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Abstract

The Minimum Spanning Tree Problem (MSTP) is one of the most known combinatorial
optimization problems. It concerns the determination of a minimum edge-cost subgraph
spanning all the vertices of a given connected graph. The Quadratic Minimum Spanning
Tree Problem (QMSTP) is a variant of the MST whose cost considers also the interaction
between every pair of edges of the tree. In this paper we review different strategies found
in the literature to compute a lower bound for the QMSTP and develop new bounds based
on a reformulation scheme and some new mixed 0-1 linear formulations that result from a
reformulationlinearization technique (RLT). The new bounds take advantage of an efficient
way to retrive dual information from the MSTP reduced cost computation. We compare
the new bounds with the other bounding procedures in terms of both overall strength and
computational effort. Computational experiments indicate that the dual-ascent procedure
applied to the new RLT formulation provides the best bounds at the price of increased
computational effort, while the bound obtained using the reformulation scheme seems to
tradeoff between the bound tightness and computational effort.

Keywords: Quadratic minimum spanning tree problem, Lagrangian relaxation,
Reformulation-linearization technique, Lower bound, Dual-ascent approach, Reduced costs.

1. Introduction

Given an undirected graph G = (V| E), with |V| = n and |E| = m, a matrix of quadratic
costs C with Cey > 0, Ve, f € E, and linear costs d. > 0, Ve € E, the quadratic minimum
spanning tree problem (QMSTP) consists of finding a spanning tree 7' € G with minimum
overall cost >, rcp Cep + 3 cp de-

The QMSTP has been used to model many applications arising in transportation, telecom-
munication, and energy networks, where linear costs account for the use or construction of
edges while the quadratic costs represent the interference between the edges [1, 2]. When the

Email addresses: borzou.rostami@polimi.it (Borzou Rostami), federico.malucelli@polimi.it
(Federico Malucelli)



interference refers only to pairs of adjacent edges the problem is named adjacent QMSTP
(AQMSTP). Both the general QMSTP and the AQMSTP are NP-hard as proved in [1].

Many exact and heuristic algorithms have been proposed for solving both the QMSTP
and the AQMSTP. Assad and Xu in [1] proposed a lower bounding procedure and two
heuristic approaches. They also described the branch-and-bound algorithm based on a
linearized formulation. Oncan and Punnen [3] introduced a Lagrangian relaxation procedure
to obtain an improved lower bound and an efficient local search algorithm. Cordone and
Passeri [4] have developed two heuristics and an exact approach. Buchheim and Klein
[5] proposed complete polyhedral descriptions of the QMSTP with one quadratic term and
provide an improved version of the standard linearization by means of cutting planes. Perrira
et al. [6] proposed some new formulations using a particular partitioning of the spanning
trees, and provided a new mixed binary formulation for the problem by applying the first
level of the reformulation-linearization technique. The most effective heuristic approaches
for the QMSTP can be found in [2], [7], [8], and [9].

Lower bounds constitute a fundamental component of the branch-and-bound technique,
and are a basic tool for the evaluation of the quality of the solutions obtained from heuristic
algorithms. There are several branch-and bound based solution methods proposed in the
literature for solving the QMSTP [1, 4, 6]. In practice, the lack of efficiently computable,
tight lower bounds for the QMSTP can be key factor in the problems difficulty. In the other
hand, the bounding procedure used in branch-and-bound algorithms must tradeoff between
tightness and computational efficiency. The first lower bounding procedure for the QMSTP,
proposed by Assad and Xu in [1] iteratively applies an adaptation of the Gilmore-Lawler
procedure, originally proposed for the Quadratic Assignment Problem [10, 11], to a sequence
of equivalent QMSTPs. Oncan and Punnen in [3] introduced an extended formulation
based on the addition of two sets of valid inequalities to the linearized formulation of [1].
Their lower bounding approach applies a Lagrangian relaxation where the Gilmore-Lawler
procedure is used to solve the resulting Lagrangian subproblem. Pereira et al. [6] proposed
a new mixed binary formulation for the problem and developed a Lagrangian relaxation
approach to obtain a linear programming based lower bound.

The main contribution of this paper consists in obtaining lower bounds for the QMSTP
using dual information retrieved from the MSTP reduced costs. In order to find a common
framework for description of the individual bounds we review and analyze different bounding
procedures proposed in the literature and compare them in terms of continuous relaxation
of an Mixed Integer Linear Programming problem (MILP). We describe new bounds for the
problem by considering a reformulation of the problem based on dual information retrieved
from the continuous relaxation of the MILP. The basic idea is to solve the continuous
relaxation of the given MILP, and use the reduced costs as the objective coefficients of the
reformulated problem. Moreover, for generating superior bounds, we develop a mixed 0-1
linear formulation based on the second level of the reformulation-linearization technique and
show how to handle it via a Lagrangian relaxation approach to obtain a Lagrangian function
with block-diagonal structure. Since the dualized constraints are indeed much more than
those in the level-1 RLT [6], finding the near-optimal dual multipliers using the classical
subgradient is not viable. Therefore, using the dual information retrieved from the MSTP
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reduced cost, we devise an efficient dual-ascent procedure to solve the continuous relaxation
of the level-2 RLT.

The paper is organized as follows: In Section 2 we review existing lower bounds for
QMSTP. In Section 3 we develop a bounding procedure based on a new reformulation
scheme. In Section 4 we provide a brief discussion on the level-1 and 2 forms of QMSTP
and describe our dual-ascent implementation of the level-2 RLT lower bound calculation. In
Section 5 we present computational experiments conducted on different benchmarks from
the literature and compare the tightness and speed of computation of the new bounding
techniques with those of literature.

2. Problem formulation and lower bounds review

In order to present the mathematical formulation of the QMSTP, let us first introduce
some notation used in the sequel. We denote by E(.S) the set of all edges with both endpoints
in S for any S C V, and §(7) as the set of all edges incident in node i. We define the binary
variable x. to indicate the presence of edge e € E in the optimal spanning tree. The QMSTP
has the following Integer formulation:

QMSTP: min Z Cefxexs + Z Ao
e,];EfE ecE

s.t. Zme:n—l (1)
Y w <91 VO#ASCV (2)

T, integer Ve € E. (3)

where the objective function considers the linear cost of the selected edges and also the
interaction costs between pairs of edges. Constraints (2) are the subtour elimination con-
straints and ensure that no subgraph induced by the nonempty subset S C V contains a
cycle. These subtour elimination constraints together with the cardinality constraint (1)
guarantee the connectivity of the induced subgraph. Constraints (1) to (3) define the set of
spanning trees in G and thereafter is denoted by X, i.e.,

X ={z=>0:(1),(2),3)}

2.1. Gilmore-Lawler type bound

The Gilmore-Lawler procedure, shortly denoted by GL, is one of the most popular ap-
proach to find a lower bound for the Quadratc Assignment Problem(QAP). The GL pro-
cedure was proposed by Gilmore [10] and Lawler [11] in the context of QAP and can be
adapted to many other quadratic 0 — 1 problems [12, 13]. The popularity of this approach
for computing lower bounds of the linearly constrained quadratic 0 — 1 problems stems from
the fact that it is computationally inexpensive.
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For each edge e, potentially in the solution, we consider the best cumulation providing
the minimum interaction cost with e. Let P, be such a subproblem for a given edge e € E:

P.: z,=min ZCefxf:xEX, Te=1 Ve € E. (4)

feE
fe

The value z. is the best quadratic contribution to the QMSTP objective function where
edge e is in the solution. Once z. has been computed for each e € E, the GL type bound is
given by the solution of the following MSTP:

LBg, = min {Z(ze +d)z.: x€ X} . (5)

eceE

Although the GL bound that we just described is a pure combinatorial bound of the
QMSTP, it can also be obtained in the terms of a linear programming. More precisely,
consider the following MILP formulation where the decision variables y.; equal to 1 if and
only if both edges e and f are present in the solution of the problem:

P: min Z C’efyef+2d€xe

e,feE e€lE
oy

s.t. Zyef =(n— 1z, Ve e B (6)
fEE
> ver < (IS =D VOASCV, ecE (7)
fEE(S)
Yee = Te Ve e E (8)
Yef >0 Ve,feE (9)
r e X.

Constraints (6) guarantee that whenever an edge e € F is selected, the total number of
selected edges interacting with e must be equal to (n — 1), including e itself. Overall,
constraints (6) to (9) enforce ye,e, - - -, Ye,.e t0 be a spanning tree containing e, in case z, = 1,
or to be the null vector, in case z, = 0.

Let us consider now the lower bound computations taking advantage of the MILP formu-
lation introduced above. Consider the continuous relaxation of problem P (CP) by replacing
the boolean constraints on variable by nonnegativity constraint. The problem CP is com-
putationally interesting since, its optimal objective value gives the GL bound as stated in
the following theorem.

Theorem 1. The continuous relaxation of problem P gives the GL bound.



Proof. Let A, ug, a., and vs. denote the dual variables corresponding to constraints (1),
(2), (6), and (7), respectively. Consider the dual of CP

DCP: max Aln —1) Z,ug S| —1)
Scv
st —A— Z u5+(n—1)a6+2(|5|—1)736Sde Ve e E (10)
SCV: Scv
ecE(S)
— D e < Co Ve,f € E (11)
SCV:
feE(S)
Yse = 0 VScV,eeE (12)
ps =0 VS c V.

Considering constraints (10), one can maximize the objective function by solving the follow-
ing m independent subproblems; one for each e € E:

Sub. :  Z. = max {—(n — Dae — Z(|S| — 1)vyse : (11), (12)} : (13)

Scv

For each e € E, subproblem Sub, is precisely the dual of the subproblem (4) used in the GL
bound. Thus Z. = z., and DCP can be rewritten as follows:

DCP max —A(n-—1) Z,ug|5|—1
Scv
st. —A— Zu5§d6+ze Ve e K
SCV:
ecE(S)
ps = 0 vScV.
which is exactly the dual of the final MSTP (5) of the GL bound. O

Theorem 1 shows that the optimal solution of problem CP can be computed by solving
m MSTP containing a fixed edge e, and a single MSTP. Although the LBgp provides a
lower bound for the QMSTP that can be computed very efficiently, as in the QAP case, the
obtained bounds are not so close to the optimal solution values even for small size instances.

2.2. Assad and Xu bound

In order to improve the GL bound for the QMSTP, Assad and Xu in [1] proposed a
method that generates a monotonic sequence of lower bounds. Their method relies on an
equivalent reformulation of the QMSTP with coefficients C” .; and d, where:

d,=d.—(n—2)0, VYeeFE, and Cl;=Cy+0; Ve, fck. (14)



The authors proved that, for any value of vector 6, transformation (14) defines an equivalent
QMSTP, i.e., for each x € X:

Z Climexy + Zd’exe = Z CefTets + Zdeme.

e,feE eeR e,fEE eclR

AT AT
Although the optimum of the QMSTP is independent of vector 6, the approximated linear
cost d,, depends on . Therefore, a better choice of 6 yields a tighter bound.

For a given 0, Assad and Xu apply the GL procedure to compute the following lower
bound:

LB4x(#) = min {2(26(9) +d)xe € X} :

ecE

where

2¢(f) = min ZC;fxf cx.=1landxr € X Ve € E.

feE
fe

Observe that LBax(0) is a piecewise concave linear function, and for § = 0 it gives the
GL bound. To find the best value of parameter 6 the authors provide a leveling procedure
to find an & — optimal solution. More precisely, by updating §:*! = % + ﬁze(ﬁi) at each
iteration 7, the LB4x(0) is iteratively improved until the stopping criterion max.{z.(6")} —
min.{z.(0")} < ¢/(n — 1) is satisfied.

We now turn to problem CP and review the AX bound in the context of linear pro-
gramming. To this end, consider problem P and add the following set of constraints to the
formulation

Y yes=(—lz; Vf€E (15)
ecFE
denoting the resulting formulation as QAX. Assad and Xu showed that QAX and QMSTP
are equivalent. The following theorem shows the relationship between the AX bounds and
the continuous relaxation of QAX.

Theorem 2. The continuous relaxation of problem QAX gives the AX bound.

Proof. The relaxation of (15) in QAX formulation using Lagrangian multipliers 6 yields the
Lagrangian dual:

LD: max L(0)

0c k™

where

LR(0) :  L(#) =min{ > (Cep +0p)yer + Y _(de — (n = 2)0c)z = € X, (6) — (9)
e,fEE ecF
e£f



Since LR(#) satisfies the integrality property, the optimal solution value of problem LD is
equal to the optimal solution value of the continuous relaxation of problem QAX. On the
other hand, according to Theorem 1, the value of L(#) is equal to the GL bound of problem
LR(#). This completes the proof. O

2.3. Oncan and Punnen bound
In [3] the authors proposed an extended formulation for the QMSTP based on the addi-
tion of the following two sets of valid inequalities to QAX:

>y >y VieV, feE (16)
e€d(i)
> Yer = e VicV,ecE (17)
fes@)

The formulation is presented below as problem QOP:

QOP min Z Cefyef "‘ Zdeze LT E X7 (6) - (9)’ (16)7 (17)
Qégp eck

Consider now the Lagrangian relaxation of (16) with multipliers );;. The Lagrangian func-
tion has the following form:

LO\) = min{ N Clyer + > dlwe: e X, (6) - (9), (17)}

e, feE eckE
where
V=Cop— Y Aif Ve,f € E,e # f (18)
eV
e€d(7)
Al =de+ Y N Ve € E. (19)
1<%

To compute the Lagrangian function for a given A, the authors use the decomposition
approach presented in Theorem 1. In so doing, they first sequentially fix one edge at a time
and find the minimum spanning tree containing it, then they solve a MSTP with the optimal
objective values of the subproblems as edge weights.

It should be noted that the actual formula used in [3] for computing coefficients C” is

gf:CEf_Aif Ve,f e E,i€V.

which is not correct. However, the general form of the Lagrangian function and consequently
the decomposition procedure is still correct. Our computational experiments (see section
5) show that in spite of the correct decomposition structure with easily solvable subprob-
lems, the produced bounds are not significantly stronger than the AX bounds and in some
benchmark instances are even worse.



3. Bounds based on a new reformulation

In order to develop a new bound for the QMSTP, we consider a modified problem based on
dual information retrieved from the solution of the CP. The basic idea is to solve CP, and then
use the reduced costs as the coefficients of a reformulation adapting the approach proposed
in [14, 15] for the QAP. To this end, we introduce the following problem transformation:

Cef:Cef+ae+ZSCV: ’Y.S'e—f—éef—i_ef Ve,feE
feE(S)

- (20)
de =de —(n—1Dae =D gy (IS = D)yge — (n = 2)0. Ve € E.

where a., e € I, 05, f € E, b5, for e, f € E, are vectors of real parameters, and ~yg., for
e € E,S C V is a vector of nonnegative real parameters. This transformation, in general,
does not provide a reformulation of the QMSTP for any value of parameters «, 6, §, and ~,
but for some particular values it guarantees the definition of an equivalent QMSTP. In the
following we present the general framework of our reformulation scheme.

3.1. Reformulation framework

For any given value of °, we initialize the reformulation process by setting o = v = 6 = 0,
and 6 = ¢°. Noting that this parameter setting guarantees that the transformation (20)
provides a reformulation for the QMSTP as proved in [1]. Next, we apply the GL procedure
to obtain a the lower bound. More precisely, we sequentially consider the following m
subproblems SP(e), e € E:

SP(e): z(e) :minZC’efyef

fer

st Y Yer=(n—1) (21)

fekr

> w18 -1 VO#£SCV (22)
fEE(S)

yefZO VfGE
yee:1~

The solution of the following minimum spanning tree problem gives the GL bound for the

transformed problem:
W' = {Zdexe: ZL‘EX}.

Upon solving SP(e), for all e € E, we retrieve the dual solutions o/, and v, corresponding
to constraints (21) and (22), respectively, and modify parameters «, and v as

a.=a, Ve€kFE,
Yse =75, Ve€ E, SCV.
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Moreover, we define d.¢ for all e, f € ord(E), and set 0. = —0.s for all e, f € ord(E), where
ord(E)={e=(i,j), f=(k)e E:i<kori=k,j<l}.
With the parameter setting just described we have the following:

Theorem 3. For any value of 6 and any value of 0 with 67 = —6cp, Ve, f € ord(E),
if e = o, e € E and vse = V5., € € E,S C V, the transformation (20) provides a
reformulation of the QMSTP.

Proof. Consider problem QAX with the following extra constraints:
Yef = Yfe V@, f € O’I“d(E), (23)

Associate Lagrangian multipliers o, 6, and d.; with constraints (6), (15), and (23), re-
spectively, and nonnegative Lagrange multipliers vg. with constraints (7). The Lagrangian
function can be computed by solving the following MILP:

MP(a, 0,6,7):
min Z Oefyef + Zdeme + Z 6efy6f + Zef[z Yef — (TL - 2)xf]
e, feE ecE e,feE fer eceE
e£f e£f e#f
Y ) yer = (n =20z + > D sl D wer — (IS] = D]
eck ferE ecE pcScV fEE(S)
f#e
st (6) — (9)
r e X.

For any feasible solution (z,y) and any value of the multipliers c., and 6y, the terms

250D cepVer—(n—2)zs] and 30 ae[> " e p Yer — (n—1)z] are all zero. Moreover, for each
e € Eand S C V complementary slackness properties imply > . > gcscv VselD rems) Yef —

(|S] = 1)z.] = 0. Therefore, the objective function of MP(«, 6, d,v) reduces to

min Z (Cep +0ef)Yer + Zd&?e =

e,feE ecE
eAf

min Y (Cop+0ep)er+ Y. (Cre—bep)ype+ Y dee. (24)
e,f€ord(E) e,fZord(E) eckE

Since the optimum of (24) achieved if y.r = yy., it is simplified as

min Z Cef)Yes + Z C'fe)yf6 + Z dee.

e,f€ord(E) e,f¢ord(E eck
and proof is completed. O

Let us make some observations concerning the way we can choose the multipliers in (20).
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Observation 1. The MP(a,0,4,v) formulation contains an exponential number of con-
straints with respect to the number of nodes. Therefore, explicitly keeping track of the dual
values for (22) is not practical. However, for any given value of § and §, transformation (20)
can be interpreted by considering the meaning of reduced costs in (11), and the optimal
value of subproblem SP(e). More preciesly, we can simplify the transformation (20) as

- (25)

C‘ef:rz‘efntéeerHf Ve,f € FE
de=d.+ z(e) — (n—2)0, Ve€eE.

where 7:5’6 7 is the reduced cost of edge f with respect to the optimal spanning tree containing
the fixed edge e. In this case, the reduced cost rC.; can be computed without using the

dual variables o and . More specifically, the reduced cost rC.s of any edge f not in the
minimum spanning tree containing the fixed edge e is the difference between the cost of f
and the largest cost of any edge, different from e, in the cycle induced by f. Note that the
reduced costs computed this way are obviously non negative.

Observation 2. In order to develop a procedure to find the optimal dual multipliers ¢,
we can split the costs between symmetrical entries of C' so as to maximize the value of W',
Using this idea, it is not necessary to explicitly find the value of the multipliers d. in each
iteration of the dual ascent algorithm. In fact one can adjust the coefficient C, s on variables
Yes every time multiples of (23) are placed into the objective function. More precisely, for
any e, f € ord(F), we can increase C’ef by the same quantity we decrease C~'fe.

Observation 3. By stopping the procedure at the first iteration, with # = 0, the value
of W’ gives the GL bound. To obtain tighter lower bounds we can maximize the function
W' to obtain the best value of # for example through subgradient techniques. However, we
follow the idea of Assad and Xu to update the parameter . More precisely, we propose the
following two update rules:

‘ 1 . 1 .~
i+1 %

gitl = CEDRE 0. + (n = 2372 (de +1rd.) VeeFE (26)
, 1 ~

A= — 2de Ve € E. (27)

where rd, for all e € E is the reduced cost of edge e with respect to the optimal spanning
tree. The first choice of updating 6 does not guarantee a monotonically increasing sequence
of lower bounds, while for the second choice our computational experiments show that it
yields a monotonic sequence of lower bounds.

4. Reformulation-linearization technique applied to the QMSTP

The Reformulation-linearization technique (RLT), that was introduced in [16, 17] for
general zero-one polynomial programs, transforms the problem into a mixed 0-1 linear pro-
gram via two basic steps of reformulation and linearization. In the reformulation step, the
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constraints are multiplied by the binary variables and their complements to construct re-
dundant nonlinear constraints while in the linearization step, the objective and constraints
of the reformulated problem are linearized by substituting a continuous variable for each
distinct nonlinear term. Depending on how many times this process is applied, different
levels of RLT can be obtained. In this section we concern ourselves with the level-1 and
level-2 of the RLT representations of the QMSTP.

4.1. Level-1 RLT for- the QMSTP

The level-1 RLT representation of the QMSTP proposed by Perrira et al. [6] applies
two sets of operations. First, each constraint defining X is multiplied by each of the m
variables .. All such quadratic constraints are included in the formulation. Note that when
a variable z, in a given constraint is multiplied by z; the resulting product is expressed
as x.ry in that order. The linearization step makes the substitution of y.; = z.x for all
e, f € E, and imposes the restrictions y.; = yy. for all e, f € ord(E), to rewrite the problem
as the MILP below:

QRLT1: min Z CeflYes + Zdexe

e,ej;efE eclk
s.t. (6),(7),(8),(9),(23)
re X.

Observe that QRLT1 is exactly the same as problem P with the addition of constraints
(23). However, the continuous relaxation of QRLT1 (CRLT1) provides a lower bound at
least as large as the continuous relaxations of QAX (CAX) and QOP (COP) as proved in [6].
In fact the authors showed that the feasible region to CRLT1 (Pgpr1) is contained within
the feasible region to CAX (Pax) and COP (Ppp), i.e,

Pax 2 Pop 2 Prrri. (28)

A natural question concerning the relation in (28) is whether these inclusions are strict or
not. In the following we show that Pop D Pgrrri. To show the tight inclusion, consider a
graph G = (V, E) with V = {a,b,¢,d} and E = {ey, 9, €3, €4} where e; = {a, b}, eo = {b, ¢},
es = {b,d}, and {c,d}. Suppose that the linear cost d; for any e; € F is equal to zero,
and the quadratic costs Cj; of edges e;,e; € E is also equal to zero except for (e, ez) and
(e4,e1) which C15 = Cyy = 1. Consider the point (®,y) with T; = 1,7y = T3 = T4 = %,
V13 = Y1u = Yo1 = Y31 = Va2 = L,¥os = Yo = Yuz = % and all other y;; = 0 with ¢ 7 j. This
point is a feasible and optimal solution with objective value 0 for problem COP, but it is
not feasible for CRLT1, as 1 = 7y, # ¥y, = 0. For the given objective function coefficients,
the point (2,y) with 2, = 23 = 24 = 1,20 = 0, Y13 = J1a = U1 = U3a = Ua1 = Yaz = 1
and y;; = 0 for all other ¢ # j, with objective value of 1 is in fact the optimal solution for
problem CRLT1. Thus we have the following:

11



Proposition 4.
Pyx 2 Pop D Prrr1-

In order to solve the CRLT1, the authors proposed constructing a Lagrangain dual by
placing constraints (23) into the objective function and applied the GL procedure to solve
the lagrangian function. They used subgradient method to compute an optimal (or near-
optimal) set of Lagrangian multipliers.

4.2. Level-2 RLT for the QMSTP

Based on the success of level-1 RLT representation to gain tighter bounds for the QMSTP
and also due to the block-diagonal structure of the problem which lends to efficient solution
methods, we turn attention to the level-2 representation of the problem. We first present the
level-2 RLT formulation of the problem and then show how to handle it via a Lagrangian
relaxation approach to obtain a Lagrangian function with block-diagonal structure. Since
the dualized constraints are indeed much more than those in the level-1 RLT, finding the
near-optimal dual multipliers using the classical subgradient is not viable. Therefore, using
the dual information retrieved from the MSTP reduced cost computation, we devise an
efficient dual-ascent procedure to solve the continuous relaxation of the level-2 RLT.

The level-2 RLT representation of QMSTP can be obtained in the same way as the level-1
RLT via the following reformulation and linearization steps.

Reformulation: Multiply each constraints defining X by each binary variable x., ¢ € E, and
also by each pair-wise product of variables z.x¢, e, f € E. Add these new restrictions to
the problem formulation. When a variable z. is multiplied by x¢, the resulting product is
expressed as x.xf, and when it is multiplied by z sz, the resulting product is expressed as
ZT T, preserving the order in both cases.
Linearization: Linearize the resulting problem by substituting, z.xs and z.xfx), with con-
tinuous variables y.; and w. sy, respectively. Enforce the equality y.; = yye for all e, f € E,
and also enforce the equalities uecfn = Uenf = Ufen, = Uphe = Uner = Unge for all e, f,h € E.
For convenience we set Ueer = Uepe = Upee = Yye for all e, f € E and y,. = z, for all e € E.
The resulting formulation is presented below as problem QRLT2 where the coefficients
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D, ¢, found in the objective function are all zero.

QRLT2 min Z Defhuefh + Z Oefyef + Z del’e

e, f,heE e,fEE ecE
e#£f

Zuehf = (n—1)yes Ve,h € E (29)
feE

> tens < (18] = Dyey VO£SCV, e,he E (30)
fEE(S)
Ueeh = Uehe = Uhee = Yhe Ve, he E (31)
Uefh = Uehf = Ufeh = Ufhe = Upef = Upfe Ve, f,h € E (32)
Uefn 2 0 Ve, f,h € E (33)
(6),(7),(8),(9),(23) (34)
reX.

Note that an optimal solution of the QRLT2 will yield an optimal solution also for the
QMSTP problem. However, if the binary restrictions on variables x are relaxed in QRLT2,
the problem is no longer equivalent to QMSTP, providing a lower bound.

4.2.1. Lagrangian Relaxation Scheme of QRLT?2

In order to solve the continuous relaxation of QRLT?2 efficiently, we apply a Lagrangian
relaxation to constraints (23) and (32). Let D, Coy and d. denote the adjusted values
for D.gp, Cey and d. respectively, after placing constraints (23) and (32) into the objective
function. The resulting Lagrangian relaxation is:

K+min § Y Depptiesn+ Y Coptier + Y dete : 7 € X, (29), (30), (31), (33), (34) ¢ .
e,f,heE e,];efE ecE

(35)
where K is a scalar equal to 0.

To solve the Lagrangian function (35) we introduce the following subproblems. For any
two edges e, f € E,e # f, let .y denote the cost of the optimal spanning tree containing
the two fixed edges e, f, and for any edge e € e, let p. denotes the optimal spanning tree
containing the fixed edge e; i.e.,

Pef = min {Z Defhuefh DU € X, Uefe = 1,ueff = 1} , (36)
h
pe = min {Z(C’ef + Qef)Vef  Ye € X, Yee = 1} ) (37)
f

The following theorem formally shows the decomposition framework of (35).
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Theorem 5. An optimal solution of problem (35) can be obtained by solving the following
minimum spanning tree problem

K+min{2(d6+pe)xe: xeX}. (38)

[

Proof. The proof is a trivial extension of the proof of Theorem 1. O

In the following we present a dual-ascent algorithm similar to that used in [18] for the
RLT2 representation of the QAP. The most important part of the algorithm is to use the
meaning of reduced costs to readjusting D, C' and d. The main steps of our dual-ascent
algorithm are summarized as follows:

1. Initialization.
Set Degp, = 0 for all e, f,h € E, Coy = Coy for all e, f € E, d. =d.foralle € E,
K =0, and an iteration counter I = 0.

2. Spreading d on C.
For each e € E, spread the coefficient d, on coefficients 6ef forall f € E,f #e;ie,
6ef = Uef + 4=~ Then update d, to 0 for each e € E.

n—2"
3. Spreading C on D. o B
For each e, f € E,e # f, spread the coefficient D,y on coeflicients Deyy, for all h €
E h+#e,f;ie, Eefh = Eefh + fjg Then update Uef to 0 for each e, f € E,e # f.
4. Solving the Lagrangian relaxation problem.

Use Theorem 5 to solve (35) as follows:

4 —a) For a selected e, f € E e # f, change coefficients Eefh = (Eefh + Eehf + Efeh +
Dihe + Dpes + Diyse)/6 for each h € E,h # e, f. Solve subproblem (36) and
compute the reduced cost of edge h with respect to the optimal spanning tree
containing the fixed edges e, f. The reduced cost rD, #n of any edge h not in the
minimum spanning tree containing the fixed edges e, f, is the difference between
the cost of h and the largest cost of any edge, different from edges e, f, in the
cycle induced by h. Note that if the cycle contains only h and the two fixed edges
e, f, then the reduced cost of h set to infinity. Set 5@]% = T_Defh and increase
Cey by @ey.

4 —b) For a selected e € E, change the coefficients Coy = (C.p + Cy.)/2 for each
f € E,f # e. Solve subproblem (37) and compute the reduced cost of edge
f with respect to the optimal spanning tree containing the fixed edges e. The
reduced cost rC,; of any edge f not in the minimum spanning tree containing
the fixed edge e, is the difference between the cost of f and the largest cost of
any edge, different from edges e, in the cycle induced by f. Set Coy = rC,; and
increase d, by pe.

4 — ¢) Solve problem (38) and compute the reduced cost of edge e with respect to the
optimal spanning tree, readjusting d. and increasing the scalar K by the weight
of the minimum spanning tree.
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4. It I > MaxlIteration, stop; otherwise set I = I + 1 and return to 2.

In our implementation, each spanning tree problem is solved with Prim’s algorithm [19].
Moreover, we start steps 4 — a, and 4 — b with edges having reduced costs equal to zero, to
increase the possibility of obtaining a tight lower bound.

5. Computational experiments

In this section we present our computational experiments on the lower bound compu-
tations for the QMSTP. We implemented the algorithms in C++ language and run on an
Intel Xeon CPU E5335 (2 quad core CPUs 2GH). In the following we first present the test
instances and provide the comparison of the lower bonding approaches in details.

5.1. Test instances

We considered the benchmark sets CP and OP introduced in [4] and [3], respectively.
The OP consists of three classes of random instances denoted as OPsyMm, OPvsyM, and
OPEsYM with size ranging from n = 6 to n = 18, n = 20, n = 30, and n = 50. This
benchmark consists of 450 instances of complete graphs with n vertices and m = n(n—1)/2
edges. For each problem size, 10 random instances have been generated. The CP consists
of four classes of random instances denoted as CP1, CP2, CP3, and CP4 with size n €
{10, 15,20, 25, 30, 35,40,45,50}. This benchmark consists of 108 instances with different
densities d € {33%,67%, 100%}. These two benchmarks have been generated as follows:

1. OPsyM: The linear and the quadratic costs are chosen at random according to uni-
formly distributed from the sets {1,...,100} and {1,...,20}, respectively.

2. OPvsym: The linear costs are uniformly distributed at random in {1,...,10000}
while the quadratic costs C.y are obtained associating to the vertices random values
uniformly distributed in {1,...,10} and multiplying the four values associated to the
end vertices of edges e and f, i.e., for two edges e, = (1,2) and e; = (3,4) the value
of C¢s is computed by multiplying the weight of vertices 1,2, 3, and 4.

4. OPEsYM: The vertices uniformly have spread at random in a rectangle with co-
ordinates (0,0), (0,100), (100,0) and (100,100). The linear costs are chosen as the
Euclidean distances between the end vertices of each edge, while the quadratic costs
are selected as the Fuclidean distances between the midpoints of the edges.

5. CP1: The linear and the quadratic costs are chosen at random according to uniformly
distributed from the set {1,...,10}.

6. CP2: The linear and the quadratic costs are chosen at random according to uniformly
distributed from the sets {1,...,10} and {1,...,100}, respectively.

7. CP3. The linear and the quadratic costs are chosen at random according to uniformly
distributed from the sets {1,...,100} and {1,...,10}, respectively.
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Table 1: Comparison of different lower bounding approaches on TestSet OPvSyM.

Instance Gap(%) CPU Time
n d(%) Ub AX OP RLT1 MR NMR RLT2 AX OP RLT1 MR NMR RLT2
6 100 16273.9 1.2 48 0.0 0.8 1.8 0.0 0 0 0 0 0 0
7 100  19625.7 1.0 5.33 0.0 1.1 2.2 0.0 0 0 0 0 0 0
8 100 27039.4 2.0 4.65 0.0 1.5 14 0.0 0 0 0 0 0 0
9 100 22769.9 0.7 26 0.0 1.1 1.1 0.0 0 0 0 0 0 0
10 100 25743.8 09 6.1 0.0 21 2.0 0.0 0 0 0 0 0 0
11 100 29325.6 1.0 45 0.0 21 1.6 0.0 0 0 0 0 0 0
12 100  32577.8 0.7 3.5 0.0 1.2 1.1 0.0 0 0 0 0 0 1
13 100  40488.5 1.0 3.6 0.0 1.1 1.0 0.0 0 0 0 0 0 2
14 100 442404 0.6 22 0.0 1.1 1.0 0.0 0 0 0 0 1 5
15 100  50821.6 0.7 23 0.0 1.1 0.9 0.0 0 1 1 0 0 7
16 100 41940.2 1.1 21 0.0 2.3 2.2 0.0 0 2 2 0 0 10
17 100  41819.0 1.0 1.2 0.0 0.8 0.7 0.0 0 2 2 0 0 12
18 100  46130.2 1.3 20 0.0 1.5 1.3 0.0 0 3 3 0 0 24
20 100  55326.2 09 18 0.0 1.1 1.0 0.0 0 5 7 0 0 42
30 100 78999.9 0.5 0.7 0.0 1.1 1.0 0.0 0 23 23 1 1 445
50 100 165419.6 0.5 0.3 0.0 0.5 0.4 - 2 366 371 17 18 -

CP4. The linear and the quadratic costs are chosen at random according to uniformly dis-
tributed from the set {1,...,100}.

5.2. Lower bound computation

We compare the lower bounds effectiveness and computational efficiency using six alter-
native approaches discussed in this paper. Due to the tradeoff between bound strength and
CPU execution time we terminated the dual-ascent algorithms for RLT2 in 20 iterations for
n < 30, and 10 iterations for n > 30. Moreover, due to the exceeded memory limit we are
not able to solve the RLT2 for instances with size n > 40. In subgradient implementation,
we allow 1500 iterations with an initial step size of 2.

Tables 1 to 3 present the percent gap between the lower bounds and the objective value
of the best known solutions, and CPU execution times of using different approaches for
OPvsyMm, OPEsYM and OPsvyM, respectively. Each row of the Tables 1 to 3 gives the
average values of the respective 10 randomly generated test instances. Tables 4 to 7 report
the results for CP1 to CP4 in terms of the gap and CPU execution times. In all tables
the first three columns indicate the problem size (n), the density (d), and the objective
value of the best known solutions (Ub) obtained from [4]. The next six columns from left
to right, give the percent gaps obtained using the Assad and Xu’s procedure (AX), the
revised form of the Oncan and Punnen Lagrangian relaxation approach by considering the
correct formula (18) and (19) (OP), the subgradient implementation of QRLT1 (RLT1), the
Monotonic Reformulation (MR) scheme, the Non Monotonic Reformulation (NMR) scheme,
and the dual-ascent implementation of QRLT2 (RLT2). The CPU execution times of each
approach are given in the last six columns of the tables. The formula we used to compute
the percent gaps is 100 x (Ub — Lb)/Lb, where Lb stands for the value of the lower bound.
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Table 2: Comparison of different lower bounding approaches on TestSet OPESYM.

Instance Gap(%) CPU Time
n d(%) Ub AX OP RLT1 MR NMR RLT2 AX OP RLT1 MR NMR RLT2
6 100 541.2 29 3.0 04 26 3.2 0.5 0 0 0 0 0 0
7 100 783.7 4.8 4.7 0.3 4.5 4.2 1.2 0 0 0 0 0 0
8 100 1020.1 5.2 44 0.4 5.7 5.3 1.9 0 0 0 0 0 0
9 100 1356 6.5 5.6 0.6 5.5 4.8 2.2 0 0 0 0 0 0
10 100  1427.1 6.7 3.5 0.5 5.7 5.2 2.3 0 0 0 0 0 0
11 100 1545.1 6.4 6.0 0.3 5.6 4.7 2.4 0 0 0 0 0 0
12 100 1901.6 8.0 6.5 04 6.7 5.5 2.8 0 0 1 0 0 2
13 100 2175.3 79 6.8 0.3 6.6 5.7 2.9 0 0 1 0 0 4
14 100 25279 82 6.8 0.2 6.2 5.4 2.9 0 1 2 0 0 6
15 100 2588.8 82 78 04 6.5 5.6 2.9 0 1 3 0 0 11
16 100 2980.1 9.2 86 0.6 7.6 6.4 3.3 0 1 4 0 0 19
17 100  3372.2 9.8 82 09 78 6.9 3.7 0 2 5 0 0 24
18 100 3569.0 10.7 8.7 05 78 6.8 3.9 0 3 6 0 0 34
30 100  8056.7 13.2 121 1.7 11.0 9.6 6.3 1 21 59 4 9 493
50 100 15788.8 14.9 13.7 191 121 10.5 - 9 392 658 37 93 -
Table 3: Comparison of different lower bounding approaches on TestSet OPsyM.
Instance Gap(%) CPU Time
n d(%) Ub AX OP RLT1 MR NMR RLT2 AX OP RLT1 MR NMR RLT2
6 100 258.4 13.2  25.6 1.92 148 13.1 25514 0 0 0 0 0 0
7 100 326.8 243 381 53 221 19.0 2.9 0 0 0 0 0 0
8 100 438.5 24.2 395 9.7 257 225 5.8 0 0 0 0 0 0
9 100 534.9 315  44.2 14.7 339 283 7.7 0 0 0 0 0 0
10 100 653.9 414 579 234 455 393 11.89 0 0 0 0 0 1
11 100 785.9 55.5 718 345 578 513 17.6 0 0 1 0 0 2
12 100 918.5 64.9 844 42.0 69.5 60.5 21.6 0 0 1 0 0 3
13 100 1067.1 75.9 922 510 799 719 25.7 0 0 2 0 0 5
14 100 1249.8 82.0 984 56.4 85.0 77.1 29.0 0 1 2 0 0 8
15 100 1390.2 101.2 1189 70.4 1048 94.6 34.7 0 1 3 0 0 12
16 100 1629.3 1154 134.7 83.7 119.6 110.6 28.2 0 2 4 0 0 20
17 100  1823.8 123.2  142.0 89.6 127.1 116.5 44.9 0 2 5 0 0 26
18 100 2981 1373 157.3 103.2 1425 131.8 49.2 0 3 6 0 0 37
20 100 2572.7 167.9 189.5 127.1 173.2 160.3 59.9 0 8 10 0 0 70
30 100  6015.9 329.9 356.3 261.5 3322 315.7 111.6 0 32 59 2 6 503
50 100 17616.9 7742 7932 618.1 719.9 699.6 - 3 584 749 37 76 -
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Table 4: Comparison of different lower bounding approaches on TestSet CP1.

Instance Gap(%) CPU Time

n d(%) Ub AX OP RLT1T MR NMR RLT2 AX OP RLT1 MR NMR RLT2

10 33 350 12.2 74 0.0 5.1 5.1 1.7 0 1 1 0 0 1
10 67 255 49.1 449 25.6 425 371 12.8 0 1 1 0 0 1
10 100 239 67.1 64.8 484 648 604 20.1 0.0 1 1 0 0 1
Ave. 281.3 42.8  39.1 246 374 325 11.5 0.0 1.0 1.0 0.0 0.0 1.0
15 33 745 46.6 41.1 284 422 382 16.8 0 2 30 0 0 13
15 67 659 95.0 86.7 712 87.8 82.0 348 0 2 3 0 0 13
15 100 620 112.3  105.3 93.2 104.6 102.6 40.0 0 2 3 0 0 13
Ave. 674.6 84.6  T7.7 64.2 782 742 30.5 0.0 2.0 3.0 0.0 0.0 13.0
20 33 1379 76.3 69.2 553 713 656 305 0 7 10 0 1 78
20 67 1252 132.3 120.8 107.6 126.8 120.1  48.5 0 6 10 0 1 82
20 100 1174 154.7 141.1 131.6 1456 141.1 59.1 0 8 10 0 1 78
Ave. 1268.3 121.1 110.3 98.1 114.5 108.9 46.0 0.0 7.0 10.0 0.0 1.0 79.3
25 33 2185 95.8 835 701 871 821 370 0 15 26 1 1 328
25 67 2023 167.6 153.5 1423 157.7 1529  63.2 0 18 27 1 1 334
25 100 1943 1904 176.8 170.2 1824 1788 78.1 0 18 28 1 1 332
Ave. 2050.3 151.2 1379 1275 1424 1379 594 0.0 170 270 1.0 1.0 3313
30 33 3205 124.1 111.4 98.1 1152 110.7  49.1 0 33 54 3 3 544
30 67 2998 193.1 176.5 168.1 1825 177.8  78.3 0 42 61 3 3 521
30 100 2874 208.3 1953 1914 201.5 199.1 922 0 46 68 3 3 491
Ave. 3025.6 175.1 166.1 152.5 166.4 162.5  73.2 0.0 403 61.0 3.0 3.0 5186
35 33 4474 149.6 134.2 122.1 139.7 1349 59.1 1 74 111 8 8 1475
35 67 4147 211.5 196.0 190.4 200.2 198.1 87.8 1 95 118 6 8 1393
35 100 4000 2225 210.8 206.8 216.9 2149 104.8 1 92 143 6 8 1393
Ave. 4207.0 1945 180.3 174.7 1855 1826 83.9 1.0 870 1240 6.7 8.0 1420.3
40 33 5945 173.3 1554 143.8 162.1 156.8 - 1 142 200 15 16 -
40 67 5567 229.6 214.7 210.0 220.6 217.7 - 1 163 244 12 12 -
40 100 5368 235.7 2255 2221 231.1 229.7 - 1 189 268 14 18 -
Ave. 5626.6 212.8 198.5 1919 204.6 201.4 - 1.0 1646 2373 13.6 153 -
45 33 7521 188.9 170.8 161.2 177.1 172.1 - 2 279 329 21 26 -
45 67 7161 2414 228.6 2252 235.1 232.3 - 2 307 395 22 33 -
45 100 6944 2447 236.2 2345 241.2 239.7 - 2 351 489 24 37 -
Ave. 7208.6 225.0 211.8 2069 217.8 214.7 - 2.0 3123 404.3 223 320 -
50 33 9393 2079 188.3 179.7 194.8 190.0 - 2 501 534 36 51 -
50 67 8958 251.2 2394 236.8 245.6 243.6 - 3 563 712 42 60 -
50 100 8713 252.1 2439 2434 248.6 2475 - 3 649 835 46 66 -
Ave. 9021.3 237.1 223.8 2199 229.6 227.0 - 2.6 571.0 693.6 41.3 59.0 -
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As we can observe in tables 1 to 3, the bounds obtained by NMR are almost always
stronger than the AX, MR, and OP bounds for all three data sets, but still weaker than
the RLT1 and RLT2. For the OPVSYM, which seems to be the easiest test set among
the OP instances, the RLT1 and RLT2 almost always give the optimal solutions with more
CPU execution times. For this data set, the AX, MR, NMR and OP approaches provide
tight bounds with short execution times with the exception of OP whose computational
times for instances with n = 50 are high. For the OPESYM, which seems to be more
difficult than the OPVSYM, the best approach is the RLT1 and the worst one is the AX.
For this data set NMR provides good bounds in reasonable times, and always outperform
the AX, MR and OP. The RLT2 provides the bounds slightly worse than RLT1 and requires
more computational effort. For the OPSYM which seems to be the most difficult data set
amongst the OP test set, the RLT2 provides lower bounds that are significantly stronger
than those provided by the other approaches (especially those by RLT1.) For this test set,
the bound obtained by NMR are still stronger than the AX, MR, and OP. Note that, the
revised form of the Oncan and Punnen Lagrangian relaxation approach does not always
yield tighter lower bound values for all the data sets than the ones obtained by the Assad
and Xu’s leveling procedure, as claimed in their paper [3].

The results of comparing different lower bounding approaches for the CP data set are
given in Tables 4 to 7. For all four CP data sets, the RLT2 outperforms the other approaches
in terms of the bound tightness, but it always needs more computational effort. After the
RLT2, the RLT1 is the one that provides the best bounds. Considering the significant gaps
obtained for these data set, we can conclude that the NMR, OP, and RLT1 almost provide
the same bounds, but NMR outperforms the other two in terms of execution times. In
order to give a better explanation of the comparison we reported the average results over
the 12 different instance of each dimension in Table 8. Overall, the table indicates that
the dual-ascent strategy applied for RLT2 provides a significant improvement over all the
other approaches reducing the gaps between the linear programming and the best known
integer solution values. For the size n = 35, which was the biggest size that we could solved
by RLT2, the overall gap reduction of the RLT2 over the AX is 68%, while the overall
gap reduction of RLT1, NMR, OP, and MR over the AX are 17%, 9.3%, 8%, and 6.6%,
respectively. From these results we can conclude that the RLT?2 yields the tightest bound
but in the cost of increased CPU execution time. Moreover, the NMR seems to be a good
candidate when the tradeoff between the bounds tightness and the CPU execution times
matters.

6. Conclusion

In this paper we proposed a reformulation for the QMSTP based on dual information
retrieved from the continuous relaxation of an MILP. We reviewed and analyzed the Gilmore-
Lawler type bound, the Assad and Xu reformulation scheme, and the Lagrangian relaxation
of Oncan and Punnen, and compared them in terms of continuous relaxation of the proposed
MILP. To improve the bounds for the QMSTP, we develop a mixed 0-1 linear formulation
based on using the second level of the reformulation-linearization technique and devised
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Table 5: Comparison of different lower bounding approaches on TestSet 2.

Instance Gap(%) CPU Time

n d(%) Ub AX OP RLT1 MR NMR RLT2 AX OP RLT1 MR NMR RLT2

10 33 3122 17.2 9.2 0.0 7.2 7.3 2.5 0 1 1 0 0 1
10 67 2042 91.7 813 459 78.1 675 194 0 1 1 0 0 1
10 100 1815 1372 127.1 93.7 125.7 116.1 31.1 0 1 1 0 0 1
Ave. 2326.3 82.0 725  46.5 70.3  63.6 17.6 0.0 1.0 1.0 0.0 0.0 1.0
15 33 6539 67.9  59.1 39.6 59.5  54.2 22.7 0 2 3 0 0 13
15 67 5573 170.1 148.0 115.2 146.1 140.0 48.2 0 2 3 0 0 13
15 100 5184 243.5 2229 183.3 2252 2109 60.2 0 2 3 0 0 13
Ave. 5765.3 160.5 143.3 112.7 143.6 135.0 43.7 0.0 2.0 3.0 0.0 0.0 13.0
20 33 12425 113.2  100.7 76.6 106.4  93.7 404 0 6 10 0 1 81
20 67 10893 2474 2184 1854  225.7 214.1 65.7 0 7 10 0 1 83
20 100 10215 356.0 313.0 2717 3219 3074  87.7 0 7 9 0 1 83
Ave. 11177.6 238.8 210.7 1779 217.6 204.9 64.4 0.0 6.7 9.7 0.0 1.0 82.3
25 33 19976 144.4 1225 98.4 1275 119.2 48.4 0 16 24 1 2 326
25 67 18251 339.2 300.3 261.1 307.2 297.1 88.8 0 20 24 1 2 314
25 100 17411 504.5 451.8 4019 4734 4464 119.8 0 20 25 1 2 302
Ave. 11177.6 329.3 291.5 253.8 3027 2874  85.6 0.0 18.6 243 1.0 2.0 314.0
30 33 29731 198.2 174.3 146.8 184.5 171.2 65.7 0 36 54 5 6 507
30 67 27581 4277 3773 3364 389.7 3749 1148 0 47 56 8 9 528
30 100 26146 616.7 552.5 503.5 570.5 5504 146.1 0 50 66 6 6 490
Ave. 27819.3 414.2 368.1 3289 381.5 365.5 108.8 0.0 443 58.7 6.3 7.0 508.3
35 33 42305 248.1 2152 188.1 221.3 214.0 79.5 0 7 122 19 21 1421
35 67 38490 522.0 464.7 419.5 4741 462.6 136.5 0 97 114 11 14 1394
35 100 36723 728.7 653.4 600.6 669.8 653.7 168.3 0 102 117 10 13 1394
Ave. 39172.7 499.3 4442 402.3 4547 4432 128.1 0.0 92.0 1176 13.3 16.0 1403.0
40 33 56237 300.4 2604 2296 275.0 260.3 - 1 150 214 30 40 -
40 67 51851 610.6 542.6 496.1 567.4 5429 - 1 183 205 22 30 -
40 100 49817 861.3 7Tr4.2 7174 7989 7759 - 1 192 232 22 25 -
Ave. 52635.0 590.7 525.6 480.8 546.6 526.2 - 1.0 175.0 217.0 247 31.7 -
45 33 70603 340.5  296.7 266.2 311.0 297.1 - 1 294 348 40 57 -
45 67 66889 691.8 618.0 570.3 6394 619.2 - 1 341 374 34 46 -
45 100 64840 974.7 8759 817.8 896.0 878.1 - 1 377 382 35 45 -
Ave. 67444.0 668.9 596.8 5514 6154 5H98.1 - 1.0 3373 368.0 36.3 49.3 -
50 33 88942 394.2 345.1 3108  363.0 345.5 - 2 516 543 80 75 -
50 67 84020 783.3 699.3 649.9 721.0 702.6 - 2 621 614 66 81 -
50 100 81858 1090.8 983.0 925.0 1008.1 987.3 - 2 611 656 51 72 -
Ave. 84940.0 756.1 675.8 6285 697.3 6784 - 2.0 582.7 6043 65.7 76.0 -
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Table 6: Comparison of different lower bounding approaches on TestSet CP3.

Instance Gap(%) CPU Time

n d(%) Ub AX OP RLT1 MR NMR RLT2 AX OP RLT1 MR NMR RLT2

10 33 646 0.6 3.1 0.0 1.8 1.8 0.0 0 1 1 0 0 1
10 67 488 114 226 0.0 14.2 10.1 2.5 0 1 1 0 0 1
10 100 426 18.9 352 10.3  24.2 20.6 6.2 0 1 1 0 0 1
Ave. 520.7 10.3  20.3 34 134 108 2.9 0.0 1.0 1.0 0.0 0.0 1.0
15 33 1236 14.0 239 4.7 194 148 5.1 0 2 4 0 0 13
15 67 966 25.7 37.0 139 323 246 9.0 0 2 4 0 0 13
15 100 975 36.1 504 250 413  36.5 14.8 0 2 3 0 0 13
Ave. 1059.0 252 37.1 14.5  31.0 253 9.6 0.0 2.0 3.7 0.0 0.0 13.0
20 33 1972 29.5  38.0 179 334 278 12.1 0 6 9 1 1 86
20 67 1792 50.9 627 371 566 48.8 219 0 6 10 1 1 80
20 100 1544 623 740 462 610 57.0 26.5 0 6 10 1 1 81
Ave. 1769.3 47.5  58.2 33.7 503 445 20.1 0.0 6.0 10.0 1.0 1.0 82.3
25 33 2976 43.7 519 30.0 473 423 19.6 0 14 28 1 1 323
25 67 2546 73.3 842 56.2 75.1 70.0 328 0 16 26 2 2 324
25 100 2471 93.0 104.0 75.3 88.7 85.6 42.0 0 15 28 2 2 305
Ave. 2664.3 70.0  80.0 53.8 70.3 659 31.4 0.0 15.0 273 1.7 1.7 319.3
30 33 4070 56.1 61.1 425  59.8 545 25.8 0 33 57 3 4 507
30 67 3649 95.8 104.6 7.7 947 89.6 45.0 0 34 66 4 5 502
30 100 3483 114.8 1229 96.1 109.3 105.9 54.3 0 42 68 4 5 490
Ave. 3734.0 88.9  96.2 72.1 879 833 417 0.0 36.3 63.7 3.7 4.7 499.7
35 33 5423 78.9 849 61.4 848 76.6 37.4 0 69 125 8 12 1416
35 67 4981 116.4 126.2 98.0 112.6 109.2 55.9 0 81 126 8 12 1482
35 100 4770 138.0 144.1 117.8 130.8 1270 66.4 0 92 146 8 11 1457
Ave. 5058.0 111.1 1184 924 1094 104.2 53.2 0.0 80.7 1323 80 11.7 1451.7
40 33 6925 949 99.1 76.1 959 91.2 - 1 135 220 17 23 -
40 67 6456 133.6 140.0 113.3 127.7 1239 - 1 152 272 19 25 -
40 100 6208 158.1 159.5 1359 151.7 145.6 - 1 171 272 17 23 -
Ave. 6529.7 128.8 133.0 1084 125.1 120.2 - 1.0 1527 254.7 17.7  23.7 -
45 33 8720 108.3 111.3  89.2 110.0 103.5 - 1 285 410 35 45 -
45 67 8225 150.6 154.1 130.0 144.5 139.8 - 1 284 486 30 45 -
45 100 7827 1719 170.0 149.9 163.6 158.7 - 1 331 502 30 45 -
Ave. 8257.3 143.6 145.1 1227 139.3 134.0 - 1.0 300.0 466.0 31.7 45.0 -
50 33 10717 124.2 126.5 103.9 1228 117.7 - 2 421 664 72 76 -
50 67 10100 1679 168.6 145.5 159.5 155.2 - 2 509 816 58 81 -
50 100 9836 191.3 186.2 167.5 182.8 176.6 - 2 593 873 53 82 -
Ave. 10217.7 161.1 160.4 138.9 155.0 149.8 - 2.0 507.7 7843 61.0 79.7 -
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Table 7: Comparison of different lower bounding approaches on TestSet CP4.

Instance Gap(%) CPU Time

n d(%) Ub AX OP RLT1 MR NMR RLT2 AX OP RLT1 MR NMR RLT2

10 33 3486 14.3 8.7 0.0 6.1 6.0 1.8 0 1 1 0 0 1
10 67 2404 67.4  60.8 34.0 588 49.5 15.8 0 1 1 0 0 1
10 100 2197 932 912 663 876 835  26.0 0 1 1 0 0 1
Ave. 2695.7 58.3 535 334 508 46.3 14.5 0.0 1.0 1.0 0.0 0.0 1.0
15 33 7245 585 509 353 521 472 204 0 2 3 0 0 13
15 67 6188 130.8 119.5 92,5 119.0 1114 42.6 0 2 3 0 0 13
15 100 5879 172.8 162.6 136.1 160.5 154.7 52.1 0 2 4 0 0 13
Ave. 6437.3 120.7 111.0  88.1 110.5 1045  38.3 0.0 2.0 3.3 00 0.0 13.0
20 33 13288 98.3 88.5 67.9 90.7 823 36.4 0 7 10 1 1 78
20 67 11893 198.7 180.0 1534 187.3 176.2  59.8 0 7 10 1 1 83
20 100 11101 265.2 243.3 210.6 246.5 237.7 78.5 0 8 11 1 1 83
Ave. 12094.0 187.4 170.6 1439 174.8 1654 58.2 0.0 7.7 10.3 1.0 1.0 81.3
25 33 21176 127.7 110.0 89.3 114.1 107.1 45.2 0 18 26 4 3 337
25 67 19207 270.5 2458 2151 251.9 242.3 80.3 0 18 27 2 3 325
25 100 18370 375.1 350.2 309.1 359.0 342.6 107.0 0 20 26 3 3 350
Ave. 19584.3 257.7 235.3 204.5 241.6 230.6 77.5 0.0 18.7 26.3 3.0 3.0 3373
30 33 31077 174.3 1546 1319 161.6 1524  61.2 0 37 56 5 7 537
30 67 28777 346.9 3139 280.3 326.0 311.1 105.3 0 45 55 8 7 504
30 100 27314 465.5 433.1 391.7 4429 4272 1314 0 46 61 6 6 534
Ave. 29056.0 3289 300.5 2679 3101 296.9 99.3 0.0 427 573 6.3 6.7 525.0
35 33 43629 220.2 193.5 169.8 200.3 192.3 74.6 0 86 108 18 21 1393
35 67 39660 419.7 384.8 346.4 389.1 381.8 120.7 0 88 113 12 15 1394
35 100 38049 552.4 514.5 467.3 525.8 509.3 153.0 0 93 122 12 16 1394
Ave. 40446.0 3974 364.6 3278 371.7 361.1 116.1 0.0 89.0 1143 14.0 17.3 1393.7
40 33 58874 2749 2414 2145 2545 2414 - 1 158 194 40 35 -
40 67 53592 498.6 455.1 415.5 469.7 453.4 - 1 212 209 22 29 -
40 100 51229 652.5 609.1 558.1 626.6 605.2 - 1 197 232 22 28 -
Ave. 54565.0 475.3 435.2 396.1 450.2 433.3 - 1.0 189.0 211.7 28.0 30.6 -
45 33 72676 305.3  269.7 242.8 282.1 269.7 - 1 286 354 43 46 -
45 67 68737 565.0 516.9 477.6 534.1 516.7 - 1 355 369 35 52 -
45 100 66508 7447 6929 640.3 707.1 690.2 - 1 366 398 39 57 -
Ave. 69307.0 538.3 493.1 453.5 507.7 492.2 - 1.0 335.7 3737 390 517 -
50 33 91009 353.4 3134 2829 3282 3134 - 2 541 582 80 75 -
50 67 86231 642.8 588.4 546.0 608.5 588.8 - 2 612 606 69 80 -
50 100 83838 838.1 781.7 726.7 796.5 779.3 - 2 657 690 69 80 -
Ave. 87026.0 611.4 561.1 518.5 577.7 560.5 - 2.0 603.3 626.0 72.7 783 -
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Table 8: Comparison of different lower bounding approaches on TestSet CP. Each row reports the average
on 12 instances

Instance Gap(%) CPU Time

n Ub AX OP RLT1 MR NMR RLT2 AX OP RLT1 MR NMR RLT2
10 1455.8 48.3 46.3  27.0 43.0 387 11.6 0.0 1.0 1.0 0.0 0.0 1.0
15 3484.1 978 923 698 90.8 84.8 30.5 0.0 2.0 3.2 0.0 0.0 13.0
20  6577.3 148.7 1375 1134 1394 131.0 473 0.0 6.7 10.0 1.0 1.0 81.3
25 10711.2 202.1 186.2 159.9 189.3 180.5  63.5 0.0 173 262 1.7 1.9 3250
30 15908.7 251.8 231.5 2054 236.5 227.1 80.8 0.0 409 60.2 4.8 5.3 5129
35 22220.9 300.7 2769 249.1 280.5 272.8  95.0 0.3 872 1221 10.5 13.2 14172
40 29839.1 363.0 323.1 2944 331.7 320.3 - 1.0 1703 230.2 21.0 248 -
45 38054.2 394.04 361.8 333.7 370.1 359.7 - 1.3 321.3 403.0 323 445 -
50 47801.2 4414 4053 376.5 4149 404.0 - 2.2 506.2 631.5 60.2 73.2 -

an efficient dual-ascent algorithm to solve the continuous relaxation of the proposed model
based on reduced costs. The basic idea proposed in the paper is to use the meaning of
the reduced cost to retrieve the dual information of the continuous relaxation of the MILP.
In Computational experiments we compared the tightness and speed of computation of the
new bounding techniques with those of literature. The results indicated that the dual-ascent
procedure applied to QRLT?2 provides the best bounds at the price of large computational ef-
fort, while the bound obtained by the non-monotonic reformulation scheme seems to tradeoff
between the bound tightness and computational effort.
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