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Abstract 

    Bottom-up search methods for determining the efficient set of a multiple objective linear programming (MOLP) 

problem have a valuable advantage that they can quickly give efficient subsets of the MOLP problem to the decision 

makers. Main difficulties of the previously appeared bottom-up search methods are finding all efficient extreme points 

adjacent to and enumerating all efficient faces incident to an efficient degenerate extreme point. Main drawbacks of 

these methods are that the computational cost is still large and an implementation of them is still difficult. In this paper 

we propose a new local bottom-up search method for finding all maximal efficient faces of an MOLP problem. Our 

method is based on the maximal descriptor index sets for efficient edges and extreme rays of the MOLP problem in 

which the maximal descriptor index sets for edges and extreme rays incident to an efficient degenerate extreme point 

are easily found on the basis of solving some special linear programming problems; all efficient extreme points 

adjacent to and all efficient faces incident to an efficient extreme point can be easily found without using the simplex 

tables corresponding to bases of this point. Our method can easily overcome difficulties caused by the degeneracy of 

faces and is easy to implement. Some comparisons of our method with the previously appeared bottom-up search 

methods are presented. A numerical example is given to illustrate the method. 
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1. Introduction 

 
    We consider a multiple objective linear programming (MOLP) problem 

                                   “maximize”  Cx ,                                                                        (1)                                             

                                                          Ax b ,                                                               (2)                                                

where
nx R , 

mb R , A  and C are m n  and nk   matrices, respectively and polyhedron (2) has at least one 

extreme point. For brevity of presentation we shall use the following notation: For two vectors  1,...,
T

na a a  and 

 1,...,
T

nb b b , a b  if and only if i ia b  for all 1,...,i n ; for two subsets 
1  and 

2  of a set, 
1 2   if and 

only if 
1 2   and 

1 2   . Let L be the feasible set of problem (1)-(2). A point 
0x L  is said to be efficient for 

problem (1)-(2) if there is no 
1x L  such that 

1 0Cx Cx  and 
1 0Cx Cx . The set of all efficient points for problem 
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(1)-(2) is called an efficient set of it and denoted by E. A nonempty subset F of the polyhedron L is said to be a face of 

L if there is a subset I  of  1,... ,m  such that  F S I , where                                                  

                                     ,i iS I x L a x b i I     ,                                           (3)    

and  ,i ia b  is the ith row of the matrix  ,A b . Such a set I  is called a descriptor index set for F and  S I is called a 

descriptor set for F  corresponding to I. A descriptor index set I  for F is called maximal for it if there is no 

 J RE F  such that I J , where  

                                             1,...,RE F I m S I F   .                                   (4) 

    A nonempty descriptor set  S I  is said to be degenerate if there is  1,..., ,J m J I   such that    S J S I . A 

face F  of L  is called degenerate if  RE F  has more than one element. A descriptor index set I or a descriptor set 

 S I  is said to be efficient for problem (1)-(2) if  S I   and  S I E . A face F of L  is said to be efficient for 

problem (1)-(2) if F E  and is called a maximal efficient face for problem (1)-(2) if F E  and there is no efficient 

face G for it such that F G .  

    Most of the previously appeared methods for finding the efficient set of an MOLP problem are bottom-up search 

methods. These methods can be more details divided into two classes that are local bottom-up search methods, for 

example, Isermann [8], Gal [6], Ecker, Hegner and Kouada [5], Armand [1] and global bottom-up search methods, for 

example, Armand and Malivert [2], Pourkarimi, Yaghoobi and Mashinchi [14]. The bottom-up search methods for 

determining the efficient set of an MOLP problem have a valuable advantage in a decision process because they can 

quickly give efficient subsets of the MOLP problem to the decision makers. Such a property, in general, does not have 

in top-down search methods, for example, in cases when the MOLP problem has only one efficient point or only low 

dimensional efficient faces. In addition, the top-down search methods, for example, Yu and Zeleny [21], Sayin [15], in 

general, do not find the set of maximal efficient faces of an MOLP problem (see Remarks 2.2 later). Since most of the 

previously appeared bottom-up search methods for finding the efficient set of an MOLP problem give us the set of all 

maximal efficient faces, bottom-up search methods are more adequate than top-down search methods for finding all 

maximal efficient faces of problem (1)-(2). Before presenting a new local bottom-up search method, we will show 

some drawbacks of the previously appeared bottom-up search methods. 

    (i) The computational cost (computing times, the quantity of computations, etc.) is still large. This is caused by the 

following main reasons: 

    The condition for the efficiency of a descriptor set for a face in the method of Ecker and et al ([5], p. 357) is true 

only if the face is non-degenerate. Therefore, some efficient faces can be missed in enumerating efficient faces. This 

shortcoming can be improved by using type 1 subsets (Murty [12]) or by using a description of a face based on its 

extreme points and extreme rays ([1], [2]) but the number of bases which need to be considered ([12], pp. 35-40) and 

the number of problems which need to be solved ([1], pp. 479-483); [2], pp. 367-370) are still large. 

      Almost the existing bottom-up search methods for determining the efficient set are simplex-like, for example, Gal 

[6], Isermann [8], Ecker et al. [5], Armand and Malivert [2], Armand [1]. Simplex-like methods directly find the 
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efficient set of an MOLP problem with nonnegative variables. To find maximal efficient faces for an MOLP problem 

containing negative variables, these methods first find all maximal efficient faces for an equivalent indirect MOLP 

problem with nonnegative variables and a size bigger than that of the original problem and then, some additional 

computations are performed to obtain maximal efficient faces for the original problem. 

      Finding all efficient extreme points adjacent to and all efficient edges, extreme rays incident to an efficient 

degenerate extreme point is a most important problem in bottom-up search methods. To solve this problem, simplex-

like methods are based on the simplex tables corresponding to bases of this extreme point and have to solve many 

linear programming (LP) problems for every such a simplex table. Based on the non-pivoting method of Chernikova 

[4] for finding extreme points and rays of a polyhedral set with nonnegative variables, the method of Ida [7] can avoid 

using simplex tables but his method has drawbacks that all extreme points and rays of the constraint polyhedron have 

to be generated and checked for the efficiency. These can lead to a large computational cost (Khachiyan et al., [11]). 

The method of Murty ([12], pp. 40-41) and the method of Kim and Luc [10] also can avoid using the simplex tables 

corresponding to bases of the point but their methods have some drawbacks that the number of sub-matrices whose 

rank needs to be computed ([12], p. 41) and the number of the systems of equalities or inequalities which need to be 

solved ([10], pp. 115-117) are still large. In addition, the method of Kim and Luc works with a special case of the 

constraint polyhedron ([10], p. 108). 

      Many edges and higher dimensional faces can be repeatedly generated and repeatedly checked for the efficiency 

(see Section 9 later). 

      Many subsets which are not faces of the constraint polyhedron are also checked for the efficiency for the methods 

of Armand [1], Armand and Malivert ([2], p. 470). 

    (ii) The previously appeared bottom-up search methods are still difficult to implement. In the simplex-like methods, 

many difficult concepts, for example, dual feasible efficient basic solutions (Isermann, [8], p. 716), ideally adjacent 

bases, primal degenerate pivots, dual degenerate columns, an ideal graph (Armand, [1], p. 362), etc. need to be checked 

and used in finding efficient extreme points adjacent to an efficient degenerate extreme point. 

    To find a maximal efficient face for an MOLP problem, local bottom-up search methods are based on only efficient 

edges and extreme rays incident to one extreme point of this face while global bottom-up search methods have to be 

based on all efficient extreme points and rays for the MOLP problem. Thus, to find all maximal efficient faces for an 

MOLP problem, computationally, local bottom-up search methods are more adequate than global bottom-up search 

methods. In this paper we propose a new local bottom-up search method for determining all maximal efficient faces for 

problem (1)-(2). Our method is based on the following main new results and ideas: 

    We use a way of identifying a face in a unique form by the maximal descriptor index set for it. Based on the 

maximal descriptor index sets for faces, the simple conditions for comparing descriptor sets for faces and the necessary 

and sufficient condition for the efficiency of a descriptor set for a face of the constraint polyhedron are easily obtained 

(Properties 2.7 and 2.9). The maximal descriptor index set for a given face can be found by solving one LP problem 

with a large size (Sierksma and Tijssen, [16], p. 444). To reduce computational efforts, we show and use the property 

that the maximal descriptor index set for a face can be immediately obtained from the maximal descriptor index sets 

for the edges and extreme rays incident to one arbitrary extreme point of this face without any additional computation 
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(Property 5.1). In order to find all edges and extreme rays incident to a degenerate extreme point, we use a property 

that an extreme ray or an edge incident to an extreme point is a smallest face which contains and differs from this 

extreme point. By using the simple conditions for comparing descriptor sets and solving some special LP problems 

with a size much smaller than that of the corresponding LP problems used in Sierksma and Tijssen ([16], p. 444) we 

can easily obtain the set of all edges and extreme rays incident to an extreme point (Theorem 4.8). 

    Our method also can improve the above disadvantage of the method of Ecker et al [5]. In addition, our method still 

can improve the above shown drawbacks of the previously appeared bottom-up search methods in determining all 

maximal efficient faces for problem (1)-(2): 

      Subsets which are not faces of polyhedron (2) and all the faces previously considered are easily recognized and 

must not be reconsidered (Remark 5.2, Properties 4.12 and 5.4). 

      For finding all edges and extreme rays incident to a degenerate extreme point, many descriptor sets which have to 

be considered in the methods of Kim and Luc [10] and Murty [12] need not be considered in our method (Remarks 4.3 

and 4.4). In addition, our method can find all edges and extreme rays incident to a degenerate extreme point in a 

general case of problem (1)-(2). 

    Some other properties of our method can be shown as follows. 

      Our method can directly find the set of all maximal efficient faces for an MOLP problem containing negative 

variables. 

      Our method is not simplex-like and can easily resolve the degeneration problem. Efficient extreme points adjacent 

to and efficient edges, extreme rays incident to an efficient extreme point can be found without using the simplex tables 

corresponding to bases of this efficient extreme point. 

      Our method is easy to implement because only LP methods need to be used. 

    This paper is organized as follows. Some properties of faces and the efficiency of a descriptor set for a face of the 

constraint polyhedron are presented in Section 2. Finding an initial efficient extreme point, finding all efficient edges 

and extreme rays incident to an efficient extreme point, determining all maximal efficient faces incident to an efficient 

extreme point, determining all efficient extreme points adjacent to an efficient extreme point and an algorithm for 

determining the set of all maximal efficient faces are presented in Sections 3, 4, 5, 6 and 7, respectively. A numerical 

example to illustrate the performance of the algorithm and some comparisons of our method with the previously 

appeared bottom-up search methods are presented in Sections 8 and 9.   

 

2. Some properties of faces and the efficiency of a descriptor set for a face of the constraint polyhedron 

    A point x of  S I is said to be an inner point of it corresponding to I if x satisfies the conditions  i ia x b  for all 

i I , where  1,..., \I m I . A point x of a face F is called an inner point of it if there is  I RE F  such that x is an 

inner point of  S I  corresponding to I. Let 

                                          In  ,i iI x S I a x b i I     .                                                  (5) 
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Thus, In  I  is the set of all inner points of  S I  corresponding to I. It can happen that there is  1,...,I m  such that 

 S I   but In  I  . This can be seen by the example: 
1 3 1

3 1 1

T

A
 

  
 

,  3 3 3 2
T

b   and  3I  . In this 

example,   3S  consists of one extreme point  3 4,3 4D  but this point satisfies the equations  i ia x b  for all 

3i  , therefore In   3  . The notion of an inner point, in general, is different from the notion of an interior point 

of a set. To illustrate this, we consider the example:  2
1 20, 0L x R x x    . It is easily seen that 

    0,0 In 1,2
T
  but  

T
0 0,  is not an interior point of   1,2S . From the definitions of an inner point and an 

interior point it is easily follows that an interior point of a face also is an inner point of the face. 

    For the reader’s convenience, we recall some properties from [19] which are used in this paper: 

Property 2.1. If In  J   , then  ID x J  for all xIn  J , 

 where 

                                         1,..., i iID x i m a x b   .                                                     (6) 

Property 2.2. If In  I    and In  J   , then    S I S J   J I  and    S I S J   J I . 

Property 2.3.  For every face F of L  there is a unique element  0I RE F  such that In  0I  , where 

 

0

I RE F

I I


 . 

Property 2.4. If  J RE F , then J  is the maximal descriptor index set for the face F  if and only if In  J   . 

    A descriptor index set I for a face F of L satisfying the condition In  I    is called an index set of the face F , 

denoted by  id F , and is used to identify the face F in a unique form ([17], p. 18). It is clear that the index set of a 

face contains all descriptor index sets for it. Therefore, the index set of a face and the maximal descriptor index set for 

this face are equal. For convenience of presentation, the notation  id F  is used to show the maximal descriptor index 

set for a face F when no descriptor index set for it is known and maxI  is used to show the maximal descriptor index set 

for the face described by  S I . 

    A comparison of descriptor sets for faces of polyhedron (2) is considered in the following property: 

Property 2.5.    S I S J   max maxJ I . 

Proof. From Property 2.3 there are maxI  and maxJ  such that    maxS I S I  and    maxS J S J . The proof is 

complete based on Property 2.2.      

Property 2.6. If In  I    and In  J   , then In   .I J   

Proof. From In  I    and In  J    it follows that there are  1x S I  and  2x S J  such that 

                1
j ja x b  for all  1,..., \j m I  and 2

j ja x b  for all  1,..., \j m J .            (7) 
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 We consider the point  3 1 2 2x x x  . Since    S I S I J  ,    S J S I J   and  S I J  is non-empty and 

convex,  3x S I J  . Noting that          1,..., \ 1,..., \ 1,..., \m I J m I m J   , from (7) it is easily seen that 

3
j ja x b  for all    1,..., \j m I J  . Therefore, we have that In  I J  . The proof is complete.             

    From Sierksma and Tijssen ([16], Theorem 2, p. 440) we have the following property: 

Property 2.7. All faces incident to a non-degenerate extreme point are non-degenerate. 

    If  S I  , then dim  S I   maxin rank a i I   and a dimension of a face is that of a descriptor set for it, 

where dim … denotes the dimension of … and rank ... is the rank of  ... . A point x L  is an extreme point of L if 

dim    0S ID x  . A face of L whose dimension is equal to 1 is an edge of L if the face is bounded and is an extreme 

ray of L if the face is unbounded. For an extreme ray or an edge F emanating from an extreme point x , the vector 

0x x  is called a direction of F emanating from x , where 0x  is an inner point of F. Since F can have many inner 

points, F can have many directions emanating from x , but an arbitrary two of them can be expressed each other by a 

positive scalar multiplier. 

    By an analogous way used to investigate linear programming and MOLP problems with non-negative variables we 

can easily see that the duality theorems established for linear programming with non-negative variables and the 

following fundamental property are still valid for the case when the variables may be negative: 

Property 2.8. A point 
0x L  is efficient for problem (1)-(2) if and only if there is  e k   such that 

0x  is an 

optimal solution of the problem max TCx x L  , where    1,...,1
T ke k R  . 

    The efficiency of a descriptor set for a face for problem (1)-(2) is presented in the following property: 

Property 2.9. (i) If  F I   , then  S I E ; 

                       (ii) if In  I   , then  S I E  if and only if  F I   , 

where 

                               , , 0, 0
T I k T T TF I y I z R y I A I z C e k C y I z


      , 

 A I  is the matrix obtained from A by dropping rows whose indices are not in I,  y I  is the vector obtained from the 

vector y by dropping components whose indices are not in I and .  is the number of elements of a set. The proof of 

Property 2.9 can be found in [20] or Appendix 1. 

Remark 2.1. In the case when I is not the maximal descriptor index set of the face described by  S I , it can happen 

that  F I  but  S I  is efficient. This can be shown by the following example: 

Example 2.1. 
1 0

0 1
C

 
  
 

, 
1 2 1

1 1 1

T

A
  

  
 

 ,  3,0,1
T

b   and  3I  . It is easily seen that   3S  consists of only one 

efficient extreme point  1,2
T

, therefore   3S  is efficient. Since     max 1,2 1,2,3
T

I ID  ,  3I   is not the 
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maximal descriptor index set of face   3S . In this example,     
1 1

1 21 1 2

1 1 2

1            

13 , ,

0, 0, 0

T

u

uF u

u



 

 

    
 

   
    

 and it is 

clear that   3F  . 

Remark 2.2. The top-down search method of Sayin ([15], p. 90) and that of Yu and Zeleny [21], in general, do not 

give us the set of maximal efficient faces for MOLP problem (1)-(2). This can be shown by the following example: 

Example 2.2. 
1 0

0 1
C

 
  
 

, 
1 1 1

2 1 1

T

A
  

  
 

  and  4 1 5
T

b  . By the algorithm of Sayin or one of Yu and 

Zeleny we easily obtain that     1 , 3TDI  , where TDI  is the set of the efficient descriptor index sets determined 

after the final step of the used algorithm. It can be easily seen that      1 3S S . Therefore,       1 , 3S S  is not 

the set of maximal efficient faces. 

    Other properties of a descriptor set for a face and of top-down search methods for finding the set of maximal 

efficient faces can be found in [20].  

 

3. Finding an initial efficient extreme point 

    A special case below considered is often encountered in practical applications of MOLP models. In this case finding 

an initial efficient extreme point is very easy by solving only one LP problem. 

3.1. Finding an initial efficient extreme point in a special case 

    Let 

           1,...,  for all i iOI i k c x f x L    , where if  is a real number, 

           1,...,  is bounded from above over iOI i k c x L  , 

            , ,n
i iL OI x R Ax b c x f i OI     , 

          C J  be the matrix obtained from matrix C by dropping rows whose indices are not in J, where  1,...,J k ,  

          E OI  be the efficient set of the problem “maximize”     C OI x x L OI ,   

We consider the following property: 

Property 3.1. If  1,...,OI OI k  , then E  if and only if the problem max   Te k Cx x L  has an optimal 

solution. 

Proof. Note that  L L OI ,          T T Te k Cx e OI C OI x e OI C OI x   and    Te OI C OI x  is bounded from 

above over L . Therefore, the problem max   Te k Cx x L  has an optimal solution if and only if the problem 

max       Te OI C OI x x L OI  has an optimal solution, and from Property 2.8 it follows that E  if and only if 

 E OI  . From Appendix D in [18] it follows that  E OI   if and only if the problem 
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max       Te OI C OI x x L OI  has an optimal solution. Thus, it is clear that E  if and only if the problem 

max   Te k Cx x L  has an optimal solution.    

Remark 3.1. If we easily know that the condition of Property 3.1 is satisfied, then an initial efficient extreme point of 

problem (1)-(2) can be determined by finding an optimal extreme point 
1x  of problem max   Te k Cx x L . If this 

problem has no optimal solution, then problem (1)-(2) has no initial efficient extreme point and E . Otherwise 
1x  

is an initial efficient extreme point of problem (1)-(2). 

 

3.2. Finding an initial efficient extreme point in a general case   

    To find an initial efficient extreme point of problem (1)-(2) in a general case we base on the method of Benson [3] 

for finding an initial efficient extreme point for an MOLP problem with nonnegative variables. It can be easily seen 

that the method of Benson is still valid for finding an initial efficient extreme point of problem (1)-(2). An algorithm 

for finding an initial efficient extreme point for problem (1)-(2) in a general case is presented as follows. 

Step 1. Find any feasible point 
0x L . If L , then E . There is no initial efficient extreme point. Stop. 

Step 2. If one exists, find a feasible solution  0 0,
T

u z  for the problem 

                                        min 0T Tu b z Cx                                                                     (8) 

                                         T T Tu A z C e k C  , 0, 0u z  .                                       (9) 

If problem (8)-(9) has no feasible solution, then E . There is no initial efficient extreme point. Stop. 

Step 3. Find an optimal extreme point 
1x  of the following problem with  0 0e k z    

                                      max  0
T

Cx x L
 

 
 

.                                                           (10) 

Problem (10) always has an optimal solution and 
1x  is an initial efficient extreme point. 

Remark 3.2. To find an optimal extreme point of an LP problem containing negative variables, we can apply the 

simplex method to determine an optimal extreme point for the indirect LP problem with the nonnegative variables 

generated from the original LP problem by a way that every negative variable jx  is replaced by nonnegative variables 

1 2 and j jx x  such that 1 2j j jx x x  . The reason to choose the method of Benson for finding an initial efficient 

extreme point of problem (1)-(2) is that problem (8)-(9) contains only nonnegative variables. 

    From Property 2.3 it can be seen that determining a face is equivalent to finding the maximal descriptor index set for 

it. This is used to develop our method presented below.  

  

4. Finding all efficient edges and extreme rays incident to an efficient extreme point 

4.1. Edges and rays incident to an extreme point x  
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    It is clear that x  is degenerate if  ID x n  and is non-degenerate if  ID x n . Let  IE x  be the set of the 

maximal descriptor index sets for all edges and extreme rays emanating from x . We consider the following property: 

Property 4.1. If  ID x n , then     1IE x I ID x I n    . 

Proof. It is clear that   irank a i ID x n  . Therefore, for every  I ID x  and 1I n   we have that 

  1irank a i I n   ,  x S I , maxI I  (Property 2.7) and dim   1S I  . The proof is complete.     

    Thus, in the case when x  is not degenerate the set  IE x  is easily obtained. Below we present a method for finding 

the set  IE x  in the case when x  is degenerate. To do this, first we recall the following property from [20]: 

Property 4.2. If J I ,  S I   and    i irank a i I rank a i J   , then    S J S I . 

Proof. See Appendix 2. 

    For an index set  I ID x  and 1I n   we consider the following set: 

   
 

 

 
 

0 for all ,                    

, , 0 for all ,      

1,  0 for all 

i
n I xT

i i

i i
i I x

a h i I

D x I h y R a h y i I x

y y i I x





 
  
 

     
   
 
 

,         (11) 

where     \I x ID x I . The following property shows an important role of this set in determining the set  IE x . 

Property 4.3. If   1irank a i I n    and  ,D x I   , then  S I  is an edge or an extreme ray of L  emanating 

from x  and   max ,I ID x h I , where     ,
T

h I y I  is an element of  ,D x I  and  

       , 0iID x h I i ID x a h I    .                                                       (12) 

Proof. Since  x S I  and maxI I , dim  S I  =   maxin rank a i I       1 1in rank a i I n n      . 

Therefore  S I  consists of the point x  or is an edge or an extreme ray of L  emanating from x . It is easily seen that 

  0h I  . Let         , 1,..., \ 0iNID x I i m ID x a h I   . We define the point      0x I x I h I  , where 

 
 

    
,

min 2i i i
i NID x I

I b a x a h I


   if  ,NID x I   and  I  is a positive number if  ,NID x I  . Since 

i ia x b  for all    1,..., \i m ID x ,   0I  . It is easily seen that    0x I S I ,  0x I x  and   0ID x I I . 

Therefore  S I  is an edge or an extreme ray of L  emanating from x  and        0x S ID x I S I  . Since an 

edge or an extreme ray emanating from x is the smallest face which contains and differs from x , 

     0S ID x I S I . Hence   0
maxI ID x I . We will prove that      0 ,ID x I ID x h I . It can be easily 

seen that       0
i ia x I a x I h I   =     i i ia x I a h I b   for all   ,i ID x h I ,  0

ia x I  =  
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   i i ia x I a h I b   for all     \ ,i ID x ID x h I  (because   0ia h I  ),  0
ia x I  =     i i ia x I a h I b   for all 

      1,... \ ,i m ID x NID x I   (because i ia x b  and   0ia h I  ) and  0
ia x I  =    i ia x I a h I   

   2i ia x I a h I   i i i ia x b a x b     for all  ,i NID x I . Thus  0
i ia x I b  for all   ,i ID x h I  and 

 0
i ia x I b  for all     1,..., \ ,i m ID x h I . Therefore  0x I  is an inner point of    ,S ID x h I . From Property 

2.1 it follows that      0 ,ID x I ID x h I . The proof is complete.     

    For every subset I  of  ID x  satisfying the conditions that 1I n  ,   1irank a i I n    and  ,D x I    we 

find one element     ,
T

h I y I  of  ,D x I . Let  1IE x  be a set consisting of the index sets corresponding to such 

points determined by (12). The set  1IE x  can be stated in the following form: 

         1 , , 1, 1iIE x ID x h I I ID x I n rank a i I n       .                   (13) 

    The following property gives a method for determining the set  IE x : 

Property 4.4.    1IE x IE x . 

Proof. First we will show that if F  is an edge or an extreme ray emanating from x  of L  , then    1id F IE x . 

From Properties 2.3 it follows that there is  I ID x  such that   S I F  and In  I   . Since the dimension of F  

is equal to 1 and  maxI I id F   (Property 2.4),   1irank a i I n   . Thus, there is J I  such that 1J n   

and   1irank a i J n    . From Property 4.2 it follows that    S J S I . From Property 2.3 it follows that 

max maxJ I . Thus,  J ID x , 1J n   and    1irank a i J n   . We consider the set  ,D x J . Since  S J   is 

an edge or an extreme ray emanating from x , it is easily seen that there are a direction 0h   and a real number 
0 0t   

such that 
0 0x x t h   is a relative interior point of   S J . Thus, we have that 

 

   

0
max

0
max

 for all ,   

 for all 

i i

i i

a x t h b i J

a x t h b i J x

   


   



 

0
max

0
max

0 for all ,   

0 for all 

i

i

t a h i J

t a h i J x

  


 

   
 

max

max

0 for all ,   

0 for all 

i

i

a h i J

a h i J x

 


 
   

 
max

max

0 for all ,          

0 for all \ ,

0 for all 

i

i

i

a h i J

a h i J J

a h i J x

 


 
  

. Since  maxJ ID x  (Property 2.5),  maxJ x  . It is easily seen that 

   0 0, ,
T

h y D x J , where 
 max

0
i i j

j J x

y a h a h


   for all  i J x  and 
 max

0
j

j J x

h h a h


  . Therefore 

 ,D x J  . From Property 4.3 it follows that   max ,J ID x h J  for an arbitrary point     ,
T

h J y J  of 

 ,D x J . Therefore    1id F IE x . Thus  1IE x  contains the maximal descriptor index sets for all edges and 
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extreme rays of L emanating from x . The converse part is immediately proven on the basis of Property 4.3. The proof 

is complete.                                      

    A method for determining the set  IE x  can be proposed on the basis of Property 4.4 by computing the rank of the 

systems of vectors  ia i I  and checking the non-emptiness of the sets  ,D x I  for all index sets   of I ID x  

satisfying the condition that 1I n  . This method works in a general case of problem (1)-(2) and is a modification of 

the method of Kim and Luc [10]. However, the proposed method still contains some drawbacks that the results 

obtained from computing the rank of the systems of vectors  ia i I  and checking the non-emptiness of the sets 

 ,D x I  corresponding to the previously considered index sets I are not used up to compute the rank of the systems of 

vectors  ia i J  and checking the non-emptiness of the sets  ,D x J  corresponding to remaining index sets J. This 

fact can cause large computational efforts and difficulties in implementing the method. In order to improve these 

drawbacks, we do as follows. 

    For an index set I satisfying the conditions that  I ID x  and 1I n   we define the following LP problem 

 ,P x I :   

max
 

 

 
 

0 for all ,

1,  0 for all 

i i

i i i i
i I x i I i ID x

a h y i ID x

y y y y i ID x
  

   
 

    
 
 

.                 (14) 

Problem  ,P x I  has a special property that the constraint polyhedron of it does not depend on I. This property shall 

be used to reduce computational efforts in determining the set  IE x . Let  L x  be the feasible set of problem 

 ,P x I ,  
 

, , i i
i I x i I

f I h y y y
 

    and  ,optf x I  be the optimal value of problem  ,P x I . A relation between 

the set  ,D x I  and problem  ,P x I  is dealt with in the following property: 

Property 4.5.  ,D x I    if and only if problem  ,P x I  has an optimal value of 1. 

Proof.     There is an element     ,
T

h I y I  of  ,D x I . Hence     0,
T

h I y L x , where 0 0iy   for all i I  

and  0
i iy y I  for all  i I x . Therefore  L x   . Since  , ,f I h y  = 1 2 1i

i I

y


   for all    ,
T

h y L x  and 

  0, , 1f I h I y  , problem  ,P x I  has an optimal value of 1. 

   We consider an arbitrary optimal solution  0 0,
T

h y  of problem  ,P x I  with  , 1optf x I  . It is easily seen 

that 0 0i
i I

y


  and 0 0iy   for all i I . Therefore 0 0iy   for all i I . Thus     0 , ,
T

h y I D x I , where 

  0
i iy I y  for all  i I x . Therefore  ,D x I   . The proof is complete.     
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    Based on problem  ,P x I , the set  IE x  can be easily obtained in a special case. 

Property 4.6. (i)  L x   if and only if  IE x  . 

Proof.    Assume that  IE x  . From Property 4.4 it follows that there is a set I of  ID x  satisfying the 

conditions that 1I n  ,   1irank a i I n    and  ,D x I   . From Property 4.5 we have that  L x   . This is 

a contradiction. Thus if  L x  , then  IE x  . 

   Assume that  L x   . There is    0 0,h y L x . It is clear that 0 0h  . Let 

      0 0, 1,..., \ 0iNID x h i m ID x a h   . We define the point 0 0 0x x h  , where 

 
  

0

0 0

,

min 2i i i
i NID x h

b a x a h


   if  0,NID x h    and 0  is a positive number if  0,NID x h   . It is easily 

seen that 0 0  . By a proof similar to that of Property 4.3 we can easily obtain that 0x L  and    0 0,ID x ID x h . 

Since 0x x , from (14) it is clear that    0ID x ID x . Noting that   dim 0S ID x  , from Property 2.5 it follows 

that   0,S ID x h  is a face incident to x  whose dimension is positive. Therefore there is an edge or an extreme ray 

incident to x . Thus  IE x  . This is a contradiction. Therefore if  IE x  , then  L x  . The proof is 

complete.        

    From Properties 4.3, 4.5 and 4.6 we easily obtain the following corollary: 

Corollary 4.7. (i) If  , 1optf x I  , then  dim 1S I  . In addition, if rank  1ia i I n   , then  S I  is an edge or 

extreme ray incident to x .    

(ii) If  , 1optf x I  , then  S I  is not an edge or an extreme ray incident to x . 

Remark 4.1. If x  is not degenerate, from Property 4.1 it follows that  IE x   and there are exactly n edges or 

extreme rays emanating from x . In the case when x  is degenerate it can happen that  IE x  . This can be shown 

by the following example: 

Example 4.1. We consider polyhedron (2) when 
2 1 0 1

1 1 1 1

T

A
 

  
  

 ,  3 0 1 2
T

b   . It can be easily seen 

that  1,1
T

x   is an extreme point of this polyhedron. Since    1,2,3,4ID x  , x  is degenerate. By solving problem 

  , 1,2P x  we obtain that this problem has no feasible solution. Therefore, from Property 4.6 it follows that 

 IE x  .    
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    From Property 4.6 it follows that the emptiness of  IE x  can be easily known by solving one LP problem of type 

(14). In addition, since  IE x   if and only if the constraint polyhedron is a singleton, Property 4.6 gives us a 

condition for checking that a polyhedron is a singleton. 

    Now we deal with a method for determining the set  IE x  in the case when  L x   . For every index set 

  of I ID x  satisfying the conditions that 1I n   and problem  ,P x I has an optimal value of 1, we find one 

optimal solution     ,
T

opt opth I y I  of this problem. Let  2IE x  be a set consisting of the index sets corresponding 

to such points determined by (12). The set  2IE x  can be stated in the following form: 

                                2 , , 1, , 1opt optIE x ID x h I I ID x I n f x I     .               (15) 

Let  minT   be a subset of   satisfying the conditions that elements of it are different and for an arbitrary element 

I  there is  minJ T   such that I J . Let     3 min 2IE x T IE x . It can happen that  2IE x  is not unique, 

but the set  IE x  can be obtained from an arbitrary set  2IE x  defined by (15). 

Theorem 4.8.    3IE x IE x . 

Proof. From the proof of Property 4.5 it follows that     ,
T

h I y I  is an element of  ,D x I  if and only if 

  0,
T

h I z  is an optimal solution of problem  ,P x I  with  , 1f x I  , where 0 0iz   for all i I  and  0
i iz y I  

for all  i I x . Therefore, there is  1IE x  defined by (13) such that    1 2IE x IE x . From Property 4.4 we have 

that    2IE x IE x . Noting that an edge or an extreme ray emanating from x is the smallest face which contains and 

differs from x , from Property 2.5 and the definition of  3IE x  it follows that    3IE x IE x . Assume that 

   3IE x IE x . Hence, there is    3 \I IE x IE x . It can be easily seen that    x S I  and  S I  is a face of L 

emanating from x . Therefore there is an edge or an extreme ray  e x  of  S I  emanating from x . Hence 

    id e x IE x  and   I id e x . Since  I IE x ,   I id e x . From the definition of  3IE x  it follows that 

 3I IE x . This leads to a contradiction. Therefore    3IE x IE x . The proof is complete.     

Remark 4.2. From Theorem 4.8 it follows that for every  3I IE x  the set  S I  is an extreme ray or an edge of L 

emanating from x  and from Properties 4.3 and 4.5 with noting that  optx h I  is an inner point of  S I  it follows 

that  opth I  is a direction of  S I  emanating from x . 

    Theorem 4.8 gives us a new method for finding the set  IE x  which needs not compute the rank of the systems of 

vectors  ia i I  corresponding to index sets  I ID x  with 1I n  . The usefulness of this method is still 

increased by using the following property:    
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Property 4.9.  If     ,
T

opt opth I y I is an optimal solution of problem  ,P x I  with an optimal value of 1, then  

problems  ,P x J  have an optimal value of 1 and     ,
T

opt opth I y I  is a common optimal solution of them for all 

  , optJ DS x h I , where  

      , , 1opt optDS x h I J ID x h I J n    . 

Proof. We consider an arbitrary element   , optJ DS x h I . It is clear that     ,
T

opt opth I y I  is a feasible solution 

of the problem  ,P x J  and     , , 1opt optf J h I y I  . Therefore the problem  ,P x J  has an optimal value of 1 and 

    ,
T

opt opth I y I  is an optimal solution of the problem  ,P x J .    

Remark 4.3. In the case when the optimal solution     ,
T

opt opth I y I of problem  ,P x I  with an optimal value of 

1 has been found, from the definition of  3IE x , Theorem 4.8 and Property 4.9 it can be easily seen that the set 

 IE x  is still obtained without solving the problems  ,P x J  corresponding to all     , \optJ DS x h I I . This 

property helps us reduce computational efforts in determining the set  IE x . Index sets     , \optJ DS x h I I  need 

not be considered in our method but have to be considered in the methods of Murty ([12], p. 41) and of Kim and Luc 

([10], p.116). This can be seen by the following example: 

Example 4.2. We consider polyhedron (2) when 

1 2 3 4 1 1 1

1 1 1 1 1 1 1

1 2 3 4 1 1 1

T

A

     
 

      
 
 

,  1 2 3 4 1 1 1
T

b  , 

3n  .  It is easily seen that point  0,0,1
T

x   is an extreme point of this polyhedron. Since    1,2,3,4,5,6,7ID x   

, x  is degenerate. We consider  1,2I  . By using the simplex method to solve problem   , 1,2P x , we obtain the 

optimal solution         1,2 , 1,2 .25,0, .25,0,0,0,0,0,.5,.5
T Topt opth y    . Hence 

     , 1,2 1,2,3,4,5optID x h  . To determine the set  IE x , nine problems  ,P x J  corresponding to descriptor 

index sets  1,2,3,4,5J   with 2J   and J I  need not be solved in our method but the rank of the systems of 

vectors corresponding to these index sets has to be computed in the method of Murty and the method of Kim and Luc. 

Remark 4.4. To identify an extreme ray or an edge F of L emanating from x  in a unique form, the method of Murty 

([12], p. 41) finds a subset  I id F  satisfying the conditions that   1irank a i I n    and the set  ,D x I   , 

where 
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                                     ,D x I =   0 for all  and 0 for all \i ih a h i I a h i ID x I     

 It is easily seen that  ,D x I    if and only if  I id F . To obtain the edge or extreme ray F , the rank of the 

systems of vectors  ia i J  and the non-emptiness of the sets  ,D x J  corresponding to all index sets  J id F  

satisfying the condition that 1J n   need to be computed and checked, respectively. These can cause large 

computational efforts in the case when F  is degenerate. To illustrate this, we consider the degenerate extreme ray F 

described by   1,2S  in Example 4.2. Since    
max

1,2 1,2,3,4,5 , the rank of 26 systems of vectors  ia i J  

corresponding to  1,2,3,4,5  with 2J J   needs to be computed and 26 sets  ,D x J  corresponding to index sets 

 1,2,3,4,5  with 2J J   needs to be checked for the non-emptiness in which only set   , 1,2,3,4,5D x  is not 

empty. In our method the degenerate extreme ray F can be easily and simply obtained by solving only problem 

  , 1,2P x .  

 

4.2. Efficient edges and extreme rays incident to an efficient extreme point x      

    Let  EED x  be the set of all efficient edges and extreme rays and  EIE x  be the set of the maximal descriptor 

index sets for all efficient edges and extreme rays incident to an efficient extreme point x . Noting that In  I    for 

all  I IE x , from Properties 2.3 and 2.9 we easily obtain the following property: 

Property 4.10.          and EED x S I I IE x F I   ,                                                    

                             EIE x I IE x F I    . 

Remark  4.5. To determine the set  EED x  in a general case of problem (1)-(2) and in the case when x  is 

degenerate, if first we find efficient descriptor index sets I  satisfying the conditions that  I ID x  and 1I n  , 

then we determine the edges or extreme rays corresponding to the found efficient descriptor index sets , then from part 

(i) of Property 2.9 and Example 2.1 some efficient edges or extreme rays may be missed. 

 

4.3. An algorithm for determining all efficient edges and extreme rays incident to an efficient extreme point x   

    An algorithm is stated below for the case when problems of type (14) are solved by the simplex method. We 

introduce the following notations: 

0  is the set of the maximal descriptor index sets for all edges and extreme rays of L that have been found. 

  3 0  is not efficientI S I   . 

4  is the set of the maximal descriptor index sets for all maximal efficient faces that have been found in finding 

maximal efficient faces emanating from the efficient extreme points previously considered. 

 ,EXT x I  is the set of all extreme points of  L x  that are found in the solution process of problem  ,P x I . 
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 EXT x  is the set of all the extreme points of  L x  that have been found in the solution process of problems of type 

(14). 

    A subprogram, namely Subroutine   0 3 4, , , ,SEER x EIE x   , for finding the set of all new efficient edges and 

extreme rays emanating from an efficient extreme point x  with the input information 0 3,   and 
4  is presented as 

follows. 

Subroutine   0 3 4, , , ,SEER x EIE x    

Step 1.0. Determine     1 1ID x I ID x I n    . 

    If  ID x n , then    1IE x ID x  ,  0 0 IE x    and go to Step 1.3. 

    Set  01 x   and determine the sets     2 0ID x I I ID x   ,  

          3 1 2there is  such that ID x I ID x J ID x I J    , 

         4 1 3\ID x ID x ID x .                                                                                                            (16) 

    If  4ID x  , then set    2IE x ID x  and go to Step 1.3. 

    Set  EXT x  . 

Step 1.1. Take  4I ID x and solve problem  ,P x I  to find an optimal solution     ,
T

opt opth I y I of it (if   

     EXT x  , then  ,P x I  is solved with an initial solution  0 0,
T

h y  determined by   

     
   

 0 0

,

, , max , ,
T

h y EXT x

f I h y f I h y


 ).                                                                                         (17) 

    If  L x  , then  IE x  ,  EIE x   and go to Step 1.4. 

    If the optimal value of  ,P x I  is not equal to 1, then set      4 4 \ID x ID x I  and go to Step 1.2. 

    Determine        5 4, , optID x I J ID x J ID x h I   .  Set        01 01 , optx x ID x h I     and     

         4 4 5\ ,ID x ID x ID x I .                                                                                                        (18) 

Step 1.2. Set      ,EXT x EXT x EXT x I  . If  4ID x  , then go to Step 1.1. 

    Set       2 01
minIE x ID x T x    and   0 0 01

minT x     . 

Step 1.3. Determine     1 4there is  such that EIE x I IE x J J I    ,    2 3IE x IE x   

     and        3 1 2\ \IE x IE x EIE x IE x .                                                                                        (19) 



 17 

    If  3IE x  , then    1EIE x EIE x  and go to Step 1.4.  

    Determine       4 3EIE x I IE x F I     and      1 4EIE x EIE x EIE x  . Set    

        3 3 3 4\IE x EIE x    .  

Step 1.4. End. 

 

   We need to show the validity of the algorithm. If x  is non-degenerate, from Properties 4.1 and 2.9 it is clear that 

     1 4EIE x EIE x EIE x  . We consider the case when x  is degenerate. From Property 4.6 it is clear that if 

 L x  , then  IE x  ,  EIE x  . The validity of the algorithm in the case when  L x    is considered in 

the following property: 

Property 4.11. If x  is degenerate and  L x   , then       2 01
minIE x ID x T x    and 

     1 4EIE x EIE x EIE x  , 

where  01 x  is determined after the final iteration of the algorithm. 

Proof. Since  2ID x  consists of the maximal descriptor index sets for all edges incident to x  which have been found 

in finding edges and extreme rays incident to the previously considered extreme points, from Property 2.5 it follows 

that the maximal descriptor index sets for all new edges and extreme rays incident to x  are contained in  4ID x . 

From Property 4.9 and Steps 1.1-1.2 with noting that    3 4ID x ID x   it follows that  3IE x  = 

    2 01
minID x T x  . Therefore, from Theorem 4.8 it follows that       2 01

minIE x ID x T x   . 

Subsequently, the set  IE x  can be decomposed into the form          1 2 4 5IE x EIE x IE x EIE x IE x    , 

where      5 3 4\IE x IE x EIE x . From the definition of 
3  and Property 2.9 it follows that  S I  is efficient if 

   1 4I EIE x EIE x   and is not efficient if    2 5I IE x IE x  . Therefore      1 4EIE x EIE x EIE x  .     

Property 4.12.  Edges and extreme rays incident to x  are not repeatedly determined and the efficiency of them are not 

repeatedly checked. 

Proof. We consider an arbitrary edge or extreme ray er incident to x . If er has been found, then    2id er ID x  and 

      1 3I ID x I id er ID x   . From Properties 2.3 and 2.4 it follows that all descriptor index sets for er in 

 1ID x  are eliminated from further consideration by rule (16). In the case when er has not been found, let 

 4I ID x   be a descriptor index set for er which is first considered by the algorithm. From Properties 4.3, 4.5 and 

Theorem 4.8 it follows that  ,D x I    and   max , optI ID x h I . Therefore   4
maxJ ID x J I    
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 5 ,ID x I . From Property 2.3 it follows that all other descriptor index sets for er in  4ID x  are eliminated from 

further consideration by rule (18). Thus, in all the cases, er is not repeatedly determined. From Step 1.3 of the 

algorithm it is easily seen that all the edges and extreme rays incident to x  which have been checked for the efficiency 

are eliminated from further consideration by rule (19) and elements of  3IE x  are not repeatedly checked for the 

efficiency.          

Remark 4.6. LP problems of type (14) have special structures that their constraint polyhedrons are the same and they 

can be directly generated from polyhedron (2) without any computation. Based on these special properties of problems 

of type (14) our algorithm has at least two advantages: 

(i) Implementing the algorithm for determining  EIE x  is easy because only LP methods need to be used. 

(ii) The computational cost can be reduced for determining  EIE x . 

 An optimal solution of problem  ,P x I  can be quickly found because it can be solved from a best initial 

solution determined by rule (17) and the optimal set of it, in general, is large (from Property 4.5,  ,D x I  is the 

optimal set of it). 

 The set  IE x  can be obtained from  EXT x  determined after the final step of the algorithm. Based on rule 

(17) the elements of  EXT x  are different and determining  IE x  can be considered as solving only one LP 

problem  ,P x I , where  ,P x I  is the last problem that needs to be solved for finding  IE x . 

 The efficiency of many edges and extreme rays can be immediately obtained on the basis of sets 
3 4,  and 

rule (18).  

Remark 4.7. Problems of type (14) can be solved by other linear programming methods, for example, feasible 

direction methods, sphere method (Murty and Oskoorouchi, [13]), etc.. In these cases the set  EXT x  does not 

consist of extreme points of  L x  but the algorithm is still valid by redefining the set  EXT x  corresponding to a 

method used. 

 

5. Determining all maximal efficient faces incident to an efficient extreme point 

    Before presenting an algorithm for determining all maximal efficient faces emanating from an efficient extreme 

point, we consider some properties of efficient faces incident to this point. 

Property 5.1. For an arbitrary efficient face F satisfying a condition that  x F  there is a subset 

   ,SIE x F EIE x  such that  
 ,I SIE x F

id F I


 . 

Proof. Let       ,ED x F ed x ed x F   and       , ,SIE x F id ed ed ED x F  , where  ed x  is an efficient 

edge or extreme ray emanating from x . It is clear that    ,SIE x F EIE x  and  , 1ED x F  . If  , 1ED x F  , 

then the proof is obvious. We consider the case when F has at least two efficient edges or extreme rays emanating from 
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x . We consider the point  
 

 0

,

,
I SIE x F

x x I SIE x F


 
   
 

, where  x I  is an inner point of the efficient edge or 

extreme ray whose maximal descriptor index set is I . Since F  is convex, 
0x F . It is easily seen that 

0x  is an inner 

point of   S id F  corresponding to  id F . Therefore, from Property 2.1 it follows that    0id F ID x . We shall 

prove that  
 

0

,I SIE x F

ID x I


 . For every  ,I SIE x F  it is easily seen that  i ia x I b  for all 
 ,J SIE x F

i J


 . 

Therefore 0
i ia x b  for all 

 ,J SIE x F

i J


 . Since  
 

 
 , ,

1,..., \ 1,..., \
J SIE x F J SIE x F

m J m J
 

 , for every element 

 
 ,

1,..., \
J SIE x F

j m J


  there is  1 ,I SIE x F  such that  1
j ja x I b . Hence, it follows that 0

j ja x b  for all 

 
 ,

1,..., \
J SIE x F

j m J


 . Thus, it is clear that  
 

0

,I SIE x F

ID x I


 . The proof is complete.              

Property 5.2.     4  and S I I I ID x   is the set of all maximal efficient faces emanating from x  that have been 

found before finding the set of all maximal efficient faces emanating from an efficient extreme point x . 

Proof. Assume that there is   0 4J I I ID x    such that  0S J  is not a maximal efficient face incident to x . 

There is a maximal efficient face F incident to x  such that  0S J F . From the definition of 
4  there is an 

efficient extreme point y  previously considered such that  0S J  is a maximal efficient face incident to y . Since 

 0S J F ,  F is an efficient face incident to y  and  0S J  is not a maximal efficient face incident to y . This is a 

contradiction.        

    Now we present an algorithm, namely Subroutine     3 4, , ,EF EIE x NMEF x  , for finding the set of all new 

maximal efficient faces emanating from an efficient extreme point x  with the input information 
3 4,   and  EIE x . 

Let  

           , , ,t t tSIF x EIE x M x I J M x I EIE x J M x     , 

where  tM x  is the set of the maximal descriptor index sets for efficient faces emanating from x  found in the 

 1t  th iteration of the algorithm. 

Subroutine     3 4, , ,EF EIE x NMEF x    

    Set 1t  ,    tM x EIE x ,       4\  : NMEF x EIE x I EIE x J J I     .   

Step 2.1. Set       , ,t tIF x SIF x EIE x M x . 
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    If  tIF x  , go to Step 2.6. 

    Determine     1 4 :t tIF x I IF x J J I     ,    1 1t tM x IF x  ,     2 3 :t tIF x I IF x J I J     , 

           3 1 2\ \t t t tIF x IF x IF x IF x .                                                                      (20) 

    If  3tIF x  , go to Step 2.5. 

Step 2.2. Take  3tI IF x  and find a feasible solution of  F I . 

    If  F I   , go to Step 2.3. 

    Set  3 3 I    and go to Step 2.4. 

Step 2.3. Set      1 1t tM x M x I   . Determine       1 \NMEF x NMEF x J NMEF x I J    and    

         1NMEF x NMEF x I  .                                                                                 (21) 

Step 2.4. Set      3 3 \t tIF x IF x I . 

    If  3tIF x  , go to Step 2.2. 

Step 2.5. If  1tM x  , then set 1t t   and go to Step 2.1. 

Step 2.6. End. 

 

    A validity of the algorithm is shown in the following property: 

Property 5.3.     S I I NMEF x  is the set of all new maximal efficient faces emanating from x , where 

 NMEF x  determined after the final step of the algorithm. 

Proof. If  NMEF x  , then it is clear that the maximal descriptor index sets for all efficient faces emanating from 

x are in  
 

1

t

t

M x

F x


. Therefore there is no new maximal efficient face emanating from x  for problem (1)-(2). In 

the case when  NMEF x  , we consider the set  S I  corresponding to an arbitrary element  I NMEF x . From 

Property 5.2 it follows that     4S I S J J   . From Property 2.6 it follows that In  I   . From Property 2.9 it 

follows that  S I  is efficient for problem (1)-(2) emanating from x . From Property 5.1 it follows that all efficient 

faces emanating from x  are found and compared by the algorithm. From Property 2.5 and rule (21) it is easily seen 

that  S I  is maximal. Conversely, we consider an arbitrary new maximal efficient face F for problem (1)-(2) 

emanating from x . It is clear that   4F S I I  . From Property 5.1 and Subroutine 

    3 4, , ,EF EIE x NMEF x   it is easily seen that F is checked for the efficiency. Since F is a new maximal 
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efficient face of problem (1)-(2) emanating from x ,  id F  is the smallest. From rule (21) it follows that 

   id F NMEF x . Therefore,     F S I I NMEF x  .       

    A property concerning a computational aspect of our method is considered in the following property: 

Property 5.4. Every maximal efficient face incident to x  is not repeatedly determined and is not rechecked for the 

efficiency. 

Proof. We consider an arbitrary maximal efficient face F incident to x . If F has been found, then from Properties 5.1-

5.2 and Step 2.1 it follows that there is 0t  such that    
01tid F F x . Thus F is eliminated from further 

consideration. In the case when F has not been found, noting that In  I    for all  3tI IF x , from Properties 2. 3, 

2.5 and 5.3 it follows that F is checked only one time for the efficiency.       

Remark 5.1. For every  2tI IF x  the set  S I  contains a non-efficient and non-empty set. Therefore  S I  is not 

efficient. Based on this property many faces are easily known to be not efficient and eliminated from further 

consideration.   

Remark 5.2. From Properties 2.4 and 2.6 it is easily seen that every element of  tIF x  is the maximal descriptor 

index set for a face. This gives us at least two advantages: 

  A subset that is not a face of the constraint polyhedron must not be reconsidered. 

  To find all maximal efficient faces, from Properties 2.5 and 2.9 it follows that the maximal descriptor index sets for 

efficient faces incident to x need to be determined and used. Determining the maximal descriptor index set for a 

degenerate face can be hard (Jorge [9], p. 128) and can cause a big quantity of computations. Based on Properties 2.6 

and 5.1 the maximal descriptor index sets for efficient (degenerate or non-degenerate) faces can be immediately 

obtained from the maximal descriptor index sets for efficient edges and extreme rays of problem (1)-(2). Therefore 

computational efforts can be greatly reduced in our method for finding all maximal efficient faces for problem (1)-(2). 

Remark 5.3. Based on Property 5.1 our method can find all maximal efficient faces emanating from an efficient 

extreme point before generating efficient extreme points adjacent to this point. Such a property generally has not in the 

previously appeared bottom-up search methods. 

 

6. Determining all efficient extreme points adjacent to an efficient extreme point 

    Before finding efficient extreme points adjacent to an efficient extreme point x , we need to determine directions of 

the efficient edges and extreme rays emanating from this point. 

6.1. Finding directions of the efficient edges and extreme rays emanating from an efficient extreme point 

    Let  h I  be a direction of the edge or extreme ray emanating from x  whose maximal descriptor index set is I; 

  FD SEIE x  be the set of directions of all the  efficient edges and extreme rays described by elements of  SEIE x , 

where  SEIE x  is a nonempty subset of  EIE x . If x  is degenerate, then from Remark 4.2 it is clear that the set 
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  FD SEIE x  is can be immediately obtained from the found optimal solutions of problems  ,P x I  without any 

additional computation: 

                     ,  is the found optimal solution of , and 
T

FD SEIE x h I I S hEIE x I y I P x I  .           (22) 

    Thus the set   FD SEIE x  is obtained as an auxiliary product of finding the set  2IE x . In the case when x  is 

non-degenerate the set  IE x  is easily determined by Property 4.1 without any computations but the set 

  FD SEIE x  has not been obtained. To find a direction of  S I  emanating from x  for  I EIE x , we find a 

feasible solution of the system  

                       
 

0,               

0, \

i

i

a h i I

a h i ID x I

 


 
 .                                                                                                                  (23) 

Since In  I   , (23) has a feasible solution. Now we present a determination of   FD SEIE x  in the case when x  

is non-degenerate. Since   irank a i ID x n   and   \ID x I  consists of only one element, a direction of  S I  

emanating from x  can be found by solving the following reduced system: 

                    
 

0,               

1, \

i

i

a h i I

a h i ID x I

 


  
. 

To reduce computations, we simultaneously find directions of all the edges and extreme rays described by elements of 

 SEIE x  based on only one table consisting of n rows and  n SEIE x  columns: 

                           
01 ,..., tA ID x e I e I  ,                                                                                                 (24) 

where   A ID x  was defined as in Property 2.9,    
01,..., tSEIE x I I ,  e I  is an n column vector with 

components   0ie I   for all i I  and 1ie    for   \i ID x I . Since   rankA ID x n , by Gaussian elimination, 

table (24) can be easily presented in the following form: 

                        
01 ,..., t

nE h I h I ,                                                                                                               (25) 

where nE  is an n n  matrix with diagonal elements being 1 and other elements being 0, and the set   FD SEIE x  

can be immediately obtained from (25). 

 

6.2. Finding all efficient extreme points adjacent to an efficient extreme point 

    Let         is an extreme point adjacent to  and EAV SEIE x y S I y x I SEIE x   . For every  I SEIE x  we 

find the biggest positive value  I  of   satisfying the system 
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 

   

     

0 for all ,

0 for all \ ,                    

 for all 1,..., \

i

i

i i i

a h I i I

a h I i ID x I

a h I b a x i m ID x







  


 


  

 .                                                                      (26) 

Let         1,..., \ 0iIP I i m ID x a h I   . Noting that i ia x b  for all    1,..., \i m ID x , from (26) it is easily 

seen that  

 
 

 
      

 if ,                              

min  if i i i
i IP I

IP I
I b a x a h I IP I



  


    


. 

    Thus we have the following property: 

Property 6.1. For every  I SEIE x  with  IP I    the point      y I x I h I   is an efficient extreme point 

adjacent to x  and          ,EAV SEIE x y I I SEIE x IP I   . 

Proof.  From that In  I   ,  IP I    and  S I  is an efficient edge it follows that rank  1ia i I n    and 

 y I E . Noting that   I ID y I  and I is the maximal descriptor index set for  S I , it can be easily seen that 

rank    ia i ID y I n  . Since  y I x ,  y I  is an efficient extreme point of problem (1)-(2) adjacent to x . 

Hence it is easily seen that          ,EAV SEIE x y I I SEIE x IP I   .              

 

6.3. An algorithm for finding all new efficient extreme points adjacent to an efficient extreme point 

    A subprogram, namely Subroutine     , ,NEAV x SEIE x NEE x , for finding all new efficient extreme points 

adjacent to an efficient extreme point x  is presented as follows. 

Subroutine     , ,NEAV x SEIE x NEE x  

Step 3.1. Set  NEE x  . If x  is degenerate, then determine   FD SEIE x  by (22) and go to Step 3.2. 

    Find   FD SEIE x  based on table (24). 

Step 3.2. Take  I SEIE x  and determine  IP I . 

    If  IP I  , then  S I  is an efficient extreme ray, go to Step 3.3. 

    Compute      y I x I h I   and set       NEE x NEE x y I  . 

Step 3.3. Set      \SEIE x SEIE x I . If  SEIE x  , then go to step 3.2. 

Step 3.4. End. 

    

7. An algorithm for determining the set of all maximal efficient faces 
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    Let maxEF  be the set of all maximal efficient faces for problem (1)-(2), 

 1  is an efficient extreme point which has been found but has currently not been consideredx x  , 

 2  is an efficient extreme point which has been found and consideredx x  .  

    An algorithm, namely Algorithm-ME, for finding all maximal efficient faces for problem (1)-(2) is presented as 

follows. 

Algorithm-ME 

Step 0. Find an initial efficient extreme point x . If there is no such a point, then 4   and maxEF  . Stop. 

    Otherwise, set 0  ,  1 x  , 2  , 3  , 4  .  

Step 1. Call Subroutine   0 3 4, , , ,SEER x EIE x    to find the set  EIE x . 

    If  EIE x  , then set   4 ID x   and go to Step 5.   

Step 2. Call Subroutine     3 4, , ,EF EIE x NMEF x   to determine all new maximal efficient faces emanating     

    from x . Set  4 4 NMEF x   . 

Step 3. Determine       1 2 :  and EIE x I EIE x y y x I ID y         and  

         \SEIE x EIE x EIE x .                                                                                              (27) 

    If  SEIE x  , then there is no new efficient extreme point adjacent to x , go to Step 4. 

    Call Subroutine     , ,NEAV x SEIE x NEE x  to determine all new efficient extreme points adjacent to x .  Set   

     1 1 NEE x   . 

Step 4. Set  1 1 \ x  ,  2 2 x   . 

    If 
1  , then go to Step 5. 

    Take 
1x  and go to Step 1.  

Step 5.   4
maxEF S I I  . Stop. 

 

Remark 7.1. Based on rule (27) efficient extreme points which have been found must not be regenerated. Every 

efficient extreme point is determined on the basis of a direction of only one efficient edge incident to it. Therefore, it 
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can happen that directions of many efficient edges need not be generated and the number of the directions of efficient 

edges which need to be generated is less than that of the efficient extreme points for problem (1)-(2). 

    Now we go back to showing the validity of Algorithm-ME. 

Theorem 7.1. (i) If 
4  , then maxEF  . 

                       (ii) If 
4   , then   4

maxEF S I I  , 

where 
4  is determined after the final iteration of Algorithm-ME. 

Proof. (i) From Step 0 of the algorithm it follows that E . Therefore maxEF  . 

(ii) We consider an arbitrary element 
4I  . From Properties 5.2 and 5.3 it follows that there is an efficient extreme 

point x  such that  S I  is a maximal efficient face emanating from x . If   maxS I EF , then there is a maximal 

efficient face F for problem (1)-(2) such that  S I F . Hence F  is an efficient face incident to x . This conflicts 

with that  S I  is a maximal efficient face emanating from x . Thus   4
maxS I I EF  . Now we consider an 

arbitrary maximal efficient face maxF EF . Since polyhedron (2) has at least one extreme point, F has an extreme 

point x . Thus it is clear that F is a maximal efficient face incident to x . Thus   4
maxEF S I I  . The proof is 

complete.          

 

8. An example 

Example 8.1. Determine the set of all maximal efficient faces of problem (1)-(2), when 

                    

1 0 0

0 1 0

0 0 1

C

 
 

  
 
 

, 

1 1 1 0 0 0 0

1 2 0 0 1 1 0

1 2 1 1 0 0 1

T

A

 
 

  
  

and  1 2 1 0 0 5 4 1
T

b  .                     (28) 

Step 0. It can be easily seen that  1,2,3OI  . By applying the simplex method to solve the problem 

max   3Te Cx x L  we find the initial efficient extreme point  1,0,0
T

x  . 
0  ,  1 x  , 

2  , 

3  , 
4  . 

Step 1. Find efficient edges and extreme rays incident to x  by Subroutine   0 3 4, , , ,SEER x EIE x   : 

Step 1.0.    1,4,5ID x  . x  is non-degenerate.         1,4 , 1,5 , 4,5IE x  .       0 1,4 , 1,5 , 4,5  . 

Step 1.3.  1EIE x  ,  2IE x  ,         3 1,4 , 1,5 , 4,5IE x  ,       4 1,4 , 1,5EIE x  . 

      1,4 , 1,5EIE x  .   3 4,5  .  

Step 2. Find new maximal efficient faces incident to x  by Subroutine     3 4, , ,EF EIE x NMEF x  : 

1t  ,       1 1,4 , 1,5M x  ,       1,4 , 1,5NMEF x  . 
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Step 2.1.     1 1IF x  .  11IF x  ,   21IF x  ,     31 1IF x  ,  2M x  . 

Step 2.2. Take  1I  .   1F  has the point  1,0,0,0
T

. 

Step 2.3.      2 1M x  ,     1NMEF x  . 

Step 2.4.  31IF x  . 

Step 2.5. 2t  .     2 1M x  . 

Step 2.1.  2IF x  .  

  4 1  .  

Step 3.  EIE x  ,       1,4 , 1,5SEIE x  . Determine all new efficient extreme points adjacent to x  by 

Subroutine     , ,NEAV x SEIE x NEE x . To find directions of   1,4S  and   1,5S  simultaneously we consider 

TABLE 1. 

                                                                      TABLE 1 

  A ID x    1,4    1,5   

1 1 1

0 0 1

0 1 0





 

0 

0 

-1 

0 

-1 

0 

 

 By Gaussian elimination, TABLE 1 can be easily presented as in TABLE 2.  

                                                                 TABLE 2 

   1,4h     1,5h   

1 0 0

0 1 0

0 0 1

 

-1 

1 

0 

-1 

0 

1 

 

Step 3.2. Take  1,4I   ,     1,4 2,6IP  ,   1,4 1   ,     1,4 0,1,0
T

y  ,     0,1,0
T

NEE x  . 

Step 3.3.     1,5SEIE x  . 

Step 3.2. Take  1,5I   ,     1,5 2,3,7IP  ,   1,5 1   ,     1,5 0,0,1
T

y  ,       0,1,0 , 0,0,1
T T

NEE x  . 

Step 3.3.  SEIE x  . 

      0,0,1 , 0,1,0
T T

NEE x  .       1 1,0,0 , 0,1,0 , 0,0,1
T T T

  . 
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Step 4.     1 0,0,1 , 0,1,0
T T

  ,   2 1,0,0
T

  . Take  0,0,1
T

x  . 

Step 1. Find all new efficient edges and extreme rays incident to x  by Subroutine   0 3 4, , , ,SEER x EIE x   : 

Step 1.0.    1,2,3,5,7ID x  . x  is degenerate.                 1 1,2 , 1,3 , 1,5 , 1,7 , 2,3 , 2,5 , 2,7ID x     

      3,5 , 3,7 , 5,7 .     2 1,5ID x  .     3 1,5ID x  .               4 1,2 , 1,3 , 1,7 , 2,3 , 2,5 , 2,7ID x     

      3,5 , 3,7 , 5,7 .  01 x  . 

Step 1.1. Take  1,2I   and solve   , 1,2P x .   , 1,2 1optf x   at 
2z ,     1 2, 1,2 ,EXT x z z , where 

 ,z h y ,  1 .25,0, .25,0,.25,.5,0,.25
T

z   ,  2 0,.3333, .3333,0,0,.3333,.3333,.3333
T

z   .     5 1,2ID x  , 

            4 1,3 , 1,7 , 2,3 , 2,5 , 2,7ID x           3,5 , 3,7 , 5,7 .     01 1,2x  . 

Step 1.2.    1 2,EXT x z z . 

Step 1.1. Take  1,3I   and solve   , 1,3P x  from 
2z .   , 1,3 .6667optf x   at 

4z ,     3 4, 1,3 ,EXT x z z , 

where   3 .1667,0, .1667,.3333,.5,0,0,.1667
T

z    ,  4 .3333,.5, .3333,.1667,0,0,.5,.3333
T

z    . Thus   1,3S  is 

not an edge or extreme ray.                 4 1,7 , 2,3 , 2,5 , 2,7 , 3,5 , 3,7 , 5,7ID x  . 

Step 1.2.    1 2 3 4, , ,EXT x z z z z . 

Step 1.1. Take  1,7I   and solve   , 1,7P x  from 
1z .   , 1,7 .5optf x   at 

1z ,   , 1,7EXT x  . Thus 

  1,7S  is not an edge or extreme ray.               4 2,3 , 2,5 , 2,7 , 3,5 , 3,7 , 5,7ID x  . 

Step 1.2.     1 2 3 4, , ,EXT x z z z z . 

Step 1.1. Take  2,3I   and solve   , 2,3P x  from 
4z . Since   4 , 2,3z D x ,   , 2,3 1optf x   at 

4z  (Property 

4.5),   , 2,3EXT x  .     5 2,3ID x  ,             4 2,5 , 2,7 , 3,5 , 3,7 , 5,7ID x  .       01 1,2 , 2,3x  . 

Step 1.2.     1 2 3 4, , ,EXT x z z z z . 

Step 1.1. Take  2,5I   and solve problem   , 2,5P x  from 
1z .   , 2,5 .5optf x   at 

1z .   , 2,5EXT x  . 

  2,5S  is not an edge or extreme ray.           4 2,7 , 3,5 , 3,7 , 5,7ID x  . 

Step 1.2.    1 2 3 4, , ,EXT x z z z z . 
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Step 1.1. Take  2,7I   and solve   , 2,7P x  from 
2z .   , 2,7 .3333optf x   at

2z ,   , 2,7EXT x  . Thus 

  2,7S  is not an edge or extreme ray.  4ID x =       3,5 , 3,7 , 5,7 . 

Step 1.2.    1 2 3 4, , ,EXT x z z z z . 

Step 1.1. Take  3,5I   and solve   , 3,5P x  from 
3z . Since   3 , 3,5z D x ,   , 3,5 1optf x   at 

3z , 

  , 3,5EXT x  .     5 3,5ID x  ,       4 3,7 , 5,7ID x  .         01 1,2 , 2,3 , 3,5x  . 

Step 1.2.    1 2 3 4, , ,EXT x z z z z .  

Step 1.1. Take  3,7I   and solve   , 3,7P x  from 
3z .   , 3,7 .6667optf x   at 

3z . Thus   3,7S  is not an 

edge or extreme ray.  4ID x =   5,7 . 

Step 1.2.    1 2 3 4, , ,EXT x z z z z . 

Step 1.1. Take  5,7I   and solve   , 5,7P x  from 
3z .   , 5,7 .6667optf x   at 

3z . Thus   5,7S  is not an 

edge or extreme ray.  4ID x =  . 

Step 1.2.    1 2 3 4, , ,EXT x z z z z .           1,2 , 1,5 , 2,3 , 3,5IE x  .             0 1,4 , 1,5 , 4,5 , 1,2 , 2,3 , 3,5  . 

Step 1.3.       1 1,2 , 1,5EIE x  ,       3 3,5 , 2,3IE x  ,     4 2,3EIE x  .     3 4,5 , 3,5  , 

        1,2 , 1,5 , 2,3EIE x  .  

Step 2. Find new maximal efficient faces incident to x  by Subroutine     3 4, , ,EF EIE x NMEF x  : 

1t  ,         1 1,2 , 1,5 , 2,3M x  ,     2,3NMEF x  . 

Step 2.1.         1 1 , 2 ,IF x   .     11 1IF x  ,     21IF x   ,     31 2IF x  ,     2 1M x  . 

Step 2.2. Take  2I  .   2F  has the point  1,0,1,1
T

. 

Step 2.3.        2 1 , 2M x  ,     2NMEF x  . 

Step 2.4.  31IF x  . 

Step 2.5. 2t  .       2 1 , 2M x  . 

Step 2.1.     2IF x   .  12F x  ,      22F x   ,  32IF x  ,  3M x  . 

Step 2.5. 3t  .  3M x  . 

Step 2.1.  3IF x  . 
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    4 1 , 2  . 

Step 3.       1,2 , 1,5EIE x  ,     2,3SEIE x  . Determine all new efficient extreme points adjacent to x  by 

Subroutine     , ,NEAV x SEIE x NEE x .  

Step 3.1. From 
4z  we immediately have that     2,3 .3333,.5, .3333

T
h     is a direction of   2,3S  emanating 

from x . 

Step 3.2. Take  2,3I   ,     2,3 4,6IP  ,   2,3 5 2   ,     2,3 5 6,5 4,1 6
T

y   , 

    5 6,5 4,1 6
T

NEE x   . 

Step 3.3.  SEIE x  . 

    5 6,5 4,1 6
T

NEE x   .       1 0,1,0 , 0,0,1 , 5 6,5 4,1 6
T T T

   . 

Step 4.     1 0,1,0 , 5 6,5 4,1 6
T T

   ,     2 1,0,0 , 0,0,1
T T

  . Take  0,1,0
T

x  .  

Step 1. Find all new efficient edges and extreme rays incident to x  by Subroutine   0 3 4, , , ,SEER x EIE x   : 

Step 1.0.    1,2,4ID x  . x  is non-degenerate.         1,2 , 1,4 , 2,4IE x  . 

              0 1,4 , 1,5 , 1,2 , 2,3 , 2,4 , 3,5 , 4,5  . 

Step 1.3.         1 1,2 , 1,4 , 2,4EIE x  .         1,2 , 1,4 , 2,4EIE x  .  

Step 2. Find new maximal efficient faces incident to x  by Subroutine     3 4, , ,EF EIE x NMEF x  : 

1t  ,         1 1,2 , 1,4 , 2,4M x  ,  NMEF x  . 

Step 2.1.         1 1 , 2 , 4IF x  .       11 1 , 2IF x  ,      21 4IF x  ,  31IF x  ,       2 1 , 2M x  . 

Step 2.4.  31IF x  . 

Step 2.5. 2t  .       2 1 , 2M x  . 

Step 2.1.     2IF x   .  12F x  ,      22F x   ,  32IF x  ,  3M x  . 

Step 2.5. 3t  .  3M x  . 

Step 2.1.  3IF x  . There is no new maximal efficient face emanating from x . 

    4 1 , 2  .  
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Step 3.       1,2 , 1,4EIE x  ,     2,4SEIE x  . Determine all new efficient extreme points adjacent to x  by 

Subroutine     , ,NEAV x SEIE x NEE x . To find a direction of   2,4S  emanating from x , we base on TABLE 3. 

                                                                             TABLE 3 

  A ID x    2,4   

1 1 1

1 2 2

0 0 1

 

-1 

0 

0 

 

 By Gaussian elimination TABLE 3 can be presented as in TABLE 4. 

                                                                           TABLE 4 

   2,4h   

1 0 0

0 1 0

0 0 1

 

-2 

1 

0 

 

Step 3.2. Take  2,4I   ,     2,4 3,6IP  ,   2,4 1 4   ,     2,4 1 2,5 4,0
T

y   , 

    1 2,5 4,0
T

NEE x   . 

Step 3.3.  SEIE x  . 

    1 2,5 4,0
T

NEE x   .       1 0,1,0 , 1 2,5 4,0 , 5 6,5 4,1 6
T T T

    . 

Step 4.     1 1 2,5 4,0 , 5 6,5 4,1 6
T T

    ,       2 1,0,0 , 0,1,0 , 0,0,1
T T T

  . Take  1 2,5 4,0
T

x   .  

Step 1. Find all new efficient edges and extreme rays incident to x  by Subroutine   0 3 4, , , ,SEER x EIE x   : 

Step 1.0.    2,4,6ID x  . x  is non-degenerate.         2,4 , 2,6 , 4,6IE x  . 

              0 1,4 , 1,5 , 1,2 , 2,3 , 2,4 , 3,5 , 4,5        2,6 , 4,6 . 

Step 1.3.       1 2,4 , 2,6EIE x  ,     3 4,6IE x  ,  4EIE x  .       3 4,5 , 3,5 , 4,6  , 

      2,4 , 2,6EIE x  .  

Step 2. Find new maximal efficient faces incident to x  by Subroutine     3 4, , ,EF EIE x NMEF x  : 

1t  ,       1 2,4 , 2,6M x  ,  NMEF x  . 
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Step 2.1.     1 2IF x  .     11 2IF x  ,  31IF x  ,     2 2M x  . 

Step 2.5. 2t  .     2 2M x  . 

Step 2.1.  2IF x  . There is no new maximal efficient face emanating from x . 

    4 1 , 2  .  

Step 3.       2,4 , 2,6EIE x  ,  SEIE x  . There is no new efficient extreme point adjacent to x .  

Step 4.   1 5 6,5 4,1 6
T

   ,         2 1,0,0 , 0,1,0 , 0,0,1 , 1 2,5 4,0
T T T T

   . Take  5 6,5 4,1 6
T

x   .  

Step 1. Find all new efficient edges and extreme rays incident to x  by Subroutine   0 3 4, , , ,SEER x EIE x   : 

Step 1.0.    2,3,6ID x  . x  is non-degenerate.         2,3 , 2,6 , 3,6IE x  . 

              0 1,4 , 1,5 , 1,2 , 2,3 , 2,4 , 3,5 , 4,5          2,6 , 3,6 , 4,6 . 

Step 1.3.       1 2,3 , 2,6EIE x  ,     3 3,6IE x  ,  4EIE x  .         3 4,5 , 3,5 , 3,6 , 4,6  . 

      2,3 , 2,6EIE x  .  

Step 2. Find new maximal efficient faces incident to x  by Subroutine     3 4, , ,EF EIE x NMEF x  : 

1t  ,       1 2,3 , 2,6M x  ,  NMEF x  . 

Step 2.1.     1 2IF x  .     11 2IF x  ,  31IF x  ,     2 2M x  . 

Step 2.5. 2t  .     2 2M x  . 

Step 2.1.  2IF x  . There is no new maximal efficient face emanating from x  . 

    4 1 , 2  .  

Step 3.       2,3 , 2,6EIE x  ,  SEIE x  . There is no new efficient extreme point adjacent to x . 

Step 4. 
1  ,           2 1,0,0 , 0,1,0 , 0,0,1 , 1 2,5 4,0 , 5 6,5 4,1 6

T T T T T
    .  

Step 5.      max 1 2EF S S  . Stop. 

    From Example 8.1 we have the following remarks: 
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Remark 8.1. Note that  tIF x   when  tM x   or  tI J M x   for all  I EIE x  and  tJ M x , and 

   tIF x   when there are  I EIE x  and  tJ M x  such that I J . In Example 8.1, 

  2 1,0,0
T

IF  ,   3 0,1,0
T

IF  ,     1 0,0,1
T

IF   and      2 0,0,1
T

IF   . 

Remark 8.2. For the degenerate extreme point  0,0,1
T

x   we easily see that           1,2 , 1,5 , 2,3 , 3,5IE x   and 

this set can be obtained from    1 2 3 4, , ,EXT x z z z z . Edge   1,5S  obtained from   1,0,0
T

IE  previously 

determined can be also obtained from the set  EXT x  because   1 , 1,5z D x  and  1 5, 2rank a a  , where 

   1 51,1,1  and 0, 1,0a a    (Property 4.3). By using rule (17) problems  ,P x I  for  1,2,3,5,7I   and 2I   is 

quickly solved and  IE x  is quickly determined by finding only 4 extreme points 
iz , 1, 2,3, 4i   of  L x . Problem 

  , 5,7P x  is the last one which needs to be solved for finding  IE x . Since 
iz , 1, 2,3, 4i   are feasible solutions 

and 
3z  is an optimal solution of   , 5,7P x , determining  IE x  can be considered as solving only one LP problem 

  , 5,7P x  (Remark 4.6). 

Remark 8.3. A direction of edge   2,3S  is immediately obtained from 
4z  without any computation (Remark 4.2). 

Directions of edges   1,2S  and   2,6S  need not be generated, the directions of only 4 edges need to be generated 

to find 5 the efficient extreme points of problem (28) (Remark 7.1). Since      21 0,1,0 4
T

IF   and 

     21 0,0,1
T

IF   , faces   4S  and   S   need not be checked for the efficiency (Remark 5.1).  

    For convenience of comparing the methods dealt with in the next section, in Example 8.1 we denote efficient 

extreme points  1,0,0
T

,  0,0,1
T

,  0,1,0
T

,  1 2,5 4,0
T

 ,  5 6,5 4,1 6
T

  by 
1x , 

2x ,
3x ,

4x ,
5x  respectively. 

 

9. Some comparisons 

    Let  11,...,
n

conv x x  be the convex hull of points 1, 1,...,ix i n  of L and F  be the smallest face of L containing 

points  1, 1,...,ix i n . We easily have the following property:  
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Property 9.1. F is efficient if and only if  11,...,
n

conv x x  is efficient. 

    From Properties 4.12, 5.4, rules (19), (20) and (27) it is easily seen that in our method all the faces previously found 

are easily recognized and must not be regenerated; all the faces which are previously checked for the efficiency are 

easily recognized and need not be rechecked for the efficiency. Some other advantages of our method are shown 

below. 

9.1. Comparing with the bottom-up search methods based on a simplex-like approach 

(i) Our method can be directly applied to find the set of all maximal efficient faces of an MOLP problem containing 

negative variables while the simplex-like methods do not directly find all maximal efficient faces of such an MOLP 

problem.   

(ii) Since every efficient edge has two efficient extreme points, the simplex-like methods repeatedly enumerate 

efficient extreme points and edges.  

(iii) Efficient faces with dimensions bigger than 1 incident to an efficient degenerate extreme point can be missed in 

enumerating efficient faces for the method of Ecker et al [5] as shown by Murty ([12], p. 31). A main reason for this is 

that the efficiency test for a descriptor set  S I  when maxI I  ([5], p. 357), only is a sufficient condition (Property 

2.9). The methods of Armand and Malivert [2] and Armand [1] can improve this disadvantage. However these methods 

still contain a drawback that the number of problems used to check the efficiency is still big, for example: 

  Many subsets which are not faces of the constraint polyhedron have to be checked for the efficiency. This can be 

shown in ([2], p.470) and in Example 8.1. In this example, conv 1 2 5, ,x x x  is not a face but must be checked for the 

efficiency for the method given in [1]. 

  Many faces can be repeatedly checked for the efficiency. In Example 8.1,   2S  is the smallest face containing the 

subsets conv 2 3 4, ,x x x , conv 2 3 5, ,x x x , conv 3 4 5, ,x x x , conv 2 4 5, ,x x x  and conv 2 3 4 5, , ,x x x x  and at least 

two of these subsets must be checked for the efficiency in the method of Armand and Malivert [2]. In this case, from 

Property 9.1 it follows that face   2S  is checked at least two times for the efficiency. Noting that   S  is the 

smallest face containing subsets conv 1 2 5, ,x x x , conv 1 2 3 5, , ,x x x x  and conv 1 2 3 4, , ,x x x x , if sequence of 

subsets conv 1 2,x x , conv 1 2 3, ,x x x , conv 1 2 3 5, , ,x x x x , conv 1 2 5, ,x x x , … at 2x , conv 1 2 3 4, , ,x x x x , 

conv 1 3 4, ,x x x , conv 2 3 4, ,x x x  at 
3x , etc. is checked for the efficiency in the algorithm of Armand ([1], pp. 367-

370), then face   S   is checked three times for the efficiency. 

    By using a description of a face based on the maximal descriptor index set for it, our method also improves the 

above disadvantage of the method of Ecker et al [5] and, can easily improve the above shown drawbacks in the 

methods of Armand and Malivert [2] and Armand [1] as shown in Remark 5.2 and Property 5.4. 

(iv) Our method is easier to implement because: 
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   Difficult concepts, for example, efficient dual bases, ideal bases, primal degenerate pivots, lexicographic pivots, 

dual degenerate columns, ideal graphs, etc., are not necessary in our method. Only LP methods need to be used and, in 

general, no new concepts are necessary in our method. 

  Problems used to find the maximal descriptor index sets for edges and extreme rays and problems used to test the 

efficiency of faces can be directly obtained from the original problem in our method while such problems, in general, 

are generated on the basis of additional computations in the simplex-like methods. 

 

 9.2. Comparing with the other methods 

    (i) Our method improves the method of Kim and Luc [10]. 

* The method of Kim and Luc [10] determining r - dimensional efficient faces for  0,...,r n  can find all efficient 

faces but the set of all maximal efficient faces has not been obtained in their method because a maximal efficient face 

is not necessary to be a highest dimensional efficient face. 

  For finding all efficient edges and extreme rays incident to an efficient degenerate extreme point, the method of Kim 

and Luc works with a special case of the constraint polyhedron ([10], p. 108) while our method can work in a general 

case of problem (1)-(2).  

  To find all efficient extreme points adjacent to an efficient extreme point, directions of all efficient edges and 

extreme rays emanating from this point are found by solving many systems of equations in the method of Kim and Luc 

([10], pp.116-117) while such directions can be simultaneously found on the basis of system (24) in our method. 

    (ii) Our method also improves the method of Pourkarimi et al [14]. The method [14] can find the set of all maximal 

efficient faces but this method is based on the condition that the set of all efficient extreme points and extreme rays has 

been found. Therefore their method is considered as a non-complete global bottom-up search method. A method 

generated by combining the non-complete method of Pourkarimi et al and a method for determining the set of all 

efficient extreme points and rays for finding the set of all maximal efficient faces is called a combined method.  

  A combined method is a global bottom-up search method, therefore all edges and extreme rays incident to at least 

one efficient extreme point must be checked for the efficiency in this method while many such edges and extreme rays 

contained in a previously found maximal efficient faces need not be checked for the efficiency in our method (in 

Example 8.1, edges   1,2S ,   2,4S  and   2,6S  need not be checked for the efficiency). In addition, to find a 

maximal efficient face of an MOLP problem, a combined method has to consider all efficient extreme points and rays 

of the MOLP problem while our method only needs to base on efficient edges and extreme rays incident to only one 

extreme point of the face. 

  Many previously appeared methods determine efficient extreme points based on finding efficient edges and extreme 

rays. Thus the set of all efficient edges and extreme rays is also obtained together with the set of all efficient extreme 

points in these methods. If the method of Pourkarimi et al [14] is combined with one of such methods, then in many 

cases, many edges are rechecked for the efficiency in their method. 

     

10. Conclusions 
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    In this paper a new local bottom-up search method for finding the set of all maximal efficient faces of an MOLP 

problem is proposed. Our method is based on the maximal descriptor index sets for efficient edges and extreme rays for 

the MOLP problem. The maximal descriptor index sets for edges and extreme rays incident to an efficient degenerate 

extreme point are easily found on the basis of solving some special LP problems. All efficient extreme points adjacent 

to and all efficient faces incident to an efficient degenerate extreme point can be easily found without using the simplex 

tables corresponding to bases of this point. Our method can easily overcome difficulties caused by the degeneracy of 

faces, is easy to implement. Moreover, it can greatly reduce computational efforts and has many advantages over the 

previously appeared bottom-up search methods. 
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Appendix 1. To prove Property 2.9 we only need to prove the following property: 

(a) If  F I  , then  S I E ; 

(b) if In  I   , then  S I E  if and only if  F I  , 

where 

                                 

  , 0,

, 0 for ,

0 for 

T T T

T m k
i

i

A z C e k C zy

F I y z i IyR

i Iy



   
  

    
 

   

. 

Proof. (a) There is    0 0,
T

F Izy  . We consider the problem  

                                                  max   0
T

Cx x L  ,                                                 (29) 

 where  0 0z e k   . If  S I  , then the proof is obvious. In the other case, for an arbitrary  0x S I  we 

consider the set     

                           
 

   

 

0

0 0 0

0

,

, 0 for all 1,..., \ ,

0 for all 

T
T

m
i

i

A Cy

F ID x x y i m ID xyR

i ID xy


 

 
  

    
 
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  

. 
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Noting that  0I ID x  by (6), we easily see that   0 0 0,F ID x xy  .Thus, 
0x  is an optimal solution of problem 

(29) by the complementary theorem of linear programming and therefore 
0x E  by Property 2.8. 

    (b). In order to prove part (b), from part (a) we only need to show that if In  I    and  S I E , then  F I  . 

Since In  I   , there is 
0x In  I . From Property 2.1 it follows that  0ID x I . Since 

0x  is efficient, from 

Property 2.8 it follows that there is  0 e k   such that 
0x  is an optimal solution of problem (29). From the 

complementary theorem of linear programming it follows that there is   0 0 0,F ID x xy  . Since  0ID x I , 

   0 0,
T

F Izy  , where  0 0z e k  .                                                         

Appendix 2. It is clear that    S I S J . We will show that    S J S I . We consider an arbitrary element 

\j I J . Since    i irank a i I rank a i J   , there are ij R   such that j ij i
i J

a a


  . Since  S I  , there is 

 x S I  and j jb a x  ij i ij i
i J i J

a x b 
 

   . Thus we have that j ij i
i J

a a


   and j ij i
i J

b b


   for all \j I J . 

Hence it is clear that  x S I  for an arbitrary element  x S J . Therefore    S J S I .              


