is iteratively calculated by (7.7). The resulting refined version differs from the proposed
algorithm (3.9) only in its correction step as shown below.
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Correction step: The new iterate w**! is given by
wh !l = wh — o M (w* — @), (7.9a)

where @" is generated by the prediction step (4.11) and M is given by (4.6). The step size ay, is
given by
(wk _ ’&)k)TQ(’wk _ 'ka)

a = yag, v €(0,2) and aj = (wh — @M T (MTHAM (wh — &)’ (7.9b)

Note that it follows from (7.6) and (7.7) that

g(yay) = 2yaj(w® — @) Qw" — @) — (yap)?| M (w" — )|

= (2= 7)) M(w" — ") (7.10)

The following theorem shows the strict contraction property of the sequence generated by the
refined algorithm with the iteratively calculated step size (7.7). Its proof is similar as Theorem 4.5
and thus omitted.

Theorem 7.1. Let {w*} be the sequence generated by the refined algorithm of (3.9) with the itera-
tively calculated step size (7.7). Then, it holds

2 —
b — o < oot~ w - T - a3, et et (7

Based on Theorem 7.1, the convergence and the convergence rates can all be established similar
as the analysis in Sections 4 and 5. We omit them for succinctness.

8 A Linearized Splitting Block-wise ADMM with Gaussian Back
Substitution

As analyzed, the z,,-subproblems (see (3.7)) in the proposed splitting version of block-wise ADMM-
GBS (3.9) are in form of (1.3) and we can further alleviate them by linearizing their quadratic terms if
these subproblems are still too hard for a particular application of the model (1.1). More specifically,
recall the x, -subproblem (3.7) in (3.9) and ignore some constant terms in its objective. Then, if we
linearize its quadratic term, the resulting linearized subproblem becomes

k )T

T

e Or; (2r;) — (/\k)TATjI‘Tj + (T, —
T

z = argmin{ T erel g kel . N " Lo }
/BArj (Zs:lASms + Zs:r'ASms - b) + THij - Iy ” ’

J

(8.1)

which is indeed in form of (1.2). Note that in (8.1), the constant v, > 0 plays the role of controlling
the proximity of the linearization, and it should be sufficiently large to ensure the accuracy of
this linearized subproblem and finally the convergence. As well studied in the literature such as
[19, 21, 32, 33, 34], we require
v > p(AL A, r=1,...,1, (8.2)
where p(-) denotes the spectrum radius of a matrix.
Therefore, replacing the z,, -subproblems in (3.9) by their linearized counterparts given in (8.1),

we can obtain a linearized version of the proposed splitting block-wise ADMM-GBS (3.9) whose
x,;-subproblems are in form of (1.2).
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8.1 Algorithm

For the algorithm in this section, we define the matrix

I 0 0 0 0 0
0 I A4z - SATA 0
0 0 : E
Pr = . (8.3)
: B I AT A O
0 0 e 0 I 0
0 0 e 0 0 I

and summarize the linearized version of the scheme (3.9) as follows.

Algorithm 2: A linearized version of the splitting block-wise ADMM-GBS (3.9) for (1.1)

Initialization: Specify a regrouping for the model (1.1) with determined values of ¢ and m, for
r=1,2,---,t. Choose constants v, such that v, > p(AL'A,) for r = 1,...,t. Let Py, be defined
n (8.3). With the given iterate w* = (x}, x5 -+ xF \F) € X1 x Xy x --- x X x RY, the new
iterate is generated by the following steps.

forr=1,2,...t, do:
for j =1,2,...,m,, parallel do:
1 _ O, (2r,) — (M) Ay 2, + (@, — a:f?j)T
Tj

= atg min{ T (S =1 g mk+1 t k vrf3 k|2
5‘47‘]- (Zs:l‘ASws + Zs:r'ASws - b) + 2 Hij - xrj H

Ty, € er};

end.
end.

NetL = Nk — g(3 Akt —b).

Pr(wht —wh) = (k! — wh).

\

(8.4)

Remark 8.1. Just like the scheme (3.9), with the block-wise upper triangular matrix Pz defined
in (3.2), the entries of v**! can be updated in the order of A — z,, — ---x9 by the Gaussian
back substitution procedure when implementing (8.4). Moreover, the matrix P, does not require
computing any inverse of matrix, not like the matrix P defined in (3.8). Therefore, it is an easier
substitution procedure compared with the one in (3.9). Meanwhile, theoretically it is required to
estimate p(ALA,) for » = 1,2,--- ¢, which might not be easy. This is the cost of alleviating the
difficulty levels of subproblems from (1.3) to (1.2) for (8.4). Finally, it worths to mention that the
requirements v, > p(A,T.AT) for r = 1,2,--- ,t¢ are sufficient conditions to ensure the convergence
of the linearized version (8.4) and they represent conservative estimates on the parameters v,’s. In
implementation, usually we can choose smaller values for v,’s which might not satisfy these sufficient
conditions while can lead to better numerical performance.

Remark 8.2. In the scheme (8.4), we take the step size as 1 constantly in the Gaussian back substi-
tution procedure. As Section 7, we can analogously discuss how to choose an iteratively calculated
step size for the Gaussian back substitution step in (8.4). For succinctness, we omit it and refer to
[21] for some useful analysis.

31



8.2 Convergence Analysis

In this subsection, we prove two important results for the proposed linearized version (8.4). Based on
them, the convergence analysis including both the global convergence and the worst-case convergence
rates can be established analogously as the analysis in Sections 4 and 5. As in Section 4, we need to
rewrite the scheme (8.4) as a prediction-correction form for analysis. For this purpose, similarly as
Section 4.1, we first write the matrix @ as the block-wise form

Bl —AFA) 0 0
Q= 0 fQe 0 |, (85)
1
0 -A 31
with A defined in (4.3) and
ol 0 e 0
- :
0, = | Az ! (8.6)
: . 0
AT Ay o AT Ay

Moreover, we use D, = diag(vol,v3l,...,1nI) to denote the diagonal part of Q.. Using (8.2), we
have

o' + 9, - D, + AT A. (8.7)
With these matrices, we can rewrite the scheme (8.4) as follows.
Prediction. For the given w* = (2,25 ... 2% A\F) = (zF,... xF, \¥), generate the predictor
wh = (zF k. x5k M) = (&F,... &F, \F) by the following steps:

forr=1,2,...t, do:
for j =1,...m,, parallel do:

k k
O, () — (N Ay, + (2, — JJT],)T

Nk .
Z, = argmin co T € Xr};
A {BAZ; (At A + Sl Al = b) + 5 g, — a2 177
end.
end.
(8.8a)
Additionally, we define
A=\ — B(Avi} + >0, A —b). (8.8b)
Correction. The new iterate w**! is given by
wh = wh — M(w® — @), (8.9a)
where " is the predictor generated by (8.8) and
1 0 0
M=|0 o™, 0 |. (8.9b)
0 —-pA I

Note that the matrix M in (8.9b) is the same form as the matric defined in (4.6). In the following,
we prove a result similar as Lemma 4.3. This assertion enables us to discern the difference between
the predictor @w* and a solution point w*.
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Lemma 8.3. Let ¥ be generated by (8.8a) from the given vector w* and N\¥ be defined by (8.8b).
Then, the predictor w* € Q satisfies

@ e Q, d(x) - I@E") + (w— W TF(ar) > (w - ") TQ(wk — "), Yw e Q, (8.10)
where
Bl — AT Ay) 0 0 0
0 ,BVQI

T . <. : .
Q= 0 phzAr ' SR (8.11)

: : 0 0

0 BAT Ay -+ BATA1 Bud O

Ay - — A A gl

Proof. The optimality condition of the convex minimization problem (8.8a) is

=k =k =k \T {_ AT \k
Ty, € Xojy O (wr;) — 0p,(27) + (27, — T7) {—Arj)\

T

+BAT [T Al + 3, Al — b) + v B(EE — 2 )} >0, Va,, € X,
Using the definition of A\¥ (see (8.8b)), we have
A= N4 gzl + S Ak —b).
Substituting it into the last inequality, we obtain

B Xpy, Oy (@) — 0n (FE) + (wr, — B )T {—AL N

Ty

+BAT [ Y12 As(@F — ab)] + v B3, —af)} >0, Va,, € X,

Applying this inequality for the cases of j = 1,...,m,, and summarizing the resulting inequalities,
we get

ke X, Op(x) - 0.(2F) + (@, — &F)T{—ATNF

T T

8.12
+BAT [ Y1) Ag(@h — 28)] + v B(ak — 2F)} > 0, Va, € X, (8:12)

Note that, for » = 1, (8.12) means that

& e Xy, Vi(z1) —01(&)) + (z1 — &) T {-AT N+ BT — AT Ay (2 —2f)} >0, Vo, € X1, (8.13)

In addition, by using (8.8b), we have

t
(et =0 -3 Adah—at)+ SO =0,

and it can be rewritten as

t
- - 1 -
NWeR, (A=MT{O Azf—b) - ) AJ@h —ab) + B()\k —- 2Bl >0, VYAeR. (8.14)
r=1 5=2
Combining (8.13), (8.12) (r = 2,...,t) and (8.14) together and using the notations F(w), @ (see
(2.2) and (8.11)), the assertion of this lemma is followed directly. O
Then, in the following lemma, we prove some assertions with respect to the matrices defined
before.
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Lemma 8.4. For the matrices Q and M defined in (8.11) and (8.9b), respectively, let
H:=QM™! (8.15a)

and
G=Q"+Q—-M"HM. (8.15b)

Then, both the matrices H and G are symmetric and positive definite.

Proof. First, we check the positive definiteness of the matrix H. For the matrix M defined in (8.9b),
we have

I 0 0
Mt=10 DOl 0
0 BAD;'QT I
Thus, according to the definition of the matrix H (see (8.15a)), we conclude that
B I — AT Ay) 0 0
H=QM!'= 0 BO.D71OT 0
1
0 0 BI

is symmetric and positive definite.
Now, we turn to check the positive definiteness of the matrix G. Note that

28(1 I — AT AY) 0 0
QT +Q = 0 Bl +9.) —-AT (8.16)
0 —-A %I
and
Bl — AT Ay) 0 0
MTHM = QTM = 0 B(De +ATA) —.AT . (8.17)
0 —A %I

Then, it follows from (8.16), (8.17) and (8.7)) that

G = QT+Q-MTHM

Bl — AT Ay) 0 0
= 0 B(QE + Q) = B(De + ATA) 0 | 0.
1
0 0 51
The assertion of this lemma is proved. O

Based on Lemmas 8.3 and 8.4, and following the analysis in Sections 4.4 and 5, we can easily
establish the convergence and worst-case convergence rate for the linearized version (8.4). We omit
the detail for succinctness.
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9 Conclusions

In this paper, we discuss how to develop an algorithm for the separable multiple-block convex mini-
mization models with linear constraints and an objective function which is in the sum of m functions
without coupled variables. We focus on the big-data scenario with a huge m, to which the existing
splitting schemes in the literature seem not to be directly applicable. With the assumption that the
variables and functions are regrouped as more than two blocks, we investigate how to apply the al-
ternating direction method of multiplier with a Gaussian back substitution (ADMM-GBS) in [15] to
the regrouped model which is still in a multiple-block form. The resulting block-wise ADMM-GBS,
however, may involve hard subproblems. To yield solvable easier subproblems, we suggest embedding
a parallel computation into the block-wise ADMM-GBS; and consequently propose a splitting ver-
sion of the block-wise ADMM-GBS which is suitable for a distributed-centralized computing system.
The global convergence and the worst-case convergence rates measured by the iteration complexity
in both the ergodic and nonergodic senses are established for the new algorithm. Moreover, the new
algorithm turns to include some existing schemes as special cases; thus a by-product of this paper
is that the convergence rates for these existing schemes are also established. We also discuss how to
refine the new scheme by choosing an iteratively calculated step size and further alleviating the re-
sulting subproblems. Thus, two advanced versions with refined step sizes and linearized subproblems
are proposed, respectively.

The proposed scheme is a basic scheme which can easily inspire specific algorithms when concrete
applications of the abstract model under consideration are specified. For example, as mentioned, we
can consider further linearizing the subproblems such that each subproblem is of the difficulty level of
estimating a function’s proximal operator. Also, in addition to the Gaussian back substitution, other
correction steps in the literature (e.g., [12, 16, 13]) can be used. In [22], we focused on the case where
the model (1.1) is regrouped as two groups and thus a block-wise version of the original ADMM (1.7)
is applied. In this paper, we consider the case where the model (1.1) is regrouped as at least three
groups and thus the direct extension of ADMM (1.8) is not necessarily convergent. Because of the
significant difference between the cases of two and three blocks in ADMM-oriented schemes (see [3]),
we regard this paper complementary to the most recent one [22] for using block-wise ADMM-based
schemes for the multiple-block separable convex minimization model (1.1).
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