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Abstract

In this paper, we propose a filter active-set algorithm for the minimization problem over a product
of multiple ball/sphere constraints. By making effective use of the special structure of the ball/sphere
constraints, a new limited memory BFGS (L-BFGS) scheme is presented. The new L-BFGS implementation
takes advantage of the sparse structure of the Jacobian of the constraints, and generates curvature informa-
tion of the minimization problem. At each iteration, only two or three reduced linear systems are required
to solve for the search direction. Filter technique combining with the backtracking line search strategy
ensures the global convergence, and the local superlinear convergence can also be established under mild
conditions. The algorithm is applied to two specific applications, the nearest correlation matrix with factor
structure and the maximal correlation problem. Our numerical experiments indicate that the proposed
algorithm is competitive to some recently custom-designed methods for each individual application.

Keywords. SQP, Active Set, Filter, L-BFGS, Ball/sphere constraints, the nearest correlation matrix with
factor structure, the maximal correlation problem

AMS subject classification. 65K05, 90C30

1 Introduction

In this paper, we consider a class of optimization problems of minimizing a (at least) twice continuously
differentiable function (probably nonconvex) f(x) : Rn → R over a product of multiple balls/spheres
constraints. Upon rescaling the balls/spheres, we cast without loss of generality such class of minimization
problems in the following form:

(BCOP)


min
x∈Rn

f(x)

s.t. ci(x) := ‖x[i]‖2 − 1 = 0, i ∈ E ,
ci(x) := ‖x[i]‖2 − 1 ≤ 0, i ∈ I,

where E = {1, 2, ...,m1}, I = {m1 + 1,m1 + 2, ...,m}, x[i] ∈ Rpi , x = (xT[1], x
T
[2], ..., x

T
[m])

T , n =
∑m
i=1 pi. Here,

we introduce the notation x[i] ∈ Rpi to represent the ith sub-vector of x ∈ Rn, and formulate the product
of multiple ball/sphere constraints as a set of equality and inequality constraints. To simplify subsequent
presentation, we name the above programming the ball/sphere constrained optimization problem (BCOP).
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The reason that we are interested in BCOP is twofold: on the one hand, many practical applications
that arise recently from, for example, correlation matrix approximation with factor structure [3, 22], factor
models of asset returns [9], collateralized debt obligations [2, 10], multivariate time series [25] and maximal
correlation problem [7, 43, 44] can be recast in such form; on the other hand, general algorithms for non-
linearly constrained optimization may not be efficient as they generally do not take much advantage of the
special structure of BCOP. Therefore, custom-made algorithm for BCOP can provide a uniform and much
more efficient tool for these applications.

Relying upon the framework of the sequential quadratic programming (SQP) method, e.g., [4, 16, 17,
18, 24, 27, 35, 36], and making heavy use of the special structure of BCOP, we will refine the SQP method
to propose a custom-made implementation. It is known that SQP is one of the most widely used methods
for the general nonlinearly constrained optimization. In particular, it generates steps by solving quadratic
subproblems (QPs). Traditional SQP method (see e.g., [16]) takes certain penalty function as the merit
function to determine if a trial step is accepted or not. One known problem in this procedure is that a
suitable penalty parameter is difficult to set. To get around that trouble, Fletcher and Leyffer [13] introduced
the filter technique to globalize the SQP method, which turns out to be very efficient and effective, and is
proved to be globally convergent [12, 14]. The filter technique is later applied to various problems and
combined into other methods; examples include Ulbrich et al. [37], Karas et al. [21], Ribeiro et al. [32],
Wächter and Biegler [38, 39, 40], etc.

Unfortunately, when it is directly applied to solve BCOP, the classical SQP method based on QP sub-
problems encounters numerical difficulties if m and pi get large. For instance, in the problem of the nearest
correlation matrix with p = pi (i = 1, 2, . . . ,m) factors structure [3, 22] to be discussed in Section 5 (see
(5.68)), solving the corresponding QP subproblem is both time-consuming and memory demanding as m
and p increase. It is nearly intractable with dimensions, say m = 500, p = 250. As indicated in [3], both
Newton method and classical SQP method fail to solve BCOP when m and p are large. The spectral pro-
jected gradient method (SPGM) is thus proposed in [3] to alleviate such heavy computational burden which
uses less memory and computational costs at each iteration. The numerical results [3] show that SPGM is
efficient for many medium-scale tested instances, but the number of iterations probably varies drastically
from instance to instance, and can perform worse in case when p is close to m than in other situations.

Fortunately, the standard SQP method can be improved largely for BCOP by exploiting the special struc-
ture contained in the constraints. One of remarkable features is that the Jacobian matrix∇c(x) is sparse and
structured, which can be utilized to reduce computational amounts and memory requirements at each it-
eration. To do so, we employ the active set technique [42, 41] to estimate the active set of inequalities
associated with the minimizer and then, similar to QP-free methods [6, 15, 29, 30, 34, 41, 42], transform the
QP subproblem into relevant linear system(s). As m and p get large, the size of the resulting linear system
can naturally be large too, but the limited memory BFGS (L-BFGS) [23] plus duality technique [36] can be
effectively employed, which dramatically reduces the computational costs and memory requirements for
the associated linear systems. By counting the detailed computational complexity for this procedure, we
will see that there is a large amount of flops saved at each iteration. On the other hand, the local fast conver-
gence can be preserved due to the SQP framework and the L-BFGS technique, and the global convergence
is also guaranteed with the aid of filter technique. We apply this implementation to two specific practical
applications: the correlation approximation problem [3, 22] and maximal correlation problem [7] in Section
5; our numerical experiments demonstrate that the proposed method is robust and efficient, and is com-
petitive to some recently custom-designed methods for each individual application, including SPGM, the
block relaxation method [3] and the majorization method [3] for the correlation approximation problem,
and the Riemannian trust-region method [44] for the maximal correlation problem.

The rest of this paper is organized as follows. In the first part of Section 2, we first reformulate the QP
subproblem into a relevant linear system by duality, and then introduce the L-BFGS technique to alleviate
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the computational burden in solving these linear systems; the detailed implementation by exploiting the
sparsity of the Jacobian matrix ∇c(x) is stated; then we discuss the filter technique to globalize the SQP
method; the overall algorithm is presented in the last part of Section 2. In Sections 3 and 4, we establish the
global convergence and the local convergence rate of the proposed algorithm, respectively. The numerical
experiments on the two specific applications are carried out in Section 5, where we report our numerical
experiences by comparing the performance of our algorithm with others. Concluding remarks are finally
drawn in Section 6.

There are a few words for notation. We denote the feasible region of BCOP by

Ω := {x|ci(x) = 0, i ∈ E ; ci(x) ≤ 0, i ∈ I}.

For the constrained functions ci(x) for i = 1, 2, . . . ,m, we let c(x) = (c1(x), . . . , cm(x))T : Rn → Rm and

∇c(x) = (∇c1(x), . . . ,∇cm(x)) ∈ Rn×m;

for a particular index subset J = {i1, i2, . . . , ij} of {1, 2, . . . ,m}, we denote by |J |c the cardinality of J and
denote cJ (x) = (ci1(x), . . . , cij (x))T : Rn → Rj and

∇cJ (x) = (∇ci1(x), . . . ,∇cij (x)) ∈ Rn×j ;

thus the definitions of cE(x) and cI(x) follow naturally. Finally, suppose {ηk} and {νk} are two vanishing
sequences, where ηk, νk ∈ R, k ∈ N; we denote

• ηk = O(νk) if there exists a scalar c > 0 such that |ηk| ≤ c|νk| for all k sufficiently large,

• ηk = o(νk) if limk→+∞
ηk
νk

= 0, and

• ηk = Θ(νk) if both νk = O(ηk) and ηk = O(νk) hold.

2 Algorithm

2.1 The working set

We begin with the first-order optimality conditions (or the KKT conditions), which can be written as

∇xL(x, λ) = ∇f(x) +∇c(x)λ = 0, (2.1)

λici(x) = 0, i ∈ I, (2.2)

ci(x) ≤ 0, λi ≥ 0, i ∈ I, (2.3)

ci(x) = 0, i ∈ E , (2.4)

where
L(x, λ) := f(x) + c(x)Tλ

is the Lagrange function and λ ∈ Rm is the Lagrange multiplier.
As our method is based on the active set approach, we next state the strategy to identify the active set.

To this end, similar to [11, 19, 28], we first introduce the following function φ : Rn+m → R,

φ(x, λ) =
√
‖Ψ(x, λ)‖,

where Ψ : Rn+m → Rn+m is defined by

Ψ(x, λ) =

 ∇xL(x, λ)

|cE(x)|
min{−cI(x), λI}

 .
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Thus the set
AI(x, λ) =

{
i ∈ I | ci(x) ≥ −min{φ(x, λ), 10−6}

}
(2.5)

provides an estimation of the active set I(x∗) = {i | ci(x∗) = 0, i ∈ I} of inequality constraints, where
(x∗, λ∗) is the KKT point at the minimizer of BCOP. It is true that when (x, λ) is sufficiently close to (x∗, λ∗),
the estimate AI(x, λ) is accurate, provided both of the Mangasarian-Fromovitz constraint qualification
(MFCQ) and the second-order sufficient condition (SOSC) hold at (x∗, λ∗) (see [28, Theorem 2.2]).

Now, suppose the current iteration (xk, λk) is an approximation to (x∗, λ∗), then we define

Ak := AI(xk, λk) ∪ E (2.6)

as our working set, which includes all equality constraints, nearly active indices of inequality constraints
and the indices of the violated inequality constraints. This choice of the working set is similar to [15, 41, 42]
and is based on the following observations: it is reasonable to include i ∈ I whenever ci(xk) is close
to zero (say |ci(xk)| ≤ 10−6); as for equality constraints and those violated inequality constraints (say
ci(x

k) > 10−6), we include them in the working set in the hope of reducing the violation. After identifying
the working set Ak, a QP subproblem can be formulated which, by the QP-free technique [6, 15, 29, 30, 34,
41, 42], can alternatively be solved by solving a relevant linear system (details on the linear systems are
discussed in the next subsection). The solution of the resulting linear system yields the search direction
and generates curvature information of BCOP at (xk, λk). One issue related with the linear system is the
consistency, which is equivalent to the linear independence of the gradients of constraints corresponding to
the working set Ak. Due to the structure of BCOP, we prove in Lemma 2.1 that ∇cAk(xk) is of full column
rank as long as xk is confined to the set

Ωp := {x|‖xk[i]‖
2 ≥ 0.5 for all i ∈ E}.

Based on this fact, we can say that our choice of working setAk does not invoke any complicated procedure
as those in [34, 41, 42], where the working sets Ik should be determined via calculating the rank of∇cIk(xk)

or the determinant of∇cIk(xk)T∇cIk(xk) for each trial estimate Ik until∇cIk(xk) is of full column rank.

Lemma 2.1. If xk ∈ Ωp, then the vectors∇ci(xk), i ∈ Ak are linear independent, whereAk is defined in (2.5)-(2.6).

Proof Since xk ∈ Ωp, it follows that ‖xk[i]‖
2 ≥ 0.5 for all i ∈ E and therefore xk[i] 6= 0 for all i ∈ E . For

i ∈ Ak ∩ E , ci(xk) = ‖xk[i]‖
2 − 1 ≥ −10−6 and therefore xk[i] 6= 0. Suppose that there exist scalars li ∈ R,

i = 1, ...,m such that
∑m
i=1 li∇ci(xk) = 0. Note that

m∑
i=1

li∇ci(xk) =


2l1x

k
[1]

...
2lmx

k
[m]

 .

Because xk[i] 6= 0 for all i = 1, ...,m, we have that li = 0 for all i ∈ Ak, which implies that∇ci(xk), i ∈ Ak are
linear independent. 2

Analogously, we have the following lemma.

Lemma 2.2. Let the subsequence {xkl} of {xk} with {xk} ⊂ Ωp converge to x∗, and letAkl ≡ A∗ for all sufficiently
large l. Then ∇cA∗(x∗) is of full column rank.

Proof Since xkl ∈ Ωp and xkl → x∗, we have that ‖x∗[i]‖
2 ≥ 0.5 for all i ∈ E and therefore x∗[i] 6= 0 for all

i ∈ E . For i ∈ A∗ ∩ E , ci(xkl) ≥ −10−6, and then ci(x∗) ≥ −10−6 as kl → ∞. By the definition of c(x), we
also have that x∗[i] 6= 0 for all i ∈ A∗ ∩ I. Analogous to the proof of Lemma 2.1, ∇ci(x∗), i ∈ A∗ are linear
independent as was to be shown. 2
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2.2 The QP subproblem and its reformulation

In this and the next subsections, we discuss how to compute the search direction at xk. After the working
set Ak is determined, the search direction dk and its associated Lagrange multiplier λk can be determined
via solving (probably two or three with different perturbed vectors wk ∈ Rm̄ where m̄ = |Ak|c) equality
constrained QP subproblem(s) in the form of:{

min
d∈Rn

1
2d
TBkd+∇f(xk)T d

s.t. ∇cAk(xk)T d = wk,
(2.7)

where Bk ∈ Rn×n is symmetric and positive definite that is an approximation of the Hessian of the La-
grangian function L(xk, λk). We point out that Bk can be updated by the BFGS formula [27]. The strategy
of choosing different perturbed wk is similar to [42, 41] and they correspond to two types of search direc-
tions dk, which are designed for the purpose of the global convergence and locally superlinear convergence.
In order to simplify the subsequent presentation, we identify these two cases by a boolean variable FAST,
i.e., FAST=FALSE or FAST=TRUE, respectively. Details of the choice of wk for the search direction are de-
layed until Algorithm 3 and Remark 2.2, and we next will discuss an efficient procedure for solving the
solution dk of (2.7).

It is evident that the equality constrained quadratic programming (2.7) is equivalent to the linear system:{
Bkd+∇cAk(xk)λ = −∇f(xk),

∇cAk(xk)T d = wk.
(2.8)

However, as n gets large, solving the linear system (2.8) can be expensive. In addition, without effec-
tively exploiting the underlying sparse structure, the associated coefficient matrix could occupy too much
memory. To resolve these numerical difficulties, we make use of the duality technique and solve the dual
problem of (2.7)

max
λ∈Rm̄

1
2λ

TWkλ+ bTk λ. (2.9)

Note that (2.9) is an unconstrained optimization problem with relatively smaller size m̄, where

Wk = ∇cAk(xk)TB−1
k ∇cAk(xk), (2.10)

bk = wk +∇cAk(xk)TB−1
k ∇f(xk). (2.11)

Note thatBk is positive definite and therefore strong duality follows, which implies that the search direction
dk and the guess λk of the associated Lagrange multiplier can be obtained from (2.9), instead of (2.7). In
particular, observing that Wk ∈ Rm̄×m̄ and m̄ ≤ m is much smaller than n, solving the KKT condition of
(2.9) or, equivalently, solving a much smaller linear system:

Wkλ = −bk (2.12)

is inexpensive. Once λk is obtained from (2.12), putting it into the first equation in (2.8) yields

dk = −B−1
k

(
∇f(xk) +∇cAk(xk)λk

)
. (2.13)

The above procedure resolves most numerical difficulties. The last issue is how to calculate Wk effi-
ciently. The idea is to adopt the L-BFGS techinique which is the topic of the next subsection.
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2.3 Compute the search direction based on the L-BFGS formula

The limited memory BFGS method [27, Chapter 9] is one of the most effective and widely used methods
in the field of large scale unconstrained optimization. The main advantage is that the L-BFGS approach
does not require to calculate or store a full Hessian matrix, which might be too expensive for large scale
problems. For BCOP, we have pointed out that the matrix Wk = ∇cAk(xk)TB−1

k ∇cAk(xk) in (2.10) needs to
be computed. Note that ∇cAk(xk) is large but sparse and structured, and if we adopt the L-BFGS formula
to update the inverse of the Hessian approximation Bk, much storage space and computational costs can
be saved.

To describe the detailed procedure, let

Sk = [sk−l, ..., sk−1], Yk = [yk−l, ..., yk−1],

where si = xi+1−xi and yi = ∇L(xi+1, λi)−∇L(xi, λi), i = k− l, ..., k−1. One may notice that the solution
λi to (2.12) is in Rm̄ rather than in Rm, and plugging λi into ∇L(xi, λi) is inappropriate. Nevertheless, we
can augment λi by setting λij = 0 for j ∈ I\Ai. With this augment scheme, in what follows, we will use
λi to denote the estimate multiplier in Rm as long as no confusion is caused. By the L-BFGS formula, the
matrix Bk resulting from l updates to the basic matrix B0 = νkI is given by

Bk = νkI −
(
νkSk Yk

)(νkSTk Sk Lk
LTk −Dk

)−1(
νkS

T
k

Y Tk

)
,

where Lk, Dk ∈ Rl×l are defined by

(Lk)i,j =

{
(sk−l−1+i)

T (yk−l−1+i) if i > j,

0 otherwise,

Dk = diag(sTk−lyk−l, ..., s
T
k−1yk−1),

and νk =
yTk−1yk−1

sTk−1yk−1
. To ensure the positive definiteness ofBk+1, we adopt so-called damped BFGS technique

to modify yk so that sTk yk is “sufficiently” positive. Let yk ← θkyk + (1 − θk)Bksk, where the scalar θk is
defined as

θk =

{
1, if sTk yk ≥ 0.02sTkBksk,

(0.98sTkBksk)/(sTkBksk − sTk yk), if sTk yk < 0.02sTkBksk.

We then use sk and the modified yk to update Sk+1 and Yk+1, respectively.
Let Hk denote the inverse of Bk, then the update formula for Hk is given by

Hk+1 = V Tk HkVk + ρkyks
T
k , (2.14)

where ρk = 1
yTk sk

and Vk = I − ρkyks
T
k . Using the information (Sk and Yk) of the last l iterations and

choosing δkI with δk = 1
νk

as the initial approximation H0
k , we obtain by repeatedly applying (2.14) that

Hk = Hf
k +Hs

k ,

where
Hf
k = δk(V Tk−1 · · ·V Tk−l)(Vk−l · · ·Vk−1)

and

Hs
k = ρk−l(V

T
k−1 · · ·V Tk−l+1)sk−ls

T
k−l(Vk−l+1 · · ·Vk−1)

+ρk−l+1(V Tk−1 · · ·V Tk−l+2)sk−l+1s
T
k−l+1(Vk−l+2 · · ·Vk−1) + · · ·+ ρk−1sk−1s

T
k−1.
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For simplicity, we denote∇cAk(xk) by Ak. It then follows from (2.10) that

Wk = ATkHkAk = ATkH
f
kAk +ATkH

s
kAk. (2.15)

Since the matrix Ak is sparse (no more than n nonzero elements) and Vk is structured, we are able to ac-
complish matrix-chain multiplication for ATkH

f
kAk and ATkH

s
kAk rather efficiently, through transformation

of the most right hand-side of (2.15). In particular, it is straightforward that

(Vk−l · · ·Vk−1)Ak = Ak

−ρk−1yk−1s
T
k−1Ak

− · · ·
−ρk−l+1yk−l+1s

T
k−l+1(Vk−l+2 · · ·Vk−1)Ak

−ρk−lyk−lsTk−l(Vk−l+1 · · ·Vk−1)Ak.

Let qi = ρis
T
i (Vi+1 · · ·Vk−1)Ak for i = k − l, ..., k − 2 and qk−1 = ρk−1s

T
k−1Ak. It then follows that

ATkH
f
kAk = δk

(
ATk −

k−1∑
i=k−l

qTi y
T
i

)(
Ak −

k−1∑
i=k−l

yiqi

)

= δkA
T
kAk +

k−1∑
i=k−l

k−1∑
j=k−l

δk(yTi yj)q
T
i qj −

k−1∑
i=k−l

δk(qTi y
T
i Ak +ATk yiqi). (2.16)

Using qi, the last item in (2.15) can be rewritten as

ATkH
s
kAk =

k−1∑
i=k−l

qTi qi
ρi

. (2.17)

Consequently, based on (2.16) and (2.17), the whole procedure for computing Wk = ATkHkAk can be sum-
marized by the pseudo-code in Algorithm 1. We remark that the procedure between lines 2-13 computes
W s
k = ATkH

s
kAk and lines 15-25 computes W f

k = ATkH
f
kAk, and line 26 finally forms Wk.

Remark 2.1. We finally count the computational complexity of computing Wk in Algorithm 1. For this purpose, we
assume pi = p for i = 1, 2, . . . ,m, only for simplicity. First, it requires at most (because m̄ ≤ m)

(2l2 + l + 2)mp+ 2lm2 +O(m) flops

for computing W s
k = ATkH

s
kAk (lines 2-13), and costs at most

(
3

2
l2 +

7

2
l + 3)mp+ (

3

2
l2 +

7

2
l)m2 +O(m) flops

for W f
k = ATkH

f
kAk (lines 15-25). Note that mp = n, and this implies that for l� n, computation of Wk requires at

mostO(m2+mp) = O(m2+n) flops. As for bk and dk, the main computational effort is to compute the matrix-vector
product Hkz. Applying [27, Algorithm 9.1], it is easy to know that 6lmp = 6ln flops are required for computing
Hkz, and therefore, computation of bk in (2.11) and dk in (2.13) needs at most 12lmp+ 6mp = (12l + 6)n flops.

2.4 The NLP Filter

Suppose we have the search direction dk, then the step size αk is the next important ingredient that deter-
mines the iterate

xk+1 := xk + αkdk.
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Algorithm 1: Procedure for computing Wk based on the L-BFGS formula
Data: Sk, Yk, Ak, δk
Result: Wk

1 % ComputeW s
k = ATkH

s
kAk

2 for i = k − l, ..., k − 1 do
3 ρi = 1/yTi si;
4 end
5 W s

k = 0;
6 for i = k − 1, ..., k − l do
7 u = sTi ;
8 for j = i, ..., k − 2 do
9 u = u− ρj+1(uyj+1)sTj+1;

10 end

11 qi = ρiuAk % qi =

{
ρis

T
i (Vi+1 · · ·Vk−1)Ak, i = k − l, ..., k − 2

ρk−1s
T
k−1Ak, i = k − 1

12 W s
k = W s

k + qTi (qi/ρi);
13 end
14 % ComputeW f

k = ATkH
f
kAk

15 W f
k = δkA

T
kAk

16 for i = k − l + 1, ..., k − 1 do
17 for j = k − l + 1, ..., i do
18 β = δk(yTi yj);
19 W f

k = W f
k + (βqi)

T qj ;
20 if j < i then
21 W f

k = W f
k + qTj (βqi);

22 end
23 end
24 W f

k = W f
k − (δkq

T
i )(yTi Ak)− (ATk yi)(δkqi);

25 end
26 Wk = W f

k +W s
k ;

In choosing αk, we will use the filter method and the backtracking line search procedure. In particular,
we will generate a decreasing sequence of trials for αk ∈ (αkmin, 1] until our preset acceptance criterion is
fulfilled or the feasibility restoration phase (Section 2.5) is called. Here, αkmin ≥ 0 is a lower bound of αk and
we will give an explicit formula of αkmin in the next subsection.

Let
x̂ := xk + α̂dk, α̂ ∈ (αkmin, 1]

denote a trial point. Using

h(x) =

∥∥∥∥∥
(

cE(x)

max{cI(x), 0}

)∥∥∥∥∥
∞

as a measure of infeasibility at the point x, we now give relevant definitions about filter. The first one,
Definition 2.1, is a variant of [14, (2.6)].

Definition 2.1. For given β ∈ (0, 1) and γ ∈ (0, 1), a trial point x̂ (or equivalently the pair (h(x̂), f(x̂))) is
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acceptable to xl (or equivalently the pair (h(xl), f(xl))), if

h(x̂) ≤ βh(xl) or (2.18)

f(x̂) ≤ f(xl)− γmin{h(x̂), h(x̂)2}. (2.19)

In the original paper of Fletcher and Leyffer [13], a pair (h(x̂), f(x̂)) is said to dominate (h(xl), f(xl)) if
both (2.18) and (2.19) hold with β = 1 and γ = 0, and a filter is defined as a list of pairs (h(xl), f(xl)) such
that no pair dominates any other in this filter [13, Definition 2]. The condition (2.19) is a variant of [14,
(2.6)] where f(x̂) ≤ f(xl) − γh(x̂). Note that (2.19) is equivalent to: f(x̂) ≤ f(xl) − γh(x̂) if h(x̂) ≥ 1 and
f(x̂) ≤ f(xl)− γh(x̂)2 otherwise. The reason to introduce this modified condition on h(x̂) is that we prefer
to accept the trial point x̂ for the purpose of convergence whenever the violation of the feasibility is not
severe, i.e., h(x̂) < 1.

Similar to the original definition of the filter in [13], based on Definition 2.1, we define our filter, denoted
by Fk at the iteration k, as a set of pairs (h(xl), f(xl)) such that any pair in the filter is acceptable to all
previous pairs in Fk in the sense of Definition 2.1. Initially with k = 0, the filter Fk can begin with the pair
(χ,−∞), where χ > 0 is imposed on h(x̂) as an upper bound to control the constraint violation [13]. At
the start of iteration k, the current pair (h(xk), f(xk)) 6∈ Fk but must be acceptable to it, while at the end of
iteration k, the pair (h(xk), f(xk)) may or may not be added to Fk, depending on our acceptance rule to be
discussed in Remark 2.3. But once (h(xk), f(xk)) is added to Fk, we remove all pairs in the current filter
Fk which are worse than (h(xk), f(xk)) with respect to both the objective function value and the constraint
violation; the detailed procedure for updating the filter Fk will be described in Algorithm 3 and Remark
2.3.

Definition 2.2. A trial point x̂ (or a pair (h(x̂), f(x̂))) is acceptable to the filter Fk, if x̂ (or a pair (h(x̂), f(x̂))) is
acceptable to xl in the sense of Definition 2.1, for all l ∈ F̄k := {l | (h(xl), f(xl)) ∈ Fk} .

The trial point x̂ is to be accepted as the next iteration if it is acceptable both to xk (by Definition 2.1)
and to the filter Fk (by Definition 2.2). Nevertheless, such acceptance rule for the trial x̂ may cause the
situation: we always accept the points that satisfy (2.18) alone, but not (2.19). This would result in an
iterative sequence converging to a feasible, but non-optimal point. To avoid this situation, we impose
additional condition on x̂:

Case 1 When FAST=FALSE or α̂ < 1:
if − α̂∇f(xk)T dk > δh2(xk), (2.20)

then accepting x̂ as the next iterate xk+1 should satisfy

f(x̂) ≤ f(xk) + α̂η∇f(xk)T dk; (2.21)

Case 2 When FAST=TRUE and α̂ = 1:

if −∇f(xk)T dk > δh2(xk) and h(xk) ≤ ζ1‖dk‖ζ2 , (2.22)

then accepting x̂ as the next iterate xk+1 should satisfy

f(x̂) ≤ f(xk)− ηmin{−∇f(xk)T dk, ξ‖dk‖ζ2}, (2.23)

where ζ1 > 0, ζ2 ∈ (2, 3), ξ > 0, η ∈ (0, 1
2 ), and δ > 0 is chosen to satisfy δ ≥ γ/η.

Note that Case 1 and Case 2 are mutually exclusive. The motivation for these conditions is from [33,
section 2]. The switching condition for Case 1 and Case 2 and the sufficient reduction conditions (2.21) and
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(2.23) are useful for the global convergence and the fast local convergence as well: If (2.20) for Case 1 is
satisfied, then the direction dk is descent for f(x), and thereby imposing the reduction condition (2.21) on
f(x) is helpful for the global convergence; if (2.22) for Case 2 is satisfied, implying dk a search direction
for fast local convergence, the full step (i.e., α̂ = 1) is expected so that the fast local convergence can be
achieved. Note that the condition (2.23) is more relaxed than (2.21) as we prefer to accept the full step.

Finally, we are able to state our rule for accepting the trial point x̂ as the next iterate.

Acceptance Rule:
A trial point x̂ is accepted as the next iterate xk+1 if it is acceptable to Fk ∪ {(h(xk), f(xk))},
and one of the following two conditions holds,
(i) either (2.20) and (2.21) for Case 1 or (2.22) and (2.23) for Case 2 are satisfied;
(ii) (2.20) for Case 1 or (2.22) for Case 2 is not satisfied.

If the trial point x̂ does not satisfy x̂ ∈ Ωp or the Acceptance Rule, we shrink α̂ until the trial point is
accepted or α̂ ≤ αkmin. Once the latter occurs, the feasibility restoration phase is called, which is discussed
in the next subsection.

2.5 Feasibility Restoration Phase

Motivated by [38], we define the lower bound αkmin of α̂ by

αkmin =

{
min

{
1− β,− γh(xk)

∇f(xk)T dk
,− δh2(xk)
∇f(xk)T dk

}
, ∇f(xk)T dk < 0,

αφ, otherwise,
(2.24)

where αφ is a positive scalar. Through shrinking α̂, if we cannot find a step size α̂ ∈ (αkmin, 1] such that
the trial point x̂ is accepted by the Acceptance Rule, we then turn to the feasibility restoration phase. Note
that when the iteration gets into the restoration phase, xk is infeasible, but if xk is feasible, h(xk) = 0

and there must be some α̂ ∈ (αkmin, 1] so that x̂ is accepted (see Lemma 3.9). Based on these facts, in
the restoration phase, we project xk onto Ω to get the next iterate xk+1 = PΩ(xk). Since the feasible
set Ω is of special structure, projecting xk onto Ω (Algorithm 2) is easy and costs only at most 3n flops.

Algorithm 2: PΩ(xk): projection xk onto Ω

1 Given xk;
2 for i=1,...,m do
3 if (i ≤ m1 & ‖xk[i]‖ 6= 1) or (i > m1 & ‖xk[i]‖ > 1) then
4 xk[i] ← xk[i]/‖x

k
[i]‖;

5 end
6 end
7 return xk;

10



2.6 The Statement of Algorithm

We now state the overall algorithm.

Algorithm 3: Filter active set method (FilterASM)

1 Given x0 ∈ Ωp, χ > h(x0), ν ∈ (2, 3), β ∈ (0, 1), γ ∈ (0, 1), η ∈ (0, 1
2 ), δ ≥ γ

η , ξ > 0, αφ ∈ (0, 1
2 ), ζ1 > 0,

ζ2 ∈ (2, 3), r ∈ (0, 1). Initialize F0 with the pair (χ,−∞);
2 for k=0,1,2,...,maxit do
3 Determine the working set Ak;
4 Compute λk,0 by (2.12) with wk = −cAk(xk) and dk,0 by (2.13) with λk = λk,0

5 if dk,0 = 0 and λk,0i ≥ 0 (∀i ∈ Ak ∩ I), stop % Termination condition

6 if
λk,0i ≥ 0, ∀i ∈ Ak ∩ I, (2.25)

then
7 Set FAST=TRUE, dk = dk,0, λk = λk,0, and wk = −cAk(xk)− cAk(xk + dk)− ‖dk,0‖νe;
8 else
9 Set FAST=FALSE, and wk = 0;

10 end
11 Compute λk,1 by (2.12) with wk and compute dk,1 by (2.13) with λk = λk,1;
12 if FAST=TRUE then

13 Set d̂k =

{
0, if ‖dk,1 − dk,0‖ > ‖dk,0‖,
dk,1 − dk,0, otherwise;

14 else

15 Set [uAk ]i =

{
min{−cji(xk), 0}+ λk,1ji , λk,1ji < 0 (ji ∈ Ak ∩ I),

−cji(xk), others
where Ak = {j1, . . . , j|Ak|c};

16 Compute λk,2 by (2.12) with wk = uAk and compute dk,2 by (2.13) with λk = λk,2;
17 Set dk = dk,2, λk = λk,1;
18 end
19 if FAST=FALSE or xk + dk + d̂k does not satisfy the Acceptance Rule, or xk + dk + d̂k /∈ Ωp then
20 Find αk > αkmin, the first number αk of the sequence {1, r, r2, ...} such that x̂ = xk + αkdk

satisfies the Acceptance Rule and x̂ ∈ Ωp;

21 else
22 Set x̂ = xk + dk + d̂k and αk = 1;
23 end
24 if the above αk (i.e., αk > αkmin) does not exist then
25 Go to the feasibility restoration phase to get xk+1 = PΩ(xk) and add (h(xk), f(xk)) to Fk;
26 else
27 if (2.20) for Case 1 or (2.22) for Case 2 does not hold then add (h(xk), f(xk)) to Fk ;
28 Set xk+1 = x̂, sk = xk+1 − xk, yk = ∇L(xk+1, λk)−∇L(xk, λk), and update Sk, Yk to

Sk+1, Yk+1.
29 end
30 end

Remark 2.2. In Algorithm 3, lines 3-18 state the procedure for computing the search direction dk, the guess of
Lagrange multiplier λk, together with some other quantities (say dk,0, λk,0, dk,1, λk,1, dk,2 and λk,2 etc.) related to
dk and λk, while lines 19-23 describe the procedure for the step size αk. In computing the search direction between
lines 3 and 18, there are two different cases:
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(i) FAST=TRUE. The pair (dk, λk) = (dk,0, λk,0) solves{
Bkd

k,0 +∇cAk(xk)λk,0 = −∇f(xk),

∇cAk(xk)T dk,0 = −cAk(xk),
(2.26)

which is a quasi-Newton equation of KKT system (2.1)-(2.4) at the working set Ak. To achieve fast local convergence
and to overcome the Maratos effect, we adopt the second order correction technique. In particular, we compute the
second order correction step by setting d̂k = dk,1 − dk,0 where dk,1 is from{

Bkd
k,1 +∇cAk(xk)λk,1 = −∇f(xk),

∇cAk(xk)T dk,1 = −(cAk(xk + dk) + cAk(xk) + ‖dk,0‖νe).
(2.27)

Here, e = (1, 1, . . . . , 1)T with appropriate dimension. Then we check if x̂ = xk + dk + d̂k satisfies the Acceptance
Rule. If it fails, this second order correction step d̂k is discarded, and the backtracking technique is invoked to find a
step size αk such that xk + αkdk is accepted.

(ii) FAST=FALSE. The search direction dk = dk,2 is computed by solving{
Bkd

k,2 +∇cAk(xk)λk,2 = −∇f(xk),

∇cAk(xk)T dk,2 = uAk ,
(2.28)

where uAk (line 15) uses the information of λk,1 from the system{
Bkd

k,1 +∇cAk(xk)λk,1 = −∇f(xk),

∇cAk(xk)T dk,1 = 0.
(2.29)

We explain the above two linear systems as follows: the solution dk,1 of (2.29) is in the null space of∇cAk(xk)T and
targets at improving f(x) rather than h(x); because dk,1 may be close to zero with a negative multiplier λk,1, a slight
perturbation system (2.28) of (2.29) is to be solved and yields a new direction dk,2, which aims at improving h(x)

instead, and prevents the unwelcome effect caused by a negative multiplier. In all, dk in this case contributes to the
global convergence.

Remark 2.3. The filter Fk is updated either in line 25 or line 27. In other words, the pair (h(xk), f(xk)) is added
to Fk and remove all other pairs in Fk dominated by (h(xk), f(xk)) if (2.20) for Case 1 or (2.22) for Case 2 is not
fulfilled or the restoration phase is invoked.

Remark 2.4. For the sake of convenience for analyzing the convergence, we borrow the terminology from Fletcher,
Leyffer and Toint [14]: we call an iterate an f-type iterate if xk+1 = xk +αkdk (or xk+1 = xk +dk + d̂k) is accepted
according to (i) of the Acceptance Rule; otherwise, we call the iterate an h-type iterate, which means that xk+1 is
accepted according to (ii) of the Acceptance Rule, or is recovered from the feasibility restoration phase.

3 Global convergence

In this section we show the global convergence of Algorithm 3 under the following two assumptions:

(A1) The objective function f(x) is twice continuously differentiable;

(A2) The matrix Bk is bounded and uniformly positive definite for all k; that is, there exists a scalar τ > 0

such that 1
τ ‖d‖

2 ≤ dTBkd ≤ τ‖d‖2 holds for any d ∈ Rn and any k.

We begin with the boundedness of the iterates.

Lemma 3.1. The sequence {xk} generated by Algorithm 3 is bounded.
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Proof Since all iterates from Algorithm 3 satisfy the upper bound condition h(xk) ≤ χ because F0 =

{(χ,−∞)}, combining with the definitions of h(x) directly leads to the boundedness of {xk}. 2

Theorem 3.2. Suppose that Assumption (A1) holds. Let {xkl} be an infinite subsequence of {xk} on which (h(xkl),

f(xkl)) is added into the filter. Then
lim
kl→∞

h(xkl) = 0.

Proof From Assumption (A1) and Lemma 3.1, we know that {f(xkl)} is bounded from below. Applying
[33, Lemma 3.1] yields the assertion. 2

Theorem 3.2 implies that all accumulation points of {xkl} on which (h(xkl), f(xkl)) is added into the
filter are feasible points for BCOP.

Lemma 3.3. Suppose that Assumptions (A1)-(A2) hold. If FAST=TRUE, then the sequence {(dk,0, λk,0)} is bounded;
if FAST=FALSE, then both sequences {(dk,1, λk,1)} and {(dk,2, λk,2)} are bounded.

Proof From Algorithm 3, λk,0 = −W−1
k bk with bk = −cAk(xk) + ∇cAk(xk)TB−1

k ∇f(xk) in the case of
FAST=TRUE, where Wk = ∇cAk(xk)TB−1

k ∇cAk(xk) is uniformly positive definite for all k due to Lemmas
2.2, 3.1 and Assumption (A2). Again using Lemma 3.1 and Assumption (A2), bk is bounded and therefore
λk,0 is bounded too, which together with the boundedness of B−1

k , xk and λk,0 implies that dk in (2.13) is
bounded for all k.

Analogously, in the case of FAST=FALSE, Wk and its inverse are bounded for all k. Lemma 3.1 and As-
sumption (A2) ensure the boundedness of∇cAk(xk)TB−1

k ∇f(xk). Since λk,1 = −W−1
k ∇cAk(xk)TB−1

k ∇f(xk)

and dk,1 = −B−1
k

(
∇f(xk) +∇cAk(xk)λk

)
, it follows that both λk,1 and dk,1 are bounded for all k. In view

of the definition of uAk (see line 15 of Algorithm 3) and the boundedness of {xk}, uAk is bounded too, which
implies the boundedness of λk,2 = −W−1

k (uAk +∇cAk(xk)TB−1
k ∇f(xk)). Consequently, dk,2 in (2.13) with

λk,2 is bounded for all k. 2

Remark 3.1. Based on the previous lemmas, for the convenience of further reference, we assume ‖dk,j‖ ≤ Md, j =

0, 1, 2 and ‖λk,j‖ ≤Mλ, j = 0, 1, 2 for all k, where Md > 0 and Mλ > 0 are two constants.

Lemma 3.4. Under Assumptions (A1)-(A2), the following two statements are true.
(i) If FAST=TRUE and dk = 0, then xk is a KKT point of BCOP.
(ii) If FAST=FALSE, h(xk) = 0 and ∇f(xk)T dk = 0, then xk is a KKT point of BCOP.

Proof (i) Since λk,0 is from (2.12) with bk = −cAk(xk) +∇cAk(xk)TB−1
k ∇f(xk), rearranging (2.12) leads

to cAk(xk) = Wkλ
k,0 +∇cAk(xk)TB−1

k ∇f(xk) which, using (2.13) and the definition of Wk, gives

cAk(xk) = ∇cAk(xk)TB−1
k (∇cAk(xk)λk,0 +∇f(xk)) = −∇cAk(xk)T dk,0.

Putting dk,0 = dk = 0 into the above equation yields cAk(xk) = 0; now combining with the definition
of Ak implies that xk is feasible, that is, cE(xk) = 0 and cI(xk) ≤ 0. From Assumption (A2) and (2.13),
dk,0 = 0 leads to ∇cAk(xk)λk,0 + ∇f(xk) = 0 which shows the dual feasibility at xk. In addition, the
nonnegativeness of λk,0 is guaranteed by the mechanism of Algorithm 3 (in the case of FAST=TRUE). Thus,
xk satisfies a variant of the KKT conditions (2.1)-(2.4) and therefore is a KKT point.

(ii) By Algorithm 3, if FAST=FALSE, then

λk,1 = −W−1
k ∇cAk(xk)TB−1

k ∇f(xk), (3.30)

dk,1 = −B−1
k (∇f(xk) +∇cAk(xk)λk,1), (3.31)

λk,2 = −W−1
k uAk + λk,1, (3.32)

dk,2 = dk,1 +B−1
k ∇cAk(xk)W−1

k uAk . (3.33)
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From (3.33) and (3.30), we have that

∇f(xk)T dk,2 = ∇f(xk)T dk,1 +∇f(xk)TB−1
k ∇cAk(xk)W−1

k uAk

= ∇f(xk)T dk,1 − (λk,1)TuAk . (3.34)

By premultiplying the first equation of (2.29) by (dk,1)T and using the second equation of (2.29), we get
∇f(xk)T dk,1 = −(dk,1)TBkd

k,1. Substituting it into (3.34) yields

∇f(xk)T dk,2 = −(dk,1)TBkd
k,1 − (λk,1)TuAk . (3.35)

According to the hypothesis (ii) of this lemma, cE(xk) = 0, cI(xk) ≤ 0 and ∇f(xk)T dk,2 = 0. Combining
with the definition of uAk , the second term in the righthand side of (3.35) can be changed to∑

λk,1i <0,i∈Ak∩I

[(λk,1i )2 + max{−λk,1i ci(x
k), 0}]−

∑
λk,1i ≥0,i∈Ak∩I

λk,1i ci(x
k),

and then

0 = −(dk,1)TBkd
k,1 −

∑
λk,1i <0,i∈Ak∩I

[(λk,1i )2 + max{−λk,1i ci(x
k), 0}] +

∑
λk,1i ≥0,i∈Ak∩I

λk,1i ci(x
k).

It is easy to see that the first two terms (excluding the sign) in the righthand side are non-negative and the
last term is non-positive, which implies that all terms in the righthand side must be zero. In particular, the
first term (dk,1)TBkd

k,1 = 0 implies the primal optimality condition ∇cAk(xk)λk,1 + ∇f(xk) = 0 due to
Assumption (A2) and (3.31); the second term

∑
λk,1i <0,i∈Ak∩I [(λk,1i )2 + max{−λk,1i ci(x

k), 0}] = 0 implies

λk,1 ≥ 0; and the third term
∑
λk,1i ≥0,i∈Ak∩I λ

k,1
i ci(x

k) = 0 implies λk,1i ci(x
k) = 0, i ∈ Ak ∩ I which gives

the complementarity condition. Thus, xk is a KKT point of BCOP. 2

Remark 3.2. SinceBk is uniformly positive definite and uniformly bounded, by Lemma 2.2, the conclusion of Lemma
3.4 can be extended to its limit form:

(i) if FAST=TRUE and dkl → 0, then any limit point x∗ of {xkl} is a KKT point of BCOP, where {kl} is an
infinite subsequence of {k};

(ii) if FAST=FALSE, h(xkl)→ 0 and∇f(xkl)T dkl → 0, then any limit point x∗ of {xkl} is a KKT point of BCOP,
where {kl} is an infinite subsequence of {k}.

We next establish a series of lemmas concerning the f-type iterates.

Lemma 3.5. Suppose that Assumptions (A1)-(A2) hold. Then there exist scalars Mh,Mf > 0 and αku ∈ (0, 1] such
that

h(xk + αdk)− (1− α)h(xk) ≤ Mhα
2

2
‖dk‖2 (3.36)

holds for all α ∈ (0, αku], and

∣∣f(xk + αdk)− f(xk)− α∇f(xk)T dk
∣∣ ≤ Mfα

2

2
‖dk‖2 (3.37)

holds for all α ∈ (0, 1], where dk is generated by Algorithm 3.

Proof If FAST=TRUE, (dk, λk) = (dk,0, λk,0) solves (2.26), implying that

cAk(xk) +∇cAk(xk)T dk = 0, (3.38)
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and if FAST=FALSE, (dk, λk) = (dk,2, λk,2) solves (2.28) which together with the definition of uAk yields

ci(x
k) +∇ci(xk)T dk = ci(x

k) + ui

{
= 0, i ∈ E ,
≤ 0, i ∈ Ak ∩ I.

(3.39)

Since ci(xk), i ∈ Ak are quadratic functions, it follows that for i ∈ Ak

ci(x
k + αdk) = ci(x

k) + α∇ci(xk)T dk +
α2

2
(dk)TQid

k,

whereQi is the Hessian of ci(x). As a result, for either FAST=TRUE or FAST=FALSE, using (3.38) and (3.39)
we have

ci(x
k + αdk) = (1− α)ci(x

k) +
α2

2
(dk)TQid

k ∀i ∈ E ,

ci(x
k + αdk) ≤ (1− α)ci(x

k) +
α2

2
(dk)TQid

k ∀i ∈ Ak ∩ I.

Therefore, it is straightforward to get that for all i ∈ E

|ci(xk + αdk)| ≤ (1− α)|ci(xk)|+ Mhα
2

2
‖dk‖2 (3.40)

and for all i ∈ Ak ∩ I

max{0, ci(xk + αdk)} ≤ (1− α) max{0, ci(xk)}+
Mhα

2

2
‖dk‖2, (3.41)

where Mh > 0 is a scalar satisfying ‖Qi‖ ≤ Mh for all i ∈ Ak. On the other hand, for i ∈ I\Ak, ci(xk) < 0

due to the definition ofAk; by the continuity of ci(x), there exists a scalar αku ∈ (0, 1] such that ci(xk+αdk) <

0 for all i ∈ I\Ak and all α ∈ (0, αku]. Consequently, in view of the definition of h(x),

h(xk) =

∥∥∥∥∥
(

cE(x
k)

max{cAk(xk), 0}

)∥∥∥∥∥
∞

and h(xk + αdk) =

∥∥∥∥∥
(

cE(x
k + αdk)

max{cAk(xk + αdk), 0}

)∥∥∥∥∥
∞

∀α ∈ (0, αku],

which together with (3.40) and (3.41) gives (3.36).
As for (3.37), it readily follows from Taylor’s Theorem that

f(xk + αdk)− f(xk)− α∇f(xk)T dk =
α2

2
(dk)T∇2f(ξk)dk (3.42)

where ξk ∈ Rn lies in the line segment from xk to xk + dk. Since xk and dk are bounded for all k, and
the objective function f(x) is twice continuously differentiable, there exists a scalar Mf > 0 such that
‖∇2f(ξk)‖ ≤Mf for all ξk, and thus using (3.42) gives (3.37). 2

We remark that αku in Lemma 3.5 is related to xk; however, with some additional conditions, αku in the
conclusion of Lemma 3.36 can be reduced to a constant, which is shown in the following corollary.

Corollary 3.6. Suppose that Assumptions (A1)-(A2) hold. Let {xkl} converge to a non-optimal point x∗ and Akl
keeps unchanged for all kl. Then there exist scalars Mh > 0 and αu ∈ (0, 1] such that

h(xkl + αdkl)− (1− α)h(xkl) ≤ Mhα
2

2
‖dkl‖2 (3.43)

holds for all α ∈ (0, αu], where dkl is generated by Algorithm 3.
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Proof According to the hypothesis of this corollary, Akl ≡ A∗ for all kl, where A∗ is a finite index set
independent of kl. Recalling the definition of A∗ (i.e., Akl ) and xkl → x∗, we obtain that ci(x∗) < 0 for all
i ∈ I\A∗ and by continuity of ci(x), there exists an open ball B(x∗; r̄) of radius r̄ > 0 centered at x∗ such
that for any y ∈ B(x∗; r̄), ci(y) < 0, i ∈ I\A∗. Again using xkl → x∗, and ‖dkl‖ ≤ Md due to Remark 3.1,
there exists a scalar ᾱ > 0 and an integer kl̄ > 0 such that ci(xkl + αdkl) < 0, i ∈ I\A∗ for all α ∈ (0, ᾱ] and
all kl ≥ kl̄. Thus for all α ∈ (0, ᾱ] and kl ≥ kl̄,

h(xkl) =

∥∥∥∥∥
(

cE(x
kl)

max{cA∗(xkl), 0}

)∥∥∥∥∥
∞

and h(xkl + αdkl) =

∥∥∥∥∥
(

cE(x
kl + αdkl)

max{cA∗(xkl + αdkl), 0}

)∥∥∥∥∥
∞

.

Following the proof of Lemma 3.5, for all i ∈ E

|ci(xkl + αdkl)| ≤ (1− α)|ci(xkl)|+
Mhα

2

2
‖dkl‖2,

and for all i ∈ A∗ ∩ I

max{0, ci(xkl + αdkl)} ≤ (1− α) max{0, ci(xkl)}+
Mhα

2

2
‖dkl‖2,

and therefore (3.43) holds for all α ∈ (0, ᾱ] and kl ≥ kl̄. On the other hand, for those iterations with kl < kl̄,
it follows from Lemma 3.5 that (3.43) holds for all α ∈ (0, αklu ]. Define αu = min{αk1

u , α
k2
u , ..., α

kl̄−1
u , ᾱ}. We

therefore conclude that (3.43) holds for all α ∈ (0, αu] which completes the proof. 2

Define the quantity

Υk :=

{
‖dk,0‖, FAST = TRUE

h(xk) + |∇f(xk)T dk,2|, FAST = FALSE

which is actually another first-order optimality measure due to Lemma 3.4. The proofs of the following
lemmas and theorem are related to the optimality measure Υk. In particular, the next lemma reveals that
the search direction dk generated by Algorithm 3 is descent for the objective function if a point is “nearly”
feasible but non-optimal.

Lemma 3.7. Suppose that Assumptions (A1)-(A2) hold. Let {xkl} be a subsequence of {xk} for which Υkl ≥ ε with
a constant ε > 0. Then there exist two scalars ε1 > 0 and ε2 > 0 such that the following statement is true:

h(xkl) ≤ ε1 ⇒ ∇f(xkl)T dkl ≤ −ε2.

Proof We first consider the case FAST=TRUE. In this situation, Υkl = ‖dkl,0‖ ≥ ε, and (dkl , λkl) =

(dkl,0, λkl,0) solves (2.26). Premultiplying the first equation of (2.26) by (dkl,0)T , we have that

∇f(xkl)T dkl = −(dkl,0)TBkd
kl,0 − (dkl,0)T∇cAkl (x

kl)λkl,0,

while premultiplying the second equation of (2.26) by (λkl,0)T and substituting it into above equation yield

∇f(xkl)T dkl = −(dkl,0)TBkd
kl,0 +

∑
i∈Akl

λkl,0i ci(x
kl). (3.44)

Due to FAST=TRUE, we have λkl,0 ≥ 0, and using Remark 3.1 gives ‖λkl,0‖ ≤Mλ. It is straightforward that∑
i∈Akl

λkl,0i ci(x
kl) ≤

√
mh(xkl)‖λkl,0‖ ≤

√
mMλh(xkl),

which together with (3.44), Assumption (A2) and ‖dkl,0‖ ≥ ε gives

∇f(xkl)T dkl ≤ −ε
2

τ
+
√
mMλh(xkl).
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Let ε1 := ε2

2
√
mτMλ

. If h(xkl) ≤ ε1, we then obtain that

∇f(xkl)T dkl ≤ −ε2,

where ε2 := ε2

2τ .
Next, we show the assertion for the case FAST=FALSE. In this situation, dkl = dkl,2 and Υkl = h(xkl) +

|∇f(xkl)T dkl,2| ≥ ε. If h(xkl) ≤ ε
2 , then

|∇f(xkl)T dkl | = |∇f(xkl)T dkl,2| ≥ ε

2
. (3.45)

From (3.35) and the definition of uAk ,

∇f(xkl)T dkl,2 = −(dkl,1)TBkld
kl,1 −

∑
λ
kl,1

i <0,i∈Akl∩I

[(λkl,1i )2 + max{−λkl,1i ci(x
kl), 0}]

+
∑

λ
kl,1

i ≥0,i∈Akl∩I

λkl,1i ci(x
kl) +

∑
i∈E

λkl,1i ci(x
kl).

By Assumption (A2), one has

∇f(xkl)T dkl,2 ≤
∑

λ
kl,1

i ≥0,i∈Akl∩I

λk,1i ci(x
kl) +

∑
i∈E

λkl,1i ci(x
kl)

≤
√
mh(xkl)‖λkl,1‖

≤
√
mMλh(xkl), (3.46)

where the third inequality follows from Remark 3.1. Let ε1 := min
{
ε
2 ,

ε
3
√
mMλ

}
and ε2 := ε

2 . If h(xkl) ≤ ε1,

then
√
mMλh(xkl) ≤ ε

3 which combining with (3.46) and (3.45) yields∇f(xkl)T dkl ≤ −ε2. 2

Lemma 3.8. Suppose that Assumptions (A1)-(A2) hold. If h(xkl) > 0 and ∇f(xkl)T dkl ≤ −ε2 (ε2 is from Lemma
3.7), then xkl +αdkl is acceptable to the klth filter for all α ≤ ᾱkl , where ᾱkl = min{q1h(xkl), q2, α

kl
u }, q1 = 2

MhM2
d

and q2 = 2ε2
MfM2

d
.

Proof The mechanism of Algorithm 3 (lines 19-23) ensures that (h(xkl), f(xkl)) is acceptable to the klth
filter. We now show that xkl + αdkl is no worse than xkl for all sufficiently small α > 0 in both feasibility
and the objective function, implying that xkl + αdkl is acceptable to the klth filter. Since ‖dkl‖ ≤Md due to
Remark 3.1, it follows from (3.36) in Lemma 3.5 that

h(xkl + αdkl)− h(xkl) ≤ −αh(xkl) +
α2MhM

2
d

2

for α ∈ (0, αklu ] which turns out to be
h(xkl + αdkl) ≤ h(xkl)

if 0 ≤ α ≤ min{q1h(xkl), αklu } with q1 := 2
MhM2

d
. Similarly, using (3.37) in Lemma 3.5 and the boundedness

of dkl , we have that

f(xkl + αdkl)− f(xkl) ≤ α∇f(xkl)T dkl +
α2MfM

2
d

2
,

which together with the assumption∇f(xkl)T dkl ≤ −ε2 yields

f(xkl + αdkl)− f(xkl) ≤ −αε2 +
α2MfM

2
d

2
.

Define q2 := 2ε2
MfM2

d
. If 0 ≤ α ≤ q2, then f(xkl + αdkl) ≤ f(xkl). Therefore, xkl + αdkl is acceptable to the

klth filter for all α ≤ ᾱkl := min{q1h(xkl), αklu , q2}. 2

With the help of Lemma 3.8, the following two lemmas show that there always exists some acceptable
step size α such that xk + αdk is accepted as an f-type iteration point under certain conditions.
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Lemma 3.9. Suppose that Assumptions (A1)-(A2) hold. If xkl is feasible but not optimal, then either xkl +dkl + d̂kl

is an f-type iteration point or there exists αkl0 > αklmin such that xkl + αkl0 d
kl is an f-type iteration point.

Proof The conclusion follows immediately if xkl + dkl + d̂kl is an f-type iteration point. Otherwise, we
need to prove that xkl + αkl0 d

kl is an f-type iteration point for some αkl0 > αklmin. Since xkl is feasible but not
optimal, we must have that h(xkl) = 0 and Υkl ≥ ε with some scalar ε > 0. By the mechanism of Algorithm
3 (line 27) and Lemma 3.7, the condition (2.20) is always true if h(xl) = 0, and therefore only pairs with
h(xl) > 0 can be added into the klth filter. Let

πkl := min{h(xl)|(h(xl, f(xl)) ∈ Fkl}.

According to Lemma 3.5 and ‖dkl‖ ≤Md,

h(xkl + αdkl) ≤ α2MhM
2
d

2
(3.47)

holds for all α ∈ (0, αklu ]. If 0 ≤ α ≤ min
{
αklu ,

√
2βπkl

MhM2
d

}
, then h(xkl + αdkl) ≤ βπkl , which implies that

xkl + αdkl is acceptable to the klth filter. Since xkl is feasible, it follows from the definition of Ωp that xkl is
in the interior of Ωp, which together with the boundedness of dkl shows xkl + αdkl ∈ Ωp for all α in some
subinterval of (0, 1], and therefore, we can assume without loss of generality, that xkl + αdkl ∈ Ωp for all
α ∈ (0, αklu ]. By Lemma 3.7, h(xkl) = 0 implies

∇f(xkl)T dkl ≤ −ε2, (3.48)

which means that the switching condition for Case 1 and Case 2 holds trivially no matter α < 1 or α = 1. It
follows from (3.37) in Lemma 3.5 and the boundedness of dkl that

f(xkl + αdkl)− f(xkl)− αη∇f(xkl)T dkl ≤ −α(1− η)ε2 +
α2MfM

2
d

2
.

Thus, the sufficient reduction condition (2.21) holds if 0 ≤ α ≤ 2(1−η)ε2
MfM2

d
. When 0 ≤ α ≤ min

{
αklu ,

2ηε2
γMhM2

d

}
,

it is true from (3.47) that
h(xkl + αdkl) ≤ αηε2

γ
.

Combining with (2.21) and (3.48) yields

f(xkl + αdkl)− f(xkl) ≤ −γh(xkl + αdkl),

i.e., xkl + αdkl is acceptable to xkl . From (2.24) and the above proof, we have αkmin = 0, and we can choose
any α in (0, ᾱkl ] as αkl0 such that xkl + αkl0 d

kl is an f-type iteration point, where

ᾱkl := min

{
αklu ,

√
2βπkl

MhM2
d

,
2(1− η)ε2
MfM2

d

,
2ηε2

γMhM2
d

}
.

2

Lemma 3.10. Suppose that Assumptions (A1)-(A2) hold. Let {xkl} be an infinite subsequence of {xk} on which
(h(xkl), f(xkl)) is added into the filter, and assume that {xkl} converges to x∗ and Akl keeps unchanged for all kl.
If x∗ is not a KKT point, then for all sufficiently large kl, either xkl + dkl + d̂kl is an f-type iteration point or there
exists αkl0 > αklmin such that xkl + αkl0 d

kl is an f-type iteration point.

Proof If xkl +dkl + d̂kl is an f-type iteration point, the conclusion follows immediately. It suffices to prove
the assertion for xkl +αdkl . Since x∗ is not a KKT point, it follows from Remark 3.2 that there exists a scalar
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ε > 0 such that Υkl ≥ ε for all sufficiently large kl. In the case of h(xkl) = 0, the conclusion follows from
Lemma 3.9.

We now consider the remaining iteration kl with h(xkl) > 0. As Υkl ≥ ε, if h(xkl) ≤ ε1, then by Lemma
3.7,

∇f(xkl)T dkl ≤ −ε2. (3.49)

If h(xkl) < ε1 and α ≤ min{q1h(xkl), αklu , q2}, it follows from Lemma 3.8 that xkl + αdkl is acceptable
to the klth filter. Since {xkl} converges to x∗ and Akl keeps unchanged for all kl, Corollary 3.6 implies
αklu is independent of kl and we thereby drop the superscript kl in αklu for the simplicity of the following
proof. Analogous to the proof of Lemma 3.9, if 0 ≤ α ≤ 2(1−η)ε2

MfM2
d

, the sufficient reduction condition (2.21) is

fulfilled. Again using Corollary 3.6 and the boundedness of dkl , for 0 ≤ α ≤ αu,

h(xkl + αdkl)− h(xkl) ≤ −αh(xkl) +
α2MhM

2
d

2
,

and therefore h(xkl + αdkl) ≤ h(xkl) if 0 ≤ α ≤ min{q1h(xkl), αu}, where q1 is defined as Lemma 3.8. On
the other hand, if (2.20) is true, it follows from (2.21) that

f(xkl + αdkl)− f(xkl) ≤ αη∇f(xkl)T dkl

≤ −ηδh2(xkl)

≤ −ηδh2(xkl + αdkl)

≤ −γh2(xkl + αdkl),

where the last inequality follows from δ ≥ γ/η. Hence, xkl + αdkl is acceptable to xkl . Since h(xkl) → 0

due to Theorem 3.2, according to the definition of Ωp, xkl is in the interior of Ωp for all sufficiently large kl,
which together with the boundedness of dkl implies xkl + αdkl ∈ Ωp for all α in some subinterval of (0, 1]

and all sufficiently large kl and, we assume without loss of generality that xkl +αdkl ∈ Ωp for all α ∈ (0, αu]

for all sufficiently large kl. Therefore, we have now shown that for all sufficiently large kl, xkl + αdkl is
acceptable to xkl and the klth filter, xkl + αdkl ∈ Ωp, and the sufficient reduction condition (2.21) holds if
(2.20) is satisfied, 0 ≤ α ≤ α̃kl and

h(xkl) ≤ min
{

1, ε1,
rq1ε2
δ

}
, (3.50)

where

α̃kl := min

{
q1h(xkl), q2, αu,

2(1− η)ε2
MfM2

d

}
,

and r is from line 20 in Algorithm 3. Let αkl0 denote the first trial step size in the sequence {1, r, r2, ...} that
satisfies

α ≤ α̃kl .

In view of Theorem 3.2, h(xkl) tends to zero as kl → ∞, and therefore α̃kl = q1h(xkl) and (3.50) is satisfied
for all sufficiently large kl. It is evident that

αkl0 ≥ rα̃kl = rq1h(xkl) (3.51)

for all sufficiently large kl. Using (3.49) and (3.51) we have

−αkl0 ∇f(xkl)T dkl ≥ rq1ε2h(xkl),

which together with (3.50) implies that the switching condition (2.20) for Case 1 is satisfied.
Lastly, we show αkl0 > αklmin. Noting the definition (2.24) of αklmin, and using (3.49) and Theorem 3.2, we

know

αklmin =
δh(xkl)2

−∇f(xkl)T dkl
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for all sufficiently large kl. By (2.20), we have αkl0 > αklmin and overall, xkl +αkl0 d
kl is an f-type iteration point

for all sufficiently large kl. 2

Now we are in a position to present the main result of this section, the global convergence of Algorithm
3.

Theorem 3.11. Suppose that Assumptions (A1)-(A2) hold. Let the sequence {xk} be generated by Algorithm 3.
Then one of the following outcomes occurs:
(i) a KKT point of BCOP is found at some iteration,
(ii) there exists an accumulation point of the sequence {xk} that is a KKT point of BCOP.

Proof It is sufficient to prove (ii) only. We divide the following proof into two cases.
Case (a): There is a finite number of iterations entering in the filter. Without loss of generality, all

iterations are assumed to be f-type and therefore, the sufficient reduction condition (2.21) for Case 1 or (2.23)
for Case 2 holds, implying that {f(xk)} is monotonically decreasing. Since {xk} is bounded, it follows from
Assumption (A1) that f(x) is bounded and thus, the sequence {f(xk)} is convergent. Because all iterations
are f-type, either (2.20) and (2.21) for Case 1 or (2.22) and (2.23) for Case 2 hold for all k, each to be considered
separately.

Subcase (a-1). If there exists an infinite index set K such that (2.22) and (2.23) for Case 2 hold for all
k ∈ K, which implies that

f(xk)− f(xk+1) ≥ ηmin{−∇f(xk)T dk, ξ‖dk‖ζ2} ≥ 0 ∀k ∈ K.

Using the fact that {f(xk)} is convergent, and letting k ∈ K tend to infinity in both sides, we obtain that

lim
k→∞,k∈K

min{−∇f(xk)T dk, ξ‖dk‖ζ2} = 0.

If there exists an infinite index set G ⊂ K such that min{−∇f(xk)T dk, ξ‖dk‖ζ2} = ξ‖dk‖ζ2 for all k ∈ G, then
we have, by noting FAST=TRUE and dk = dk,0 for k ∈ K, that dk,0 → 0 as k → ∞ and k ∈ G; this together
with Remark 3.2 gives the conclusion (ii). Otherwise, we have that

lim
k→∞,k∈K

∇f(xk)T dk = 0, (3.52)

and combining with (2.22), we know that all accumulation points of {xk}K are feasible. Since FAST=TRUE
for all k ∈ K, dk = dk,0 and λk,0 ≥ 0. Premultiplying the first equation of (2.26) by (dk,0)T gives that

∇f(xk)T dk = ∇f(xk)T dk,0 = −(dk,0)TBk,0k dk,0 − (λk,0)T∇cAk(xk)T dk,0, (3.53)

and premultiplying the second equation of (2.26) by (λk,0)T and putting it into (3.53) yield

∇f(xk)T dk = ∇f(xk)T dk,0 = −(dk,0)TBk,0k dk,0 + (λk,0)T cAk(xk). (3.54)

By Lemma 3.3 and Assumption (A2), {xk}K, {dk,0}K, {λk,0}K and {Bk}K each have convergent subse-
quences, and we assume without loss of generality, that x∗, d∗, λ∗ and B∗ are the limits of {xk}K, {dk,0}K,
{λk,0}K and {Bk}K, respectively. The fact λk,0 ≥ 0 and Assumption (A2) ensure that λ∗ is nonnegative and
B∗ is positive definite. Since there are only finitely many choices for the subsetsAk ⊆ E ∪I , we can assume
also that Ak ≡ A∗, k ∈ K, where A∗ is a constant set. Letting k tend to infinity and using (3.52) and (3.54),
we obtain

(d∗)TB∗d∗ = (λ∗)T cA∗(x∗),

whose righthand side of the above equation is non-positive because of λ∗ ≥ 0 and the feasibility of x∗.
Thus, (d∗)TB∗d∗ ≤ 0 which together with the positive definiteness of B∗ leads to d∗ = 0, and from Remark
3.2, we know x∗ is a KKT point.
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Subcase (a-2). Since (2.20) and (2.21) for Case 1 hold for all k, we obtain that f(xk) − f(xk+1) ≥
−αkη∇f(xk)T dk ≥ ηδh(xk)2 which using the convergence of {f(xk)} gives h(xk)→ 0 as k →∞. Thus, all
accumulation points of {xk} are feasible. Let x∗ be any accumulation point of {xk} and we assume, without
loss of generality, that xk → x∗, k ∈ K. The proof is complete if x∗ is a KKT point of BCOP; otherwise, sim-
ilar to earlier proof, we can assume that Ak ≡ A∗, k ∈ K is a constant set. We next show that αk generated
from Algorithm 3 is larger than some positive scalar for all k ∈ K. Since x∗ is not a KKT point, by Remark
3.2, there exists a scalar ε > 0 such that Υk ≥ ε for all sufficiently large k ∈ K. Lemma 3.7 shows that if
h(xk) ≤ ε1, then ∇f(xk)T dk ≤ −ε2, and combining with Lemma 3.5 and ‖dk‖ ≤ Md, we know that the
sufficient reduction condition

f(xk + αdk)− f(xk) ≤ αη∇f(xk)T dk (3.55)

holds if 0 ≤ α ≤ 2(1−η)ε2
MfM2

d
. By Corollary 3.6 and ‖dk‖ ≤Md, it follows that, for 0 ≤ α ≤ αu and k ∈ K,

h(xk + αdk) ≤ (1− α)h(xk) +
α2MhM

2
d

2
. (3.56)

If h(xk) ≤ αηε2
2γ and 0 ≤ α ≤ min

{
αu,

ηε2
γMhM2

d

}
, then

h(xk + αdk) ≤ αηε2
γ

. (3.57)

Substituting∇f(xk)T dk ≤ −ε2 into (3.55) and using (3.57) yield

f(xk + αdk)− f(xk) ≤ −γh(xk + αdk),

which means that xk +αdk is acceptable to xk. Similar to the proof of Lemma 3.10, using h(xk)→ 0, k ∈ K,
we know xk + αdk ∈ Ωp for all α in some subinterval of (0, 1] and all sufficiently large k ∈ K. Without
loss of generality, we assume that xk + αdk ∈ Ωp for all α ∈ (0, αu] and for all sufficiently large k ∈ K.
Since all iterations are assumed to be f-type, the filter includes the only pair (χ,−∞). If h(xk) ≤ βχ and
α ≤ min

{
2βχ

MhM2
d
, αu

}
, (3.56) gives

h(xk + αdk) ≤ (1− α)βχ+ αβχ

≤ βχ ∀k ∈ K,

which implies that, for k ∈ K, xk + αdk is acceptable to the kth filter. Therefore, we have shown that if

h(xk) ≤ min

{
ε1, βχ,

αηε2
2γ

}
(3.58)

and

0 ≤ α ≤ ᾱ := min

{
αu,

2(1− η)ε2
MfM2

d

,
ηε2

γMhM2
d

,
2βχ

MhM2
d

}
,

then, for all sufficiently large k ∈ K, xk + αdk is acceptable to xk and the kth filter, xk + αdk ∈ Ωp, and the
sufficient reduction condition (3.55) holds. Since h(xk) → 0 and ᾱ > 0, the condition (3.58) with α = rᾱ is
satisfied for all sufficiently large k ∈ K, where r is from line 20 in Algorithm 3. By Algorithm 3, we know
that αk ≥ rᾱ for all sufficiently large k ∈ K.

Since {f(xk)} is convergent, it follows from (3.55), (2.20) and αk ≥ rᾱ that (3.52) is true. If FAST=TRUE
for all k ∈ K, our previous argument has shown that x∗ is a KKT point, and results in a contradiction
with the previous assumption. Otherwise, there exists an infinite subset K0 of K, say K itself, such that
FAST=FALSE for all k ∈ K0. By Algorithm 3, dk = dk,2 for k ∈ K. As h(xk)→ 0, it follows from (3.52) that

lim
k→∞,k∈K

Υk = lim
k→∞,k∈K

(
h(xk) + |∇f(xk)T dk,2|

)
= 0.
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In view of Remark 3.2, x∗ is a KKT point, which again is a contradiction. Hence, we have proven that the
second conclusion of this theorem is true for Case (a).

Case (b): There are infinitely many iterations entering in the filter. Let K be an infinite index set such
that all pairs (h(xk), f(xk)) with k ∈ K are added into the filter (though some of them are removed later).
Without loss of generality, we assume that {xk}K → x∗ and {Υk}K → Ῡ. If Ῡ = 0, it follows from Remark
3.2 that x∗ is also a KKT point of BCOP; otherwise, there must exist a scalar ε > 0 such that Υk ≥ ε for
all k ∈ K. Since there are only finitely many choices for the subsets Ak ⊆ I, k ∈ K, we can assume that
{xk}K → x∗ and Ak ≡ A∗ for all k ∈ K is a constant set. Upon using Lemma 3.10, we obtain that, for
sufficiently large k ∈ K, either xk + dk + d̂k or xk + αk0d

k is accepted as an f-type iterate which together with
the mechanism of Algorithm 3 implies that (h(xk), f(xk)) cannot be added into the filter. This contradicts
the definition of the sequence {xk}k∈K, indicating that the assumption Ῡ > 0 is not true. Therefore, there
exists an accumulation point of the sequence {xk} being a KKT point of BCOP and we complete the proof
for Case (b). 2

4 Local Convergence

In this section, we prove the locally superlinear convergence of Algorithm 3. Theorem 3.11 has already
shown that there exists a subsequence {xk}k∈K of {xk} converging to a KKT point x∗; let λ∗ be a corre-
sponding Lagrange multiplier. The local convergence is established upon additional assumptions:

(A3) The strict complementarity condition holds at (x∗, λ∗), that is, λ∗i > ci(x
∗) for all i ∈ I;

(A4) The second-order sufficient condition holds at (x∗, λ∗); that is, there exists a scalar ν̄ > 0 such that

dTO2
xxL(x∗, λ∗)d ≥ ν̄‖d‖2

for any d ∈ C(x∗), where C(x∗) = {d|∇ci(x∗)T d = 0, i ∈ E ∪ I(x∗)} is the critical cone at x∗;

(A5)

lim
k→+∞

‖Pk(Bk − O2
xxL(x∗, λ∗))dk‖
‖dk‖

= 0,

where Pk = I −∇cAk(xk)(∇cAk(xk)T∇cAk(xk))−1∇cAk(xk)T is the projection onto the null space of
∇cAk(xk)T .

We remark that Assumptions (A1)-(A5) are standard for SQP algorithms (i.e., see [27, Chapter 18]). Since
x∗ is feasible, similar to the proof of Lemma 2.1, we know that∇ci(x∗), i ∈ E∪I(x∗) is linearly independent,
which implies that the LICQ condition holds at x∗. Hence, λ∗ is the unique multiplier corresponding to x∗.
By [27, Theorem 12.6], the LICQ and the SOSC (i.e., Assumption (A4)) imply x∗ is a strict local solution of
BCOP, and from [33, Lemma 4.2], the whole sequence (xk, λk) converges to (x∗, λ∗). Furthermore, Assump-
tion (A3) and the LICQ ensure that Ak = E ∪ I(x∗) and the condition (2.25) is satisfied for all sufficiently
large k, which implies that FAST=FALSE never occurs after some iterations. Therefore, for all sufficiently
large k, (dk, λk) = (dk,0, λk,0), and (dk,1, λk,1) solves the linear system (2.27). Due to (2.26), Assumption
(A2) and xk → x∗, we have dk → 0. Moreover, from the definition of Ωp, xk is in the interior of Ωp when k
is sufficiently large. Based on these facts, in what follows, we assume k is sufficiently large so that all above
conclusions hold.

First, we show that the full step ensures the superlinear convergence.

Lemma 4.1. Suppose that Assumptions (A1)-(A5) hold. Then it follows that

‖xk + dk − x∗‖ = o(‖xk − x∗‖)
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and
‖dk‖ = Θ(‖xk − x∗‖).

Proof See the proof of [33, Lemma 4.3]. 2

The next lemma reveals the relationship between dk and d̂k.

Lemma 4.2. Suppose that Assumptions (A1)-(A5) hold. Then ‖d̂k‖ = O(‖dk‖2).

Proof From (2.26) and (2.27), we have that{
Bkd̂

k +∇cAk(xk)(λk,1 − λk) = 0,

∇cAk(xk)T d̂k = −cAk(xk + dk)− ‖dk‖νe.
(4.59)

By Taylor’s Theorem and the linear system (2.26),

ci(x
k + dk) = ci(x

k) +∇ci(xk)T dk +O(‖dk‖2) = O(‖dk‖2), i ∈ Ak. (4.60)

SinceAk is fixed for all k, it follows from Lemma 2.2 and Assumption (A2) that the inverse of the coefficient
matrix of (4.59) is uniformly bounded, which together with (4.59), ν ∈ (2, 3) and (4.60) leads to the desired
result. 2

Lemma 4.3. Suppose that Assumptions (A1)-(A5) hold. Then

ci(x
k + dk + d̂k) = o(‖dk‖2), i ∈ E ∪ I(x∗).

Proof From Taylor’s Theorem,

ci(x
k + dk + d̂k) = ci(x

k + dk) +∇ci(xk)T d̂k +O(‖dk‖‖d̂k‖) +O(‖d̂k‖2)

= O(‖dk‖‖d̂k‖) +O(‖d̂k‖2)

= o(‖dk‖2),

where the second equality follows from (2.26) and (2.27), and the third equality follows from Lemma 4.2. 2
To prove the local convergence of Algorithm 3, in the next lemmas, we make use of two conclusions in

[8], which is concerned with the second order correction steps on the exact penalty function

Φψ(x) = f(x) + ψh(x), (4.61)

where the penalty parameter ψ is chosen to be no less than m‖λ∗‖∞. The introduction of the exact penalty
function (4.61) is only for a technical proof, but is not involved in Algorithm 3.

Lemma 4.4. Suppose that Assumptions (A1)-(A5) hold. Then there exists an integer K1 > 0 such that if (2.22) for
Case 2 is satisfied for all k ≥ K1, the sufficient reduction condition (2.23) holds.

Proof We only have to prove that

f(xk + dk + d̂k) + ηξ‖dk‖ζ2 ≤ f(xk) (4.62)

holds for all sufficiently large k whenever the switching condition (2.22) for Case 2 is fulfilled. By the
definition of L(x, λ),

f(xk + dk + d̂k) = L(xk + dk + d̂k, λ∗)− L(x∗, λ∗) + f(x∗)−
∑

i∈E∪I(x∗)

λ∗i ci(x
k + dk + d̂k)

= f(x∗)−
∑

i∈E∪I(x∗)

λ∗i ci(x
k + dk + d̂k) +O(‖xk + dk + d̂k − x∗‖2)

= f(x∗) + o(‖dk‖2) +O(‖xk + dk + d̂k − x∗‖2)

= f(x∗) + o(‖xk − x∗‖2), (4.63)
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where the second equality follows from the KKT conditions of BCOP and Taylor’s Theorem, the third equal-
ity follows from Lemma 4.3, and the fourth equality follows from Lemmas 4.1 and 4.2. Hence, combining
with Lemma 4.1 and (2.22) yields

f(xk + dk + d̂k) + ηξ‖dk‖ζ2 + ψh(xk) = f(x∗) + o(‖xk − x∗‖2). (4.64)

On the other hand, from [5, Lemma 1] and Assumptions (A1)-(A5), we know that there exists a scalar c̄ > 0

such that when x is sufficiently close to x∗,

Φψ(x) ≥ f(x∗) + c̄‖x− x∗‖2. (4.65)

Hence, it follows from (4.64) and (4.65) that there exists an integer K1 > 0 such that (4.62) holds for all
k ≥ K1. 2

The following two lemmas give preparations for proving acceptance of the full steps.

Lemma 4.5. Suppose that Assumptions (A1)-(A5) hold. Then there exists an integer K2 ≥ K1 such that for all
k ≥ K2

Φψ(xk)− Φψ(xk + dk + d̂k) ≥ (γ + (
1

β
− 1)ψ)h(xk + dk + d̂k). (4.66)

Proof From (4.63),

Φψ(xk + dk + d̂k) + (γ + (
1

β
− 1)ψ)h(xk + dk + d̂k)

= f(xk + dk + d̄k) + (γ +
ψ

β
)h(xk + dk + d̂k)

= f(x∗) + (γ +
ψ

β
)h(xk + dk + d̂k) + o(‖xk − x∗‖2)

= f(x∗) + o(‖xk − x∗‖2),

where the last equality follows from Lemmas 4.1, 4.2 and 4.3. This together with (4.65) yields (4.66). 2

Lemma 4.6. For any two points x and xl, if

Φψ(xl)− Φψ(x) ≥ (γ + (
1

β
− 1)ψ)h(x),

then x is acceptable to xl.

Proof See the proof of [33, Lemma 4.7]. 2

Since xk → x∗, dk → 0 and d̂k → 0, it follows from the definition of Ωp that xk + dk + d̂k is in the interior
of Ω for all sufficiently large k, and thereby, we assume from now on that xk + dk + d̂k is contained in the
interior of Ω. Next, we show that the full step is accepted eventually.

Lemma 4.7. Suppose that Assumptions (A1)-(A5) hold. Then there exists an integer K3 ≥ K2 such that for all
k ≥ K3, xk+1 = xk + dk + d̂k is accepted.

Proof Let
ΓK2

ψ = min
l∈F̄K2

∪{K2}
{f(xl) + ψh(xl)},

where F̄k is defined in Definition 2.2. Since all iterates xl, l ∈ F̄K2∪{K2} are non-optimal, then ΓK2

ψ > f(x∗),
and therefore there exists an K3 > K2 such that

Φψ(xK3) < ΓK2

ψ . (4.67)

24



If all iterates after K2 are never included into the filter, then Fk ≡ FK2 for all k ≥ K2. Due to Lemma
4.5, (4.66) is satisfied for all k ≥ K3, and therefore Φψ(xk) < ΓK2

ψ for all k ≥ K3. Applying Lemma 4.6,
xk + dk + d̂k is acceptable to xk and Fk for all k ≥ K3 which together with Lemma 4.4 implies the desired
conclusion.

If there exist infinite many iterations entering in the filter, we assume without loss of generality, that K3

is the first iteration K3 > K2 such that (h(xK3), f(xK3)) is added into the filter and (4.67) is satisfied. By the
mechanism of Algorithm 3, FK3 ⊂ FK2 ∪ {(h(xK2), f(xK2))}.

First, we show that xk+1 = xk + dk + d̂k is accepted for k = K3. In view of Lemma 4.5, the inequality
(4.66) is satisfied for k = K3, which together with Lemma 4.6 implies that xK3 + dK3 + d̂K3 is acceptable to
xK3 . According to (4.67), the definition of ΓK2

ψ and the choice of K3, we have that Φψ(xK3) < ΓK2

ψ ≤ Φψ(xl)

for all l ∈ F̄K3
. Applying Lemma 4.6 one gets that xK3 + dK3 + d̂K3 is acceptable to FK3

. Therefore,
xK3+1 = xK3 + dK3 + d̂K3 is accepted as an h-type iteration since (h(xK3), f(xK3)) is added into the filter.

Next, suppose that xk+1 = xk + dk + d̂k is accepted for k = K3,K3 + 1, ...,K3 + j − 1 for some j > 0.
By induction, we attempt to prove that xk+1 = xk + dk + d̂k is accepted for k = K3 + j. To this end, from
Lemma 4.5, we have that

Φψ(xk)− Φψ(xK3+j + dK3+j + d̂K3+j) ≥ (γ + (
1

β
− 1)ψ)h(xK3+j + dK3+j + d̂K3+j)

for all k = K3,K3 +1, ...,K3 +j and all k ∈ F̄K3
, and applying Lemma 4.6 yields that xK3+j+dK3+j+ d̂K3+j

is acceptable to xk with all k ∈ F̄K3
∪ {K3,K3 + 1, ...,K3 + j}, which implies that xK3+j + dK3+j + d̂K3+j is

acceptable to FK3+j ∪ {(h(xK3+j), f(xK3+j))}. Moreover, at the iteration K3 + j, if the switching condition
(2.22) for Case 2 is met, it follows from Lemma 4.4 that the sufficient reduction condition (2.23) holds, and
therefore an f-type iteration xk+1 = xk + dk + d̂k with k = K3 + j is generated; otherwise, an h-type iteration
xk+1 = xk + dk + d̂k with k = K3 + j is generated. Thus, we have proved that xk+1 = xk + dk + d̂k is
accepted for k = K3 + j, and by induction, we assert that xk+1 = xk + dk + d̂k is accepted for all k ≥ K3. 2

Consequently, we can state the main result of this section whose proof follows directly from Lemmas
4.1 and 4.7.

Theorem 4.8. Suppose that Assumptions (A1)-(A5) hold. Then {xk} converges to x∗ superlinearly.

5 Numerical Experiment

In this section, we test FilterASM on two specific practical applications: the correlation approximation prob-
lem [3, 22] and the maximal correlation problem [43], upon Matlab 7.10 on a PC with Intelr CORE(TM)
i5-2320 CPU (3.0 GHZ) and 4GB memory. For the stopping criteria, we terminate Algorithm 3 whenever

h(xk) ≤ ε,
∥∥min{λk,−c(xk)}

∥∥
∞ ≤ ε and

∥∥∇f(xk) +∇c(xk)λk
∥∥
∞ ≤ ε where ε = 10−6;

other parameters in FilterASM are set as follows:

u = max{10, h(x0)}, maxit=2000, ζ2 = ν = 2.5, δ = ξ = ζ1 = 1, r = 0.5, η = 10−2, β = γ = 10−4, αφ = 10−8.

5.1 Approximation problem of correlation matrix with factor structure

We first apply FilterASM to solve the problem of the nearest correlation matrix with p factor structure:{
min

X∈Rm×p
‖G− (I +XXT −Diag(XXT ))‖2F

s.t. diag(XXT ) ≤ 1,
(5.68)
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where G is a given real symmetric m-by-m matrix. The structure in (5.68) mainly arises in factor models
of asset returns [9], collateralized debt obligations [2, 10] and multivariate time series [25]. The problem
(5.68) is posed in the context of credit basket securities by Anderson et al. [2]; recently, Borsdorf et al. [3]
analyzed the properties of the problem and its data matrices in some special case, and they also proposed
some numerical algorithms. Later, Li et al. [22] proposed two numerical methods (the alternating block
relaxation method and the alternating majorization method) for this problem. More details and references
about this problem can be found in [3]. To apply FilterASM, we reformulate (5.68) as{

min
x∈Rn

f(x) := ‖G− (I +XXT −Diag(XXT )‖2F
s.t. ci(x) := ‖Xi‖2 − 1 ≤ 0, i = 1, 2, · · · ,m,

where x =


XT

1

...
XT
m

, X =


X1

...
Xm

 and n = mp.

Test problems:

E1 G is a random correlation matrix generated by gallery(’randcorr’,m).

E2 G occurring in annual forward rate correlations associated with LIBOR models [1] is generated by
Gij = exp(−|i− j|), i, j = 1, ...m.

E3 G is a random correlation matrix generated by G = Diag(I − XXT ) + XXT , where X ∈ Rm×p is
generated in a two-stage scheme: we first generate a random matrix with elements from the uniform
distribution on [−1, 1] and then project it onto {X ∈ Rm×p|‖Xi‖2 ≤ 1, i = 1, 2, ...,m} to get X .

E4 G is a random correlation matrix generated by G = 1
2 (B + BT ) + Diag(I − B) where B is the first

matrix out of a sequence of random matrices with elements from the uniform distribution on [−1, 1]

such that G has a negative eigenvalue.

E5 G is the 387 × 387 one-day correlation matrix (as of Oct. 10, 2008) from the lagged datasets of Risk-
Metrics.

To verify the efficiency of FilterASM, we compare its numerical performance with three other methods:

• SPGM: The spectral projected gradient method [3],

• BRscg: The block relaxation method [22],

• Major: The majorization method [22].

In [3, 22], the NCM strategy is shown to produce effective starting points for accelerating their algo-
rithms, where NCM employes the semi-smooth Newton method [31] to generate the nearest correlation
matrix. In our numerical experiment on E1-E5, we adopt the NCM strategy to produce starting points for
all solvers. In Tables 1-6, we report results averaged over 2 instances of each problem since some problems
(say E1, E3 and E4) are related to random matrices. To understand these numerical results, we point out
that ‘time(s)’, ‘iter’ and ‘∗’ stand for the computational time (seconds), the number of (outer) iterations and
the failure of a solver in finding a solution within 1800 seconds, respectively.

We now make several comments on the results in Tables 1-6.

• Tables 1-3 give the numerical results of test problems E1-E4 with m = 1000 and p varying from 5 to
500. Test problem E5 is a correlation matrix from the real market, and its tested results are listed in
Tables 4-6.
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• From these tables, we observed that SPGM needs more iterations than FilterASM, Major and BRscg.
Nevertheless, the number of outer iteration alone is not sufficient for measuring the performance of
algorithm as different solvers need different computational effort for each iteration. In particular,
Major and BRscg require many inner iterations at each outer iteration, especially for large m.

• The CPU time is then another factor for the efficiency of algorithm. We observe that FilterASM is
the clear winner among these solvers in terms of CPU time. Except for SPGM and Major, all other
algorithms solve all instances within 1800 seconds (see Table 3) though the accuracy of some solutions
are not much satisfactory. For problems E1, E2, E4 and E5, the CPU time used in each solver increases
as p does, but the CPU time required by FilterASM increases much slower than others.

• The problem E3 is an exception as the objective function is nearly zero at the global solutions. The
initial points generated by semi-smooth Newton method [31] are almost the global solutions for p =

50, 100, 250 and 500, and we observed from Table 6 that nearly all solvers terminate at the initial
points.

• From all these tables, we observed that SPGM and FilterASM are better than Major and BRscg in
terms of the quality of solutions. Overall, FilterASM obtained satisfactory solutions using the least
computational time.

p = 1000, m = 5 p = 1000, m = 10Prob.
Algorithm f time(s) iter Algorithm f time(s) iter
FilterASM 1.82454e+001 2.3 84.5 FilterASM 1.79049e+001 3.9 123.0

SPGM 1.82454e+001 6.9 187.0 SPGM 1.79049e+001 12.2 324.0
Major 1.82455e+001 6.3 3.0 Major 1.79053e+001 8.6 3.0E1

BRscg 1.82456e+001 6.9 3.0 BRscg 1.79054e+001 9.2 3.0

FilterASM 1.74848e+001 2.8 86.5 FilterASM 1.72848e+001 2.7 76.5
SPGM 1.74848e+001 3.7 106.0 SPGM 1.72848e+001 3.9 110.5
Major 1.74889e+001 4.2 2.0 Major 1.72915e+001 8.5 3.0E2

BRscg 1.74889e+001 4.6 2.0 BRscg 1.72915e+001 8.9 2.0

FilterASM 1.86978e-004 5.4 30.5 FilterASM 7.36482e-005 6.5 26.0
SPGM 1.01295e-008 0.7 14.5 SPGM 1.44886e-008 0.6 11.0
Major 3.74234e-005 10.4 5.0 Major 3.23242e-005 11.3 4.0E3

BRscg 4.67469e-002 11.2 4.0 BRscg 1.64413e-003 11.9 2.5

FilterASM 4.04198e+002 4.8 180.0 FilterASM 4.00465e+002 3.5 114.0
SPGM 4.04198e+002 38.8 1076.5 SPGM 4.00465e+002 11.7 350.5
Major 4.04205e+002 6.3 3.0 Major 4.00479e+002 8.5 3.0E4

BRscg 4.04206e+002 6.8 3.0 BRscg 4.00480e+002 9.1 3.0
Table 1. Results for approximation problem of correlation matrix
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p = 1000, m = 50 p = 1000, m = 100Prob.
Algorithm f time(s) iter Algorithm f time(s) iter
FilterASM 1.70198e+001 10.7 139.0 FilterASM 1.49384e+001 13.8 127.5

SPGM 1.70198e+001 19.4 336.0 SPGM 1.49384e+001 46.9 556.0
Major 1.70208e+001 46.9 4.0 Major 1.49396e+001 87.4 5.0E1

BRscg 1.70210e+001 48.5 4.0 BRscg 1.49396e+001 90.4 5.0

FilterASM 1.55955e+001 27.6 366.5 FilterASM 1.33235e+001 19.1 145.5
SPGM 1.55955e+001 190.8 3326.0 SPGM 1.33235e+001 40.2 479.5
Major 1.55992e+001 50.9 3.0 Major 1.33244e+001 113.5 3.0E2

BRscg 1.55991e+001 52.0 3.0 BRscg 1.33244e+001 115.4 3.0

FilterASM 2.86180e-013 0.1 0.0 FilterASM 2.45631e-013 0.1 0.0
SPGM 5.91878e-013 1.0 1.0 SPGM 5.77812e-013 1.5 1.0
Major 2.86180e-013 0.0 0.0 Major 2.45631e-013 0.0 0.0E3

BRscg 2.86180e-013 0.0 0.0 BRscg 2.45631e-013 0.0 0.0

FilterASM 3.73960e+002 46.5 129.0 FilterASM 3.64880e+002 52.2 125.0
SPGM 3.73960e+002 58.9 1108.0 SPGM 3.64880e+002 195.8 2352.5
Major 3.73986e+002 28.8 3.0 Major 3.64883e+002 41.3 3.0E4

BRscg 3.75886e+002 29.7 3.0 BRscg 3.67240e+002 42.3 2.0
Table 2. Results for approximation problem of correlation matrix

p = 1000, m = 250 p = 1000, m = 500Prob.
Algorithm f time(s) iter Algorithm f time(s) iter
FilterASM 1.20166e+001 38.6 146.5 FilterASM 6.50322e+000 131.0 202.0

SPGM 1.20166e+001 143.2 521.5 SPGM 6.50322e+000 678.0 727.0
Major 1.20197e+001 216.6 7.0 Major * * *E1

BRscg 1.20183e+001 233.3 6.5 BRscg 6.50665e+000 760.0 9.5

FilterASM 7.18086e+000 31.5 106.0 FilterASM 2.56446e-001 114.3 136.0
SPGM 7.18086e+000 82.2 338.5 SPGM 2.56446e-001 436.4 519.5
Major 7.18144e+000 565.6 5.0 Major * * *E2

BRscg 7.18223e+000 572.1 3.0 BRscg 2.56544e-001 1103.2 41.0

FilterASM 2.30237e-013 0.2 0.0 FilterASM 2.39632e-013 0.5 0.0
SPGM 6.42625e-013 5.0 1.0 SPGM 7.04976e-013 16.4 1.0
Major 2.30237e-013 0.0 0.0 Major 2.39632e-013 0.1 0.0E3

BRscg 2.30237e-013 0.1 0.0 BRscg 2.39632e-013 0.1 0.0

FilterASM 3.63444e+002 0.2 0.0 FilterASM 3.63230e+002 0.4 0.0
SPGM 3.63444e+002 1.4 1.0 SPGM * * *
Major 3.63444e+002 20.7 1.0 Major 3.63230e+002 31.3 1.0E4

BRscg 3.63444e+002 22.5 1.0 BRscg 3.63230e+002 36.9 1.0
Table 3. Results for approximation problem of correlation matrix

p = 387, m = 5 p = 387, m = 10Prob.
Algorithm f time(s) iter Algorithm f time(s) iter
FilterASM 2.57370e+001 0.1 29.0 FilterASM 1.27045e+001 0.2 44.0

SPGM 2.57370e+001 0.3 62.0 SPGM 1.27045e+001 0.6 104.5
Major 2.57411e+001 1.6 2.0 Major 1.27108e+001 6.5 6.0E5

BRscg 2.57371e+001 1.8 2.0 BRscg 1.27046e+001 6.9 3.0
Table 4. Results for approximation problem of correlation matrix
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p = 387, m = 50 p = 387, m = 100Prob.
Algorithm f time(s) iter Algorithm f time(s) iter
FilterASM 2.25932e-001 12.0 568.5 FilterASM 4.08981e-003 0.6 22.0

SPGM 2.25925e-001 90.4 7053.5 SPGM 3.78473e-003 1201.4 37964.0
Major 2.34394e-001 163.6 90.0 Major 4.13419e-003 77.0 38.0E5

BRscg 2.31595e-001 165.1 4.5 BRscg 4.17553e-003 77.5 1.0
Table 5. Results for approximation problem of correlation matrix

p = 387, m = 250Prob.
Algorithm f time(s) iter
FilterASM 4.93719e-005 0.1 0.0

SPGM 4.93719e-005 1.6 1.0
Major 4.93719e-005 0.0 0.0E5

BRscg 4.93719e-005 0.0 0.0
Table 6. Results for approximation problem of correlation matrix

5.2 The maximal correlation problem

We next test FilterASM on the maximal correlation problem (MCP) which is of the form

(MCP)

{
max
x∈Rn

f(x) = xTGx

s.t. ci(x) := ‖x[i]‖2 − 1 = 0, i = 1, 2, ...,m,
(5.69)

where G ∈ Rn×n is a given matrix with n = pm, x = (xT[1], x
T
[2], ..., x

T
[m])

T and x[i] ∈ Rp, i = 1, 2, ...,m. A
brief introduction about the statistical background of the maximal correlation problem can be found e.g., in
Chu and Watterson [7, Section 2].

In our experiment, we use the command randn to generate a matrix which is then symmetrized to get
a test G. Since the Horst-Jacobi algorithm [43] always cannot stop within 1800 seconds for large n, we only
compare FilterASM with the Gauss-Seidel algorithm (GS) [43] and the Riemannian Trust-Region algorithm
(RTR) [44]. We first test the instances with m = 2 and p varying from 500 to 2000; the numerical results
averaged over 2 random tests are profiled in Figure 1, where we observed that FilterASM outperforms the
other two in terms of CPU time, especially for large p.

Figure 1: CPU time(s)

Lastly, we test the situation when m varies; the numerical results averaged over 2 random tests are
summarized in Table 7 from which we have the following observations:
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• GS fails to solve almost a half of test cases within 1800 seconds;

• All methods have the same optimal value for each case if they succeed;

• Compared with RTR and GS, FilterASM uses much less CPU time though it requires more iterations
than RTR.

FilterASM RTR GSp m
f/time(s)/iter f/time(s)/iter f/time(s)/iter

100 10 4.44411e+002/0.4/93.5 4.44411e+002/3.0/14.5 4.44411e+002/9.7/720.5
100 20 1.26213e+003/1.2/133.0 1.26213e+003/15.7/16.5 1.26213e+003/87.6/1444.0
100 30 2.31360e+003/2.2/120.5 2.31360e+003/34.9/16.0 2.31360e+003/165.9/1106.5
100 40 3.56329e+003/4.3/143.0 3.56329e+003/95.3/17.5 3.56329e+003/467.2/1626.5
100 50 4.98042e+003/6.6/147.0 4.98042e+003/139.0/18.0 4.98042e+003/618.6/1363.5
100 60 6.54297e+003/11.4/178.0 6.54297e+003/270.2/20.0 *
100 70 8.24514e+003/16.4/193.5 8.24514e+003/383.9/20.0 *
100 80 1.00752e+004/18.4/166.5 1.00752e+004/524.3/17.5 *
100 90 1.20106e+004/33.2/243.5 1.20101e+004/1124.7/24.0 *
100 100 1.41057e+004/39.1/232.5 1.41057e+004/1163.1/20.0 *
Table 7. Comparison with respect to the optimal value, the number of iteration and CPU time(s)

6 Conclusion

In this paper, we proposed a filter active-set algorithm (FilterASM) for ball/sphere constrained optimiza-
tion problem, which uses economic computational costs at each iteration but guarantees the global con-
vergence and locally superlinear convergence. Active set technique is used to generate the working set,
and at each iteration, only two or three reduced linear systems need to be solved for the search direction.
Taking advantage of the structure of BCOP, a new L-BFGS scheme and duality technique are exploited to
reduce the computational effort for solving the resulting linear systems; the L-BFGS formula also provides
approximate second order information to accelerate the speed. We used the filter technique to globalize
the convergence of the iteration, where an economic feasibility restoration phase is imbedded. Under some
mild conditions, the global and local convergence is established. Finally, we conducted preliminary numer-
ical experiments on two specific applications and our numerical results show that FilterASM is competitive
to some custom-made methods proposed recently for each individual application.
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