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Abstract

We address combinatorial problems that can be formulated as minimization of a partially separable function of
discrete variables (energy minimization in graphical models, weighted constraint satisfaction, pseudo-Boolean
LO optimization, 0-1 polynomial programming). For polyhedral relaxations of such problems it is generally not
true that variables integer in the relaxed solution will retain the same values in the optimal discrete solution.
O\l Those which do are called persistent. Such persistent variables define a part of a globally optimal solution.
. Once identified, they can be excluded from the problem, reducing its size.
To any polyhedral relaxation we associate a sufficient condition proving persistency of a subset of variables.
We set up a specially constructed linear program which determines the set of persistent variables maximal
<t with respect to the relaxation. The condition improves as the relaxation is tightened and possesses all its
invariances. The proposed framework explains a variety of existing methods originating from different areas of
research and based on different principles. A theoretical comparison is established that relates these methods
to the standard linear relaxation and proves that the proposed technique identifies same or larger set of
= persistent variables.
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1. Introduction

Optimization models in the general form of
minimizing a partially separable function of dis-
crete variables, known as energy minimization,
weighted /valued constraint satisfaction or max-sum
labeling, proved useful in many areas. The func-
tion has the form Ef(xz) = > ¢ fe(zc). In com-
puter vision and machine learning such models are
largely motivated by maximum a posteriori inference
in graphical models [71] used to model a variety of
structured statistical recognition problems. In case
variables take only two values 0 or 1, the problem is
known as pseudo-Boolean optimization or 0-1 poly-
nomial programming. Problems where terms (sum-
mands) involve at most two 0-1 variables at a time
are called quadratic. We consider the general case,
where terms may couple more that two variables at a
time (higher order) and variables can take more then
two values (multilabel).

One major trend for performing inference in graph-
ical models is represented by graph cut methods.
The basic capability is essentially to solve a binary
pairwise submodular problem, e.g., image segmen-
tation [18], by reduction to a minimum cut / max-
imum flow problem. For the latter, many efficient
algorithms exist and their running time is experimen-
tally near linear for typical vision problems [9]. This
basic method was extended to submodular multilabel
problems [21, 51], to general multilabel problems by
solving for an optimized crossover between two can-
didate solutions at a time [10], to higher-order 0-1
models reducible to a graph cut [34, 16] and to com-
binations of higher order and multilabel [41, 13].

Another technique that can be considered nowa-
days as a basic graph cut method is the roof dual
relaxation [6] known in computer vision as quadratic
pseudo-Boolean optimization (QPBO) [32]. It allows
to find a partial optimal solution to a non-submodular

binary problem and reduces to finding a minimum cut
in a specially constructed network [7]. It can be inter-
preted [28] as solving a submodular relaxation of the
initial problem. This basic method is again extended
to multilabel problems by solving crossover prob-
lems [42] and to general higher order 0-1 problems
by reduction (quadratization) techniques expressing
the function as a quadratic function with auxiliary
variables [22, 15, 5].

Another direction of extending graph cuts to higher
order models relies on minimization of more gen-
eral submodular functions. Several efficient max-flow
based algorithms have been proposed [4, 29| for min-
imization of a sum of submodular functions (SoS).
A natural extension of QPBO is represented by sub-
modular and bisubmodular relaxations [28, 24].

Arguably, linear programming (LP) is a much more
costly tool than computing a minimum cut. Yet, it
provides theoretical insight to many methods [36, 37]
and there has been solvers developed that can ad-
dress (sometimes approximately) large scale prob-
lems. Dual decomposition methods [53, 35] or dual
block-descent methods, in particular TRW-S [26], are
competitive with graph cut based methods in terms of
speed and quality. There are extensions of these spe-
cialized LP methods to higher order models [33, 31].
Smoothing [49] and proximal [47] methods are scal-
able and offer a theoretically guaranteed convergence
speed. Cutting plane approaches [60, 73] are used to
tighten the relaxation adaptively to the problem.

One drawback of relaxation based methods is that
the final discrete solution is obtained by so-called
rounding schemes and often appears inferior to so-
lutions by graph cut methods as they stay feasible to
the discrete space. Even in the case when many of
the relaxed variables take integer values in the opti-
mal relaxed solution, a fundamental problem remains
that they may not take the same integer values in
the optimal discrete solution. Therefore, unless the
relaxation is tight, a local rounding technique can-
not provide any guarantees for general models. The
situation is dramatically different when we consider
quadratic pseudo-Boolean functions. There, all vari-
ables that are integer in the relaxation correspond to
at least one globally optimal discrete solution [44, 20].
This property of the relaxation is called persistency.
For general 0-1 polynomial problems persistency was
studied by [43, 2]. In their terminology persistency is
associated with relaxations and is a property of the
relaxed solution as a whole. In this work we call any



partial assignment of a subset of discrete variables
persistent if it can be provably extended to a globally
optimal solution based on the properties of the re-
laxation or any other sufficient condition. Success of
relaxation based exact methods such as [50] on com-
puter vision and machine learning problems suggests
that often a large part of the relaxed solution is in-
tegral. In this case we are interested in determining
the largest subset of such variables that is persistent.

Related Work The present work was to a large
extent inspired by simple local sufficient conditions
proposed in bioinformatics under the name dead end
elimination (DEE) [14, 17]. In computer vision, sev-
eral methods were proposed that identify a persistent
assignment directly in the multi-label setting. These
are methods by Kovtun [39, 40] and Swoboda et al.
[63, 64]. Method [64] is applicable with a general
polyhedral relaxation and it maximizes the subset of
peristent variables for their sufficient condition (dis-
cussed in §4.5).

In the case of 0-1 variables there are several differ-
ent techniques. Adams et al. [2] proposed a sufficient
condition on dual multipliers to prove persistency of
the integral part of the relaxation. Quadratization
techniques by Ishikawa [22], Fix et al. [15], Boros and
Gruber [5] introduce auxiliary variables in order to
reduce the function to a quadratic form and infer per-
sistency from the QPBO method. Lu and Williams
[43] generalized the roof duality approach to higher
order by using a higher order linear relaxation. Kol-
mogorov [28] generalized both QPBO and the con-
struction by Lu and Williams [43] by proposing dis-
crete submodular and bisubmodular relaxations. He
argues that the key property of QPBO that needs to
be generalized is the existence of a totally half integral
optimal solution to the relaxation, i.e., with values
in {0, 3,1}. He characterized all totally half-integral
relaxations as bisubmodular relaxations. Finding a
good (bi)submodular relaxation appears to be a chal-
lenging problem. To our knowledge it was only re-
solved for the special case of mincut-reducible relax-
ations [24, 62], and even in this case it requires solving
a series of linear programs. Even though the relaxed
problem itself can be efficiently optimized (in particu-
lar when it is a sum of submodular functions), having
a sound persistency result at a comparable computa-
tion cost is an open problem. No theoretical com-
parison seems to be possible between (bi)submodular
relaxations and quadratization techniques [28].

Kohli et al. [25] reduce multilabel pairwise prob-

lems to 0-1 quadratic and Windheuser et al. [75] re-
duce multilabel higher order problems to submodular
relaxations of [28].

Contribution In this work we settle the persis-
tency capabilities achievable with a general polyhe-
dral relaxation. The previously known results are in
a certain sense unique, relying on a specific sufficient
condition or on a specific type of the relaxation. We
show that persistency guarantees are not that rare.
To any polyhedral relaxation we associate clear suffi-
cient conditions for persistency. We propose a poly-
nomial time method to determine the largest strongly
persistent subset of variables according to the suffi-
cient condition. The method sets up a linear program
connected to the given relaxation polytope and max-
imizes the number of strongly persistent variables. In
comparison to QPBO-based or submodularity-based
techniques, we employ a more costly optimization
tool, but gain the following advantages:

e the new sufficient condition generalizes a wide
variety of existing methods that span across dif-
ferent fields of research and apply different tech-
niques;

e it is possible to pose formally and solve (under
certain restrictions) the problem of determining
the largest subset of persistent variables;

e the maximum w.r.t. to the proposed general suf-
ficient condition is guaranteed to be at least as
good as any of the individual methods or their
combinations;

e the method is invariant to the permutation of
labels and reparametrization of the problem as
long as the relaxation is invariant;

e persistent assignments form a hierarchy when
tightening the relaxation.

The author’s previous work [54, 55] considered only
pairwise models and the standard LP relaxation.
This paper generalizes to higher order and arbitrary
polyhedral relaxations, gives more complete proofs
of some properties and establishes comparisons with
a novel multilabel method [64] and higher-order 0-1
methods [28, 22, 15, 2.

Outline In §2 we propose a general approach
to persistency with a general polyhedral relaxation.
This includes the proposed linear program formula-
tion of maximum persistency and general properties
of the problem. In §3 we consider standard LP relax-
ations and specialize the construction for this case,
many properties are simplified. In §4 we propose a
theoretical comparison between the proposed frame-



work and other approaches. In §5 we validate our
theoretical findings experimentally and compare per-
formance on small random problems. In §6 there is a
conclusion and discussion and §A contains proofs.

1.1. Notation

When generalizing to higher order models many
statements and proofs simplify if we use a properly
defined notion of the empty sum, the empty product
and the empty Cartesian product. They are respec-
tively: >, xi =0, [[,epxi = 1 and [ [, X = {@}.
The inclusion < is non-strict and < is strict. LHS
refers to the left hand side of an equation. [-] denotes
the Iverson bracket. argmin is the set of minimizers.
Sets R, R denote real and non-negative real numbers
and B = {0,1} is the Boolean domain. A composi-
tion of functions is denoted as (f o g)(z) = f(g(x)).
Finally, a polytope is assumed to be convex but may
be unbounded and a polyhedron means the same as a
polytope.

1.2. Energy Minimization

A hypergraph (V,€) is given by the set of nodes
V and the set of hyperedges £ — 2Y. We assume
that V is totally ordered and each hyperedge C € £
is identified with the tuple of elements of ¢ ordered
w.r.t. the total order of V. We will further assume
that @ € £ and (Vs € V) {s} € £. Let X be a finite
set, of labels associated to anode s € V. For a subset of
nodes ¢ < V the set X, denotes the Cartesian product
[ [sec &s in the order defined on V and X = Ay,. The
assignment of labels to all nodes x: V — X is called
a labeling. Let x¢ denote the restriction of z toc < V
(thus x4 is just a single coordinate) and x5 = &. Let
us define the following functions (terms):

(Vceé&) fo: X —R.
The special cases read
fo:{@} >R
fs: X >R
fisty: Xis,ey = R
and so on. The constant term fyz is nothing but a

single number. The energy function Ef: X — R is
defined by

(general hyperedge term)

(constant term),
(unary / 0 order term),

(pairwise / 1st order term)

By(2) = 3 fole). (2)
ce€
It is a partially separable function of discrete variables
z. In this paper we will use a graphical notation of
the energy explained in Figure 1.

t
fst(17 O)

Figure 1: Graphical notation by Shlezinger [59].
Ts, T, Ty are depicted as boxes, their possible states as cir-
cles and states of pairs of variables as lines. In the first order
model (pairwise) the energy of a labeling z is the sum of the
selected unary and pairwise costs.

Variables

The general energy minimization problem is NP-
hard to approximate?. On the other hand, there are
tractable subclasses. Works by Thapper and Zivny
[66, 67] and Kolmogorov [30] characterized all lan-
guages of energy functions with terms from a fixed
finite set and unrestricted structure. They showed
that there are no tractable languages other than those
that can be solved by the basic LP relaxation (defined
in §3), which proves that the relaxation is a universal
and powerful technique.

1.8. General Polyhedral Relazation

In this section we embed the energy minimization
problem into the Euclidean space. A labeling z is
represented as a 0-1 vector in order to linearize the
energy and write it as scalar product of this vec-
tor with the cost vector f consisting of all compo-
nents fo(zy) for ¢ € &, z;, € A.. According to
these components let us define the following set of
indices T = {(c,zl,) | c € &, x|, € Xc}. The embedding
§: X - RT: 2 — §(z) is defined by its components

(Vece &, a, e X)) 0(x)c(xy) = [we=2L]. (3)

The special cases read
d(x)y =1, (4a)
0(x)s(x) = [ws=2(], (4b)
5(51”){5,15}(55/{5,1&}) = [ws=2 ] [xe=2}] (4c)
and so on. Let {-,-) denote the scalar product in RZ.

We can write the energy using the embedding § as a
linear function:

Ep(x) = >, > folal)d(@)c(at) = (f.6(x)). (5)

Ce€ zieXe

2e.g., inapproximability of the traveling salesman prob-
lem [45].



The embedding § is illustrated in Figure2. The en-
ergy minimization can be expressed as:

min(f, d(x)) = #g(}}g,)@ 1y = win(f,w), - (6)

where 0(X) is the image of the set of labelings, i.e.,
the set of corresponding points in RY and M =
conv §(X) is their convex hull, called marginal poly-
tope [71]. The second equality follows from the fact
that a convex combination of solutions is also a solu-
tion. Polytope M has in general exponentially many
facets. A relaxation of the problem is obtained by
replacing M with an outer approximation A > M:

gleig<f - (7)

A vector € A = RZ will be called a relazed label-
ing. We will consider polyhedral relaxations of the
following general form:

A={peRT|Ap>0; pp=1; =0}, (8)

where we assume that A € R™*Z| is such that A
is bounded and M < A. Since M is non-empty, it
follows that A is non-empty. By these assumptions,
relaxation (8) is a feasible and bounded linear pro-
gram. Note that general inhomogenous equality and
inequality constraints can be represented in this form
by utilizing the component pgz. The dual problem
to (7) and the conical hull of A are expressed conve-
niently as follows. Recall that for a convex set A — R?
its conical hull is the set:

coni(A) = {ap|pe A, a =0} (9)

Lemma 1.1. The conical hull of a relaxation poly-
tope A (in the form (8), non-empty and bounded) is
obtained by dropping the constraint pg = 1:

coni(A) = {peRT |Ap=0;u=0}.  (10)
Proof on p. 23.

The linear program (7) and its dual are expressed
as

Ap =0 p e RT
p=0 f-ATp—egh 20

where vector ey € RY is the basis vector for the com-
ponent @ and the equality between the primal and
the dual formulations holds because the primal prob-
lem is feasible and bounded. Let us introduce the
notation f¥ := f — ATy. Later on, when we consider

X
Figure 2: Mapping ¢ embeds discrete labelings as points in the
space RT. Left: 2 variables with 2 states, lines of different
colors show possible assignments. Right: to each labeling x
there correspond a point d(x) € RZ. Axis z,y, z in the figure
correspond respectively to ds(1), d:(1) and ds¢(1,1). In this
representation the energy function is a linear functional. The
minimization domain can be extended equivalently from the
set of points §(X) to their convex hull, the marginal polytope
M.

equality constraints of the form Ay = 0, the vector
f% will obtain the meaning of an equivalent problem
and for now it is just an abbreviation.

2. Maximum Persistency

A partial assignment y4 € X4, where A c V), is
called weakly persistent if there exists an optimal so-
lution = such that x4 = y4. In other words, y4 can
be extended to a global solution. Partial assignment
y A is called strongly persistent if x4 = y4 holds for
all optimal solutions x.

It may seem that there are no practical reasons to
distinguish strongly and weakly persistent partial as-
signments as long as they allow to simplify the prob-
lem. However, it will become clear later that they
have different theoretical properties leading to poly-
nomially solvable versus NP-hard maximum persis-
tency problems. It turns out that strong persistency
is more tractable, whereas proofs are generally easier
to obtain in the weak form and most results in the
literature deliver weak persistency.

In the case of quadratic pseudo-Boolean functions
the roof dual relaxation [6] is persistent: for any re-
laxed solution its integral part defines a partial as-
signment y 4 which is optimal to the discrete problem.
Moreover, for any labeling x, not necessarily optimal,
replacing part of z on A with y4, the overwrite op-
eration, denoted in [6] by x[.A«y], has the following
autarky property:

(Vo e X) Ep(z[A—y]) < Ef(z), (11)

illustrated in Figure3. We will generalize this prop-
erty to the multilabel setting.
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Figure 3: Quadratic pseudo-Boolean case (roof dual). There
exist half-integral optimal solution to the relaxation (indicated
by numbers). Its integer part (the assignment indicated by 1’s)
is persistent, i.e., optimal to the original discrete optimization
problem. The arrows show how an arbitrary labeling can be
changed in order to improve the energy: switch to the optimal
assignment for integer nodes and keep the assignment of the
remaining nodes.

___________________

Figure 4: Improving mapping is a generalization of autarky. To
every variable s a there is an associated mapping ps: Xs — X,
shown by arrows. For any labeling z its image p(z) has the
same or better energy: Ey(p(z)) < Ef(z). If label ¢ is not in
the range ps(Xs) then it can be eliminated as shown by crosses.

2.1. Improving Mapping

The overwrite operation discussed above can be
represented by a discrete mapping p: X — X: z —
z[A<—y]. The following generalization of autarky to
an arbitrary mapping is proposed.

Definition 2.1. A mapping p: X — X is called
(weakly) improving for f if

(Vze &) Er(p(z)) < Ef(x), (12)
and strictly improving if
(p(x) #x) = Ep(p(x)) < Ep(z).  (13)

The idea of the improving mapping is illustrated in
Figure4. It easily follows from the definition that if
p is improving then there exists an optimal solution
x € p(X) and if p is strictly improving then all opti-
mal solutions are contained in p(X’). In this way an
improving mapping reduces the search space from X
to p(X).

We will consider node-wise mappings, of the form
p(z)s = ps(zs), where (Vs € V) ps: Xy — Xs. Fur-
thermore, we restrict ourselves to idempotent map-
pings, i.e., satisfying p o p = p. This restriction is
without loss of generality. Indeed, for an improv-
ing node-wise mapping p its compositional power

Ps

%]
J?

* w4
>< mapping 0 / (M)

DOV |
4 on | &l

_—

Figure 5: Embedding of a discrete mapping in R? (continues
the example in Figure2). Left: discrete node-wise mapping
p: X — X is shown by arrows, it sends the green labeling to
red and the blue one to black. Right: there is a corresponding
linear map P: RT — RZ with this action on labelings embedded
as vertices. It is an oblique projection which maps polytope M
onto the red facet P(M).

p* will be idempotent for some k (e.g., for k =
(maxg | Xs|)!, which turns all cycles in the map to
identity) and provides equally good or better reduc-
tion with p¥(X) < p(&). Idempotent maps have two
following properties. Let X be a set and p: X — X
idempotent.

e If p(z) # x then no y € X is mapped to z;

e For Y = p(X) the restriction of p to Y is the
identity map x +— x and there holds p(X) =
{ve X |p(x) - 2};

It follows that knowing an improving mapping p,
we can eliminate labels (s,7) for which ps(i) # ¢ and
there will remain at least one global minimizer of Ef.

Given a mapping p, the verification of the improv-
ing property (12) is NP-hard since already in the
quadratic pseudo-Boolean case the verification of au-
tarky property (11) is NP-hard [8]. A tractable suffi-
cient condition will be constructed by embedding the
mapping into the space RT and applying the relax-
ation there.

2.2. Relaxed Improving Mapping

Definition 2.2. A linear extension of p: X — X is
a linear mapping P: R? — R that satisfies

(Ve e X) o(p(z)) = Pi(x).

See Figureb for illustration. Avoiding the discus-
sion of uniqueness®, we will only use the following
linear extension for a node-wise mapping p: X — X,
which will be denoted [p]. The linear extension

(14)

3When a linear extension exists, its restriction to the affine
hull of 6(X) is unique.



P = [p] is defined by

(Pu)c(x ZPC woat, Mo (Tc) (15)

x(,

with coefficients

= [ [ps(x

SEC

)=z5] = [pc(ac)=2c].  (16)

C mc,zb .

These coefficients should be understood as a “matrix”
representation of P. To verify that (14) holds true we
simply substitute an integer labeling §(z) and expand
the components as

(Po(x))o(zr) = Y | [ Ips(z) =2 ] [xc=27
z!! s€C (]_7)
= 0(p(x))e(t,).

Using the linear extension P of p we can write

Ef(p(x)) = {f,d0(p(x))) = {f, Po(x)). (18)

This allows to express the condition of improving
mapping (12) as

(Vo e X) (f,Pi(x)) <{f d(z)) (19)

or equivalently, fully in the embedding, as
(Vped(X))  <{f, Puy <{f,m)- (20)

Taking convex combinations in (20), we obtain an
equivalent condition

(Ve M) (f, Puy <{f.m. (21)
Thus we have linearized the inequalities necessary for
an improving mapping. However, the marginal poly-
tope M is not tractable. We introduce a sufficient
condition by requiring that the same inequality (21)
is satisfied over a larger (tractable) polytope A > M.

Definition 2.3. A linear mapping P: R? — RZ is
(weak) A-improving for f if

(Ve )  {f, Puy <{f,my; (22)

and is strict A-improving for f if

(Vue A, Pu#p)  {f,Puy<{f,m- (23)

Statement 2.4. Let P: RZ — R” be a linear exten-
sion of p: X - X and A a relaxation polytope. If P
is A-improving for f then p is improving for f.

Proof. A relaxed-improving mapping P satisfies in-
equality (22) over a superset A of M, therefore con-
dition (21) is satisfied, which by the definition of ex-
tension is equivalent to (12). O

The set of mappings for which (22) (resp. (23)) is
satisfied will be denoted Wy (resp. Sy). For conve-

nience, we will use the term relaxed improving when
the relaxation is clear from the context.

Naturally, a strict relaxed improving map is relaxed
improving, i.e., Sy © Wy. This is so because for all
i € A such that Pu = p the inequality (22) is trivially
satisfied.

Next we show that the verification of P € W (resp.
P e Sy) for a given P can be solved (decided) in
polynomial time. The definition (22) of P € Wy is
equivalent to the expression

min( (I — PY)f, )= 0. (24)
HE

The optimization problem in (24) will be therefore
called the verification LP. As a linear program over
a tractable polytope A, it can be solved in polyno-
mial time and hence the decision problem P € Wy is
solvable in polynomial time.

In order to show that the verification of [p] € S¢
can also be decided in polynomial time we introduce
the following equivalent reformulation.

argmin(f, (I — P)ps).
HEA

Statement 2.5. Let O =

There holds P € Sy iff
O = P(A). (25)
Proof on p. 23.

The statement says that a strictly relaxed improv-
ing mapping must not change the set of all optimal
solutions to the verification LP. This can be further
expressed in components of the mapping and of the
support set O:

Statement 2.6. Let O, = {zc € X, |(3p €
O) pe(zc) > 0}. There holds [p] € Sy iff

Proof on p. 23.

Now, in order to solve the verification of p € Sy
in polynomial time we can solve the verification LP
n (24), obtain c-support sets of its optimal solutions
O¢ and check condition (26).

2.3. Properties

We next give necessary conditions for p in order
that [p] € Wy or [p] € Sy. They help to narrow
down the set of maps to be considered. A relaxed
improving map must preserve optimality of solutions
to the relaxation and consequently their support set
(again in components).



Lemma 2.7 (Necessary conditions I). Let p: X — X
be node-wise and P = [p]. Let O = argmin,{f, 11
and Og = {zc € X | (Fpn e O) pc(ze) > 0}. Then

(i) For p e W there holds

P(O) c O; (27a)

(Vee &) po(Oc) = Oc; (27b)
(i) For p € Sy there holds

P(0O) = 0; (28a)

(Vee &) po(Oc) = Oc; (28b)

Proof on p. 23.

Next, we reformulate problems [p] € W, and [p] €
S dually, i.e., not with quantifier (Yx € A) as in (22)
but with existence quantifiers. This will become im-
portant in the formulation of the maximum persis-
tency problem where we optimize over p subject to
the constraints [p] € Wy (resp. [p] € Sy). Recall
that the set Wy is defined for the relaxation poly-
tope A = {ue RT | Ay > 0; puy = 1; pu = 0}, where
A e R,

Theorem 2.8 (Dual representation of Wy). Set W
can be expressed as

(P:RT > RI|(3peR™) f—ATp—PTf>0}. (29)

Proof. Denote g = (I — PT)f. Condition (24), equiv-

alent to (22), can be stated yet equivalently for the
conical hull of A:

inf sy = 0. 30

,ueclo%i(/\)<g Iu> ( )

This is because for any p € A and any a > 0 vector

ap will satisfy RHS of (22) as well. Using the

expression for the conical hull of A in (10), we can

write the minimization problem in (30) and its dual as

infdg, ) max 0.
Ap =0 ¢ € R (31)
p=0 g—ATp >0

Inequality (30) holds iff the primal problem is
bounded, and it is bounded iff the dual is feasible,
which is the case iff Gp € RT) (f — ATp) — PTf >
0. O

The set Sy is defined via a more complicated quan-

tifier (Vu € A, Pu # p). Fortunately, the following
dual reformulation holds for node-wise maps:

Theorem 2.9 (Dual representation of Sy). Let
p: X — X be node-wise. Then: (i) there exists ¢ > 0

such that [p] € Sy iff
BpeRY) f—ATo—[p]"f=eh,  (32)

where h is a function such that A > 0 and he(zc) =0
iff pc(xc) = x¢; and (ii) for rational inputs (includ-
ing h) the value of ¢ in (i) is a rational number of
polynomial bit length. Proof on p. 24.

The constraint [p] € Sy can thus be reduced to
nearly the same representation as (29), with an addi-
tion of an eh slack term. By construction, this term
is zero iff [p]u = p. In practice, taking a larger value
of ¢ always results in a sufficient condition for S; and
hence does not break correctness. In theory, we want
a very small € but not so small that it would break
polynomiality of the reformulation, which is ensured
by part (ii). Note, while the set Sy in the space of all
maps R — R? was convex but not closed (as seen
from definition (23)), the theorem encloses the dis-
crete maps of our interest, {[p]|p: X — X node-wise}
in a closed (convex) polytope.

Finally we give a necessary condition for W¢. The
theorem has a primal and a dual counterpart. The
primal counterpart states that when solving the ver-
ification LP, because its objective (I — PT)f is in the
null space of P, the constrains of the problem can be
projected onto the same subspace providing a sim-
plification. The dual counterpart states that there
always exist dual multipliers such that the improving
property holds component-wise for reparametrized
costs. This is useful in proofs, providing an alter-
native reformulation of local inequalities (29).

Theorem 2.10 (Necessary conditions II). Let
P: R? — R? be idempotent, P(A) = A and P € Wy.
Then

. . N

A(11%Eu>o<<f —P) fiw=0; (33a)
=

(FpeR}) (I-PN)(f—ATp)=0. (33b)

Proof on p. 24.

These conditions become necessary and sufficient
for standard relaxations as discussed in §3.1. The
constraint A(/ — P)u > 0 in (33a) replaces the con-
straint Ap > 0 in (31) and simplifies the problem.

2.4. Mazimum Relaxed Improving Mapping

We showed in §2.2 that weak/strict relaxed-
improving property can be verified in polynomial
time and have described sets Wy, S;. Any relaxed-
improving map, with the exception of the identity,



order labels maps (MAX-SI) | (MAX-WI)
pairwise 2 all P P
higher-order | 2 all P NP-hard
any any |PL¥ or P2V P P
any any Pl P NP-hard
pairwise =4 P? NP-hard | NP-hard

Table 1: Polynomiality of finding the maximum strict/weak
relaxed-improving mapping for a general relaxation.

eliminates some labels as non-optimal. Recall that
the label (s,1) is eliminated by node-wise mapping p
if ps(i) # i. We formulate the following mazimum
persistency problem:

m;LXZ [ps(i)#i]  st. [p] e Wy, (MAX-WI)
S,1

i.e. we directly maximize the number of eliminated

labels. The strict variant, with constraint [p] € Sy,

will be denoted MAX-SI.

The problem may look difficult to solve. Indeed,
it optimizes over discrete maps and involves a gen-
eral polyhedral relaxation in the specification of con-
straints. Nevertheless, if we place some additional
restrictions on the set of maps, it turns out to be solv-
able in polynomial time in a number of cases summa-
rized in Table 1. One of them is the pseudo-Boolean
case, where there are only 3 possible idempotent maps
for every node: (0,1) — (1,1), (0,1) — (0,0) and
(0,1) — (0,1). Problem (MAX-SI) turns out to be
solvable in this case. For multilabel problems, node-
wise mappings are more diverse. Motivated by the
goal to include/generalize existing multilabel meth-
ods, the following sets of maps are introduced:

all-to-one maps. The set PYY of maps p of the
form p: © — x[A<y] for all A <V and fixed y € X.
This class is a straightforward generalization of the
overwrite operation in the autarky (11). A mapping
p € PY¥ is illustrated in Figure 10(a). There are only
two possible choices for every node s. The mapping ps
either contracts X to a single label {y,} or retains X
unchanged. This class allows to explain one-against-
all method of Kovtun [39] and the central part of the
method of Swoboda et al. [64] as discussed in §4.4,
§4.5.

all-to-one-unknown maps. Set Pl = Uyex Ply. A
mapping p € P! has the same form as above, p: x +—
x[A<—y], however the labeling y is not fixed now but a
part of the specification of the mapping, see Figure 11.
In every node there are |Xs| + 1 choices for ps: send
all labels to a single one (which may be chosen) or

. («O [ (O [ J
° ‘e ) S o
( (‘ test labeling y
° %o 0 ° °
[ J [ ] [ J O [ ]

Figure 6: Example of a map in the subset-to-one class P?Y.
Labeling y is fixed while a map p can select a subset of labels
in every node s that are sent to ys. Nodes without an outgoing
arrow are mapped to themselves.

change nothing. It is easy to see that in the case
of two labels, P! contains all idempotent node-wise
maps. As will be shown later the (MAX-SI) problem
over this class decomposes into sufficient conditions
to determine y from the integral part of the solution
to the relaxation and the (MAX-ST) problem over P1¥.

subset-to-one maps. The set of maps P?¥ is defined
as follows. Let V = {(s,i)|s € V,i € Xs} — the set
of labels in all nodes. Let ¢ € {0,1}V. Mapping
pe € P2Y in every node either preserves the label z
or overwrites it with y;:

Ys if Cs,xs = 07
pe(z)s = {

34
T it (oo, = 1. (34)

Vector ((s; | € Xs) serves as the indicator of the
subset of labels in node s that stay immovable while
all other labels are mapped to ys, see Figure6. In a
node s there are 2/%:1=1 choices for p,. Clearly, this
class generalizes PV,

The main result of this paper is that both
(MAX-WI) and (MAX-SI) problems are tractable for
the class P>Y. Other tractability results in Table 1
are obtained as corollaries. Intractability results are
shown to hold for the basic LP relaxation in §3.1.

2.5. Formulation for Subset-to-one Maps

In the following three subsections we gradually
show that (MAX-WI) problem over P%¥ class can be
written as a mixed integer linear program in which
integrality constraints can be relaxed without loss of
tightness and thus we obtain an equivalent LP for-
mulation.

Using the dual representation of the constraint
[p] € Wy (29) and the form of the mapping (34),



monomial new variable  (S1)
[[sepzs, D c — (peR, (g=1
multilinear polynomial linearization  (S2)
g(z> = ZDCC Qp HSED s G(C) = ZDCC apCp
linearization properties (S3)
91(2) + 92(2) — G1(¢) + Ga(¢)
ag(z) — aG(()

Vze{0,1}° g(2) =0 < G)=0

identity inequality new constraint (S4)

for B c C

[Tz [T (1—2)=0 - (_1)|D|CDUB =0
SEB  seC\B DCC\B

any other (S5)

identity inequality
= (V(e Z) G(() =0

Table 2: Summary of correspondences in the relaxation ap-
proach [58] within a hyperedge C.

identity inequality
Vze{0,1}° ¢g(z) =0

the problem (MAX-wI) becomes

minz Z Csi (35a)
seV ieX
(Cs,ie{o,l} |seV, ie Xs); @GRT;

Constraints (35b) involve a complicating expres-
sion [p¢]. Let us express coefficients P, . (16) of
the linear extension P = [p¢]. Substituting mapping
pe (34) they are expressed as polynomials in (:

P(Wc,xf: = H IIPC(x/)s:gfs]]

seC

T (=0 + Iyl = Gor) ).

SEC

(36)

It appears that after expanding [p¢] using (36) the
constraint that we need to represent (35b) will in-
volve products of binary variables | [ . (. for all
ce&,pc cand ) € X,. To reach the ILP formula-
tion we are going to replace each such product with
a substitute variable Cp, ,». This is achieved with the
help of the relaxation of Sherali and Adams [58].

2.6. Relaxation of Sherali and Adams

The relaxation of Sherali and Adams [58] is ap-
plicable to polynomial programs with binary wvari-
ables z € {0,1}Y. The relaxation of order d per-
forms a simultaneous lifting for all subsets of vari-
ables ¢ < V with |c| = d. Let us focus on a single
hyperedge C chosen for generality from the set of hy-
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peredges £ — 2V. The construction and its proper-
ties (within hyperedge ¢) are summarized in Table 2.
For every product |[,., zs, D © C, a new variable
(p is introduced (S1). A pseudo-Boolean function
g:{0,1}° — R is linearized by writing it as a multilin-
ear polynomial and replacing each monomial [ [, #s
with the new variable (p, (S2). From this definition
we have linearity properties (S3), in particular:

Lemma 2.11 (Identity Equality (S3)). Let G(¢) be
the linearization of g(z). Then g(z) = 0 for all z €
{0,1}¢ iff G(¢) = 0 for all ¢ € R*. Proof on p. 25.

Next, constraints on new variables are added which

correspond to identity inequalities [[zs [] (1 —
SEB  seC\B

zs) = 0 for each B © c¢. Clearly this inequality

holds for all z € {0,1}°. By expanding this expres-

sion one obtains its equivalent multilinear polynomial

9(z) 3 (=) T,cpop zs = 0. Constraints (S4)

DCC\B
ensure that the linearization of this expression is non-
negative. The set of all such constraints defines the

polytope
Zo={CeR” [(=1, (B o) ) (-1l >0}

DCC\B

(37)
In fact, polytope Z. is the convex hull of all binary
vectors ( corresponding to configurations z:

Lemma 2.12 (Convex hull). Polytope Z equals the
convex hull

conv {C(z) e R* [¢(2)p = st, VD < ¢,Vz € {0, 1}0}.

SED

(38)
Proof on p. 26.

From the convex hull representation there naturally
follows an equivalence of identity inequalities before
and after linearization:

Lemma 2.13 (Identity inequality (S5)). Let G(¢)
be the linearization of g(z). Then g(z) > 0 for all
z€{0,1}°iff G(¢) = 0 for all ¢ € Z. Proof on p. 25.

In particular, for ( € Z; there holds 0 < (, < 1
for D € ¢, a relation which is rather difficult to prove
directly form (37). Finally, for our construction the
next two results are necessary.

Theorem 2.14 (Lemma 2 of [58]). If ( € Z; and
unary components (s are integer (i.e., equal to some
zs € {0,1}) for all s € , then there holds ¢, = [ |

SED Zs



for all D < C.

Lemma 2.15 (Product). For ¢ € Z¢ there holds ¢? €
Z., where the product (? = (¢ is component-wise.
Proof on p. 26.

When applying the linearization to all hyperedges
simultaneously, a variable (,~p is introduced only
once for (overlapping) hyperedges A,B € £. All lo-
cal properties described above continue to hold for
each hyperedge C € £ individually but of course they
need not hold for the whole set V.

2.7. Solution via Linear Program Formulation

Let us return to the reformulation (35) of
(MAX-WI). It is clear that by opening brackets in (36),

the coefficients P, , ., can be expressed as
s Cyhe

P(},xc,x’c = Z C(I,D(xm x;)) 1_[ CS,x’sa

DCcC SED

(39)

where ccp(xg,zy,) are appropriate constants not de-
pending on ¢ (detailed in §A.3). Because for 2/, = ys
there holds p¢(y)s = ys irrespectively of (s, (label
ys is always mapped to itself) we may assume that
(s,ys = 0 as well as all products involving it.

The relaxation of Sherali and Adams is applied as
follows. Let us denote X, = X,\{ys} and respectively
Xe = [Lsee Xs- We substitute new variables (ol €
R in place of products | [, (s in (39). For zero
products, i.e., for =/, ¢ X, we let (py = 0. From
now on, let { denote the vector of relaxed variables

C=((pay, €R|VCEE, D Cap € AY). (40)
New variables ( must satisfy the following con-
straints, defining a polytope Z:

Co =1, (41a)
(Ve e&, Vo e X\Xo, YD = C) G =0,  (41b)
(Vee&, VapeXe, YD o) > (-1PIg, >0

DCC\B
(41c)
Polytope Z is the intersection of polytopes Z (37)
lifted to the space of all variables over ¢ € £ and

a2/, € Xo. Let P; denote the extension-linearization of
pe (34), according to (39) and (S2) defined by:

(PC)C,CCC,,xé = Z CcyD(xC7x;3)CD,x£)'

DCC

(42)

For our purpose it is necessary that the linearized
map Pr preserves the relaxation polytope A: Pr(A)
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A. This constraint expresses as (Vi € A)

(Pep)o = 1; (43a)
Pg,u = 05 (43b)
AP = 0. (43¢)

We trivially have (Pr)g = (g = 1. It is also easy
to show that (P¢)og.q, = 0 for ¢ € Z: before lin-
earization, coefficients P, ./ in the expression (36)
are clearly non-negative and by property (S5) it is
guaranteed that (P)q 4,4, = 0 holds on Z. Then for
p = 0 there holds Prp > 0. Interestingly, the con-
verse is also true (but this result is not necessary in
the subsequent construction):

=

Theorem 2.16. Inequalities (41c) in the definition
of polytope Z can be equivalently replaced with P >
0. Proof on p. 26.

There remains constraint (43c). In the case of
standard local relaxations (to be defined later) con-
straint (43c) holds automatically and needs not be en-
forced. To account for general relaxations, we include
constraint (43c) explicitly by representing it similarly

to Theorem 2.8 in the dual form as:
3 e R AP —3TA>0. (44)

We arrive at the following relaxation of (MAX-WI) as
a linear program:

min s L1
w;ic , (L1)
(I-PHf-ATe=0; ¢>0; (45a)
AP —®TA>0; &> 0; (45b)
CeZ. (45¢)

Constraint (45a) ensures that mapping P is relaxed-
improving, constraints (45b) that it preserves the
polytope: P:(A) < A and constraint (45c) ensures
that for each ¢ € £ relaxed variables ((pg, |D < C)
stay in the local convex hull for C.

We claim that this relaxation is tight. As shown
below, rounding down all components of ¢ in a fea-
sible solution maintains feasibility (with possibly dif-
ferent values of ¢, ®) and can only improve the objec-
tive. The rounding is performed by constructing the
composite mapping P Pe. If P is relaxed-improving
then so is (P;)? provided that it satisfies all feasibil-
ity constraints. The auxiliary lemma below establish
this feasibility: it verifies that Pg = Pp. Starting
from a non-integer ¢ and building a feasible sequence
by taking ¢ — (% we get each next point closer and
closer to the integer limit.



Lemma 2.17. For ( € Z there holds PC2 =
Proof on p. 27.

Pe.

Theorem 2.18. In a solution ({, ¢, ®) to (L1) vector
¢ is integer.

Proof. Because ( is feasible to (L1), the mapping P,
is A-improving for f. Note, at this point, unless
¢ is integer it is not guaranteed that P;(M) < M
and we cannot draw any partial optimality from it,
neither Pr is guaranteed to be idempotent. By con-
straints (45b), (45c), there holds P¢(A) < A. There-
fore

(Vpe ) BePopy < (fs Pepy < (- (46)
It follows that Pg P¢P; is A-improving. Since
Pr(A) c A, it is also Pg(A) C Pr(A) c A

By Lemma?2.17, there holds Pg = P and by
Lemma?2.15 (? € Z. By induction, there holds
Pg" = Pern, Pgn (A) € A and Pg" is A-improving.
Let

Cg’xc = Jlm ng;f( = I[CC@C:l]].
n—o

Since P+ is A-improving and (* € Z, it is feasible
to (L1). Assume for contradiction that there exist
(s',i") such that 0 < (yy < 1. From (47) we have
2 < (g for all 5,4 and ¢, < (yy. It follows that ¢*
achieves a strictly better objective value, which con-
tradicts the optimality of . If all unary components
(s, are integer then by Theorem 2.14 ¢ is integer. [

(47)

Corollary 2.19. The optimal solution to (L1) is
unique.

Proof. Assume for contradiction that (1,({s are two
distinct integer solutions to (L1). Since (L1) is a lin-
ear program, their combination ¢ = (¢; + ¢1)/2 is
an optimal solution (values of ¢, ® are omitted for
clarity). But if ¢; # (2 then ( is not integer, which
contradicts Theorem 2.18. O

Clearly, for an integer vector ( € Z the lineariza-
tion P coincides with the extension of the discrete
mapping p¢ (34). It follows that the unique optimal
solution to (L1) is the solution to (MAX-WI).

2.8. Perturbation for Strong Persistency

Problem (MAX-S1) over P?Y can be reduced to
(MAX-WI) with a perturbed cost vector f as follows.
It is sufficient to show that dual representation (32) of
constraint [p] € Sy can be reduced to that of [p] € W .

For p € P?Y we can choose components of vector h
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in the dual representation (32) of Sy as
(48a)
(48b)

ho(zc) = go(po(za)) — go(zo),
go(zc) = Z [zs=ys]-
SeC
Clearly, pc(zc) = ¢ iff ho(ze) = 0 and for pe(zc) #
x¢ there holds 1 < ho(zc) < |c|. With such a vector
h the dual representation of Sy can be written as

(f +e9) —[p"(f +e9) —ATp =0,  (49)
i.e., the same constraint as (29) must hold but for an
e-perturbed cost vector

fi=1f+eg (50)
Since the solution ¢ to the perturbed problem is inte-
ger and unique it is the optimal solution to (MAX-SI).

2.9. Two-Phase Method

Let us consider the class P1¥. Formulation (L1)
can be adopted by incorporating additional con-
straints on ¢ (making variables (s, equal for all z;).
The proof of Theorem 2.18 is based on the fact that
for a feasible ¢ also ¢? is feasible. Clearly, this prop-
erty is not destroyed by any equality constraints be-
tween components of . Therefore Theorem 2.18 con-
tinues to hold and thus both (MAX-SI) and (MAX-WI)
problems over P are tractable.

For class P! the problem (MAX-SI) can be solved
as proposed by Algorithm 1. It first solves the LP-
relaxation in order to determine the test labeling y
and then solves the (MAX-SI) problem for fixed y using
perturbed (L1) for class Ph¥.

Algorithm 1: Two Phase Method

1 p € argmin, e\ (f, p); /* solve (LP) x/

2 For all s if there exists i € X5 such that ps(i) =1
then set ys = 7, otherwise set y, arbitrarily;

3 For strong persistency apply perturbation (50);

4 Solve the problem (L1) for the class of maps P?Y
or PLv;

Theorem 2.20. Algorithm1 solves (MAX-SI) over
PL.

Proof. The necessary conditions of Lemma?2.7 for
the optimal solution of LP-relaxation require that a
strictly-improving mapping does not change optimal
relaxed solutions. From the component-wise condi-
tion (28b) follows that when pg if fractional for some
s then ps (assuming p € P!) must be identity. When



1s is integer, the only possible value of y, qualifying
necessary conditions must correspond to us(ys) = 1.
Applying perturbation in step 3 and optimizing over
PLY in step 4 we obtain the optimal solution. O

As a general heuristic, we can apply the same two-
phase method, optimizing in step 4 over P1¥ or P>V
with or without perturbation. The persistent assign-
ment found by the heuristic is guaranteed to be at
least as large as the solution of (MAX-ST) over P!,

3. Local LP Relaxations

In this section we consider a special case of local (or
standard) LP relaxations in energy minimization [59,
58, 11, 38, 70], see also the survey by Werner [72].
In our notation local relaxations are described by the
polytope A of the form

A={peR"[Ap=0; pg=1; p>0}.  (51)

Recall that in the embedding ¢, different compo-
nents of a relaxed labeling , e.g., uc and up for b < ¢
represent overlapping subsets of variables. In order
that they represent all discrete labelings consistently
they must satisfy marginalization constraints of the
form

(Vap € Ap) Z pie(wc) = pin(@p)- (52)
Te\p

Werner [74] considers a family of LP relaxations
generated by enforcing constraint (52) for some pairs
of subsets ¢ € £,D € C. The set of such pairs is
called the coupling structure [74]. For ¢,D < V we
define coupling relation D < ¢ of order d: let D & ¢
iff

D& C ¢,DeE, Dl <d (53)

Subsequently, we will consider two possibilities: to in-
clude only first order constraints or all of them. Zero
order constraints (52) define just normalization:

Zﬂc(mc) = Hto-

Together with non-negativity they guarantee bound-
edness (which was assumed in the general case §1.3).
The first order constraints (52) add marginalization
constraints of the form

(Vs e q, Vag e Xy) Z pe(xe) = ps(xs).
To\(s)

And so on. By specifying larger d, we introduce more
coupling between relaxed variables.

(54)
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Note that any relaxation in the form (51) is local,
i.e., tied to the hypergraph. We cannot add more
facets (inequalities) without increasing the number
of variables and the variables are defined by the fixed
embedding . Tightening the relaxation is thus only
possible by enlarging the hypergraph (adding zero in-
teractions in [72]), which results in an exponential
increase in the number of relaxed variables. An ex-
ample of a non-local relaxation is the cutting plane
method [60], which progressively adds facet-defining
inequalities coupling many variables at a time. While
general results of §2 are applicable, the local repre-
sentation would not be tractable.

The primal and dual LP relaxation problems for
coupling < are expressed as follows:

| min(f, 1) —

(Vp < C) 2 de(ze) = pp(wn),  wpclTp) ER,
Zc\p

/’LQ = 17 1/} € R7

0, C# @,

(VC €&, Vao) polwe) 20,  fE(wc) > {¢, c=o.

Matrix A corresponds to primal equality constraints.
Vector f? = f — ATy is an equivalent transforma-
tion [59] or reparametrization [70] of f. Its compo-
nents are expressed as

fE(ze) = folac) _Z‘PD,C(xD) +Z‘PC,H(xC)- (55)
DCC HDC
In particular, components f& and ff(xs) are ex-

pressed as

15 =fo+ Z Pa,c;

oo

f;o(xs) = fs(xs) — Yg,s + 2 Ws,H(fL's)-

H2{s}

(56a)
(56b)

For any ¢ € R™ there holds

(Ve A) {f75m = <fsmy — <o, Ay = (fr . (57)
Since A © M 2 §(X), it follows that E¢(x) = Efe(z)
for all z € X. Hence f? is indeed equivalent to f in
defining the energy function.

The dual problem can be equivalently written as

max{fg | (VC # @) f&(zc) 20, peR™},  (58)

we therefore can speak of the dual solution as just .

Complementary slackness Complementary
slackness for (LP) reads that a feasible primal-dual
pair (u, ) is optimal iff (Vc € E\{D}, V)

pre(ze) >0 = f&(xc) = 0. (59)



Because a feasible dual solution satisfies f& > 0, the
condition on the RHS of (59) implies that assignment
x¢ is locally minimal for f£: xc € argmin f&(+).

Strict Complementarity Let (u, ) be a feasible
primal-dual pair for (LP). This pair is called strictly
complementary if

po(ze) >0 < f&(xe) =0. (60a)

Clearly, a strictly complementary pair is complemen-
tary and thus it is optimal. Such a pair always exists
and can be found by interior point algorithms (see
e.g., [68]). It is known that p is a relative interior
point of the primal optimal facet and ¢ is a relative
interior point of the dual optimal facet.

Arc Consistency The following conditions,
known as arc consistency (AC, e.g., [74]), are sat-
isfied for strictly complementary pairs:

o If f&(x¢) = 0 then (VD < C) f&(zp) = 0.

e If f7(xp) = 0 then (VC 2 D) (I, € Xo| 2l = p)

fE(xe) = 0.
These conditions say that the set of local minimiz-
ers must be consistent over overlapping hyperedges.
Arc consistency is a necessary but, in general, not
sufficient condition for strict complementarity.

BLP The relaxation with marginalization con-
straints of order 1 is known as Basic LP relaxation
(BLP) [74]. Note, if we do not enforce marginaliza-
tion constraints of at least order 1 there may occur
integer feasible solutions to the relaxation which are
not consistent, i.e., do not correspond to a global
assignment. Out of all local relaxations BLP is the
least constrained useful one. It is remarkable that it is
tight for all tractable languages [66, 67, 30]. However,
for certain purposes BLP is not sufficient, as can be
illustrated with pseudo-Boolean functions. Suppose
we would like to express a pseudo-Boolean function
of 3 variables as a cubic polynomial. We know it can
be expressed in this form, however, such a desired
equivalent transformation of the problem appears to
be not equivalent for BLP and hence not equivalent
for the maximum persistency problem. Another dif-
ficulty is that fixing a variable to its optimal value
is not the same as eliminating this variable. Exam-
ple in Figure7 illustrates that eliminating a persis-
tent variable tightens the relaxation. It follows that
under BLP relaxation we won’t be able to compare
theoretically neither to quadratization techniques (as
they perform general equivalent transformations) nor
to generalized roof duality [23], which incrementally
eliminates persistent variables.
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Figure 7: An example when fixing a variable in BLP relaxation
is not equivalent to eliminating it. (a) Energy in 3 variables (the
leftmost variable has only one possible assignment). Costs 2
and 3 are assigned to the pairwise term (solid lines) and 1 and
4 to triplewise (faces), other costs are zero. (b) An optimal
solution to BLP relaxation (of cost 0). BLP relaxation does
not enforce marginalization between the triple and the pair.
(c) The energy after elimination of the dummy variable. Now
BLP relaxation is tight and can determine the optimal labeling
of cost 1.

FLP The relaxation with all marginalization con-
straints present will be refereed to as Full local LP
relaxation (FLP). For every hyperedge all its subsets
are assumed to be contained in £ and all constraints
of the form (52) with d equal to the order of the prob-
lem are included. In case of pairwise model, individ-
ual nodes are the only proper subsets of edges and
hence BLP and FLP are the same. In the pseudo-
Boolean case, FLP matches the relaxation of Sherali
and Adams [58] as discussed in §A.9.

3.1. Mazimum Persistency with Local Relaxations

In this section we summarize how the general con-
struction and formulation of (L1) simplifies for local
relaxations. First, the constraint P:(A) < A holds
automatically and needs not be enforced. It is shown
in two steps: first we consider the linear extension [p]
of any node-wise mapping p and then the linearized
mapping FP¢, ¢ € Z.

Lemma 3.1. Node-wise mapping [p] preserves the
local polytope A. Proof on p. 27.

Lemma 3.2. Mapping P for ¢ € Z preserves the
local polytope: P;(A) = A. Proof on p. 27.

In short, P satisfies all the equality constraints sat-
isfied by [p] and has all components non-negative for
¢ € Z. As a consequence of Lemma 3.2, the constraint
of polytope preservation (45b) in the maximum per-
sistency problem (L1) can be dropped. We can write



(MAX-WI) as
min Z Csyi
G p

(I-PN)f-ATp>0; peR™;
(e Z.

Further properties of improving mappings for local
relaxations are as follows. Conditions that are neces-
sary for [p] € Wy in the general case (Theorem 2.10)
become necessary and sufficient for local relaxations
and can be now summarized together with the dual
representation Theorem 2.8:

(61)

Theorem 3.3 (Characterizations). For a local relax-
ation A all of the following are equivalent:

(a) Pe Wf;

(b) (GpeR™) f#— PTf >0,

(c) GpeR™) (I- PT)f* >0,

(d) inf{(f — P,y | p e RE, A(I—P)u =0}

0.

Proof on p. 28.

We have transitions from a global property (Vu €
A) (I —PT)f,u) = 0 (a) to component-wise lo-
cal inequalities (b) and (c). Inequalities (c) offer an
equivalent reparametrization f¥ in which mapping p
improves every component independently:

(Vo c &, Ve e Xe) fE(pe(nc)) < fE(2c).  (62)

This is a fairly simple condition similar in spirit to the
idea of equivalent transformations by Shlezinger [59]
(find an equivalent f¥ such that the global minimum
may be recovered from independent component-wise
minima). Condition (d) is a primal reformulation
which has fewer equality constraints than the veri-
fication LP and hence is simpler.

Some properties expressed for all hyperedges ¢ € £
can be simplified if we assume at least the BLP relax-
ation. In Statement 2.6 it is sufficient that only unary
components satisfy (Vs € V) Oz = ps(Xs). For other
components the constraint is implied by marginaliza-
tion. For the same reason, in the perturbation (50)
it is sufficient to have only unary components fs(ys)
increased by ¢ for all s and leave higher-order terms
intact.

Lastly, there are following NP-hardness results
with BLP relaxation:

Theorem 3.4. Problem (MAX-WI) over the P! class
of maps and the BLP relaxation is solvable in polyno-
mial time for the quadratic pseudo-Boolean case and

15

otherwise (when the problem is multilabel or higher
order) it is NP-hard. Proof on p. 28.

Theorem 3.5. Problem (MAX-SI) with 4 or more la-
bels over the class of maps P? = Uyer P2%Y and BLP
relaxation is NP-hard. Proof on p. 28.

We see that the difference between weak and strong
persistency leads to different complexity classes for
the maximum persistency problem. The question of
complexity of (MAX-SI) with 3 labels is not resolved.

4. Comparison Theorems

This section is devoted to theoretical comparison
between different persistency techniques. The firs re-
sult is the following:

Theorem 4.1. Let A « A’ and P be a A’-improving
mapping for f. Then P is A-improving for f.

Proof. The claim follows from Definition 2.2 and
nesting of polytopes A < A’. O

We therefore have a natural hierarchy: if we can
identify some variables as persistent by the proposed
sufficient condition with relaxation A’ then for any
tighter relaxation A < A’ we are guaranteed to find
at least the same persistent variables. Other nesting
results under different reformulations of the problem
are obtained in §4.6, §A.7.

Table 3 gives an overview of the obtained compar-
isons to other methods. The first comparison col-
umn establishes that all listed methods correspond to
a relaxed-improving mapping under standard relax-
ations (recall that in the pairwise case FLP = BLP).
For cases when Algorithm 1 is optimal, as indicated
in Table 1, it is guaranteed to find the same or larger
set, of persistent labels than any other method. This
fills the second comparison column in Table 3.
the remainder of this section we give a more detailed
overview of different methods and comparison results.

In

J.1. DEE

We will consider Goldstein’s simple DEE [17]
(which is stronger than original DEE by Desmet et al.
[14]) in the pairwise setting. For every node s this
method considers its neighbors in the graph, A/(s),
and for a pair of labels «, 8 € X, verifies the condi-



Dominated by Algorithm 1
Corresponds to a BLP/FLP-improving mapping
_ Simple DEE [17] v’ -
- MQPBO [25] v’ -
E g Kovtun’s one-against-all [39] v’ v’
'g g Kovtun’s iterative [40] v’ -
Swoboda et al. [64]** v’ v’
2| Roof dual / QPBO [44, 20, 6, 32] | v/ =*
5 = | Reductions: HOCR [22], Fix et al. [15] | FLP | v *
_g @ Bisubmodular relaxations [27]*** BLP |Vv'*
5 g Generalized Roof Dualilty [23] FLP | v *
EO % Persistency by Adams et al. [2] FLP |V *

Table 3: Summary of theoretical comparisons. *Result holds
for strong persistency variants and resp. strict version of Algo-
rithm 1. **[64] is higher order but the comparison proof is for
the pairwise case. ***Result holds for sum of bisubmodular
functions over the same hypergraph as the BLP relaxation.

Figure 8: Improving mapping corresponding to an individual
DEE condition. The full DEE method iterates over all nodes
and labels and composes the found improving maps.

tion
(Vo e Xy(s) (63)

fs(a) — fs(B) + Z [fisy(a, mt) — fron(B,2)] =0,
teN (s)

illustrated in Figure8. If the condition is satisfied

it means that a (weakly) improving switch from «

to B exists for an arbitrary labeling x. In this case

(s, ) can be eliminated while preserving at least one

optimal assignment.

It is trivial to construct an improving mapping for
this case. We let ps(a) = 3, ps(i) = ¢ for i # «; and
pt(i) = i for all t # s. The non-zero terms of the prob-
lem g = (I — PT)f form a tree with root node s and
other nodes t € N (s) being leaves. It is known that
in this case the FLP relaxation is tight and therefore
p is FLP-improving. Similarly, the strict inequality
in (63) implies [p] € S¢.

4.2. QPBO
Let X B. The weak persistency theo-
rem [44, 20] can be formulated as follows. Let p €
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argmin ., (f, p). Let Os = {i € B| us(i) > 0}. Then
(Jz € argmin Ef(x)) (Vs € V) x5 € Os. (64)

In the case |O4| = 1 vector us is necessarily integer
and the theorem states that there is an optimal so-
lution x to the discrete problem which is consistent
with the integer part of the relaxed solution p. The
largest weakly persistent assignment is obtained in
the case p is the solution with the maximum number
of integer components.

The strong persistency theorem [44, 20] can be for-
mulated as follows.

Theorem 4.2 ([44, 20]). Let (i, ¢) be a strictly com-
plementary primal-dual pair. Let Os be defied as
above. Then

(Vo € argmin Ef(x)) (Vs e V) x5 € O,. (65)
x
The difference to (64) is in the quantifier V vs. 3.
Note, a strictly complementary solution has the min-
imum number of integer components.

Theorem 4.3 ([55]). Weak (resp. strong) persis-
tency by QPBO corresponds to an FLP-improving
(resp. strict FLP-impriving) mapping.

The mapping is defined by ps(i) = 0 if Os = {0},
ps(i) = 1if Oy = {1} and p,(i) = i otherwise. The
idea of the proof is to show that the dual optimal so-
lution ¢ provides the reparametrization in which the
mapping improves every component independently,
i.e., satisfies the inequalities of the characterization
Theorem 3.3(c).

It follows from the theorem that solution by Algo-
rithm 1 with perturbation coincides with the strong
QPBO persistency.

4.3. MQPBO

The MQPBO method [25] extends partial opti-
mality properties of QPBO to multilabel problems
via the reduction of the problem to 0-1 variables.
The reduction, known as "K to 2”7 transform [51]
(K = |Xs|), depends on the linear ordering of la-
bels in X,. The method outputs two labelings ™™
and x™®* with the guarantee that there exists an
optimal labeling 2 that satisfies x, € [zTn, p1ax],
The corresponding improving mapping has the form
p:x = (x v ™) A 2™ where v and A are
component-wise minimum and maximum, resp.
a given ordering of labels. The mapping is illustrated
in Figure9. Because the reduction is component-wise

max

n



e (O L O
° \t °
Figurgg; Improvirrrlg mapping found by the‘ﬁi\;IVQPBO mé&lod:

max max

all Alabels above T are mapped to T and all lables below
™" to £™". Labelings ™** and ™" are determined by the
method from the underlying roof dual relaxation.

and component-wise inequalities hold for QPBO it
follows that the component-wise conditions of Theo-
rem 3.3(c) hold for p (proof in [55]). For (x™in, pmax)
obtained from weak (resp. strong) persistency by
QPBO there holds [p] € Wy (resp. [p] € Sy). Since
the class of mappings of the form z — (z v 2™") A
2™ is not among the cases for which Algorithm 1 is
optimal, the question of tractability of (MAX-s1) for
this class remains open.

4.4. Auziliary Submodular Problems by Kovtun

There were several methods proposed [39, 40]
which differ in detail. All methods construct an auxil-
iary submodular energy E,. A minimizer y of E, has
the property that Eq(x v y) < E4(z), implied by sub-
modularity. It follows that mapping p: x — z v y is
improving for g. Figure 10 illustrates such mappings
found by two of the methods in [40]. In case (a) the
test labeling y must be the highest (the maximum) in
the selected order of label. It follows that the map-
ping p is essentially of the form x — z[A«y], i.e.,
from the class P1¥. The construction of the auxiliary
function ensures that improvement in f is at least as
big as improvement in g and so p is improving for f.

Theorem 4.4 ([55]). Persistency by any method [39,
40] corresponds to an FLP-improving mapping.

Since in the case (a) the mapping is in the class
Pl we know that the strict version of the method is
dominated by Algorithm 1. In the case (b), the class
of maps is a subset of maps considered in MQPBO
and tractability of (MAX-SI) problem is also open.

Computationally, methods of Kovtun [40] have an
advantage as they rely on the minimization of a pair-
wise submodular function. In the case of the Potts
model, the method [39] for all “flat” test labelings
ys = a for a = 1... K, (K = |Xs|), can be effi-
ciently performed using log(K) maximum flow com-
putations [19]. It is very practical in some vision
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Figure 10: Improving mappings in Kovtun’s methods. (a) One-
against-all method for fixed test labeling y. The method deter-
mines a subset A of vertices for which the optimal labeling is
y. (b) Iterative method [40] in which labeling y is found incre-
mentally and with respect to a predefined ordering of labels.

[ [}
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7 ound y

[ [}
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A

Figure 11: Improving mapping in the method of Swoboda et al.
[64]. The method finds the labeling y and a subset A. Outside
A the mapping is identity.

problems (e.g. results [39, 3, 19]), where unary costs
are determining. At the same time experiments on
difficult random problems in §5 reveal very poor per-
formance of this method.

4.5. Iterative Pruning by Swoboda et al.

The iterative Pruning method was first pro-
posed [63] for the Potts model and then extended to
general pairwise and higher order energies [64]. The
method can be interpreted as finding an improving
mapping in the class P! (Figure 11).

Theorem 4.5. Persistency by method [64] in the
pairwise multilabel case corresponds to an FLP-
improving mapping. Proof on p. 28.

In fact the optimal value of y is determined in [64]
by the initial relaxation, similarly to how it is deter-
mined in Algorithm 1. Therefore, Algorithm 1 with-
out perturbation identifies the same or better weak
persistency. Algorithm 1 with perturbation identifies
the same or larger set Agirong as theoretically guar-
anteed in [64].



4.6. Quadratization Techniques

We now turn to the higher order pseudo-Boolean
case. There is a number of different reductions pro-
posed [22, 15, 5] which represent the initial function
of 0-1 variables as a minimum of a quadratic function
over auxiliary 0-1 variables. Persistency is obtained
then by applying the QPBO method to the reduced
problem. Since QPBO solves the FLP relaxation,
our goal is to compare local relaxations as well as
relaxed-improving maps before and after the reduc-
tion. Fortunately, full reductions [22, 15] are defined
by chaining certain elementary reductions applied to
separate cliques or groups of cliques. We define a
sufficient set of atomic reductions with the following
property: the maximum persistent subset by an FLP-
improving mapping for the reduced problem is not
larger than that one for the initial problem. Chain-
ing these atomic reductions we obtain the following
comparisons.

Theorem 4.6. Persistency by Higher Order Clique
Reduction (HOCR) of Ishikawa [22] corresponds to
an FLP-improving mapping. Proof on p. 31.

Theorem 4.7. Persistency by method of Fix et al.
[15] corresponds to an FLP-improving mapping.
Proof on p. 32.

Ishikawa [22] proposed a family of elementary re-
ductions (called v-flipping) and posed the problem of
what sequence of reductions gives in a certain sense
the best overall reduction. This is a difficult combina-
torial problem. While we do not address it directly,
it follows that FLP maximum persistency by Algo-
rithm 1 dominates persistencies that can be obtained
by any reduction from the family and hence also the
best one.

4.7. Bisubmodular Relaxations

Submodular/bisubmodular relaxations were intro-
duced by Kolmogorov [27] as a natural generaliza-
tion of the roof duality approach to higher order
pseudo-Boolean functions. Kolmogorov showed that
all totally half-integral relaxations are bisubmodular
relaxations and vice versa. Similar to roof duality,
(bi)submodular relaxations have a global persistency
property. However, to a given function many differ-
ent (bi)submodular relaxations can be constructed.
There are two challenges in this approach. One is
that the class of all (bi)submodular relaxations is very
large and it is not tractable to parametrize it. The
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other challenge is to answer the question of which
relaxation provides the largest persistent assignment.

Kahl and Strandmark [23] build upon graph-cut re-
ducible submodular relaxations. They propose that
the relaxation which corresponds to the best lower
bound on the energy is the optimal one. Their al-
gorithm solves a series of linear programs to build
the tightest graph-cut reducible submodular relax-
ation. However, not all submodular relaxations are
graph-cut reducible (it is a hard problem to determine
which ones actually are [69] with the exception of cu-
bic functions). Moreover, it is not clear whether the
relaxation that gives the best lower bound is also the
best one w.r.t. the size of the persistent assignment.

We consider a more general case when the relax-
ation is a sum of bisubmodular functions (SoB) over
the same hypergraph as f. This class includes all
graph-cut reducible submodular relaxations. Exploit-
ing the property that SoB function can be minimized
exactly by BLP relaxation [66] and properties [27],
we obtain the following theorem.

Theorem 4.8. Persistency by SoB relaxation [27]
corresponds to a BLP-improving mapping. Proof on
p. 34.

The work of Lu and Williams [43] is a special case
of SoB relaxation, it follows that their result corre-
sponds to a BLP-improving mapping as well.

4.8. Generalized Roof Duality

As discussed above, the method of Kahl and
Strandmark [23] finds persistencies by SoB relax-
ation and all such relaxations are dominated by
BLP-improving maps.
The method reduces the problem progressively by
finding in each iteration a BLP-improving map.
While Lemma 2.7 guarantees that fixing variables to
their persistent values does not tighten the BLP-
relaxation, eliminating persistent variables actually
does (as explained in Figure7). It follows that their
method is not in general dominated by a single BLP-
improving map. On the other hand, we can easily
claim domination by a single FLP-improving map (as
it is stronger than BLP and is not tightened by the
elimination of persistent variables), which is also con-
firmed experimentally.

While avoiding the difficult question [27, 23] of how
to find the best SoS or SoB relaxation, we give an
answer to how to find same or larger strong persis-
tent assignment. In the case of 3rd order energies

There is however a catch.



(quartic terms), Kolmogorov [27] gives an example
where there is a tight bisubmodular relaxation but no
tight submodular relaxation. It follows that in this
case Algorithm 1 can determine strictly larger strong
persistent assignment than [23]. We give experimen-
tal confirmation of larger persistent set for both cubic
and quartic problems. The proposed two-phase algo-
rithm is seen more computationally attractive than
the series of LPs of Kahl and Strandmark [23].

Windheuser et al. [75] extended generalized roof
duality [27, 23] to multilabel case. For pairwise mod-
els they showed equivalence with MQPBO. For higher
order models the approach can be seen as a combi-
nation of K to 2 transform [51] and application of
submodular relaxation [27, 23]. As we have given
comparison with (bi)submodular relaxations and K
to 2 transform is component-wise, it should follow
that the sufficient condition of [75] corresponds to an
FLP-improving mapping.

4.9. Persistency in 0-1 Polynomial Programming by
Adams et al.

Adams et al. [2] proved a persistency result for
the 0-1 polynomial programming problem. The re-
sult is based on the relaxation of Sherali and Adams
[58], which can be identified with the FLP relaxation.
They proposed a sufficient condition on the dual mul-
tipliers in the relaxation which provides a persistency
guarantee. The sufficient condition is a linear feasi-
bility program that can be verified for a given partial
assignment, similar in spirit to our verification LP. No
method to find a persistent partial assignment except
for the case when the integer part of the optimal re-
laxed solution turns out to be persistent is proposed.
We show the following.

Theorem 4.9. Persistency by the sufficient condi-
tion of Adams et al. [2, Lemma 3.2] corresponds to
an FLP-improving mapping. Proof on p. 36.

In fact their sufficient conditions splits the problem
into two overlapping parts: one part, where an opti-
mal assignment is unknown (call it the inner prob-
lem) and the second part, containing all the assigned
variables and the coupled unassigned variables (call
it outer problem). It can be seen that the sufficient
condition guarantees that any choice of unassigned
variables together with the assigned ones delivers an
optimal solution to the outer problem. Thus what
happens in the inner problem can be efficiently ig-
nored. Any feasible solution of the inner problem is
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optimal to the outer one.

5. Experiments

We propose two families of experiments: for pair-
wise multilabel energies and higher-order pseudo-
Boolean energies.  We first discuss linear pro-
gram (L1) for FLP relaxation in these two cases.

5.1. Details of L1 Program

Explicit form of (L1) for the pairwise multilabel
case is given in [55]. It is expressed with variables
§ which are related to ¢ by & = 1 — (45 Estyij =
1 — Cs,i — G5 + Cst,ij» S0 that £ 45 is the linearization
of & & = (1 — (si)(1 — (). This parametrization
is more convenient in the pairwise case. Its draw-
back is a more complex representation of Pg (which
is however not needed except for the proof).

Let us consider now the pseudo-Boolean case.
Without loss of generality we assume that y = 0
(otherwise variable values can be flipped). Let f
be given in the form of a multilinear polynomial:
fo(xe) = no]lsecvs- We let (¢ denote (¢ 1,. The
expression P f simplifies as

(Pcf)C(ﬂfg)z Z ZCC,D(%aCUé)CD,a:gfc(»’UC) (66)

rcEX: DCC

= 2 =10~ ys=11) ]| [vs=1060.01 fe(1c)

DCC SED sec\D

= [[mlczlc]]CcUo
Components of (I — PCT)f simplify as

fc(wlc) - I[xlczlc]lgcnc = [xg:lc]](l — Ge)ne-

The set X, = X,\{ys} equals simply {1} and thus
polytope Z simplifies as
(o =1, (67)
(Voe& ¥peco) ) (-DPlg =0
DCcC\B
Problem (L1) can be written as
min s 68
it ;c (68)
(Vceé&) Cene — (ATp) (1) = 0;
(Ve e &) (Vag # 1c) —(ATp)c(xr) = 0;
_(ATQD)Q 2 07
(e Z

Implementation in matlab is available at http:
//www.icg.tugraz.at/Members/shekhovtsov/
persistency for research purposes.


http://www.icg.tugraz.at/Members/shekhovtsov/persistency
http://www.icg.tugraz.at/Members/shekhovtsov/persistency
http://www.icg.tugraz.at/Members/shekhovtsov/persistency

5.2. Evaluation

We evaluated all methods on small random prob-
lems. The purpose of the experiments is to validate
the theory and to verify whether the improvement
obtained by the new method is not negligible. For all
methods, including ours, for each instance we numer-
ically verified that:

e map p constructed by the method is relaxed im-
proving w.r.t. FLP relaxation (by solving the
verification LP (24)).

e the persistency guarantee is correct (by solving
exactly the initial and the reduced problems).

We measure solution completeness as |Vr(‘}‘(ifl)100%,
where K is the number of labels in every node (|| =
K) and ngjiy, is the total number of labels (s € V,i €
X;) eliminated by the method as non-optimal.

Pairwise Multilabel Models We report results
on random problems with Potts interactions and full
interactions. Both types have unary weights fq(i) ~
U[0, 100] (uniformly distributed). Full random en-
ergies have pairwise terms fs(i,7) ~ U[0, 100] and
Potts energies have fq(i,7) = —vs(i)[i=4], where
vst(i) ~ U0, 50]. All costs are integer to allow for
exact verification of correctness. Only instances with
non-zero integrality gap w.r.t. FLP relaxation are
considered (non-FLP-tight). The results are shown
in Figure 12, while Table 4 gives details of the meth-
ods.

Higher Order Binary Models The proposed
evaluation of higher order 0-1 models is based on the
submodular library [61, 24]. The library interfaces
quadratization techniques HOCR [22] and Fix et
al. [15] and implements three variants of generalized
roof duality [24], GRD*. Figure 13 shows evaluation
on random polynomials of degrees 3 and 4, sampled
by the library. In the first series, we reproduce re-
sults [24] with similar parameters but smaller prob-
lems (e.g., n = 100 variables and 7" = 30 multilinear
terms vs. n = 1000 and T = 300 in [24]). The re-
sults for baseline methods are consistent with [24].
It turned out however that most of the instances are
FLP-tight. Our method, as well as [64], reduces in
this case to solving the FLP relaxation and gives the
trivial 100% persistency result. In the second series
we increased the complexity by adding more terms as
well as selecting only non-FLP-tight instances. The
proposed approach determines a significantly larger
persistent assignment.

In Figure 14, we generated grid problems of degree
3 with hyperedges {(i,7), (i +1,7), (4,7 + 1)} and of de-
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gree 4 with hyperedges {(4,7), (i + 1,4), (4,5 + 1), (¢ +
1,7+ 1)} at every grid location (i, ) € {1,... N —1}2.
For each such hyperedge ¢ we sampled the term f. as
a random posiform (2/° uniformly distributed num-
bers, one per configuration, as opposed to sampling
coefficients of multilinear polynomials in Figure 13).
This results in somewhat more difficult problems to
solve as there is no bias from an unsymmetrical treat-
We further selected only non-FLP-tight in-
stances. It turns out that for the class of the prob-
lems of degree 4 none of the baseline methods iden-
tified more than 1 — 2% of the optimal solution, in
contrast to the proposed method.

Running Time Figure 14(b) gives a rough idea of
running times when using CPLEX to solve linear pro-
grams. The running time for L1-FLP and Swoboda
et al. includes only the time to solve linear programs
and excludes all data preparation in matlab. The
method of Swoboda et al. is the slowest one because
it needs to solve several LP relaxations in the inner
loop (but see [64, 65] for applicability with subopti-
mal solvers and incremental computation). The pro-
posed two-phase methods (L1-FLP) solves two linear
programs. Somewhat unexpectedly, the initialization
phase (FLP) takes more than a half of the total time.
The optimal version of GRD performs similarly to
the proposed method but determines less variables.
GRD-heur is much faster while the result is compa-
rable to GRD. It can be concluded that for practical
applicability of the proposed method a feasible but
possibly only approximately maximal solution should
be found.

ment.

6. Conclusions

Techniques for partial optimality avoid the NP-
hardness of the energy minimization problem by ex-
ploiting different sufficient conditions by which a part
of optimal solution can be found. We proposed a new
sufficient condition corresponding to a given poly-
hedral relaxation and verifiable in polynomial time.
The condition generalizes the mechanism of improv-
ing mapping which is present in many works (al-
though often in a hidden form) and allows to explain
them from this perspective. We can explain variety
of methods originating in different fields and relate
these methods to linear relaxations. In particular,
it follows that all covered methods cannot be used
to tighten FLP relaxation. Applying them as a pre-
processing in solving the FLP relaxation may only
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Figure 12: Evaluation of pairwise multilabel methods. Problems size is 10x10, 4-connected. Bars of different shades indicate the
portion of the sample under the given solution completeness value (statistics over 100 instances).

ming,, [ fr (o, ze) — furr (Be, 2)] = 0.

1,... K (test labelings are (ys =

DEE1 Goldstein’s Simple DEE [17]: If f,(a) = fs(8) + e (s) ming, [fse (@, 20) = fse (8, 24)] = 0 eliminate a. Iterate
until no elimination possible.

DEE2 Similar to DEE1, but including also the pairwise condition: fs(as) — fs(Bs) + fi(ar) — fe(Be) + fst(ast) —
fst (5515) + Z mina:,/r [fst’ (OZS, .’L‘t/) - fst’ (ﬁs; QTt')] + Z

t'eN (s)\{t} t'eN (t)\{s}

MQPBO(- | The method of Kohli et al. [25]. The problem reduced to {0, 1} variables is solved by QPBO(-P) [48], where

P) “P” is the variant with probing [8]. In the options for probing we chose: “use weak persistencies”, “allow
all possible directed constraints” and “dilation=1".

Kovtun | One-against-all Kovtun’s method [40]. We run a single pass over «
a|s € V)). Labels eliminated in earlier steps are taken correctly into account in the subsequent steps.
Reimplementation.

Swoboda | Iterative Pruning method of Swoboda et al. [64] using CPLEX [1] for each iteration. Reimplementation.

et al.

L1 The proposed method in Algorithm 1 for class P? without perturbation, both phases solved with CPLEX [1].

DEE2+L1 | Sequential application of DEE2 and L1. Note, DEE2 uses a condition on pairs which is not covered by the
proposed sufficient condition under pairwise BLP relaxation.

Table 4: List of tested methods for pairwise multilabel evaluation.

speed it up but cannot change the set of optimal re-
laxed solutions. We formally posed and studied the
problem of determining the largest set of persistent
variables subject to the general sufficient condition.
It appeared that there are reasonably large classes
of this problem (restricted by the set of allowed map-
pings) which can be solved in polynomial time. While
the proposed solution might not be the most efficient,
its generality allows to subsume multiple problem re-
formulations, reductions, equivalent transformations
and choices that other existing techniques depend on.
In bisubmodular relaxations, this is the choice of a
bisubmodular lower bound function, in method [40]
the choice of the order of labels and the test labeling,
in methods [22, 15] choice of the sequence of the re-
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ductions and flips. While optimizing these methods
w.r.t. to all such choices does not seem tractable, it is
tractable to find a persistent assignment (by the pro-
posed method) which is at least as good as if these
choices were optimized over.

In the experimental evaluation we verified that our
theoretical comparisons hold true, i.e. that all eval-
uated methods (except DEE2 for which we do not
claim anything) have output FLP-improving maps in
all test cases. Our linear program (L1) had always in-
teger optimal solution* ¢. The persistent assignment
found by our method with FLP-relaxation was larger
per instance and significantly larger on average.

4With exception of few cases when CPLEX experienced a
numerical error.
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Figure 13: Evaluation of higher-order binary methods on random polynomials generated as [24] for n = 100 variables. Plots with
(d =3,T =100) and (d = 4,T = 30) reproduce results reported in [24]. In is seen that most of the instances are FLP-tight and
thus solved exactly by L1. We increase complexity by evaluating (d = 3,7 = 200) and (d = 4,7 = 50) and selecting only non
FLP-tight instances.
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Figure 14: Evaluation of higher-order methods on non-FLP-tight problems on grid. Left: Problems of degree 3 and 4 on grid
size 10x10. Note, degree 4 appears difficult for existing methods. Right: Running time for problems of degree 3 and varied size
up to 60x60. Percentage indicates solution completeness for selected points.

6.1. Discussion ables may lead to a tighter relaxation (see Figure7),
Iterative Application Do we get more persis- the method can be iterated similarly to generalized
tencies if the algorithm is run iteratively? roof duality, but the result is still dominated by L1-

If we consider FLP relaxation in the cases when  FLP.Inthe multi-label case we can iterate while vary-
maximality is guaranteed, a subsequent application  1ng the test labeling y, however this is computation-
of the method cannot give an improvement (it would ally expensive and does not seem practical.
contradict maximality). Maximality is achieved in Efficiency The present work focused on theoret-
pseudo-Boolean or multi-label class P! under strong ical aspects. Practical applicability of the method
persistency. It is also achieved if we keep the test requires some further research and development of ef-
labeling y fixed and consider the class P%¥ (for both ficient specialized methods that use approximate so-
weak and strong persistency). In the other cases it lutions of the relaxation as [64] or a windowing tech-
would be possible to improve by iterating the method. ~— nique [56] or alike. Method of Swoboda et al. [64]
Because for BLP relaxation excluding persistent vari- performs not the best in Figurel4 and is also the
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slowest when implemented with CPLEX. However, it
can be made optimal for class P! as proposed in [65]
and fast in practice using scalable dual solvers. Our
most recent work in this direction [57] proposes an al-
gorithm of this type for the pairwise multilabel case
and P%Y class of maps. It can be viewed as an alter-
native (combinatorial w.r.t. the mapping) algorithm
for the problem (L1) and achieves the necessary effi-
ciency.

Open Questions It was shown that strict persis-
tency leads to a tractable problem for a larger set of
maps. It guarantees not to remove ambiguous solu-
tions. By increasing € in the perturbation method one
gets a potentially stronger guarantee w.r.t. the uncer-
tainty of the data, which may be explored. The gen-
eral approach holds for an arbitrary bounded poly-
tope, allowing one to incorporate also global linear
This suggests a generalization to lin-
early constrained discrete optimization problems or
mixed integer linear programs. Another interest-
ing direction is how to combine the proposed persis-
tency method with cutting plane techniques. Finally,
among the questions that remained open is polyno-
miality of (MAX-SI) problem for the following cases:
(i) For all node-wise maps in a problem with 3 labels.
(ii) For maps of the form x — (z v ™) A 2™ with
mmin
when labels have a natural linear ordering. The op-
timal solution to this case would improve over the
iterative method of Kovtun [40], MQPBO and the
method [75].

constraints.

and ™ being free variables, which is relevant

A. Proofs

Lemma 1.1. The conical hull of a relaxation poly-
tope A (in the form (8), non-empty and bounded) is
obtained by dropping the constraint pug = 1:

coni(A) = {p e RY | Ap = 0; u = 0}. (10)

Proof. We will show that the defining set (9) is con-
tained in (10) and vice versa. Let p € A, let o > 0.
Then Aap = aAp = 0 and ap = 0. Therefore ap
is contained in the set (10). Now let u belong to the
set (10). If py > 0, we can select a = gy and vector
@ = p/uy € A and conclude that u = ap’ belongs
to (9). Let pug = 0. Assume for contradiction that
i # 0. Set A is non-empty by assumption, let p' € A.
Then for any a > 0 there holds p/ + au € A. But
|/ + apl| = af|p||, which is unbounded and con-
tradicts boundedness of A. Therefore p = 0, which
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belongs to the set (9). O

Statement 2.5. Let O

There holds P € Sy iff
O = P(A).

= argmin(f, (I — P)p).
neA

(25)

Proof. By idempotency we have that P(A) = {u €
A, Pu py.  Let p/ € P(A). Since (I —
PT)f, 'y = 0 it is clear that the value of verifica-
tion LP, min,er{(I — PT)f, ) is not positive.

Direction “<”. Let (25) hold. For pe P(A) = O
condition (23) is trivially satisfied and we find that
the value of verification LP is zero. For u € A\P(A)
from (25) follows that y is not a minimizer, therefore
the objective must be strictly larger than zero and
the strict inequality in (23) is satisfied.

Direction “=". Let P satisfy (23). Then the value
of verification LP is zero. Since any p € P(A) satisfies
Pp = p and achieves zero objective we have P(A) <
O. Now let p ¢ P(A). In this case Py # p and
inequality (23) is strict. Therefore p ¢ O. O

The condition (25) can be further expressed in the
components of mapping p as follows.

Statement 2.6. Let O {zc € X |(3p €
O) pe(zc) > 0}. There holds [p] € Sy iff

(Vce &) Oc = pe(Ac). (26)

Proof. Direction “=": We prove the negation of the
implication. Assume (3¢, Jx¢ € Of) po(ze) # xe.
Then dp € O such that pc(ze) > 0. By idempo-
tency, there is no z, such that po(zf,) = xc. By (15)
([plw)e(zc) = 0 # po(ze) and therefore [plu # p.
From (25) follows that [p] ¢ Sy.

Direction “<": Let (26) hold. Let p € O. Then for
all ¢, ¢ such that pc(ze) > 0 there holds po(zc) =
zc. It follows from (15) that ([p]u)c = pe and thus
[p]e = p. Therefore [p](O) = O and thus O < P(A)
and the value of the verification LP is zero. Because
P(A) = {p e A| Pu = p} the value of the objective on
P(A) is zero and thus P(A) < O. From (25) follows
[p] € Sf. O

A.1. Properties

Lemma 2.7 (Necessary conditions I). Letp: X — X
be node-wise and P = [p]. Let O = argmin o {(f, 1)
and O¢ = {zc € X | (Fp e O) pc(ze) > 0}. Then



(i) For p e W, there holds

P(O) c O; (27a)

(Vee &) pe(Oc) < Oc; (27b)
(ii) For p € Sy there holds

P(O) =0; (28a)

(Vee &) pe(Oc) = Oc; (28b)

Proof. (i) Assume (3u € O) Pu € A\O. Then
(f, Puy > {f, 1, therefore p ¢ W;. This proves equa-
tion (27a).

Assume for contradiction that (27b) does not hold,
i.e. (3ce &, Jxc € Op) 24, := po(xo) # xc. Because
xc € O there exists u € O such that pc(xzc) > 0.
From expression (16) it follows that ([p]u)c(z)) > 0
but z, ¢ O¢ and therefore [p]u ¢ O, which contra-
dicts to (27a).

(ii) Assume (3u € O) Pu # p. Then (f, Puy >
(f,py and therefore p ¢ Sy. This proves equa-
tion (28a).

Assume for contradiction that (28b) does not hold,
i.e. (3ceV, Jzc € Oc) po(xc) # xc. Because z¢ €
O¢ there exists p € O such that pc(ze) > 0. Since
po(zc) # ¢, from idempotency and (15) follows that
(lpln)c(@e) = 0 # pc(wc) and thus [p]p # p, which
contradicts (28a). O

Theorem 2.9 (Dual representation of Sy). Let
p: X — X be node-wise. Then: (i) there exists ¢ > 0
such that [p] € Sy iff

(3peRY) f—ATo—[p]"f >ch,  (32)
where h is a function such that A > 0 and he(zc) =0
iff po(xc) = @¢; and (ii) for rational inputs (includ-
ing h) the value of ¢ in (i) is a rational number of
polynomial bit length.
Proof. (i) The ”if” part.
weaker condition

Condition (32) implies a

fe=Ip]"f =0, (69)
i.e. it satisfies dual representation of W, (29) and
therefore p is relaxed-improving. It remains to prove
strictness. The value of the verification LP in (24) is
zero. The value of its dual problem

max{¢ e R| f¥ = [p]"f —eat; e RT}  (70)
is thus also zero. It follows that ¢ is optimal to (70).
We need to show that for 1 € O there holds [p]p = p.
By multiplying (32) with pc(z¢) and summing over
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C and o we obtain

(I =PIV 1) = o, Ay = ey (T1)
Because pu, ¢ are optimal primal and dual solutions,
by complementary slackness (¢, Ay = 0. Assume for
contradiction that [p]u # p. Then (3c € &, Jzc € AL)
([p]p)o(ze) # po(zc). We consider now two cases
Case 1: if po(xe) # @, then by idempotency for
all xf, holds pc(z),) # z¢ and therefore from (15) we
calculate that ([p]u)c(xc) = 0. In this case from the
assumption it must be pc(zg) > 0 and

{uy by = po(xe)he(ze) > 0. (72)
Case 2: if po(x¢) = 2 then from (15) and the as-
sumption follows (3}, # ) such that po(zf) = z¢
and pc(z),) > 0. In this case

(b > po(wlho(al) > 0. (73)

In both cases 1 and 2 we have {(I — [p]")f,u) > 0,
which contradicts optimality of p.

We now prove the “only if” part of (i). Let g =
(I—PT)f and let (1, (,1)) be a primal-dual strictly
complementary pair of solutions to

gleig@, 1)- (74)

Let O be the c-support set of primal solutions:
Oc = {zc € X | pc(zc) > 0}. By Statement 2.6 and
idempotency, there holds pe(z¢) = z¢ for z¢ € Oc.
By strict complementarity, for x¢ € O¢ there holds
g&(zc) = 0 and for z¢ ¢ O there holds g (z¢) > 0.
We let

©
e= min % (zc) > 0. (75)
CGE, h(j(xc)
LECEXC\OC
Since for z¢ € O¢ ho(ze) = 0, we can bound now
components of g¥ as follows
(Vo€ &, Vac)  9&(xc) = holzo). (76)

Expanding components of g¢ as g&(xc) = fe(we) —
fe(pe(ze)) — (ATp)c(xc), we obtain relations (32).
The statement of part (ii) of the theorem is proved
as follows. The bit length of the rational dual solution
@ is polynomially bounded as well as the bit length
of rational numbers h. It follows that e calculated
by (75) is a rational number of polynomially bounded
bit length. O

Theorem 2.10 (Necessary conditions II). Let
P:RT — RZ be idempotent, P(A) = A and P € Wy.



Then

. T o .

A(I—HII{))MZO«I —P) f.pu)=0; (33a)
wu=

(FeeRY) I-PT)(f—ATp)=0.  (33b)

Proof. Let g = (I — PT)f. The steps of the proof are
given by the following chain:

(b)
lnf <f—PTf,,LL>< lnf <f_PTf7N>
Ap=0 w
n=0 A(I-P)u=0
©=0

© it (f —PTf @ sup 0.

A(I-P)u=0 PERT

#=0 (I=PT)(f-AT¢)>0

(77)

On the LHS we have problem (30). If P € Wy, this
problem is bounded and the value of the problem is
zero. Equalities (b), (c) essentially claims bounded-
ness of the other two minimization problems in the
chain.

Inequality (b) is verified as follows. Inequality <
holds because by summing two inequalities

APp >0
A(I — P)u

(78a)

>0 (78b)

we get Ap = 0.
Equality (c) is the key step. We removed one con-
straint, therefore > trivially holds. Let us prove

<. Let u be feasible to RHS of equality (c). Let
p = p1 + p2, where
=Pu; pp=I-Pp (79)
There holds
(I =Py = (I = P)Pu=(P—P)u=0, (50)

Pps = P(I — P)p =

i.e., u1 € null(I — P) and pe € null(P). Let us chose
) such that

py = and Apl = 0. (81)
For example, the relaxed labeling
o(x (82)
=) 5

will satisfy these constraints for sufficiently large v >
0. Indeed, all components of p} are strictly positive,
it belongs to M as a convex combination of integer
labelings and therefore satisfies constraints of the re-
laxation Ay} = 0 for any v > 0. It remains to chose
7 large enough so as to have (1)) > u1 satisfied.
Notice, that (u))z = v. Let uf = Pu). Because
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P > 0, we have

= Py = P = i (83)
Because p) € coni(A), there holds
APy = APPu, = APy} > 0.

By idempotency, (I — P)u] = (I — P)Pu} = 0.

Let pu* = pf + pa. It preserves the objective,

(f=PTfu*) = (1= P)(pf] + pa)) (84)

=, (I = P)pzy = {f,(I = P)).
We also have that
pr=p e = g =p =0,
=A(I — P)uy = A(I - P)u =0, (85)
APp* = APuf > 0.

Therefore, pu* satisfies all constraints of the LHS of
equality (c). Equality (d) is the duality relation that

asserts that the maximization problem on the RHS is
feasible.

>
Al = P)p* >

O

A.2. Relaxation of Sherali and Adams

Lemma 2.11 (Identity Equality (S3)). Let G(¢) be
the linearization of g(z). Then g(z) = 0 for all z €
{0,1}° iff G(¢) = 0 for all ¢ € R,

Proof. The correspondence between g and G is
through coefficients a:

z) = DZ:(‘ ap 1;! Zs; (86a)
G(Q) = D) anlo. (86b)

We have g = 0 iff all coefficients of the (unique) mul-
tilinear polynomial representation « are zero and it
is the case iff G = 0. O

For subsequent proofs let us introduce the corre-
spondence between binary variables z and their lifted
representation ¢ as the mapping ((z) from {0, 1}° to
R%" with components

C(z)p = H Zs.

SED

(87)

Lemma 2.13 (Identity inequality (S5)). Let G(()
be the linearization of g(z). Then g(z) > 0 for all
z€{0,1}° iff G(¢) = 0 for all ¢ € Z,.

Proof. («) This part follows from the fact that
((z) satisfies all constraints of Z. and thus g(z)
G(¢(2)) = 0 for all z € {0,1}°.



(=) Note that a special case when g¢(z)
[Tees 2s [ [sea(l — 25) and ANB = @, A, B C Cis
proven in [58, Lemma 2]|. Here is a different general
proof.

Since g is non-negative, it can be represented as a
posiform [6, Proposition 1]:

g() = Y an] T2 [T (=2,
BCC SEB  sec\B
where ay = g(1) = 0 and 1 € {0, 1} is the indicator
of the set B defined as: (1z)s := [s€B]. By linear
combination property (S3), G({) can be written as

GO =Y an Y (1) (89)

BcC DCC\B

(88)

which is a non-negative combination of non-negative
summands, as ensured by constraints of Z. O

Lemma 2.12 (Convex hull). Polytope Z equals the
convex hull

conv {C(z) e R* |¢(2)p = st, VD < ¢,Vz € {0, 1}0}.

SED

(38)

Proof. Let ‘H denote the convex hull (38). Clearly,
any vertex of H is in Z¢ and therefore H ¢ Z.

Let G(¢) = > pee anp = 0 be a facet-defining in-
equality of H. Let us show it holds for all { € Z..
Let 9(2) = > pcc ap [ Lsep 25, 2 € {0,1}°, a multilinear
polynomial corresponding to G. For all vertices ((z)
of H there holds G(({(2)) = g(z) and at the same time
G(¢) = 0. It follows that g(z) = 0 for all z € {0,1}°
and, by Lemma 2.13, G(¢) = 0 for all ( € Z,. We
have proven that Z, < H. O

Lemma 2.15 (Product). For ¢ € Z there holds ¢? €
Z., where the product ¢ = (¢ is component-wise.

Proof. Using the convex hull property we can repre-
sent ( € Z, as convex combination of vertices, i.e.,
(o = Dp_1 ok [ Lep 25, D = ¢, where 2¥ € {0,1}° for
k=1,...,nand ay >0 and >;_; ay = 1. Then

n n
2 k k
G= 2, 2 omen | [ ][22

(90)
k1=1ko=1 SED SED
n
k1,k
= Z Oy Oy stl k, (91)
k1,ko=1 SED

where zF1F2 e {0,1}° is the coordinate-wise prod-
uct of 2z and z*. Note that ag,ar, = 0 and

Doky. ko—1 Ok Oy = 1. Expression (90) proves that ¢?
is representable as a convex combination of vertices
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and thus belongs to Z;. One could similarly show
that for ¢, n € Z. their product (n also belongs to
Z.. O

A.3. L1 construction

In §2.7 we used representation of coefficients
P .2 of the linear extension [p¢] in the form of
a polynomial (39). This representation is obtained as

follows. Starting from definition (36), we express:

PC,xcxg = H (([x;=x8] - [[ys:$5]])gs,x's + [yszms]])

sSeC
= Z Cc,p ($c7 37]/3) H Cs,x;a (92)
DCC SED
where
e — = €D
RS e e
lys=zs], s € C\D (93)

cen(Tes ) = H cn (s, ).

SEC

Theorem 2.16. Inequalities (41c) in the definition
of polytope Z can be equivalently replaced with P >
0.

Proof. The fact that inequalities (41c) imply Pr > 0,
assuming equality constraints (41a)-(41b), was shown
in §2.7. We show now that P > 0 implies inequali-
ties (41c).

The inequality Py > 0 for the linear mapping FPr
means that all its matrix elements are non-negative,
i.e., the defining coefficients P, . for c € £, z¢ €
X., xl, € X are non-negative. Let us detail the con-
straint

(94)

Pc,xc,xg = 0.
Let

A={sec|zs#2.}, B={secC|zs#ys} (95)

and let A denote the complement in C. From (93) we
have

1, $E€EANBND,

-1, s€eANnBND,
ep(zs,2h) =40, se(AAB) N D, (96)

1 seBND,

0, SEBND

Coefficient cp(xc,x)) in (93), which is the product
of (96) over s € C, expresses as

(71) \AmEmD\0|D\(AAB)|O|B\D| )

(97)

cn (e, 1)



It is non-zero only when D\(AAB)
or equivalently

=@ and B\D = &

BC D, DCAAB; (98a)

< BCD, ACB, DCAUB. (98b)

Using sets A, B and coefficients (97) we obtain

DD, =0 (99)

D
BCDCAUB

PC,$(:7mé =

which is equivalent to

G A

DCA

(100)

In order to obtain inequalities (41c) we need to show
that for all z, € X, by varying z, € X, the set B
ranges over all subsets in ¢ while at the same time A
equals to B. Since 2}, € X we have z/, # 3/ for all
s € €. An arbitrary given set B can be realized by the
choice x5 = 2, if s € B and 5 = y, otherwise. At the
same time for this choice of  there holds A = B. [

Lemma 2.17. For ¢ € Z there holds Pg = Pe.

Proof. Let us calculate the expression of (P
It is equal to

Z PC;BCIL c,xhxl = Z 2

2
)C,:):cxg .

(101a)

ol eX, D1CC D2CC
/ "
Z HCDl xsa CD2 (ajsvxs)CDl,xgl CDg,ng (101b)
xéEX(‘ SeC

The expression in line (101b) factors as

( Z [ ] eos (s, 2l)en, (2, x)CDlxDl) (102a)

eXDl SED1

< H Z Cpy (s, ) Cny (), S)) (CDQ’%),

sec\D1 zLEXs

(102b)

The term of the second factor for s € ¢\D; equals
e Case s ¢ D1, S € Do:

D lys=z](~lys=a(] + [=f=]) = 0. (103)
e Case s ¢ Dy, s ¢ Da:
(104)

Z [ys=2s1lys=2.] = [ys=2s].

It follows from (103) that for Dy ¢ D; the factors
vanishes and hence expression (101b) vanishes. In
the first factor the coefficient cp, (zs, z})cp, (2, 27)
expresses as:

e Case s € D1, S € Do:

(—lys=zs] + [zi=s]) (—[ys=25] + [z5=25])

= (~lys=2s] + [z3=xs]) [2==] (105)
e Case s€ D1, s ¢ Do:
(—lys=zs] + [zi=2s])[ys=x]
= —[ys=zs=2.] + [z,=2,=ys] =0. (106)

Therefore, if D1 ¢ Do, for each value of 7, the prod-
uct [ [ep, Coi (s, 5)ep, (75, 75) vanishes and hence
the sum (102a) and the expression (101b) vanish. It
follows that we need to count expression (101b) only
for the case D1 = Dy =: D. In this case, carrying the
summation over z7, in (102a) we obtain

H(_ [ys=as] + [2i=2s])Co,ap-

sSED

(107)

From the full expression (101) there remains

DT lys=aal + [22=a]) [T [ys = 2060 006001

DCC $ED seC\D

= Z Cc,p $c>xc Cc@g = (PC2)C,:cc,xg' (108)
DCccC

The claim (F;)? = P2 is proven. O

A.4. Mazimum Persistency for Local Relaxations

Lemma 3.1. Node-wise mapping [p] preserves the
local polytope A.

Proof. Clearly, [p] preserves non-negativity. Let pu
satisfy marginalization constraint (52) for some ¢ € £,
D < C and xp € Xp. Then

2 (lwelae) = 35 > [polet)=ac]pe(at)

Zc\p Tc\p Z‘E eXe

- Z < Z [pe(wc) $C]]>Mc($c) (109a)
Tc\p

= Z [ ()= Jac () (109D)

Z [0 (zp) =20 o (2),) = ([Pl (2n). (109¢)

JJDEXD

O

Lemma 3.2. Mapping F; for ( € Z preserves the
local polytope: P¢(A) < A.

Proof. We need to prove that (Vu e A)

(Pep)o = 1; (110a)
Pep = 0; (110Db)
APy = 0. (110c)



Constraints (110a), (110b) are satisfied for any relax-
ation polytope (same as (43)). Constraint (110c) is
local: for each ¢ < & it is given by equalities (52)
for (Pu)c, and hence involves only (¢, |D < ¢). This
constraint holds for all integer { by Lemma3.1 and
thus also for all ( € Z. O

Theorem 3.3 (Characterizations). For a local relax-
ation A all of the following are equivalent:
(a) PeWy;
(b) (GpeR™) 1%~ PTf >0,
(c) (peR™) (I— PT)f? > 0;
(d) inf((f — PTf, )| pe R, A(I—P)u =0}
0.

Proof. We already have (a) < (b) by Theorem 2.8
and (a) = (d) < (c¢) by Theorem 2.10 (equivalence
is the duality relation discussed in the proof). Let
us prove (c) = (a). Let p € A. We multiply com-
ponent inequalities (c¢) with non-negative numbers
te(xe) and sum over z¢ and C. We get inequality

(PTfpy = (PT AT, 1y < (fopy = (AT, ).
The sum (AT, u) = {p, Au) vanishes because Au =
0 and similarly (PT ATy, i) = (p, APu) = 0 since by
Lemma3.1 Pu € A and thus APu = 0. The remain-
ing inequality proves that P e Wy. O

A.5. NP Hardness Results

Theorem 3.4. Problem (MAX-WI) over the P! class
of maps and the BLP relaxation is solvable in polyno-
mial time for the quadratic pseudo-Boolean case and
otherwise (when the problem is multilabel or higher
order) it is NP-hard.

Proof. In the quadratic pseudo-Boolean case the so-
lution is given by the optimal relaxed labeling with
the maximum number of integer components. For a
more special case of vertex packing problem it was
proven polynomial by Picard and Queyranne [46],
whose proof we extended in [55, Statement 5]. For
the general quadratic pseudo-Boolean case, the solu-
tion can be found efficiently by analyzing connected
components in the network flow model [7], [32, §2.3].

Next we prove that (MAX-wI) is NP-hard if either:
there are more than two labels or the order of the
problem is 2 (cubic terms) or higher. We use re-
duction from pairwise constraint satisfaction problem
(CSP) which is NP-complete when variables can take
3 or more values or when constraints can couple 3 or
more variables at a time (this case includes 3-SAT).
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This problem can be represented as energy minimiza-
tion with constraints fo: Xo — {0,1}. The CSP is
satisfiable iff the minimum of the energy is zero. Let
V be the value of the LP-relaxation. Then either it
is larger than zero and in this case the CSP is not
satisfiable or it equals zero. In the latter case, the
CSP is satisfiable iff there exist an integer solution
with cost zero, i.e., the relaxation is tight. This is
the case iff (MAX-WI) determines all variables as per-
sistent. Thus if (MAX-wI) was in P we could solve
CSP, which is a contradictions. ]

Theorem 3.5. Problem (MAX-SI) with 4 or more la-
bels over the class of maps P? = |, P*¥ and BLP
relaxation is NP-hard.

Proof. We again use a reduction from CSP with 3
labels, X5 = {1,2,3}. Let the constraints of CSP be
defined by g¢: Xo — {0,1}. We construct an energy
minimization problem with 4 labels as follows:

90(330>, Tc € {172’3}0;
fc(xc) =3¢ To = 4c; (111)
B, otherwise,

where B > |€| and ¢ < 1/|€|. Let V be the value
of the BLP relaxation. If it is larger than zero, then
the CSP is not satisfiable. Otherwise, the relaxation
is tight iff the CSP is satisfiable. It is clear that if
an integer solution of zero cost y* exists, it must
take values in {1,2,3}. If it exists, then mapping
ps: (1,2,3,4) — (1,2,3,y%) is strictly relaxed im-
proving as it replaces components of cost € > 0 with
components of cost 0. Let ¢ be the maximum strict
relaxed improving mapping in class P?. Let s = 4
for all s € V. If (3s € V) ¢(x)s = 4, then the CSP is
not satisfiable, as ¢ is not larger than p. Otherwise
(Vs € V) q(z)s # 4 and Ef(q(z)) < |Ele < 1. It fol-
lows that g(g(x)) = 0 and hence ¢(z) is a solution to
CSP. We showed that CSP was reduced in polynomial
time to (MAX-SI). O

A.6. Method of Swoboda et al.

Theorem 4.5. Persistency by method [64] in the
pairwise multilabel case corresponds to an FLP-
improving mapping.

Proof. The method constructs a subset A < V, a
labeling y on A and an auxiliary energy £, defined



by:
(Vse A)  gs=fs, (112)
(Vste &, se A,ite A)  gs = fst,
(Vste &, se At ¢ A, Vij)
) N
iy ) = e Sl T )2 g
M jrex, fst(i,5), 1 # ys,

with remaining terms set to zero. It can be seen that
energy I, depends on the assignment of y only on the
boundary 0A = {se A| (3t e V\A) {s,t} € £}. Let us
extend y to V in an arbitrary way, e.g., by yy\ 4 = 0.
The sufficient condition of [64, Corollary 1] implies
that §(y) € argmin, ¢, {g, ) (the relaxation is tight).
We construct mapping p as
if se A,

s
ps(i) = {z if s¢ A,

i.e., p replaces part of a labeling x on A with the
labeling y. This mapping is illustrated in Figure11.
We claim that mapping p is relaxed-improving.

We first show that g is auziliary for f, i.e., that

(VueA) {(I=P) f,u) =< ~P)g,p. (115)

We trivially have fs(i) — fs(ps(i)) = gs(i) — gs(ps(7)).
We also have equality of pairwise terms

(114)

Fst(isJ) — fst(ps(2), pe(5)) = gst (i, ) — gst(ps (i), pe(J))
for st € £ in all of the following cases:

(a) se Aand te A;

(b) s¢ Aand t ¢ A,

(c) seAand t ¢ A, i = ys.
It remains to verify the inequality for boundary pairs
se A, té¢ Ain the case i # ys. We have

fst(iaj) _fSt(pS(i)vpt(j))
= gI'réant (fst(ivj/) - fst(ps(i)apt(j/)))

116
>H}i,nfst(iaj/) - max fstWs, pe(5")) (H6)

= 9st(i,5) — 9st(ps(2), pe(5))-
Because component-wise inequalities hold it follows
that (115) holds.

The second step is to show that p is relaxed-
improving for g. By assumption, we have 0(y) €
argmin (g, ). Given a labeling z, mapping p re-
places part over A to the optimal labeling y. It fol-
lows that (Vu € A) {g,Puy = (g,6(y)) < {g,1)-
Combining this inequality with (115), we obtain that
[p] eW f- O
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A.7. Quadratization Techniques

In this section we define a sufficient set of atomic
reductions to represent methods [22, 15]. We first
define a rather general reduction.

Definition A.1. An injective reduction is a proce-
dure that for a given energy minimization problem
described by V, &, X, f specifies:
e The reduced energy minimization problem de-
scribed by V', &', X', f';
e An injective mapping 7: X — X’;
e A left inverse of 7, mapping o: dom(o) — X,
where X’ 5 dom(c) o 7(X).
The energies are related by Ep (m(x)) = Ey(x) for all
reX.

Mapping 7 establishes a correspondence between
labelings that preserves distinctness. Its left in-
verse always exists but may be non-unique (when
m(X) # X’). For some labelings in X’ there may
be no meaningful correspondence in X. For this rea-
son the domain of ¢ is allowed to be specified. We
introduce the following atomic injective reductions.
First, the ones not changing the hypergraph:

e reparametrize: Let f' := f — ATy, where A is

the matrix of a local relaxation. Mappings 7 and
o are identity.

e permute_labels: Apply a permutation (a bijec-
tion) of labels: for each s € V, mapping my: X5 —
X is a bijection, X! = X, and o5 = 7, 1. The
reduced energy is fi(m(z¢)) = fo(xe).

e add_labels: Expand variable domains as X; <
X! and extend the objective component-wise: let
fo(xl) = fo(at,) for xf, € X and arbitrary for
xp, € X\Xc. Mapping m: X — X’ is the injec-
tion x — x. Mapping 0: X — X is the identity
(dom(o) = X).

Now, atomic reductions changing the hypergraph:

e remove_zero: If the term fo(xz¢) = 0 for all z¢ €
X, exclude ¢ from E&: let & = E\{c}. Mapping
7 is the identity. This operation is the converse
of adding zero interactions in [72].

e clique_aux: For a given C € &, introduce a new
node w, an auxiliary variable y € &, and repre-
sent the term f. as

fc(l'c) = myinf(ljuw(xCay)' (117)
Define V' =V u {w} and
E'=&u{puiw}|pe& pccl (118)

For hyperedges D € &\{C} the energy terms



are copied: f/(zp) = fpo(zp) and the remaining
terms of f’ (other than in (£\{c}) u {Cc U {w}})
are zero. The new labeling domain is X’
X x X,. Mapping m: X — X’ is defined as
7: x+— (z,y(z)) where

y(x) = y(zc) € arg;nin foogwy(@eyy). (119)

Mapping o: X’ — X is the restriction (z,y) —
T.

group_aux: Let H < £ and intersection C
ﬂH€H H € £. Introduce a new node w and a vari-
able y € &X,,. Let function y: X; — A, be such
that (VH € H)

fH(xH> = féu{w}(xmy(ﬂ?c)) = ;2}3 féu{w} (J;Ha y)

Define V' =V u {w} and

g=cu|J{pufwlpeE pen (120)
HeH

Define 7: X - X': 2 — (z,y(z¢)) and 0: X' —
X (z,y) — x.

In order to relate relaxed-improving maps before
and after the reduction we need a correspondence be-
tween them. However, not all maps p: X/ — X’ of the
reduced problem make sense for the initial problem.

Definition A.2. A node-wise mapping p’: X’ — X’
is admissible for a reduction if p’ (7 (X)) < dom(o). In
this case p = o o p’ o7 is the corresponding mapping
for p'.

All the above atomic reductions fulfill the require-
ments of Definition A.1 and, with the exception of
add_labels reduction, all mappings p': X’ — X’ are
admissible.

Definition A.3. A reduction has inclusion of
relaxed-improving maps for relaxations A and A’ if
for every admissible A’-improving mapping p’ for f’
its corresponding mapping p is A-improving for f.

Theorem A.4. Atomic reductions reparametrize
and permute_labels have inclusion of relaxed-
improving maps for local relaxations.

Proof. Let A be a local relaxation. Let p’ be
A-improving for f’. 1In case of permute_labels,
marginalization constraints are invariant w.r.t. the
order of labels. We trivially get that o o p’ o7 is
A-improving for f. In case of reparametrize, there
holds (f — ATy, ) = {f,p) for all € A as well as
for all p e [p'](A) € A and so p = p’ is A-improving
for f. O
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To a hypergraph (V, £) let us associate an induced
local relaxation Ag¢ as follows. For A,Bc Vlet A < B
if A,Be & and A € B. Let Ag be the local relaxation
for the coupling <.

Theorem A.5. Atomic reductions remove_zero,
add_labels have inclusion of admissible relaxed-
improving maps for local relaxations Ag and A’ =
Ag/.

Proof (remove_zero). Because £ does not contain
hyperedge c, all variables ¢, as well as the asso-
ciated marginalization constraints, are absent in A’.
Polytope A’ can be still represented in R as having
unconstrained variables puf,(z¢). In this representa-
tion A © A’ and Theorem 4.1 applies. ]

Proof (add_labels). Let p’ be relaxed-improving for
f"
(V' e A) ([ Ty < i)
By the dual representation Theorem 3.3(b), there ex-
ists dual multipliers 1) for A’ such that
(Voe&, Val, e X)) fo(p/(xl)) < f&F (). (122)
It must be that p/(Xs) < Xs, otherwise p’ is not ad-
missible. The corresponding mapping ps: Xs — X

is the restriction of p/ to X5. Restricting (122) to X
we obtain (VC € &, Ve € Xp)

fe(p(zc)) < folze) — ((A)T)e(xe). (123)
The RHS expression is of the form (55) and thus is a
valid reparametrization of f in A. Therefore (123)
satisfies component-wise inequalities and by Theo-
rem 3.3(b), p is relaxed-improving for f. O

(121)

<

X

Theorem A.6. Atomic reductions clique_aux and
group_aux have inclusion of relaxed-improving maps
for local relaxations Ag and A’ = Agr.

Proof (clique_aux). First, let us show that a relaxed
solution 1 € A can be mapped to a relaxed solution
of the reduced problem p’ € A’. Let

(VD€ &) (Yap € Xp) pp(an) = pin(zn),
(W/bpcc, peé) (Vaop € Ap,Vy e &)

(124a)
(124b)
/
Nou{w}(ﬂfmy) = Z pe(o)[y(zc)=y].
L\
In particular, u’cu{w}(:nc,y) = pc(ze)[y(zc)=y] and

Wy () = Sy e(@e)[y(zc)=y]. Clearly, solution 4
satisfies all those marginalization constraints that p
does. The additional marginalization constraints of



Agr are given for B ¢, A € B, A,B € £ by couplings
A, B, Au{w} € BuU {w}. (125)

Marginalization for B and B U {w}:

Z“fau{w} T, y) = >, Y He(ze) [y(ze)=y]
Y Teo\s
= Z pe(zc)

Tc\B

= pn () = pi(zs). (126)

Marginalization for A and B U {w}:

Z MBu{w} T, Y Z Z Nc Tc [[y 330 ]]
T\ Y Tp\arY Lo\
= Z po(xe) = pa(ra) = )y (24)- (127)
Tc\a

Marginalization for A U {w} and B U {w}:

Z //Bu{w}(xB,y) = Z Z pe(xe)[y(ze)=y]

Tp\A Tp\a Lc\B

= Z Mc(xc)l[y(l'C):y]] = /“L;u{w} (‘rA’ y)

Tc\a

(128)

Therefore p/ € A’.  Since we have the equality
fC(xC) = féu{w}(xc7y($c)), there holds

ch fc ,U«c $c chu{w} Lc, ($c)),uc($c)

Zc

=3 Froy @e ) [y=y(ae) e (xc)

To,Y

= Z fC/Ju{w} ($C7 y)/’béu{w} (3307 y)

To,Y

(129)

For other components D € £\{c} we have

ZfD Zp) o (Tp) ZfD Tp ,UJD (7p) (130)

and for all D € ¢, D € £ we have f]’)U{w} = 0. Let
us denote the linear mapping RT — RZ' (124) by IL
It follows that for all 4 € A there holds Iy € A’ and
from (129),(130) that

oy = (f ). (131)
This proves that
mindf, i) > n,mn,<f W, (132)
HE eN

e., relaxation A’ is not tighter than A.

Let p': X' — X’ be node-wise A’-improving for f’
and p = oop’om, i.e., ps = p, for s € V. Let P’ = [p/],
the extension to RZ". Similarly to (129) and (130) we
can express parts of the scalar product

ooy =27 D0 Folph(@n)) (@)

DEE xpEXD

(133)
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for each D € £ as follows. For D € £\{c} we have

an (P (xp)) o () (134)
= ZEfD Zp)[En=p(xp) ] i, (2p)
= 2 Fo (o) (P )o (). (135)
For ¢ let ¢/ = ¢ U {w}, we have
ch pc ze))pe(re) (136a)
= Zch Zc [[fc—p (zc)]pe(ze)
:ZZf(/:/(i’m3/(550))[[50:17,(550)]]MC(330) (136b)
< ZZ for@e, vy (y(20))) [Zc=p' (o) | o (@)
= N e DlEe=r @) i=r, )]
T,y T, (136¢)
[y=y(zc)]pc(wc)
= 2 2 S @ D) g, oo (e, y) - (136d)
ZcY T,y
= Z féu{w} (i.C7g)(P/M/>Cu{w} ([Ij’:(j) (1366)
Zo,§

The inequality is due to y(Zc) € argmin, f),(Zc,y).

For all D € ¢, D € & there holds f]’Du{w} =0. It
follows that
el =<' 0l (137)
< <f/7:U’/> = <f/7 H,U,> = <f7 M>
Therefore [p] € Wy. O
Proof (group_aux). Because y(z¢) minimizes all

group terms simultaneously, arguments of the proof
for clique_aux apply to each H € H. It follows that
the final relation (137) is satisfied. O

Theorem 4.6. Persistency by Higher Order Clique
Reduction (HOCR) of Ishikawa [22] corresponds to
an FLP-improving mapping.

Proof. Reductions used in HOCR are of the following
form:

min g(z,y), (138)

Y1,Y2,---Yk

12 ...oTp

where function g(x,y) is by design partially separable

so that the reduction decreases the order of the prob-

lem. This reduction can be implemented as follows:
e Use clique_aux to introduce new variables



let

Yi,..-Yg, one at a time, e.g., first
T1T2 ... Ty = miny, fH(z,y1), where fX(z,y1)
ming, ., 9(z,y), and so on.

e Use reparametrize to rewrite the term g(z,y)
that gets assigned to the hyperedge over all vari-
ables x1,...,xy and y1, ..., yr as a sum of terms
over smaller subsets of variables as guaranteed
by design of g.

e Use remove_zero to clean up the hypergraph
so that all now zero higher order terms are ex-
cluded.

HOCR full reduction can be implemented by iterat-
ing the steps above. Starting from the FLP relaxation
of the initial problem, the necessary reparametrize
operations are feasible as we add all possible inter-
actions during clique_aux. Kach atomic reformu-
lation has inclusion of relaxed-improving maps. It
follows that the whole reformulation has inclusion of
relaxed-improving maps. The persistency in the final
reformulation is obtained with QPBO, which by The-
orem4.3 is an FLP-improving mapping. It follows
that there is a corresponding FLP-improving map-
ping in the initial formulation. O

Theorem 4.7. Persistency by method of Fix et al.
[15] corresponds to an FLP-improving mapping.

Proof. Method [15] uses reductions of HOCR and
a new reduction for a group of cliques [15, The-
orem 3.1]. Let us show that the group reduc-
tion has the form that can be implemented using
group_aux, reparametrize and remove_zero. The
optimal value of the auxiliary variable y in [15, The-
orem 3.1] depends on the assignment of z only: it is
given by y(z¢) = 1 — l—[jec xj. Since all hyperedges
H € H contain ¢, the reduced expression [15, equation
(2)] equals

> au(ylee) [ Tos + (0= ylwe)) [] ;) (139)

HeH jec jen\c
where oy > 0, ¢.e., it has the form required by
group_aux. The actual simplification of the prob-
lem is achieved by applying reparametrize and
remove_zero similarly to HOCR.

It follows that reduction [15] can be imple-
mented using operations clique_aux, group_aux,

O]

reparametrize and remove_zero.

A.8. Bisubmodular Relazations

The section is organized as follows. We review defi-
nitions and the persistency property of bisubmodular
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functions. Then we define the sum of bisubmodular
functions relaxation via injection of label space {0, 1}
into {0, 3,1} (with operation add_labels). The com-
parison result is then achieved in two steps. We show
that persistency for a bisubmodular function is a
BLP-improving mapping on 3 labels ({0, %, 1}) admis-
sible for add_labels and then apply the result that
add_labels has inclusion of BLP-improving maps to
transfer all persistencies by bisubmodular relaxations
to the BLP-relaxation of the initial problem.

We follow the notation of [28]. A sum of bisub-
modular functions (SoB) relaxation is constructed as

follows. Let X5 = {0,1} and
1
— 1
2’ J

Define binary operations m, w: KY2 — K2
component-wise according to:

K2 = o, (140)

nl0 3 1 U0 31
ojo0 3 3 0|0 o 3 (141)
S ERE T R S K
14 11 1[4 11

Definition A.7.
bisubmodular if

(Vo,y e KV?) flany) + flzuy) < f(@) + fy).
(142)

Definition A.8. Function f’: K2 — R is a sum
of bisubmodular functions relaxzation (SoB relaxation)
for f: X — R if for every ¢ € £ there holds:

o fl: lCé/ 2 L Ris bisubmodular;

o (Vee &, Vace Xo) fl(z) = fo(z);

Function f: K2 — R is called

The next lemma reviews persistency according to
[28, Proposition 12].

Lemma A.9. Let z* € K2 be a minimizer of f’.
Define the following mappings

Pl K2 S KV2zg o (mgua¥) ¥ (143a)
* if o* 1.

Ps: X — Xg: Ty > Tsr BT ?&.2’ (143b)
Tg, otherwise.

There holds
(a) Autarky: (Vo€ KV2) f/(p/(x)) < f(2);
(b) p/(X) < X and p is the restriction of p’ to X.

Proof. Part (a) follows from bisubmodularity (142)
using that z* is a minimizer: for all y € K2 there



holds
fllyua™) < (f1(@) = flyma™) + fy) < fy).
(144)
It follows that (Va € K/?)
Pl oa®) oa®) < fleua®) < @), (145)

Part (b) can be verified explicitly by calculating the
tables for mappings p and p’. They are represented
respectively as:

ps(s) Ps(s)
z\e¥ [0 5 1 z\e¥ |0 5 1
0 |0 0 1 0 |0 0 1 (146)
1 Jo 1 1 3 |0 31
1 [0 1 1

It is seen that for non-fractional x¢ the results match.
O

We now upgrade the autarky property by
LemmaA.9(a) to the statement that p’ is BLP-
improvinf for f’. In order to show this, we construct
a reparametrization in which the improving inequal-
ity holds component-wise. This reparametrization is
given by an optimal dual point, provided that it pre-
serves bisubmodularity of all components. The next
Lemma shows such a dual solution exists.

Lemma A.10. Let f: K2 — R be a sum of bisub-
modular functions. BLP for f admits an optimal dual
solution ¢ such that each component

fE(xe) = felae) — (ATSD)C($C)

is bisubmodular.

(147)

Proof. The plan of the proof is as follows:
e Reformulate bisubmodular function f: K2 —
R as a function ¢g: B2 — R.
e Show there exist a symmetric optimal dual solu-
tion to this BLP. Such symmetric solution defines
a reparametrization which preserves the sum of
bisubmodular functions property for g and con-
sequently for f.
The following reformulation of bisubmodular function
f: KY2 - R as a function g: B?Y — R is according
to [28]. Node s is represented by a pair of nodes
(s,s'). Label x5 € K2 is represented by a pair of

labels (us,u) as follows:

0— (1,0); 1 - (0,1); %—»(0,0). (148)

To a hyperedge ¢ there corresponds hyperedge cu ¢/,
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where ¢’ = {s'| s € ¢}. In the hypergraph (V u V', G)

there are edges of the form ¢ u ¢/, {s} and {s'} for

ce & and s € V. We will denote components ge

simply by g¢ for || = 1. The energy g is defined by
Uc + Uger

(e B) gelucsue) = fo (“55) - ()

where % := 1 — u. By definition, g has the symmetry
property:

(Vue BCXC,) go(uc, uer) = g(Uer, Uc). (150)
Let X7 = {(us,uy) € B? | (us,uy) # (1,1)} and
X~ = [l,epXs. For u,v € X~ operations L, m
are defined by
(151a)
(151b)
where reduce(w) is the labeling obtaining from w by
changing labels (ws, wy) from (1,1) to (0,0) for all s €
V. It can be seen that these definitions are consistent
with equations (141). Components g satisfy

UMV =uAU,

u v = reduce(u v v),

(Vue,ve € X5 ) go(ue mue) + ge(ue U ve)

< go(uc) + go(ve).

With this reformulation we proceed as follows. Let
© be dual optimal to g. According to the hypergraph
(V u V', G), there are only components ¢ oo (i),
s cuer (i) for c e &, |c] > 1, s e ¢, and i € B and
components Yy oL for ¢ € €. Similarly to function
g, we can denote the index ¢ U ¢’ as just C.

If pg,c # 0 for some C € £, we can apply the trans-
formation g¢ := gc — Yz .c; 9o = gz + Pg,c. Clearly
this constant transformation does not change bisub-
modularity of g.. Without loss of generality let us
assume now that ¢g o =0 for all ce £.

Dual feasibility of BLP relaxation for each compo-
nent ¢ U ¢’ where c € &, |¢| > 1 reads (Vucuer)

gc(ucﬂlzc’) — 2 (‘PS,C(US) + (Ps’,C(us’)) = 0.

seC

(152)

(153)

And for unary terms (i.e., C = {s}), it is (Vuy,¢})
gs(ts i) + > (Psn(te) + @on(us)) = 0. (154)
D2{s}
By symmetry of g, condition (153) is equivalent to
(Vucocr)
ge(tUer, tc) — Z (‘Ps,c(us) + 9%’,0(“5’)) >0 (155)

SEC
and, by flipping all bound variables uc_cr, to (Vucoer)
go (U, uer) — Z (@s,c(ﬂs’) + @s’,c(ﬂs)) > 0. (156)

SEC



Similarly, for unary terms there holds (Vu, «})
gs(USaus’) + Z (QPS,D(ﬂs’) + Sos’,D(ﬂs)) = 0. (157>
p2{s}
Therefore the dual point ¢’ with the following com-
ponents is feasible:
90;,(:(i) = Sps’,c(g)v
Pl (i) 1= Ps,c0(i)
force&, |c| > 1, sec,ieB (components ¢y, =0

for ¢ € £ are omitted in this and subsequent steps).
Solution ¢’ is clearly optimal to BLP of g since

(158)

95 =90 =95
Therefore the following symmetrized solution is opti-
mal:

@s,c(us> ::% ((Ps,c(us) + (Ps’,c(as)>7 (159)
Booluy) =5 (w.cluy) + pocli) ).

Let us check it is bisubmodular. We map this dual
solution back to BLP for f by reversing (149) as
@s,0(0) 1= Ps,c(1) + Psr,0(0) = 9s5,0(0) + ps0(1),

Ps.c(1) := Ps.c(0) + P c(1) = @s.c(1) + ¢ .c(0),
1

953,0(5) = @s,(‘,(o) + @SI,C(O) (160)
= %(st,c(o) + ‘105,0(1)) + %(‘Ps’,c(o) + 805’,0(1))

It satisfies Psc(3) = 5(Ps,c(0) + $sc(1)) and there-
fore both ¢, ¢ and —¢, ¢ are bisubmodular.

It remains to show that ¢ is optimal to BLP of
f'. While it is well known that BLP relaxation is
tight for SoB function f’': K2 — R, e.g. [66], it is
not obvious that BLP relaxation for the reformulation
g: B?Y — R is tight as well. Let us show this is the
case. It will follow then that ¢, constructed from an
optimal dual solution ¢ to BLP of g, is optimal to
BLP of f'.

Statement A.11. The BLP relaxation for sum of
bisubmodular functions ¢g: B?Y — R is tight.

Proof. The schema of the proof is similar to e.g.
[12, T.6.2] or [52] who considered sum of submod-
ular functions. We construct a primal integer op-
timal solution from an arc-consistent optimal dual
solution. In the construction we will need that the
reparametrized problem ¢¥ is a sum of bisubmodu-
lar functions. Therefore we need an arc consistent
symmetric optimal dual solution.

34

We start by taking a pair (u, p) that satisfies strict
complementarity slackness for BLP of g. Since arc
consistency is a necessary condition for strict comple-
mentarity, ¢ is arc consistent. As was shown before,
¢ defined by equations (158) is dual optimal to BLP
of g. It is arc consistent because ¢ was arc consistent.
By taking a symmetrized dual solution ¢ defined by
equations (159) we obtain an optimal symmetric arc
consistent dual solution. By symmetry, it preserves
component-wise bisubmodularity.

Let now ¢ := ¢. We construct an integer solution
as:

uf = /\{ieB|gf(i) = 0}.
In order to show that u* is optimal we prove com-
plementarity with ¢. Let ¢ € £. By arc consistency,

(161)

for every s € C there exists ués) such that ugs) =ul

and géf(u(cs)) = 0. It also follows that (Vt € C |t # s)
gf () = 0 and hence u,gs) > uf. It follows that

uh = Nyeo ués) and by component-wise bisubmodu-
larity we have that

ge(N\ul) =o.

SEC

From feasibility and complementarity slackness fol-
lows u* is optimal. Therefore BLP relaxation for g is
tight. O

It follows that ¢ constructed in (160) not only fea-
sible to BLP of f’ but achieves the optimal dual ob-
jective f& = g5 = min,cgov Ey(u). O

Lemma A.12. Mapping p’ defined in Lemma A.9 by
an optimal solution z* € K2 is BLP-improving for
f.

Proof. Let ¢ provide a component-wise bisubmodular
optimal reparametrization f’¢ for BLP of f’ which
exists by Lemma A.10. Since BLP for f’ is tight, ¢
and d(z*) must satisfy complementary slackness. For
every hyperedge ¢ € £, ¢ # @ by dual feasibility
1 > 0 and by complementary slackness

& (ag) = 0.

Therefore, labeling zf, is a minimizer of f¥. Since
f4# is bisubmodular it follows by the same argument
as in equations (144), (145) that for each hyperedge
C we have the component-wise autarky property:

(Voo € K&%) fP(pL(e)) < fiP(zo):  (163)

By the characterization Theorem 3.3(c), mapping p’
is BLP-improving for f’. O

(162)

P

C <

S



Theorem 4.8. Persistency by SoB relaxation [27]
corresponds to a BLP-improving mapping.

Proof. Let p’ and p be mappings defined
Lemma A.9, corresponding to the persistency [27].
We need to show that mapping p is BLP-improving
for f. By Lemma A.12, p’ is BLP-improving for f’.
The discrete relaxation f’ is obtained from f with
add_labels which has inclusion of admisible BLP-
improving maps (Theorem A.5). By Lemma A.9(b),
p’ is admissible and thus Theorem A.5 applies. ]

in

A.9. Persistency in 0-1 Polynomial Programming by
Adams et al.
The 0-1 polynomial programming problem is the
following optimization problem:

min 2 CJH.%']',

JcV  jed

(PP)

where x is binary and coefficients c; € R are not nec-
essarily all non-zero. The objective of (PP) is a mul-
tilinear polynomial expression, which can be written
uniquely for any polynomial in 0-1 variables apply-
ing the identity wjz = ;. Adams et al. [2] considered
a hierarchy of relaxations of Sherali and Adams [58]
for this problem. A relaxation of level d can be con-
structed assuming that for all |J| > d coefficients c;
are zero.
To match their result we need the following:
e A hypergraph (V, &), where £ contains all sub-
sets of V of cardinality up to d (in case d = 2 it
is a fully connected graph):

E={JcV||J| <d)

e Represent the problem (PP) as energy minimiza-
tion with terms
¢y

fir(zy) = {O

e Consider the FLP relaxation.

The persistency result [2, Lemma 3.2] can be de-
scribed as follows. Their lemma partitions the set
of nodes as V = NT u N~ u N7. A sufficient condi-
tion is proposed implying that the partial assignment
ry- =0, zy+ =1 is globally optimal.

We interpret their result in the dual decomposition
framework. The hypergraph (V, &) is split into two
parts:

e Nodes V; = N7, hyperedges & = {J € £|J c

N},

e Nodes Vo = Nt UN~ UB, hyperedges £ = {J €

£|J & NT}, where B is the following boundary

if Ty = 1J, (164)

otherwise.
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set:
B={veN/'|3Je& veJ Jd N} (165)
It can be seen that hyperedges &1, & form a partition
of £ whereas the sets of nodes V;, Vs, overlap over B.

Accordingly to the two hypergraphs we define the
decomposition:

f(ill) = fl(xV1) +f2(xV2>7 (166)
where
ffov >Rz — ZchJ, (167a)
J€€1
2V >Rz — ZCJSUJ. (167b)
Je&s

If we found an optimal solution to f! and an optimal
solution to f2? and accidentally they were consistent
over the overlap part B we would have obtained an
optimal solution to f.

We will show that the conditions of Adams et al.
[2] imply that an arbitrary solution zy, to f! defines
an optimal solution 2’ to f? given by

rs, SEB
zi =250, seN~ (168)
1, seNT.

In other words, any extension of zy, to Vs, defines an
optimal solution to f2. In fact, under these condi-
tions, what happens inside the problem f! is irrele-
vant.

Recall that the relaxation [2] is obtained by intro-
ducing a relaxed variable w; € [0, 1] in place of every
product [ [,.; zs. The constraints are represented by
the following linear forms:

fa(h, ) = >0 (=) lwy, o
J'cJs
for each J1nJe = @ and |J;uJa| = d. The relaxation,
denoted LP(d/n) is given by

(169)

min Z cjwy (170)

Jcy
(VJl,JQ |J1 U J2| =d,JinJy= @) fd(Jl,Jz) = 0.
This relaxation can be matched to FLP by the rela-
tion
(@) = fa(Ji, J2), (171)
where J1nJo =@, JjuJy =J,d= ’J|, xy =1,
xj, = 0. In particular,
(1) = wy, (172)

where 1; is a |J|-vector of ones. For w feasible to



LP(d/n), the terms fy4(J1,J2) are non-negative and
satisfy marginalization constraints according to [2,
equation 2.3]. It follows from these marginalization
constraints that a feasible solution satisfies further
inequality constraints:

(Vp < d,¥(J1,J2)a) fp(J1,J2) = 0.

This ensures that the corresponding solution p is fea-
sible to FLP and hence the relaxations are identical.
The persistency lemma formulated in [2, Lemma 3.2]
has the following form.

Lemma A.13 (Lemma 3.2 of Adams et al. [2]). Let
N+t U N~ U N7 be a partition of V. Let there exist
dual multipliers satisfying certain sufficient condition
(as defined in [2]). Then there exists an optimal solu-
tion to LP(d/n) having ws = 1 for s € N* and ws = 0
for se N™.

For an interested reader we remark that the suffi-
cient conditions of their lemma ensure a dual feasible
solution for f2 which is complementary to the solu-
tion defined by N*, N~ on N* U N~ and is zero on
all boundary constraints J < B. This ensures com-
plementarity with any feasible primal solution consis-
tent with N*, N~. We are not going to prove this
claim formally, but use the existing lemma together
with the observation that their sufficient condition
does not depend on the coefficients {c; | J = N7}.

Lemma A.14. Assume that the conditions of
Lemma A.13 are satisfied. Let ws = 1 for s € N*,
ws = 0 for s € N~ and let w be feasible to LP(d/n).
Then w is optimal to LP(d/[Vs]) for f2.

Proof. It can be seen from [2, equation 3.4d] that
if the conditions of their Lemma are satisfied then
they are also satisfied with coefficients c¢; = 0 for all
J < N7. Since w is feasible, it is also feasible to
their equation 3.5[d]. The objective of the latter is
identically zero, therefore w is optimal to their equa-
tion 3.5[d]. Lemma A.13 proves that w is optimal to
LP(d/n). Since we made f! zero, w is optimal to
LP(d/|Vs]) for f2. O

With this refined result we can easily prove the
relaxed-improving property. Define the mapping

0, seN—,
ps(zs) =41, seNT, (173)
Ts, otherwise.

Theorem 4.9. Persistency by the sufficient condi-
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tion of Adams et al. [2, Lemma 3.2] corresponds to
an FLP-improving mapping.

Proof. We need to show that mapping p is FLP-
improving. Let u € A. Then p/ := [plu € A is
optimal to f? by LemmaA.14. At the same time
(VJ € &, J n N/ # @) we have p/; = p; and hence
Y gy = (fY ). Tt follows that

oIy = P Ipley + 2 [l < (fopp- (174)

O]

We obtained that FLP maximum persistency dom-
inates the persistency result of Adams et al. [2].
case of strong persistency, the former is found by Al-
gorithm 1.

In the pairwise case, conditions [2] are always sat-
isfied for the same persistency assignment as the roof
dual. However, in the higher order case our condi-
tions are less restrictive as can be seen from the dual
representation (29): we require less inequalities than
the complementarity slackness imposed on all solu-
tions of the unassigned part.

In
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