Location and Allocation of Service Units on a
Congested Network with Time Varying Demand Rates

Navneet Vidyarthi** Arjun Bhardwaj®, Niraj Sinha®

% Department of Supply Chain and Technology Management,
John Molson School of Business, Concordia University, Montreal, QC, H3G 1M8, Canada

bSchool of Computing and Electrical Engineering, Indian Institute of Technology, Mandi, India

¢ Department of Mechanical Engineering, Indian Institute of Technology, Kanpur, India

Abstract

The service system design problem arises in the design of telecommunication
networks, refuse collection and disposal networks in public sector, transporta-
tion planning, and location of emergency medical facilities. The problem
seeks to locate service facilities, determine their capacities and assign users
to those facilities under time varying demand conditions. The objective is to
minimize total costs that comprises the costs of accessing facilities by users
and waiting for service at these facilities as well as the cost of setting up
and operating the facilities. We consider a system where a central dispatcher
assigns the user to the service facility. Under Poisson demand arrival rates
and general service time distributions at the facilities, the problem is setup
as a network of spatially distributed facilities, modelled as M/G/1 queues
and formulated as a nonlinear integer programming model. Using simple
transformation and piecewise linear approximation, we present a linear re-
formulation of the model with large number of constraints. We compute tight
upper and lower bounds and use them in an iterative constraint generation
algorithm based exact solution approach. Computational results indicate
that the exact approach provides optimal solution in reasonable computa-
tional times.
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1. Introduction

The service system design problem arises in the design of telecommu-
nication networks, refuse collection and disposal networks in public sector,

transportation networks, and location of emergency facilities.

Amiri (2001) present a model of multi-hour service system design prob-

lem, where facilities were modelled as M/M/1 queue.

The contribution of this paper is two-fold. Firstly, we present a general-
ized model of the service system design problem with time varying demand
rates, where facilities are modelled as M/G/1 queues under Poisson demand
arrival rates and general service time distributions at the facilities. Secondly,
we present an exact solution approach based on constraint generation algo-

rithm that provides optimal solution to problem.

The remainder of the paper is organized as follows. In Section 2, we
describe the problem and present a nonlinear mixed integer programming
(MIP) formulation of the problem. Section 3 describes the linearized model
and the exact solution methodology. Illustrative example, managerial in-
sights, and computational results are reported in Sections 5. Section 6 con-

cludes with some directions for future research.



2. Problem Formulation

2.1. Notations

To model the problem, we define the following indices and parameters:

i . Index for user nodes, 7 € I;

J : Index for potential facility sites, j € J;

k . Index of potential capacity levels at the facilities, k € K

Fji : Fixed setup cost of setting up and operating a facility at site

7 with capacity level k;
Qi1 Capacity of level £ for facility at site j;

C’fj : Cost of assigning user node ¢ to facility 5 during busy-hour ¢;

At : demand arrival rate for user node ¢ during busy-hour t;

/i : average demand size;

at : demand requirement of user node i during busy-hour ¢ (a! =
Ai /)

D! : Unit queueing delay cost during busy-hour ¢;

cvgjk : Squared coefficient of variation of service times at facility j

with capacity level k;

The decision variables are defined as follows:

xt. . 1,if user node 7 is assigned to a facility at site j during busy-hour
t, 0 otherwise;

yir 1, if facility at site j is opened with capacity level £, 0 otherwise.

2.2. Formulation

Let us assume that the demand from user node ¢ during busy-hour ¢ be
an independent random variable that follows a Poisson process with mean
at. The average size of demand is 1/u. Once the demand is realized at the
users’ end, a central dispatcher directs the user to the facility. We assume
that each facility operates as a single flexible-capacity server with an infi-
nite buffers to accommodate user nodes request waiting for service. Users
arriving at the facilities are served on a first-come first-serve (FCFS) basis.
If z7; is a decision variable that equals 1 if user node i is assigned to a fa-

cility at site j during busy-hour ¢, then the aggregate demand arrival rate
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at facility j is also a random variable that follows a Poisson process with
mean Al = 3

processes).

ier Ay, = > icp pajzl; (due to the superposition of Poisson

If the service times at each facility follows a general distribution, then each
facility can be modelled as an M/G/1 queue, where the average service rate of
facility j, if it is allocated capacity level k, is given by puQ; = p Y e x Qjryijk
and the variance in service times is 0 = D ek jkyjk Thus, the service
system is modelled as a network of independent M/G/1 queues in which the
facilities are treated as servers with service rates proportional to their ca-
pacity levels. This service rate reflects the server capacity or essentially the

number of users a facility can process in a given time period.

Under steady state conditions (A} < u@Q;) and first-come first-serve (FCFS)
queuing discipline, the average sojourn time (waiting time in queue + ser-

vice time) at facility j is given by the Pollaczek-Khintchine (PK) formula:

t

w; = (1+20vj) — (;22 ] + Q The average queuing delay in the system
J J J

during a busy-period can be estimated as the weighted sum of the expected

delay at the facilities:

1 1 1+ cv? (AL)? Al
Wt - At~ — J J J
Al 2 A Al 2 { ( 2 > nQ;(pQ; — Aj) " MQJ} W

jeJ jed

where A" =", el Al is the total demand arrival rate during time period ¢.

The expression for W can be written as:

Z (1 + ZkeK CUs; kyﬂk> (Dier aixgj)2 n Dier GiT Z
At
A jel 2 ker QikYik (ZkeK QjkYjk — Lier%® zg) 2oner Qikik

For M/M/1 queueing systems, this expression reduces to:

t
Wignan =35 3 ot 22
IMIE A > kex QikYik — Zielaixgj

jed

If D! denotes the average queuing delay cost during busy-hour ¢, then the
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total congestion cost can be expressed as a product of D! and total expected

waiting time in the system, W?.

Assuming that there is a fixed cost (amortized over the planning period)
of setting up and operating a facility equipped with adequate service capacity
and a variable cost of serving the demand of a user node, the system-wide

total expected cost can be expressed as:

Zxy) =3 Fuyp+ Y. >y Chal+ Y D'Wi(x,y)
jeJ keK 1€l jeJ teT teT
The model formulated below simultaneously determines the location and
the capacity of the service facilities as well as the allocation of the user
node to each facilities in order to minimize the sum of congestion cost, fixed
location and capacity acquisition cost, the access costs of assigning users to
facilities. Besides capacity restrictions (i.e. steady state conditions) at the
facilities, and the demand requirements, there are constraints which ensure
that at most one capacity level is selected at the facilities. The resulting

nonlinear MIP formulation of the problem is as follows:

Plonin S Y O+ X 0Wiy) + XY B )

1€l jed teT teT jeJ keK

sty al =1 Viel,teT (3)
Jjed
Zaﬁxﬁj < Z QjkYik VieJteT (4)
el keK
d <1 viedJ (5)
keK
xijE{O,l}, yjke{O,l} Viel,jeJkeK (6)

Constraints (3) ensure that the total user demand is met. Constraints (4) ensure that
the total demand is less than the total capacity. Alternatively, these constraints ensure that
the steady state condition at every facility (A; < @;) is met. Constraints (5) state that
at most one capacity level is selected at a facility. Constraints (6) are nonnegativity and

binary restrictions on the variables.

The nonlinearity in the model [Py] arises due to the expression for the total expected



queueing delay, W*. In the next section, we linearize the expression and present an exact

solution procedure based on the cutting plane algorithm to solve the linearized model.

3. Linear Reformulation and Solution Methodology

To linearize W}, we rearrange the terms in (1) and rewrite it as follows:

1+ cvf A%)? Al Al Al
wi= (25 A A 5 {0ral) e -ad) )
2 ) pQi(pQ; —Ay) - pQ; 2 pQ; — Af ey

Let us define two sets of nonnegative auxiliary variables p§- and R;, such that

At' a Xii At a Lii Rt
E : 7 E : %
3 J i€l 1Y) Rt J iel 17 : nd pt J

p. g g 3 L = pr— pr—y
ToouQs Y ek QirYik ToopuQy = AL D ek QikYik — D ie AT 71+ R

This implies

.
B t p'7 1f ka = 1
> alwy = T Rt Z Qinyin =05 > Qisjk = > Qjrzly, where 2 = { OJ, otherwise

i€l jeJ J keK keK keK

Because there exists at most one capacity level &’ with y;,» = 1 while y;, = 0 for all other
capacity levels k # k’, the expression zﬁk = pg-yjk can be ensured by adding the following set

of constraints: 2, <y, and 7, 25 = ph.

Upon substituting the auxiliary variables, the expression for VVJ’? reduces to:

1 2 i 2 t 1 t t 2 t t
3 { (1 + ) CUjk?/jk) R+ <1 -2 Cvjkyjk> Py =5 e+ Y cvfi(wi = )

keK keK keK

R, ifyg =1 Loif gy =1
where w};, = i 1 Yik . and zj; = Py 1 Uik .
0, otherwise 0, otherwise

Because there exists at most one capacity level &’ with y;,» = 1 while y;;, = 0 for all other
capacity levels k # k', the expression wﬁ-k = R;yjk; can be ensured by adding the following
set of constraints: wj, < My}, and ), wh = RS, where M is a Big-M.

Differentiating the function f(R) = HiR w.r.t. R, we get the first derivative % =
a +R)2 > 0, and the second derivative ﬁ = (1;12%)3 < 0. This implies that the function
f(R) = 1+_R is concave in R; € [0,00). Let us define the domain H of the auxiliary variable

R; as a set of indices of points {R!}nep, at which the function p;(R;) = R;/(1 + R;) can
be approximated arbitrary closely by a set of piecewise linear functions that are tangent

to pj. This implies that p;(R;) = R;/(1 4+ R;) can be expressed as the finite minimum of



linearizations of p; at a given set of point {R/}neq as follows:

Ry, 1 R (RI)
TR EN Tyt T ey

This is equivalent to the following set of constraints:

1 < ! R + ()" VieJheH
T+ R~ (1+R%2 " 1+ R JE
The above set of constraints can be rewritten as:
1 (5})?
L< Rt + J , VieJheH
Pj = (1 +R;}t)2 i +R;1t)2 J
or (1+ R}")*p! — R, < (R}) VieJheH

provided 3 h € H such that (8) holds with equality.

The resulting linear MIP formulation is:

rglyn ZZ ky]k+zzz ij z] %ZZDt{(R§+p§+ZCU§jk(M§

j€J keK i€l jeJ teT jeJ tel

s.t. (3) — (5)

Zaz Ty Zijz;k =0 Vi, t

i€l keK

Zi — Yje < 0 ViedJteT ke K
Zzﬁ,—pﬁ-z@ VieJteT

keK

(1+ R}")*pt — R, < (RM)? VieJteT heH
wﬁk—MyijO ViedJteTl ke K
> wh — R =0 ViedteT

keK

xije{o 1}, yr €40,1} Viel,je J ke K
Wiy, 2 B, pl >0 VieJteT ke K

3.1. Lower and Upper Bounds

(8)

The proposed exact solution approach relies on obtaining good lower and upper bounds

for the linear model [L(H)]. The algorithm makes successive improvements to the lower

bound and the corresponding upper bound as the iterations progress. Below, we present



lower and upper bounds that can be used in the proposed solution approach.

Lower bound: For every given subset of points {R?}hqucH, the optimal objective func-

tion value of the problem [L(HY)| is a lower bound on the optimal objective of [L(H)] or [Py].

Suppose, at an iteration ¢, we use a subset of points {R?}he macn, and solve the cor-
responding problem [L(HY)], which yields the solution (x9,y%, p?, w? z9, R9) and objective
function value denoted by v(L(HY)). Since [L(HY)] is a relaxation of the full problem [L(H)],
a lower bound on the optimal objective of [L(H)| or [Py] is provided by v(L(H?)), where

LBq:U ZZF]ky]k+ZZZ i z]

jeJ keK i€l jeJ teT
1
NI {mzup FSah-d) o
jeJ teT keK
Upper bound: For any subset of points (R VracH, the objective function of [P] com-

puted using a part of the optimal solution (x?,y?) of [L(HY)| provides an upper bound to
[L(H)] or [P].

Consider iteration ¢, where we use a subset of tangent points (Rff]) macy and solve the
corresponding relaxed problem [L(H?)]. Because the optimal solution (x?,y?, R?) of [L(HY)]
is a feasible solution to [P], it provides an upper bound on the optimal objective of [P], given
by

UB? = ZZ ky]k‘FZZZ ij 1]

jeJ keK i€l jeJ teT
t t
Z (1 + D kek Cl%%k) (X ier azng)Q . D ic aixzj
9Nt
21 jed >kek @ik (ZkeK Qiry — it zg) ke QikYi

(19)

3.2. Ezact Solution Algorithm

The algorithm makes successive improvements to the lower and upper bounds as the it-
eration progresses. At every iteration, a relaxed version of the linear model [L(H)] is solved
to obtain an optimal solution, an upper bound and a lower bound. This solution is used
to generate a set of “cuts / constraints” that eliminate the best solution found so far and
improve the upper bound on the remaining solutions. The procedure terminates when the

gap between the current upper bound and the best lower bound is within the tolerance limits.

The algorithm starts with an initial subset H? C H. The resulting model [L(HY)] is
solved and the upper bound (UBY) and the lower bound (LB?) are computed using using
equations (24) and (25) respectively. If the upper bound (UB?) equals the best known
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lower bound (L BY) within accepted tolerance (€) at any given iteration ¢, then (x9,y9) is an
optimal solution to [P] and the algorithm is terminated. Otherwise, a new set of candidate

points Rj-h““’ is generated using the current solution (x?) as follows:

tq, .t

Rthnew — Zie[ ;" Ty,
J - q tq, .t
ZkeK ijyjk - Zielai Lij

This new set of points is appended to (R;h) macy and the procedure is repeated again,

until the stopping criteria is reached. The algorithm is outlined below:

Algorithm 1 Algorithm for the Exact Method
Ensure: UB < 00;LB <+ —00;q<+ 0
Require:  Choose an initial set of points R".

1: while (UB — LB)/LB > ¢ do
Solve Prppay to obtain (x?,y?, p?, w?, 2%, RY).
Update the lower bound: LB? <= v(Pppa)).
Update the upper bound: UB? < min{U B4, Z (29, y?)}.

: . thnew __ zielaquf'

Compute new points: I; T Ther ijyfk*Z:ezaﬁqwﬁj
6:  Generate new constraints: (1+ RY")2pt — Rt < (R'=)2 Vje JteT heH
7. Append new constraints: H9™ < H? U {hyc0 }
8
9

: qg+—q+1
. end while

4. Computational Results

In this section, we report on the performance of the proposed exact solution approach.
The algorithm was coded in OPL studio and the model [L(HY)] was solved using IBM Ilog
CPLEX 12.4. The experiments were conducted on a Dell machine (Precision T5600) with
Intel Xeon CPU ES-2650, 2.00 GHz CPU; 16 GB RAM, Windows 7P 64 bits OS.

4.1. Test Instances
The test instances have been generated Amiri (2001)

The co-ordinates of the user nodes and the facilities are randomly generated from a

square of side 100 (using a uniform distribution U ~ (0, 100)).

The other parameters are generated as follows:

o User Nodes and Facilities:
I € {50,100, 150, 200, 250}
J € {5,10,15,20,25}
cv € {0,0.5,1,1.5}



Throughout the experiment, we consider 5 capacity levels, i.e., kK = 1,2, ...,5 and three

time periods, t = 1,2, 3.

e Demand: The mean demand requirement of the user node i is randomly generated as

U(80,120).

o Access Cost Coefficients: Cost of providing the service to user node, C’fj is set to the
ri; * dij, where 7}; is a random number generated in the range U(0.3,0.4) and dj; is

the Euclidean distance between user nodes ¢ and facility site j.

o Capacity Levels (Q;i): To determine the facility capacities, we set the facility load
ratio (LR). LR is defined as the average facility utilization if all the potential facilities
are assigned capacity level 3 (k = 3) to satisfy 125% of the total demand in the
network. The third capacity level is given by, Qj3 = (1.25 % Total Demand/(|J]| *
LR) where Total Demand = »_,.; >,c A%). The other facility capacities are set to:
Qj1 = 0.50 * Qj3; Qj2 = 0.75 % Qjs; Qju = 1.25 % Q35 Qj5 = 1.50 * Qj3, where
Q)3 = (1.25 x Total Demand/(].J| * FLR) and Total Demand = 7, ., >, A}).

o Fized Costs (fjx): The fixed cost of the third capacity level is given by, f;3 = FCR x
Ejj,, where Ejj
of the square within which the coordinates of user nodes are generated, jo = (50, 50).
FCR, called the Fixed Cost Ratio, is a constant set at 4 originally. The other fixed
costs are generated as follows: f;; = 0.60 x fj3, fjo = 0.85 * fj3, fiu = 1.15 % fj3,
fis = 1.35 % f;3. The chosen values of fixed cost for different capacity levels exhibit

is the Euclidean distance between the facility site 7 and the center

both an underlying economy as well as diseconomy of scale. For example, for a 25%
increase in capacity (corresponding to gy over i 3), the capacity cost increases only
15%. However, for the a 50% increase in capacity (corresponding to p;s5 over fi;3), the

capacity cost increases 35%.
e Unit Queueing Delay Cost (D) is set originally to 10.
D € {1,10,25,50,100}
LR € {0.4,0.6,0.8}
FCOR € {2,4,8,10}

4.2. Results
4.3. Effect of Variability in Service Times
4.4. FEffect of Delay Costs

Vidyarthi et al. (2009)
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Table 1: Effect of Adding a Priori Cuts on the Performnce of the Solution Algorithm

FCR=2,LR=04 FCR =10, LR = 0.8
u f cv 0 Total Iter. CPU Iter. CPU Red. Total Iter. CPU Iter. CPU Red.
Cost Cost
100 10 0.5 1 2,317 3 7 2 5 26 4,127 4 926 2 444 52
10 2,445 4 21 2 7 67 4,823 5 933 3 484 48
25 2,700 4 11 2 8 23 5,563 6 1137 2 883 22
50 2,973 4 14 3 11 17 6,190 6 1233 3 1,119 9
100 3,422 4 29 3 17 42 7,778 5 1212 3 1,130 7
1 1 2,285 4 10 2 7 26 4,335 4 493 3 851 -73
10 2,485 4 14 2 8 38 5,159 6 1534 2 937 39
25 2,766 4 15 2 10 35 5,829 6 1762 3 1,021 42
50 3,095 4 24 2 19 21 6,621 6 1899 3 1,195 37
100 3,553 4 30 3 25 18 8,469 6 2477 3 1,661 33
1.5 1 2,416 4 8 2 7 19 4,265 5 1581 3 1,012 36
10 2,562 4 14 3 8 38 5,409 6 1737 3 948 45
25 2,828 4 24 2 13 45 6,363 6 1530 3 1,154 25
50 3,138 4 22 3 26 -19 7,787 6 2618 3 1,454 44
100 3,688 4 70 3 31 56 9,214 5 2233 3 1,477 34
150 15 0.5 1 2,981 4 24 2 14 44 5,724 5 2741 3 1,547 44
10 3,247 4 57 3 35 37 6,888 8 4287 4 2,642 38
25 3,400 4 42 3 36 15 7,667 7 3558 3 1,939 46
50 4,042 4 72 3 51 29 9,267 6 2847 3 1,880 34
100 4,722 4 108 3 96 11 10,985 6 2650 3 1,649 38
1 1 2,838 4 27 2 18 34 5,875 7 4265 3 1,997 53
10 3,345 4 43 2 35 17 6,773 7 4303 5 2,878 33
25 3,597 4 55 3 56 -1 7,890 6 3272 3 1,705 48
50 4,036 4 90 4 101 -13 9,873 6 3303 3 1,911 42
100 4,780 4 190 3 95 50 12,133 6 2891 3 1,858 36
1.5 1 2,807 4 35 2 30 15 5,971 5 2358 3 1,807 23
10 3,270 4 57 2 32 44 7,266 7 3696 3 1,802 51
25 3,810 4 86 3 81 5 8,779 7 3679 3 1,709 54
50 4,172 4 157 3 128 19 10,754 7 3792 3 1,866 51
100 5,079 5 277 3 143 48 13,513 6 3706 3 1,873 49
200 20 0.5 1 3,445 4 55 2 45 17 7,448 7 4188 5 2,892 31
10 3,798 4 179 3 114 36 8,515 8 4608 8 4,496 2
25 4,256 3 118 2 81 31 9,904 9 5154 6 3,414 34
50 4,764 4 184 3 155 15 11,709 6 3836 4 2,039 47
100 5,714 4 235 3 162 31 14,258 6 3229 4 2,518 22
1 1 3,504 4 93 3 63 33 7,508 9 5315 5 3,240 39
10 3,914 4 127 2 145 -15 8,959 9 5512 6 3,840 30
25 4,420 4 179 3 156 13 10,314 7 3899 4 2,281 41
50 4,949 4 256 3 243 5 12,563 7 3892 3 2,032 48
100 5,817 4 388 3 368 5 15,785 6 3602 4 2,450 32
1.5 1 3,528 4 123 3 93 25 7,567 8 4782 6 3,258 32
10 4,048 4 222 3 109 51 9,434 8 4490 6 3,415 24
25 4,536 4 268 3 179 33 11,208 6 3537 4 2,098 41
50 5,171 4 350 3 348 0 13,683 6 3772 5 2,878 24
100 6,438 4 701 3 462 34 17,906 7 4014 4 2,459 39
250 25 0.5 1 3,963 3 228 2 141 38 8,910 10 5850 8 4,542 22
10 4,406 4 488 2 345 29 10,868 9 5394 9 5,485 -2
25 4,983 4 420 2 241 43 13,692 11 6574 12 6,947 -6
50 5,656 4 488 3 370 24 13,768 6 3857 4 2,381 38
100 6,665 4 934 3 455 51 17,196 6 3330 4 2,159 35
1 1 3,912 3 517 2 105 80 8,951 9 5613 5 3,231 42
10 4,451 4 1,081 3 233 78 11,047 12 7006 5 3,231 54
25 5,117 4 1,233 3 391 68 12,549 9 5572 5 2,631 53
50 5,757 4 1,544 3 685 56 15,056 6 3862 3 2,037 47
100 7,051 5 1,981 4 1856 6 19,588 8 4732 5 3,003 37
1.5 1 4,044 4 918 2 402 56 9,135 11 6268 6 3,714 41
10 4,783 4 1,099 3 776 29 12,761 11 6521 10 6,183 5
25 5,325 5 2,074 3 1656 20 13,512 7 3890 4 2,166 44
50 6,121 5 2,204 3 1757 20 16,918 7 4178 3 1,798 57
100 7,425 5 2,114 4 2408 -14 21,879 7 4067 5 2,757 32
min. 3 7 2 5 -19 4 493 2 444 -73
avg. 4 374 3 262 28 7 3587 4 2340 34
max. 5 2204 4 2408 80 12 7006 12 6947 57
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