CONVERGENCE ANALYSIS OF PRIMAL-DUAL BASED METHODS
FOR TOTAL VARIATION MINIMIZATION WITH FINITE
ELEMENT APPROXIMATION
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Abstract. We consider the total variation minimization model with consistent finite element dis-
cretization. It has been shown in the literature that this model can be reformulated as a saddle-point
problem and be efficiently solved by the primal-dual method. The convergence for this application
of the primal-dual method has also been analyzed. In this paper, we focus on a more general primal-
dual scheme with a combination factor for the model and derive its convergence. We also establish
the worst-case convergence rate measured by the iteration complexity for this general primal-dual
scheme. Furthermore, we propose a prediction-correction scheme based on the general primal-dual
scheme, which can significantly relax the step size for the discretization in the time direction. Its
convergence and the worst-case convergence rate are established. We present preliminary numerical
results to verify the rationale of considering the general primal-dual scheme and the primal-dual-
based prediction-correction scheme.
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1. Introduction. We consider the total variation (TV) minimization model in
[34]:

. «
(L) inf E(u) = | Dull + 5 llu = gl32(0,

where the energy functional E : BV (Q)NL?(Q2) — R with a bounded Lipschitz domain
Q C RY with d =2, g € L?(f) is a given function, a > 0 is a parameter, BV () is the
bounded variation space consists of all functions v € L'(Q) satisfying ||Dv|| < +oo,
and ||Dv|| denotes the TV norm defined by

(1.2) |Dv]| := sup {/Qv divp dz : o € CHOQ;RY), [0l < 1}.

In (1.2), [|¢|leo = (Z?:l SUp,cq |¢i(7)|?)1/2, Duv represents the gradient of v in the
distributional sense, div denotes the divergence operator, and C}(€2;R?) is the set
of once continuously differentiable R%valued functions with compact support in Q.
The BV (2) space endowed with norm ||v||py := |[v]|11(q) + || Dv|| is a Banach space.
We refer the reader to, e.g., [2, 5, 6, 40] for more details. As well studied in the
literature, the model (1.1) has particular effective applications in image processing
domain, mainly because of the capability of preserving sharp edges of digital images
with piecewise smooth structure. Note that the model (1.1) has a unique solution in
BV () because of the strict convexity of the quadratic term of the energy functional

To find a numerical solution for (1.1), we can consider its Euler-Lagrange equation

(1.3) div(%) + a(u—g) =0,
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where Vu is the gradient of u in L'(Q), and | - | denotes the Euclidean norm in
R<. The equation (1.3) indeed characterizes the first-order KKT condition of (1.1).
In the literature, there are various efficient numerical schemes that are applicable
for solving (1.3) or its regularized equation with homogeneous Neumann boundary
condition. For instance, the time marching scheme in [34], the linear semi-implicit
fixed-point method in [17, 18, 36], the interior-point primal-dual implicit quadratic
methods in [16] and some others in [6, 12, 15, 37]. Furthermore, we can consider
the L? gradient flow of the model (1.1) and its regularized problem constructed by
evolving the Euler-Lagrange equation:

(1.4) 8tu—div(|§—uu|) +afu—g)=0

with Neumann boundary condition and initial data from the theoretical and compu-
tational aspects. In (1.4), 9; means the time partial derivative. We refer to, e.g.,
[3, 8, 22, 23, 29, 34, 35], for more discussions for (1.4). In particular, in a very recent
work [8], the authors studied an algorithm for (1.4) with & = 0 which was based on
the methods in [7, 14].

Replacing the term |§ﬁ| in (1.4) by a new variable p, we can reformulate (1.4) as

(1.5) Ou —divp+ a(u—g) =0, pe€d|Vul,

where 9(|-|) denotes the subdifferential of a nonsmooth convex function. Indeed, (1.5)
is the L? gradient flow of the energy functional E(u) considered in [7]. As indicated
in [7], by the equivalence

p € 0|Vu| & Vu € dlg(p),

where B = {p € L*(Q;R?) : ||p|lec < 1} and Ip(-) denotes its indictor function, it
motivates us to consider the following system of evolution equations

(1.6) Opu —divp+ a(u—g) =0, —0c0p+ Vu € dlg(p)

with a parameter o > 0 as the scale for Vu. Note that the system (1.6) can also
be regarded as the simultaneous gradient flow for the saddle-point formulation of the
model (1.1)

. . a
(1.7) nng(u) = 11&fsup8(u,p) = §||u - g||%2(9) + /Q Vu-pdz — Ig(p).
P

As mentioned in [7], the piecewise constant and piecewise affine globally contin-
uous finite element spaces are dense in BV (Q2) with respect to weak™ convergence in
BV (Q). Thus, the following finite element spaces

SY(Tr) = {vn € C(Q) : vy|7 is affine for each T' € Ty},
L9(T) = {qn € L*(Q) : qu|7 is constant for each T € Ty},

are built in [7] to approximate the functions v and p in (1.6), respectively, where T
denotes as the regular triangulations of €2 into triangles and h = maxpey, diam(T) as
the maximal diameters. Furthermore, in [7], the L? scalar product to equip £°(73),
i.e., a space of piecewise constant vector fields, is based on the identity

HDUhH = sup Vuy, - pp dz.
Pr€LO(Th) 4 lIpnlloe <1 /€2
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Then, the TV minimization model (1.1) with finite element approximation can be
reformulated as the following saddle-point problem:

inf F(up) = inf su E(up,
Up, ( h) uh,651(7h)pheco%)7‘h’)d ( g ph)
(1.8)

«
§||Uh —9ll72 () + /Q Vuy, - pp dz — Ip(pn)-

Note that the discretized saddle-point problem (1.8) has a solution point (up,prn) €
SY(Th) x LO(Tw)4, because € (uy,, pr) is a closed, proper and convex-concave functional,
see, e.g., [7].

For solving a saddle-point problem including the special form (1.8), the primal-
dual method has received much attention from different areas, see, e.g., earlier work
on the inexact Uzawa method [4, 19] and [10, 19, 24, 25, 33, 41] for saddle-point linear
systems resulted from the numerical approximation of elasticity problems or stokes
equations, and the quadratic programming with linear constraints. Moreover, in some
work such as [14, 20, 38, 39], its particular applications to various image processing
problems have been intensively investigated. As analyzed in [20, 38], the primal-dual
method is a variant of inexact Uzawa method [4, 19]. In [7], the saddle-point problem
(1.8) was solved by an iterative scheme, which is the variational form of the following
primal-dual scheme:

. 1
(1.9a) u ™ = arg min {&(vn, i) + Eth —up|? | v, € SY(Th)},
(1.9b) At = 2up Tt —
i ~MN g i
(1.9¢) ph " = argmax {E@ " qu) = o llan = pi|* [an € £9(T)"},

where 7 > 0 and it can be understood as the step size for implementing gradient-based
iterative methods for the minimization and maximization subproblems in (1.9). The
scheme (1.9) can be viewed as an semi-implicit difference scheme for (1.6) with finite
element discretization in space, and the parameter 7 in (1.9) behaves as the step size
in the time direction. We refer to [7] for its convergence and numerical efficiency.

Inspired by the work [14, 26], in this paper we consider a more general primal-dual
scheme, which includes the scheme (1.9) as a special case, for the model (1.8). More
specifically, we propose the following scheme:

(1.10a) up ™! = arg min {&(vn, pi) + ;Hz)h —ul]? | v € Sl(ﬁ)},
(1.10b) At = w4 () — ),

T ~ 1 g T
(1.10c) ppt = argmax {E(a} T, qn) — - llan — prl? | an € LO(Th)4},

where the combination factor § € [—1,1]. Clearly, (1.9) is a special case of (1.10)
with # = 1. Note that it is in [14] that 6 was extended to [0,1] and then in [26] to
[—1,1] in the optimization context. This generalization can accelerate the convergence
numerically as shown in [26], and it provides more insights in algorithmic design as
shown in [32].

Our contributions can be summarized as follows. 1) We propose the general
primal-dual scheme (1.10) and prove its convergence; for which the analytic techniques
for contraction type methods (see [9]) are used. 2) We establish the worst-case conver-
gence rate measured by the iteration complexity for the scheme (1.10). 3) We propose
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a new prediction-correction scheme in which the output of (1.10) needs to be refreshed
by a correction step (5.2). This primal-dual-based prediction-correction scheme can
significantly relax the restriction on the discretization step size 7 from O(h?) to O(h).
4) We also establish the convergence and the worst-case convergence rate measured
by the iteration complexity for the primal-dual-based prediction-correction scheme.
The rest of this paper is organized as follows. In Section 2, some known results
in the literature which are useful for further analysis are summarized. In Section
3, we propose the general primal-dual scheme (1.10) in the variational form and
give some remarks. Then, the analysis of convergence and convergence rate for the
general primal-dual scheme is presented in Section 4. In Section 5, we propose a
primal-dual-based prediction-correction scheme and analyze its convergence and con-
vergence rate. Some preliminary numerical results are reported in Section 6 to verify
the effectiveness of the general primal-dual scheme and the new primal-dual-based
prediction-correction scheme. Finally, some conclusions are made in Section 7.

2. Preliminary. In this section, we summarize some known results in the liter-
ature for the convenience of further analysis. Most of the results can be found in [7].
The notation (-, -) stands for the L? scalar product throughout this paper.

First, the first-order optimality condition for the minimization of the energy func-
tional E(u) in S'(Ty) is stated in the following lemma.

LEMMA 2.1 ([7]). The function up € S*(Tn) minimizes the energy functional
E(u) in S*(Tp) if and only if there exists pr, € B1(LY(Th)?) = {an € LO(TH)? :
llgnlloo < 1} such that

(pn, Vor) + a(un — g,vp) =0, Vv, € SH(Th),

2.1
@1) (Vunsgn —pn) <0, ¥ an € By(L(Th)).

Notice that the optimality condition (2.1) can be rewritten as the following vari-
ational inequality (VI) in a compact form: Finding 1, € S'(T5) x B1(L£°(7,)?) such
that

(2.2) (F(pn),vn —pn) >0, Vv, € SY(Th) X By (L(Tw)"),

where

(2.3) [ = (Z:) vy, = <ZZ> Flup) = (_dinthvi(huh _g))

and —div is the conjugate operator of V and —(divgp,vn) = (qn, Vop).
Obviously, it is easy to see that the mapping F'(-) in (2.3) satisfies

(2.4) (F(pn) = F(wn), pn — vi) = allun — vn|[72 (0 -

It follows from Lemma 2.1 that the first component uy, of a solution pair of (1.8)
is unique. But the second one py, is not unique in general.

The error of the finite element approximation of function u in (1.8) is given by
the following theorem.

THEOREM 2.2 ([7]). We have up, — u in L*(Q) as h — 0, and if d = 2,
Q= (0,1)% and u € Lip(3,L?(Q)) for some 0 < 3 < 1, then

_B
[ — un||32q) < ch™F,
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where u € Lip(B, L*(Q)) if

1/2
supt? sup (/ lu(z +y) —u(m)\de) < +o0.
50 |yl<t

3. A General Primal-Dual Scheme. In this section, we specify the general
primal-dual scheme (1.10) in the variational form for solving (1.8) and present the
algorithm based on it. Let us use the notation

n+l _ ,,n
dtv"'H = 71} Y

T

for a sequence {v"},en, where 7 > 0 is the discretization step size.

Algorithm 1: A general primal-dual scheme for (1.8)

Input: Choose an initial iteration (ul,p%) € S(T) x £L°(T,)?. Choose
constants 7,0 > 0 and 0 € [—1,1].

forn=20,1,2,---, do

Step 1 Update uZ‘H by solving

(3.1) (deup™ + a(up™ —g),vn) + (pjr, Vo) =0, Vv, € SY(Th);
Step 2 Set

(3.2) aptt = uptt 4 Ordpu

Step 3 Update p”Jrl satisfying

(3.3) (—odpy™ +Va g, —pp) <0, Van € Bi(L2(Th)Y).

end

REMARK 3.1. As mentioned, Algorithm 1 with @ = 1 reduces to the primal-dual
scheme in [7]. In [7], it is noticed that py™ satisfying (3.3) is the unique minimizer
of

o -
an > 5-llan —pill? = (qn, Va3 ™) + In(qn);
and it is given by

pZH ( (T/J)VU”H)/maX {1 lpyy + (1/0) Vu”+1|}

REMARK 3.2. The first and third steps in Algorithm 1 can be respectively viewed
as the discretization of the systems

(3 4) { atUh = _8vg(uh7ph>7
. oOpn, € 04E (Uun,ph),

which are the finite element discretizations of the evolution systems (1.6). Moreover,
the parameter T in Algorithm 1 behaves as the step size of the discretization in the
time direction.

REMARK 3.3. An inverse estimate in [11] shows that there exists ¢ > 0 such that
[Vunllrz) < chopiullonllzz) for all vy, € SY(Th), where by, = minper;, diam(T).

min
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We denote

IVorlleze)

min?’

VI =
vnes (TN llvnllzze)

which will emerge in the theoretical analysis in the sequel. For a regular mesh Ty, it
yields from the above estimate that |V| < ch™!.

4. Convergence Analysis for Algorithm 1. In this section, we prove the
convergence for Algorithm 1 and establish its worst-case convergence rate measured
by the iteration complexity. As [26], our analysis follows the framework for contraction
type methods in [9].

4.1. Convergence. First, for the iteration pjtt = (upthpit) € SY(Th) x
By (L°(Tr)?) generated by Algorithm 1, it is easy to see that it satisfies the VI:

1) (Flup ™) + Mt = pi),vn — i) 20, Vovn € SH(Th) x Bi(L0(Th)?)

with

L1 div
(4.2) M = (—QV ZI) .

We prove an inequality in the following lemma; it is useful for further analysis.
LEMMA 4.1. Let the sequence {;LZ'H = (UZ+15PZ+1)} be generated by Algorithm
1 with 0 € [—-1,1]. Then, we have

(GO = w)svn — i +) 2 allon = ui ™ 3aggy + (Fn), ™ =)

(4.3) — (1=0)(V(vn —up*h),pp —pp ),
Y v, = (vniqn) € SH(Th) x Bi(L2(Th)Y),

where

17 @div
" oo (3 ).

Proof. We can rewrite (4.1) as follows

(FQui™) + Gt = ), v — ™) = (1= 0)(F(on — up ), = pf)

(4.5) >0, Vv € SY(Th) x Bi(L2(Th)Y).

Then, adding (F(yh),uzJrl — v,) to both sides of (4.5) yields

(Glup™ = i) vn = 1) 2 (F(vn) = F(uy ™), von — ™)
+ (F(vn), py ™ —vn)
— (1=0)(V(vp —up™™),pp — pp™1),
¥ vn € S'(Th) x Bi(L°(Th)"),

(4.6)

which completes the proof by using the property (2.4) of F. O
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Using the inequality proved in the above lemma, we can show that the sequence
generated by Algorithm 1 is strictly contractive with respect to the solution set of
(1.8) under some conditions. We summarize the assertion in the following theorem.

THEOREM 4.2 (Contraction). Let uy, be the solution point of (1.8) and {u}
be the sequence generated by Algorithm 1 with 6 € [—1,1]. Under the condition

(1-6) 2IIVII2
4.7 (92 ) 1,
(4.7) + 2ar o
we have
(4.8) It = pnllE < ek — wallE = e — w1,

where G is given by (4.4) and

%I Odiv
(4.9) Q= (W (% _ “9;2!'“2)[) :
Proof. Using Cauchy-Schwarz inequality and it follows from (4.3) that
(4.10)
(Glup™ = ui)ovn = up ™) = allon — uz+1||2L2(Q) + (E(n), py ™ —wn)
Hv”g IV (vn — 1)“%2(9)
_@=02vP

Ik = 2h 1720

4o
> (Pt — )~ 2O

Y v, € SY(Th) x Bi(L°(Th)? )

ok = i 172
12(Q)

Applying the identity

(4.11) (G(b—a),b) = 5 (IIbIIE — llallZ + lla = blZ)

w\H

to the term on the left-hand side of (4.10) with b = p™ — 1, and a = pf — v, we
derive

(4.12)
2(F ()™ =) <k — s — g™ = vl
n n 1-6)? Vv 2 n n
— (= iz - CE I ),
Y v, € SYTh) x Bl(ﬂo('ﬁl)d).

Thus, it yields

n+1 n+1HQ
)

2(F(vn) ™t —vn) < ik — valle = ™ = valle = lluh —

(4.13) Y, € SY(Th) % Bi(LO(Ti)Y).

Setting v, = pp in (4.13) and using the optimality condition (2.2), then we get the
result (4.8). O
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We emphasize that the condition (4.7) is essential for ensuring the positive defi-
niteness of the matrix form operators G and @ given by (4.4) and (4.9), respectively.
The strict contraction of the sequence generated by Algorithm 1, which is implied
by the assertion (4.8), essentially means that the sequence {MZH} converges to the
solution set of (1.8). We summarize the convergence result in the following theorem.

THEOREM 4.3 (Convergence). Let the sequence {uy ™" = (up ™ pii ™)} be gener-
ated by Algorithm 1 with 0 € [—1,1]. Under the condition (4.7), the sequence {u} "}
converges to the unique minimizer of the problem (1.1) in S*(T).

Proof. According to (4.8), for any integer N > 0, we have

N
> g = G < Mlin — w2l
n=0
Thus, we conclude

Ii n__ n+ly2 _ )

ngr;o |l n Ky, HQ 0

As @ is positive definite under the condition (4.7), then lim,, oo (uf — it = 0.
Substituting it into (4.1), we obtain that

(™) vn — ) >0, Yy, € SHTh) x Bi(L2(Th)D),

which means lim, .« 47" is a solution point of (2.2). Thus, the sequence {u}"'}
converges to the unique minimizer of energy functional E in S'(7;,) by Lemma 2.1. O

4.2. Convergence Rate. In this subsection, we estimate a worst-case O(%)
convergence rate measured by the iteration complexity for Algorithm 1 with 6 € [—1, 1]
under the condition (4.7), where N denotes the iteration counter. Note that we follow
[30, 31] and many others, a worst-case O(+) convergence rate means the accuracy to
a solution under certain criteria is of the order O(%) after N iterations of an iterative
scheme; or equivalently, it requires at most O(%) iterations to achieve an approximate
solution with an accuracy of e.

First, we introduce a criterion to measure the accuracy of an approximation of
the VI (2.2).

THEOREM 4.4. The solution set of VI (2.2) is convex and can be characterized
as

0 = {7in € S'(T) x Bu(L2(Ti)?) : (F(wn),vn — fin) > 0}

Vh

Proof. The proof can refer to Theorem 2.3.5 in [21] or Theorem 2.1 in [27]. O
Theorem 4.4 implies that fi, € S*(T5,) x B1(£L%(T)?) is an approximate solution
of VI (2.2) with an accuracy of e if

(4.14) (F(Vh), ﬂh — Uh) S €, V Vp, S 81(77,) X Bl (ﬁo('Th)d)

The result in the following theorem shows that we can find fn such that (4.14)
is satisfied with € = O(%) after N iterations of Algorithm 1. Therefore, a worst-case
O(+) convergence rate is established for Algorithm 1.

THEOREM 4.5 (Convergence rate in the ergodic sense). Let the sequence {u) '}

be generated by Algorithm 1 with 6 € [—1, 1] under the condition (4.7). For any integer
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N >0, let

AN = N+1ZM”+1'

Then, we have

(4.15)  (F(vn), jin — v [vn = il ¥ v € SH(Th) x Bi(L(Th)).

)Sé
2N +1)

Proof. Tt follows from (4.13) that
(4.16)

(Fvn), pptt =) <

Summing (4.16) with n =0,1,--- , N, we have

(lvn = & = llon = g™ NE), ¥ v € SH(Th) x Bu(L(Ta)).

l\')\»—t

(4.17) F(vy,), Z,u"“ (N + 1)) <

n=0

which yields the result (4.15). O

This theorem shows a worst-case O(%) convergence rate in the ergodic sense for
Algorithm 1. The ergodic sense is because of the fact that the approximate solution
with an accuracy of O(%) is the average of all the N iterations generated by Algorithm
1. For the special case § = 1 of Algorithm 1, i.e., the primal-dual scheme in [7], we
can obtain a stronger worst-case O(%) convergence rate in a nonergodic sense. But
it is not clear if this convergence rate in a nonergodic sense can be extended to the
general case of Algorithm 1 with § € [—1,1). The main reason is that the matrix form
operator M defined in (4.2) is not symmetric if § # 1. Hence, it becomes difficult to
define a norm with these matrix form operators to measure the progress of proximity
to the solution set. We summarize the stronger worst-case O(%) convergence rate in
a nonergodic sense for Algorithm 1 in the following theorem. This is a by-produce of
this paper.

THEOREM 4.6 (Convergence rate for § = 1 in a nonergodic sense). Let uy be
the solution of (1.8) and the sequence {uy™'} be generated by Algorithm 1 with 6 = 1
under the condition (4.7). Then for any integer N > 0, it exists

(ln = sl = llvn = e FHI),

N |

1

(4.18) lin” = i THE < m”ﬂh — I
Proof. First, it follows from (4.1) when 6 = 1 that

(419)  (F(up™) + Glup™ = ui)svn — pp ™) 20, V vy, € SY(Th) x Bu(L2(Th)?).

And it also holds

(4.20) (F(p PR L Gt — ), v — MZ+2) >0, Vv, €SHTh) x Bi(LO(Th)%).

Setting v, = p? in (4.19) and v, = p™ in (4.20), and then combining them
together, we obtain

(F(MZ-H) F(Mn+2) MZ+2 Nn-i—l)

(G<(Mh+2 Mh+1) (Mh+1 Kp, )) Mh+2 Mthl) > 0.
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Applying the equalities (4.11) and (2.4) to (4.21) yields

p = w208 < Npg = wp H1E = 20lup ™ - UZHH%z(Q)
(4.22) — ™ = ™) = (et = )l
<|lpp = IS

With = 1 and the definition of @ in (4.9), we have from the result of Theorem 4.2
that

(4.23) lin = s W& < Miew = wbllE = Nk — w1

Summing (4.23) over n =0,1,--- , N yields that

N
(4.24) DMkt = G < Ml = 12

The estimate (4.22) reveals that ||u} — u}™!||%, is monotonically non-increasing, then
we obtain

(4.25) (N + Dllan = 3 TS < Min — ppllE

which yields the result (4.18). O

It is follows from (4.19) that 4, ™' belongs to the solution set of VI (2.2) if
[ — 1% = 0 since G is positive definite under the condition (4.7) with 6 = 1.
In other words, if ||y — 5 t1||Z = 0, we have

(F(up ™) vn = ™) >0, Y vy € SH(Th) x Bi(L(Th)?),

which implies ;' t! is a solution of (1.8) characterized by VI (2.2). Then the quantity
i — uhN HH%v can be used to measure the accuracy of an approximate solution of
(1.8). Thus, the assertion in Theorem 4.6 shows a worst-case O(%) convergence rate
measured by the iteration complexity in a nonergodic sense for Algorithm 1 with
0=1.

5. A Primal-Dual Based Prediction-Correction Scheme. In Section 3,
we propose Algorithm 1 which is more general than the primal-dual scheme in [7].
We will show in Section 6.1 that this general scheme with 6 # 1 can accelerate
the convergence numerically; it thus makes sense to consider the generalization for
6 € [-1,1]. Meanwhile, we have analyzed that the convergence of Algorithm 1 can be
guaranteed under the condition (4.7). As indicated in Remark 3.3, we have ||V|? <
ch~2 with the regular mesh 7;,. When @ # 1 for Algorithm 1, the requirement 7 < ch?
is necessary to make the condition (4.7) satisfied. Here 7 stands for the discretization
step size in the time direction if we regard Algorithm 1 as the discretizations of (3.4)
(which is the evolution systems (1.6) with finite element approximation in space). In
this sense, we may wish to relax the requirement on 7 from the order of O(h?) to
O(h) if possible. This is the main motivation we consider the new primal-dual based
prediction-correction scheme in this section.

We would reiterate that the convergence analysis for Algorithm 1 in Section 4
mainly follows the analytic framework for contraction type methods. For its analysis,
a key technique is that the condition (4.7) can ensure the positive definiteness of the
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matrix form operators G in (4.4) and @ in (4.9). With their positive definiteness, we
can measure the progress of proximity between two consecutive iterations and eventu-
ally establish the strict contraction property for the sequence obtained by Algorithm
1 which essentially implies the convergence of Algorithm 1. It is seen from (4.4) that
the off-diagonal entries of G is not zero operator, which means that it renders two
non-square terms in the expansion of any quadratic term associated with the G-norm.
This fact essentially raises the reason of considering the condition (4.7) to sufficiently
ensure the positive definiteness of G. For the purpose of relaxing the restriction on
7, we may consider only keeping the diagonal entries of G as the matrix form op-
erator for defining the norm when measuring the progress of proximity between two
consecutive iterations. That is,

i1 6div ir o
o1 o= (3 ) (M D).

Based on these analysis, we will follow the idea in [26] and modify Algorithm 1
as a new prediction-correction scheme whose each iteration consists of the primal-
dual step (3.1)-(3.3) and a correction step (5.2). With the additional correction step,
the requirement on 7 can be relaxed from O(h?) to O(h). Moreover, the worst-case
convergence rate in both the ergodic and nonergodic senses can be established for the
new primal-dual-based prediction-correction scheme.

5.1. Algorithm. We summarize the new primal-dual-based prediction correc-
tion scheme as follows.

Algorithm 2: A primal-dual-based prediction-correction scheme for (1.8)

Input: Choose an initial iteration (u),p?) € S*(T5) x £L°(T,)?. Choose
constants 7,0 > 0, v € (0,1] and 6 € [-1,1]

forn=0,1,2,---, do

Prediction step Obtain the predictor zijf by Algorithm 1 with input uj,

ie. (3.1)-(3.3); L
Correction step Generate the new iteration uZ+ by solving

(5.2)
((up™ = up) +y(uk — ap),on) — 7y(Von,ph —Pr) =0, Vs € S'(Th),

(" =) + (P =P an) =07 (V(uh — 7). 1) =0, ¥ an € Bi(L°(TR)").

end

REMARK 5.1. For the correction step (5.2), it can be rewritten as the compact
form

(5.3) (H(upt' —up),vn) +y(M(up — iag),ve) =0, Vv € 81 (Th) x Bi(L(Th)?),

where M and H are defined in (4.2) and (5.1), respectively. It is noticed that the
correction step (5.2) in Algorithm 2 is not difficult to compute because it is essentially a
system of linear algebra equations with a symmetric and positive definite mass matriz.

REMARK 5.2. The parameter v € (0,1] in (5.2) is a relazation factor which can
potentially accelerate numerical performance. Instead, we can simply take v = 1 if
the number of parameters is a concern for implementation.

5.2. Convergence. In this subsection, we prove the convergence for Algorithm
2. First, we prove an inequality which is important for the convergence analysis. Let
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us recall (4.1). Thus, the predictor g} generated by Algorithm 2 satisfies
(5.4) (F(ag) + M(fg, — pp)svn — fig) >0, ¥ v, € SH(Th) x Bu(L(Th)?).

LEMMA 5.1. Let the sequence {,uhﬂ} be generated by Algorithm 2 with 0 €
[-1,1], v € (0,1] and

2 2
(5.5) ﬂ<1
g
Then we have
. . . Ly - TV
A N A R A S 1O Yk = 1%

+2v(F(vp), iy — vi), ¥V v, € S (771) Bi(L(Tn)?),

where H is defined in (5.1).
Proof. Adding (F(vy), i — v5,) to both sides of (5.4), we have

(F(ap) — F(vn) + My — pp),vn — @) = (F(vn), il — vn),

(5.7) Y un € 8Y(Th) x Bi(L(Tr)%).

Then, we derive

(M (piy = fi) iy — vi) = (M (py — i), iy — i) + (F (), fi, — vn)

5.8
% +allon — @il 72y, ¥ vn € SH(Th) x Bu(L(Th)?).

With (5.3), we obtain

(H (= ™), it = wn) = (M (ufy = g, iy — vn)
(5.9) > (M (g, — i), iy, — i)+ (F(vn), iy — vn),
Y up € SY(Th) x Bi(L(Th)%).

Using the definition of M in (4.2) and H in (5.1), we can expand the term on the
right-hand side of (5.9) as

(5.10) (M (up — i), i — i) =l — mpllz — (L+0)(V(up — af), pit — Py).-

With (5.3), we also have

lun — nH”H = V(M(/JZ g, )s Mp — nH)
(5.11) =y (H(py - "“), H™"M (uj, = fiyy))
=2 (M(pyp — i), H "M (uyy — i),

whose last term can be evaluated by the definitions of H and M as
(M (ujy — ), H M (g — ) = Ik — il + lldivpy, — 7)1
(5.12) + 0% 2|V (uf, — ap)|”
—-2(1 +9)(V( — ), pjy, — D)
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Then, together with (5.9)-(5.12), we get

2(H (g — ™) iy —wn) = gy — %

> 2y (M (uyy — i), gy — i) — 2 (M (i — i), H M (g — fgy)
+29(F(vn), ity — vn)

= (27 = V)lluh — mpllE — 201+ 0)(y = 7*) (V(upy —uh), pfy — )

= (rlldivio = PRI +0° 9~ ) + 29 (Fon), i — )
(5.13) > ((27 =) = (1 +0) (v — ) + 6*7) M) = |lupy — wplI72(0)
(= - a0 —) — 2T Tz,

+ 2v(F(vn), iy, — vn)
v 2
> o2 (1= T e — g+ 23 (F . — ).
Y vy € SHTh) x Bi(L(Th)?).

Therefore, because of (5.11) and (5.12), using Cauchy-Schwarz inequality and the
condition (5.5), we can derive

n n - M n =N T
iy = = (Huh = Bnllzr + Tldiveh — pi)I* + 0* [V (uf; — ap)|?
—2(1+0)(V(ug — ), pf — 7))
2
\Y
(5.14) < 72(1+ (92+1+9)M)7|| — iy 720

|V n_ gn
+72(1 + 9)>;|lph — PrllZe o

< 42|y — il

Then the result is obtained from (5.13) and (5.14). O

Using the result in the above lemma, we can easily derive that the sequence
generated by Algorithm 2 is strictly contractive with respect to the solution set of VI
(2.2). We summarize it in the following theorem.

THEOREM 5.2 (Contraction). Let pp, be the solution of (1.8) and the sequence
{1} be generated by Algorithm 2 with 6 € [—1,1] under the condition (5.5). Then
we have

VI

1
(5:15) ! =l < g =l - (1 - YMlare = 3

Proof. Obviously, we have

n+1

i ™ = vnllEr = ik = vn = (i = ™)

n+1

(5.16) n " " N
= |lup — vnllf — 2(H (g — ™), iy — vn) + [k — +1||H

Applying the result (5.6) in Lemma 5.1 to (5.16), setting v, = up and noticing
(F(un), i} — pa) = 0, we obtain (5.15). O
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With the strict contraction property established in the last theorem, it becomes
easy to prove the convergence for Algorithm 2. The convergence of Algorithm 2 is
summarized in the following theorem.

THEOREM 5.3 (Convergence). Let the sequence {uy ™" = (up ™, pi™™)} be gener-
ated by Algorithm 2 with 6 € [—1,1] and v € (0,1] under the condition (5.5). Then,

the sequence {uﬁ“} converges to the unique minimizer of energy functional E in

SHTh)-
Proof. From (5.13) and (5.16), we obtain

n+1 2 n 2 2 2|V n_ -njy2
(5.17) gt = plide < D = anl = 9 (1 = 20 g = Al
Then, the above inequality and (5.15) imply that
. n _ n+1: . n_ =ny _
Jim (ugy — gy ) = lim (g — figy) = 0.
Thus, we have lim,,_, oo /LZJFI = lim,, 00 2. With (5.4), we derive that lim,, /LZJFI

satisfies the VI (2.2). So, the sequence {u} ™'} converges to the unique minimizer of
energy functional E in §'(7,) by Lemma 2.1. O

Note that Algorithm 2 requires an additional correction step compared with Al-
gorithm 1. But the condition (5.5) which guarantees the convergence for Algorithm
2 can be satisfied if 7 < ch for some ¢ > 0 as |V| < ch™!. This is an significantly
relaxed condition compared with the requirement 7 < ch? for Algorithm 1. This is the
main advantage of Algorithm 2. We will numerically verify its superiority in Section
6.2.

5.3. Convergence Rate. In this subsection, we establish the worst-case O(%)
convergence rate in both the ergodic and nonergodic senses for Algorithm 2 with
6 € [-1,1]. Recall the lack of worst-case convergence rate in a nonergodic sense of
Algorithm 1 with # € [-1,1). Thus, the provable worst-case convergence rate in a
nonergodic sense is another theoretical advantage of Algorithm 2.

5.3.1. Convergence Rate in the Ergodic Sense. We first establish the
worst-case O(%) convergence rate in the ergodic sense for Algorithm 2 in the fol-
lowing theorem. The proof is analogous to that of Theorem 4.5.

THEOREM 5.4 (Convergence rate in the ergodic sense). Let the sequence {u}
be generated by Algorithm 2 with 6 € [—1,1] and v € (0, 1] under the condition (5.5).
For any integer N, let iy be defined as

1 N
HN = N+l nz:%ﬂ}y
Then we have

(5.18)  (F(vn),fin —vn) < lvn — kI, ¥ v € SY(Th) x Bu(LO(Th)?).

1
~ 29(N+1)

Proof. Tt follows from (5.16) and (5.6) that
S
2y

(Ivn = bl = llon = i M)

Y v, € SY(Th) x Bi(LO(Th)?).

(5.19) (F(vn), i, —vn) <
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Summarizing the inequalities (5.19) for the cases of n =0,1,--- , N, we obtain

n 1
F(vn), )iy — (N + L) < g(lIVh =l = w1 %),

YV un € SH(Th) x Bi(LY(Th)?),

(5.20)

which leads to the result (5.18). O

5.3.2. Convergence Rate in a Nonergodic Sense. Now we establish the
worst-case O(%) convergence rate in a nonergodic sense for Algorithm 2. The analysis
is based on the strict contraction property (5.15) and the monotonicity of the sequence
{Jlp — pt1% ). We thus first prove this property in the following lemma.

LEMMA 5.5. Let the sequence {MZ'H} be generated by Algorithm 2 with 0 € [—1,1]
and v € (0,1]. Then, we have

(5.21) e = w20 < Ny = g

Proof. Because of the optimality condition (5.4) of the prediction step, we have

(5.22) (F(mh) + M@y — pp),vn — fip) 2 0, ¥V vy € SH(Th) x Bi(L(Th)?),

(5.23) (F(ay™) + Mt — ™), v — @t >0, Vv, € SY(T) x Bi(L2(Tw)?).

Taking vy, = [LZH in (5.22) and v, = Ay in (5.23), and adding them together, we
have
(5.24) (M ((upy = ) = (™t = ™), — ™) > 0.

Adding the term
(M (G = i) = (™ = ™), (i = ) = (™ = ™))
to both sides of (5.24), it yields

(M ((u — ) — (™ = apt™), mh — i)

> (M (g — i) = (™ = By), (b = ) = (™ = ),
together with which, it follows from (5.3) that

(H (b = ™) = (™ = 1 72) iy — )

> (M (g = ) = (™ = ™), (e = aR) = (™ = my™h)).

Now we use the identity

lallZr = lIbll7 = 2(H (a — b),a) — [la — bl

(5.25)

(5.26)

with @ = pj — ,uZ‘H and b = "+1 MZ+2 and thus get
ik = 1 1 = k™ = i ™21
(5.27) = 2(H (i — ) = ™ = ™) g — ™)

WGy = ) = (™ = iy ™I
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Then, it follows from (5.26), (5.27) and (5.3) that

(5.28)
HH;LL n+1||H ||,Un+1 n+2||2
> 2y (M (5 — my) — (™ = m ™), (e — ) — (it = )

=G = ™) = (= 1%

= 29(M ((uy — ) — (™ = A ), (G = ) = Gt = ™))
=V (M((uhy = i) = (™ = ), H M (g = ) = (™ = ™).

We can show that the right-hand side term of (5.28) is nonnegative, just as the same
approach in (5.13). The result (5.21) is thus proved. O
Next we establish the worst-case O(%) convergence rate in a nonergodic sense for
Algorithm 2. We summarize the result in the following theorem.
THEOREM 5.6 (Convergence rate in a nonergodic sense). Let up be the solution
of (1.8) and the sequence {u; 1} be generated by Algorithm 2 with 0 € [—1,1] and
€ (0,1] under the condition (5.5). Then for any integer N > 0, it holds

(5.29) ln = gy THIE < ( ln — 13177,

1
(N +1)
where 1 18

1 2 2
r=(1- 0 IV ) >0.

g

Proof. Tt follows from (5.15) that

(5.30) rllah =y 5 < e — il 7 — Nl — i

Summarizing the inequalities (5.30) for the cases n =0,--- , N, we have
N

(5.31) vy e = g < i = w1 = s —

From the result (5.21) of Lemma 5.5, we know that || — u}™'||%; is monotonically
non-increasing. Therefore, it yields

(5.32) (N + Dy = p I < Z ey = pa

Then the assertion (5.29) is obtained with (5.31) and (5.32). O

6. Numerical Examples. In this section, we report some preliminary numeri-
cal results to show the efficiency of the proposed algorithms. The rationale of consider-
ing the general primal-dual scheme (1.10) and the new primal-dual-based prediction-
correction scheme is thus verified. Our main purpose is to illustrate: 1) the combina-
tion factor  # 1 sometimes can accelerate the convergence of Algorithm 1 with § = 1;
and 2) Algorithm 2 with a relaxed requirement on 7 could be numerically faster than
Algorithm 1.



CONVERGENCE OF P-D BASED METHODS FOR TV MINIMIZATION 17

All codes were written in C++ based on the finite element library AFEPack [28]
and all experiments were run on a Linux workstation with a ten core Intel 3.0GHz dual
Processors and 128GB Memory. The stopping criterion for implementing Algorithm
1 and 2 is throughout chosen as

Jup ™ — w2 @)
pra < Tol,
%S ||L2(Q)

with the tolerance Tol > 0.

6.1. Numerical Results for Algorithm 1. We first test Example 6.1, which
is an example similar as the one in [7], to show the numerical efficiency of Algorithm
1 with 6 # 1.

EXAMPLE 6.1. Let Q = (—0.5,0.5)%, a = 200, and g = go + 6&p, with go = LB(0,r)
which is the indicator function of B(0,r) ={x € Q: |z| <r}, r=0.2, and &, is a
mesh-dependent perturbation function.

To see the effectiveness of the combination factor 6, we fix the other parameters
as 0 = 1.0 and 6 = 0.1; and the tolerance in the stopping criterion is set as Tol =
1.0 x 10~ for the experiments for Example 6.1. The domain € is partitioned by the
triangulation mesh 7; with 1110 nodes and 2090 elements, as shown in the left part
of Figure 1. The right part of Figure 1 shows the plot of gy over the mesh 7. The
discretized function g, € £°(Ty) is defined by gn|r = go(z1) + 6&4|7 for each T € Ty,
where the perturbation function &, € £°(7,) is a normally distributed random value
in each element 7' € T;,. The initial guess u?L is taken as the projection of function gy,
onto the finite element space S*(7,), and pf) is initialized as zero function.

0.5

03E

01 05

|

I

0.5

-0.3 05

-0'50.5 -0.3 -0.1 0.1 0.3 0.5 -05 -05

Fi1G. 1. Triangular mesh over Q (left) and the function go (right) for Ezample 6.1.

To implement Algorithm 1, obeying the condition (4.7), we choose the step size

T as
o (1-6)2 (1—6)* o
=9 462
m=15p/ ( 2a +\/ PO

and 1/]|V||? is about 1.0 x 1075 to ensure the convergence of all § € [—1,1]. We test
the cases of § € [—1,1] with an equal distance of 0.1 and plot the iteration numbers
and the values of the step size 7 in Figure 2. From this figure, we see that some cases
of § € [-0.1,1) require less iterations. Thus the numerical efficiency of Algorithm 1
with 6 # 1 is demonstrated. We can also observe in Figure 2 that the value of T plays
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a key role for the total iteration number of Algorithm 1 under the same stopping
criterion, a larger value of 7 satisfying the convergence condition turns out to be with
less iteration number. It should be noticed that the largest step size 7 to guarantee
the convergence for § € [—1,1) can be larger than that of # = 1.0 when the mesh size
h is not small enough, although 7 = O(h) for § = 1 and 7 = O(h?) for § € [-1,1) are
required to guarantee the convergence, just as it is showed in Figure 2 that the step
size 7 with 6 € [-0.1,1) is larger than that with = 1.0.

In Figure 3, the energy E(u}}) at the iterations uj for the cases of § = 0.3 and
1.0 with their corresponding step size 7 for Example 6.1 are plotted. This figure
shows that the energy for the case with # = 0.3 decreases more quickly than that
with # = 1.0. It is thus again verified to consider the general primal-dual scheme:
Algorithm 1 with 6 # 1. We show the iterations uj for the cases of # = 0.3 and 1.0
in Figure 4; the cases with n = 0, 20,40, n*'°? are listed from top to bottom.

x 10
400 T T T
o o °
350 [ 2P 1
3001 —14.5
g
@ il ¢ o o © |
§ 200+ 43
Il
o 150 g
100 -11.5
50 g
0 0
-1 -0.9-0.8-0.7-0.6-0.5-0.4-0.3-0.2-0.1 0 0.1 0.2 03 04 05 0.6 0.7 08 09 1
4

Fia. 2. Iteration step number (‘®’) and step size T (‘o’) with different 6 for Exzample 6.1.

. .
0 50 100 150 200 250 300
n

FIG. 3. Energy E(u}) of iterations up for 6 = 0.3 and 1.0 with their corresponding T for
Ezxample 6.1.

6.2. Numerical Results for Algorithm 2. Then, we consider Example 6.2
to verify the efficiency of Algorithm 2. Its efficiency is demonstrated by comparison
with Algorithm 1.

EXAMPLE 6.2. Let a = 400, g = go+0&, and &, be a mesh-dependent perturbation
function, where gy is the solution at t = 1.0 of the 2D Allen-Cahn equation [1] over
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F1G. 4. Iterations u} for 6 = 0.3 (left) and 1.0 (right) for Example 6.1 with n = 0, 20, 40, nstop
from top to bottom.
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Q = (0,1)? subjected to periodic boundary condition,

(6.1) Oyu = D(eAu — %F'(u)),

where F(u) = 1(u® — 1), the initial value is taken as the following random initial
value

u(z,0) = 0.05(2rand — 1).

We obtain gg by solving the Allen-Cahn equation (6.1), and the image of gg over
the mesh 7, with 10,201 nodes and 20,000 elements is shown in Figure 5. The
perturbation function &, € S'(7,) evaluated at each node of mesh 7j is a random
value sampled from the normally distribution, the noise level § is 0.2, the initial guess
u?L is set by function g and pg is chosen as 0.0.

1

0 0.2 0.4 0.6 0.8 1

F1G. 5. The function go over the uniformly triangular mesh with square edge length 1/100.

We fix 0 = 0.1 and v = 1.0 for Algorithm 1 and 2.

In Table 1, the iteration numbers and CPU time in seconds when Algorithms 1 and
2 are applied to Example 6.2 are listed for the cases of § € [—0.9, —0.2] with an equal
distance of 0.1, where the tolerance in the stopping criterion is set as Tol = 1.0 x 1074.
According to the table, it seems that Algorithm 1 is more sensitive to the step size 7
near the critical one certifying the convergence. We can also observe that the largest
step size 7 for guaranteeing the convergence of Algorithm 1 is much smaller than
that of Algorithm 2. This coincides with the necessary requirements of the step size
with 7 < ¢h? for Algorithm 1 and 7 < ch for Algorithm 2, respectively satisfying
our theoretical conditions (4.7) and (5.5). The comparison of iteration numbers and
CPU time in seconds is displayed in Figure 6. Moreover, we test more cases with
0 = —0.2,—0.4,—0.6, —0.8 with more values of the step size 7; and plot the results
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in Figure 7. This figure shows that the iteration numbers and the CPU time of
Algorithm 1 are first decreasing and then increasing once it is convergent; while those
of Algorithm 2 are monotonically increasing with small values of the step size 7. In
Figure 8, we plot the input u% and outputs (first row: input u%; second row: output
by Algorithm 1; third row: output by Algorithm 2) when § = —0.4 (left) and —0.8
(right) for Example 6.2 with Tol = 1.0 x 1075.

500 200
I Algorithm 1 I Algorithm 1
] Algorithm 2

[ JAlgorithm 2
400

Iteration Step
w
o
o

n
o
=]

100

0 0
-0.9 -0.8 -0.7 -0.6 -05 -04 -0.3 -0.2 -09 -0.8 -0.7 -06 -05 -04 -03 -0.2
[4 0

Fic. 6. The iteration step (left) and CPU time (right) in seconds for Example 6.2 by Algorithm
1 and Algorithm 2 with @ = —0.9,--- ,—0.2 and their corresponding step size 7 marked in Table 1.

7. Conclusions. In this paper, we focus on the application of primal dual
schemes to the saddle-point reformulation of the total variation minimization model
with consistent finite element discretization and study its convergence. We first gen-
eralize the primal-dual scheme in [7], and then prove its convergence and establish its
worst-case convergence rate measured by the iteration complexity. Then, we propose
a new primal-dual scheme in the prediction-correction framework, whose necessary
requirement of the step size 7 satisfying convergence condition can be significantly
relaxed. This new primal-dual-based prediction-correction scheme enjoys the same
convergence turns out to have both stronger convergence rate and better numerical
performance than the generalized primal-dual scheme. We report some preliminary
numerical results to verify the theoretical assertions. It is interesting to extend our
analysis to some more complicated total variational minimization models (such as
[13]). We leave it as our future work.
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TABLE 1
Iteration step numbers and CPU time in seconds obtained by Algorithm 1 and 2 for Ezample 6.2 with 6 = —0.2,---,—0.9 and different step size T (‘-’
means not convergent).

0= —0.2 0=—-0.3 =—-0.4 = —0.5
Alg 1 Alg 2 Alg 1 Alg 2 Alg 1 Alg 2 Alg 1 Alg 2
T step | CPU(s) | step | CPU(s) T step | CPU(s) | step | CPU(s) T step | CPU(s) | step | CPU(s) T step | CPU(s) | step | CPU(s)
1.0/1200.0 - - - - 1.0/1200.0 - - - - 1.0/1200.0 - - - - 1.0/1200.0 - - - -
1.0/1600.0 - - 108 | 58.29 1.0/1600.0 - - 108 | 62.46 1.0/1600.0 - - 108 | 57.73 1.0/1600.0 - - 108 | 62.87
1.0/2000.0 | 393 | 135.52 | 118 | 64.95 1.0/2000.0 - - 118 | 63.71 1.0/2400.0 - - 126 | 68.69 1.0/2400.0 - - 126 | 69.27
1.0/2400.0 | 218 [ 75.40 | 126 | 69.68 1.0/2400.0 - - 126 | 70.24 1.0/3200.0 - - 141 | 77.87 1.0/3200.0 - - 141 | 81.47
1.0/2800.0 | 186 | 63.42 | 133 | 72.48 1.0/3200.0 | 362 | 124.14 | 141 | 77.32 1.0/4000.0 | 583 | 207.01 | 154 | 88.96 1.0/4800.0 | 947 | 349.12 | 166 | 92.03
1.0/3200.0 | 178 | 65.38 | 141 | 79.84 1.0/3600.0 | 281 | 96.70 | 147 | 84.97 1.0/4800.0 | 345 | 124.00 | 166 | 92.28 1.0/6000.0 | 400 | 139.61 | 183 | 100.44
1.0/3600.0 | 175 | 64.26 | 147 | 81.15 1.0/4000.0 | 250 | 85.74 | 154 | 83.90 1.0/5600.0 | 289 | 105.39 | 177 | 95.84 1.0/7000.0 | 336 | 115.73 | 197 | 106.40
1.0/4000.0 | 179 | 62.54 | 154 | 84.56 1.0/4400.0 | 235 | 81.73 | 160 | 87.09 1.0/6400.0 | 283 | 96.38 | 189 | 104.57 || 1.0/8000.0 | 326 | 113.74 | 212 | 122.96
1.0/4400.0 | 183 | 63.84 | 160 | 86.94 1.0/4800.0 | 231 | 79.62 | 166 | 92.00 1.0/7200.0 | 280 | 95.51 | 200 | 109.72 || 1.0/9000.0 | 322 | 110.06 | 227 | 126.07
1.0/4800.0 | 189 | 65.47 | 166 | 89.86 1.0/5200.0 | 231 | 80.65 | 171 | 92.94 1.0/8000.0 | 284 [ 98.12 | 212 | 117.38 || 1.0/10000.0 | 333 | 114.65 | 241 | 132.97
1.0/5200.0 | 195 | 66.34 | 171 | 92.44 1.0/5600.0 | 230 | 79.93 | 177 | 96.94 1.0/8800.0 | 293 [ 102.50 | 224 | 123.43 [[1.0/11000.0| 338 | 115.54 | 256 | 141.70
1.0/5600.0 [ 201 | 70.24 [ 177 97.78 1.0/6000.0 [ 234 | 85.66 | 183 | 98.37 1.0/9600.0 [ 302 | 105.02 | 235 | 127.96 [[1.0/12000.0] 350 | 121.81 | 270 | 149.74
1.0/6000.0 | 207 | 71.01 | 183 | 98.99 1.0/6400.0 | 238 | 82.21 [ 189 | 101.05 || 1.0/10400.0| 311 | 110.49 | 247 | 136.77 [[1.0/13000.0 | 363 | 125.27 | 285 | 158.67
1.0/6400.0 | 215 | 73.98 | 189 | 103.02 1.0/6800.0 | 242 | 83.84 | 194 | 105.82 || 1.0/11200.0| 320 | 110.52 | 258 | 142.58 [[1.0/14000.0 | 376 | 136.61 | 299 | 159.98
1.0/6800.0 | 220 | 76.74 | 194 | 112.95 || 1.0/7200.0 | 245 | 85.54 | 200 | 109.57 [[1.0/12000.0| 332 | 115.13 | 270 | 148.44 || 1.0/15000.0 | 386 | 131.68 | 313 | 175.99
9= 06 0= 07 =038 0= —009
Alg 1 Alg 2 Alg 1 Alg 2 Alg 1 Alg 2 Alg 1 Alg 2
T step | CPU(s) | step | CPU(s) T step | CPU(s) | step | CPU(s) T step | CPU(s) | step | CPU(s) T step | CPU(s) | step | CPU(s)
1.0/1200.0 - - - - 1.0/1200.0 - - - - 1.0/1200.0 - - - - 1.0/1200.0 - - - -
1.0/1600.0 - - 108 | 59.78 1.0/1600.0 - - 108 | 58.43 1.0/1600.0 - - 108 | 59.31 1.0/1600.0 - - 109 | 59.26
1.0/3800.0 - - 151 | 82.93 1.0/4400.0 - - 160 | 93.16 1.0/4800.0 - - 166 | 91.34 1.0/5400.0 - - 174 | 95.75
1.0/6000.0 | 741 | 255.81 [ 183 | 100.99 [[ 1.0/7200.0 | 724 [ 252.39 | 200 | 109.95 [[ 1.0/8000.0 | 899 [ 329.49 | 212 [ 115.44 [ 1.0/9200.0 | 875 [ 299.85 [ 229 | 126.58
1.0/7200.0 | 453 | 155.69 | 200 | 112.47 1.0/8400.0 | 500 | 171.25 | 218 | 122.08 1.0/9200.0 | 592 | 216.13 | 229 | 133.29 || 1.0/10400.0 | 621 | 213.72 | 247 | 135.74
1.0/8400.0 | 385 | 134.80 | 218 | 126.61 1.0/9600.0 | 426 | 151.14 | 235 | 129.04 || 1.0/10400.0| 493 | 182.97 | 247 | 139.84 [[1.0/11600.0| 532 | 185.68 | 264 | 151.20
1.0/9600.0 | 372 | 136.19 | 235 | 131.26 || 1.0/10800.0 | 418 | 147.46 | 253 | 137.61 [[1.0/11600.0| 454 | 161.17 | 264 | 154.12 || 1.0/12800.0 | 498 | 169.71 | 282 | 153.63
1.0/10800.0| 366 | 126.64 | 253 | 136.80 || 1.0/12000.0 | 406 | 138.78 | 270 | 149.38 [[ 1.0/12800.0| 451 | 152.97 | 282 | 155.04 || 1.0/14000.0| 493 | 170.16 | 299 | 166.52
1.0/12000.0| 378 | 131.03 | 270 | 148.80 || 1.0/13200.0| 416 | 142.28 | 288 | 157.94 [[1.0/14000.0| 447 | 163.49 | 299 | 165.23 || 1.0/15200.0| 485 | 165.28 | 316 | 175.05
1.0/13200.0| 386 | 133.08 | 288 | 158.34 || 1.0/14400.0| 422 | 144.99 | 305 | 169.28 [[1.0/15200.0| 455 | 155.25 | 316 | 173.73 || 1.0/16400.0| 490 | 166.73 | 333 | 181.41
1.0/14400.0] 399 | 144.95 | 305 | 169.65 [[1.0/15600.0 [ 432 | 149.07 | 322 | 176.74 [| 1.0/16400.0] 462 | 159.97 | 333 | 180.33 [[1.0/17600.0 495 | 169.43 | 350 [ 191.56
1.0/15600.0 | 412 | 141.22 | 322 | 179.41 [[1.0/16800.0 | 444 | 154.93 | 339 | 184.93 || 1.0/17600.0| 473 | 164.95 | 350 | 198.36 || 1.0/18800.0| 505 | 171.61 | 367 | 201.19
1.0/16800.0| 426 | 144.89 | 339 | 196.98 || 1.0/18000.0 | 456 | 157.07 | 355 | 196.11 [[1.0/18800.0| 481 | 163.79 | 367 | 198.40 [[ 1.0/20000.0| 511 | 173.94 | 384 | 211.20
1.0/18000.0| 442 | 156.65 | 355 | 193.74 || 1.0/19200.0| 471 | 160.70 | 372 | 209.25 [[ 1.0/20000.0| 497 | 174.61 | 384 | 212.97 || 1.0/21200.0| 527 | 183.21 | 400 | 232.90
1.0/19200.0| 455 | 166.20 | 372 | 205.89 || 1.0/20400.0| 483 | 165.71 | 389 | 215.05 [[ 1.0/21200.0| 506 | 174.21 | 400 | 232.42 [[ 1.0/22400.0| 534 | 183.35 | 416 | 222.16
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Fic. 7. The iteration step (left) and CPU time (right) in seconds for Example 6.2 by Algorithm
1 and Algorithm 2 with § = —0.2,—0.4,—0.6,—0.8 and 7 = 1./[1000:1000:50000].
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Fic. 8. Input u?Z and Outputs for 0 = —0.4 (left) and —0.8 (right) for Example 6.2 with noise
level § = 0.2 and Tol = 1.0 x 1075, (First row: input u%; Second row: Output by Algorithm 1;
Third row: Output by Algorithm 2)
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