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Abstract

The alternating direction method of multipliers (ADMM) is a benchmark for solving a
two-block linearly constrained convex minimization model whose objective function is the
sum of two functions without coupled variables. Meanwhile, it is known that the convergence
is not guaranteed if the ADMM is directly extended to a multiple-block convex minimization
model whose objective function has more than two functions. Recently, some authors have
actively studied the strong convexity condition on the objective function to sufficiently ensure
the convergence of the direct extension of ADMM or the resulting convergence when the
original scheme is appropriately twisted. However, these strong convexity conditions still
seem too strict to be satisfied by some applications for which the direct extension of ADMM
work well; and the twisted schemes are less efficient or convenient to implement than the
original scheme of the direct extension of ADMM. We are thus motivated to understand why
the original scheme of the direct extension of ADMM works for some applications and under
which realistic conditions its convergence can be guaranteed. We answer this question for the
three-block case where there are three separable functions in the objective; and show that
when one of them is strongly convex, the direct extension of ADMM is convergent. Note that
the strong convexity of one function does hold for many applications. We further estimate
the worst-case convergence rate measured by the iteration complexity in both the ergodic
and nonergodic senses for the direct extension of ADMM, and show that its globally linear
convergence in asymptotical sense can be guaranteed under some additional conditions.

Key words: Alternating Direction Method of Multipliers, Convergence Analysis, Convex Pro-
gramming, Separable Structure.

1 Introduction

Many applications can be modeled or reformulated as convex minimization models with sep-
arable objective functions without coupled variables but the variables are coupled by linear
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constraints. When the objective function is the sum of two convex functions without coupled
variables, the alternating direction method of multipliers (ADMM) proposed in [12] has been
well studied in the literature. It can be regarded as a splitting version of the classical augmented
Lagrangian method (ALM) in [20, 30]; and it has found a variety of applications in many areas,
mainly because of its feature of generating easier subproblems in iterations. We refer to, e.g.,
[2, 10, 13], for some reviews on the ADMM. On the other hand, there are many applications that
can be modeled or reformulated as a multiple-block linearly constrained convex minimization
model whose objective function is the sum of more than two functions without coupled vari-
ables. In fact, many applications can be captured by a three-block model where there are three
functions in the objective, see e.g., the image alignment problem in [29], the robust principal
component analysis model with noisy and incomplete data in [33], the latent variable Gaussian
graphical model selection in [4, 28], the stable principal component pursuit with nonnegative
constraint in [34], the quadratic discriminant analysis model in [27] and the quadratic conic
programming in [22].

Inspired by the mentioned applications, we focus on the three-block linearly constrained
separable convex minimization model:
3

win{ £ 00

Aix; = b, x; € X, i:17273}, (11)

=1

where 60; : R™ — R are all closed proper convex functions (could be nonsmooth); X; C R™ are

3

nonempty closed convex sets; A; € R>*™: b € R'; and . n; = n. The solution set of (1.1) is
i=1

assumed to be nonempty throughout our discussion. In our analysis, we also use the notation

x := (x1,x2,23) and X := A} x Xy x X3. Let the augmented Lagrangian function of (1.1) be

3 2
Z AZCCZ —-b

3 3
La(x1, 29, 23,A) 1= > Oi(m;) — AT (Y Ajzi — b) + g
i=1 = i=1

1

)

with A € R! the Lagrange multiplier and 3 > 0 a penalty parameter. Then, the direct extension
of ADMM for (1.1) reads as

a:lfH = arg min {E/g(ml,xlg,xlgf,kk) | 21 € Xl}v (1.2a)

x’g“ = arg min {Eﬁ(x’fﬂ,:rg,xlg,)\k) | x9 € XQ}; (1.2b)

x’;“ = arg min {Eg(x’f+1,x§+l,x3,)\k) | z3 € Xg}, (1.2¢)
3

ARHL R B(Z Agah Tt —p). (1.2d)
i=1

Although it is natural to consider the direct extension of ADMM (1.2a)-(1.2d) and this
scheme does work very well for many concrete applications of (1.1)(e.g., [16, 29, 33, 34]), it
has been shown in [5] that the scheme (1.2a)-(1.2d) is not necessarily convergent if no further
conditions are posed on the model (1.1). Some works have been studied in the literature for
guaranteeing the convergence of (1.2a)-(1.2d) and they can be classified into two categories. The
first category is twisting the scheme (1.2a)-(1.2d) slightly and no more condition is assumed for
the original model. For examples, in [17, 18], it was suggested to correct the output of (1.2a)-
(1.2d) to generate a new iterate and the resulting prediction-correction schemes are guaranteed
to be convergent. In [19], the z;-subproblems are twisted slightly to render the convergence. In
[21], the authors suggested attaching a shrinkage factor to the Lagrangian-multiplier updating



step in (1.2d) and it was shown that the convergence of (1.2a)-(1.2d) is guaranteed when this
factor is small enough to satisfy some error bound conditions. Note that these just-mentioned
works are for the more general case with m > 3 blocks in its objective function. Most recently,
it was studied in [22] that if certain proximal terms are used to regularize the x;-subproblems,
then the convergence of (1.2a)-(1.2d) can be guaranteed only when one of the functions in the
1+2‘/5) initiated in [11]
can be attached to the Lagrangian-multiplier updating step (1.2d) on the cost that the proximal

objective of (1.1) is strongly convex. Indeed, a relaxation factor in (0,

terms and the penalty parameter § should be chosen more judiciously. More specifically, via
some careful analysis, we actually can see that if the factor is chosen to be close to #, then
this implies that the penalty parameter 8 should be very close to 0 or the matrix of one proximal
term must be positive definite and its smallest eigenvalue must be big enough. Note that the
original scheme (1.2a)-(1.2d) usually performs all the twisted variants with provable convergence
numerically, as shown in [16, 33]; and it seems to be the most convenient scheme to be used in
practice compared with its variants.

The second category is assuming more conditions on the model (1.1) while retaining the
original iterative scheme (1.2a)-(1.2d). Indeed, prior to the work [5] in which it was shown that
(1.2a)-(1.2d) is not necessarily convergent, it was proved in [14] that the scheme (1.2a)-(1.2d) is
convergent if all the functions 6; are strongly convex and the penalty parameter 3 is chosen in
a certain interval. Then, in [0, 23], this condition was relaxed and only two or more functions
in the objective are required to be strongly convex to ensure the convergence of (1.2a)-(1.2d).
However, assuming the strong convexity for two functions still excludes most of the applications
that can be efficiently solved by the scheme (1.2a)-(1.2d). Thus, these conditions are of only
theoretical interests and they are too strict to be satisfied by the mentioned applications. In
other words, there is still a gap between the empirical efficiency of (1.2a)-(1.2d) for a variety
of applications and the lack of theoretical conditions that can both ensure the convergence of
(1.2a)-(1.2d) and be satisfied by such an application.

We are thus motivated to answer the question of under which realistic condition, that can be
easily satisfied by some applications of (1.1), the original scheme (1.2a)-(1.2d) is guaranteed to
be convergent. Our main purpose is to answer this question. More specifically, we show that the
convergence of (1.2a)-(1.2d) can be ensured whenever one function in the objective of (1.1) is
strongly convex, together with some minor restrictions on the coefficient matrices A, and Ag in
(1.1) and the penalty parameter 3. Note that the strong convexity condition is satisfied by many
of the mentioned applications of (1.1). Thus, the efficiency of (1.2a)-(1.2d) which has been long
observed empirically, can be theoretically justified. A by-product of our analysis is establishing
the convergence rate for the scheme (1.2a)-(1.2d), including the worst-case convergence rate
measured by the iteration complexity and the linear convergence rate in asymptotical sense,
under some additional assumptions. Note that the convergence rate of (1.2a)-(1.2d) has been
studied in [6, 21, 23, 24] under stronger conditions.

The rest of this paper is organized as follows. Some necessary preliminaries for further
analysis are provided in Section 2. In Section 3, we prove the convergence of the scheme (1.2a)-
(1.2d) under the assumption that one of the three functions in (1.1) is strongly convex. Then, we
establish the worst-case convergence rate measured by the iteration complexity in the ergodic
and nonergodic senses in Sections 4 and 5, respectively. In Section 6, under some stronger
conditions, we show that the scheme (1.2a)-(1.2d) is globally linear convergent. Finally, some
concluding remarks are drawn in Section 7.



2 Preliminaries

In this section, we summarize some notation and preliminaries to be used for further analysis.

2.1 Notation

All vectors are column vectors. For two arbitrary vectors z € R™ and y € R™, we simply use
u = (z,y) to denote their adjunction. That is, (z,y) denotes the vector (zT,y")7. For p > 1,
||z||, denotes the p-norm of z. For p = 2, we simply denote it as ||z||.

Let M be a positive definite matrix; we use ||z|y := VaT Mz to denote its M-norm and
Amin (M) to denote the smallest eigenvalue of M. For an identity matrix I and a scalar 8 > 0,
we simply use ||z||g to denote ||z||g;. For a given matrix A, its norm is

A
4l = sup { Ll

P O

Specially, for an symmetric matrix A, ||Al|2 denotes its spectral norm.
A function f: R"™ — R is convex if

fltr+ (1 =t)y) <tf(z)+ (1 -0f(y), Yo,y eR";

and it is strongly convex with modulus p > 0 if

Flt+ (1 1)) < () + (1~ () 21~ )2 %, Vey € R
where ¢ € [0, 1].
A multifunction F' : R" =% R" means that F(z) is a set in R™ [31]. For a multifunction

F:R" = R", we say that F' is monotone if
(=€~ =0, Ve F(x), Y& F(y),
and strongly monotone with modulus g > 0 if
(@9 (€= = ple—yl?, V&€ Fz), Y€ F(y).

It is well known, see, e.g., [31], that for a convex function f, df, the subdifferential of f, is
a monotone multifunction; and for a strongly convex function f with modulus p > 0, 0f is a
strongly monotone multifunction with modulus p. That is, if f is convex, then

E-QF(x—y) >0, VE€df(x), V¢ €f(y);

and if f is strongly convex with modulus g > 0, then

E=OT@—y) >plz—yl?,  VE€Of(x), V¢ €If(Y)

For a nonempty convex subset C' in R™, its normal cone operator, denoted by N¢, is defined

as
{v:{W —uv)y <0, Vu'eC}, if ued,
N, = 2.1
o) { a, otherwise. (2.1)
For any two vectors a and b with the same dimensions, we have
1
2a7b < llal + o], (22

4



for any positive scalar ¢. Obviously, we also have
1
la+b]1* < (1+¢)|lal® + <1 - g) 1], Vs > 0.
These two inequalities will be frequently used in the proofs to be presented.

2.2 Optimality Characterization

In this subsection, we present some variational forms to characterize a solution point of the model
(1.1) under discussion. These characterizations will be the basis of our convergence analysis to
be conducted.

Recall that the Lagrangian function of (1.1) is

L(x1, 29,73, \) := 01 (1) + O2(w2) + 03(x3) — AT (A1z1 + Agwo + Azzz — D),

where )\ is the Lagrange multiplier. Solving (1.1) amounts to finding a saddle point of £(x1, x2, x3, A).
That is, finding (21, T2, 3, 5\) € X x Xa x X3 x R! such that the following inequalities hold:

E(fl,fg,fg,)\) < E(i‘l,ig,ig, ;\) < E(ml,ﬂfg,xg,j\), V(xl,:cg,a:37)\) S Xl X Xz X Xg X Rl. (23)

Let the set of all saddle points of L£(x1,x2,x3,A) be denoted by S. Throughout, S is assumed

~

to be nonempty. Let (Z1,Z2,23,A) € S be an arbitrary solution in S. Then, we have

0e 891(.@1) — Afll“j\ + NXl (i’l), (2.4&)
0 € 90y(in) — ATX + N, (i2), (2.4b)
0e 893(.@3) — A?;S\ + NX3 (i‘g), (2.40)
3
0=> A& —b, (2.4d)
\ i=1

where the normal cone operator Ny, is as that defined in (2.1).
Note that (2.4a)-(2.4d) can also be rewritten as

(zh —21)7 (& — ATX) > 0, Vo) € 21, (2.5a)

(zh — @) (€ — ATN) > 0, Val, € Xy, (2.5b)

(zh — 3)T (€3 — ATX) > 0, Vay € A, (2.5¢)
3

0="> A —b, (2.5d)
=1

where & € 90;(#;) for i = 1,2,3. Thus, it follows from (2.5a)-(2.5¢) that for i = 1,2, 3, we have

() — 2)T& > (A — Aie)) TN, Vo € X (2.6)
In our analysis, we also use the primal-dual gap function (see e.g., [3, 15, 21]) defined as
GB.xBy (X, A) 1= /glefgi{@l(m) + 02(w2) + O3(w3) — (Arm1 + Aowa + Asaz — b)T N}
— tnin {81(2)) +62(22) + O3(a3) — (Arz) + Aszh + Asw — b)TA},



where By x By is a subset of X x R!. If Byx x By contains a solution (21, Z9, T3, 5\), then for any
(x,A) € Bx x By, we have

>0, (2.7)

where the equality follows from (2.5d), the second inequality follows from (2.6), and the last
inequality follows from the convexity of 8;, 1 = 1,2, 3.

The following lemma gives a sufficient condition for a point to be a saddle point. The
assertion is an immediate conclusion of (2.7); we thus omit the proof.

Lemma 2.1. Let (X, )\) be an arbitrary point in By x By. If

ngXBA ()_(7 X) S 07
then (X, \) is a saddle point.

Based on this lemma, if (x,\) € Bx x By and Gp, x5, (X, \) < € for some € > 0, then we call
(x,A) a saddle point of L(x1,x2,z3,\) with an accuracy of e.
Finally, we use the notation

B2AT Ay 0 0
Q= 0 B2AYA; 0 |, (2.8)
0 0 I

where the matrices Ag and Az are given in (1.1), and S is the penalty parameter in the direct
extension of ADMM (1.2a)-(1.2d).

3 Convergence

In this section, we prove the convergence of the direct extension of ADMM (1.2a)-(1.2d) under
the following assumption.

Assumption 3.1. In (1.1), the functions 01 and 6y are convex; the function 63 is strongly
convex with modulus ps > 0; Az and Ag in (1.1) are full column rank matrices.

Before the proof, let us present the variational characterization of the scheme (1.2a)-(1.2d).
Indeed, similar as (2.4a)-(2.4d), the subproblems (1.2a)-(1.2¢) can be characterized as

0 € 00y (ah 1) — ATNF 1 BAT (A" 4 Agah + Asah — b) + Ny, (aFH)),
0 € o(ab™) — ATNE 4 BAT (A 2h T+ Agab ™! 4 Agah — b) + Na, (25T,
0 € 90 (zith) — ATNF 4 BAT (A 2% 4 Agaht 4 Agaf ™! — b) 4+ Ny, (a5 ).

6



Combining the step (1.2d) and (2.1), the (k + 1)-th iterate generated by (1.2a)-(1.2d) satisfies
(xFHL N € O and €FTY € 90; (2T for i = 1,2, 3, such that

() — 25T ( L ATAF 4 BAT (Azh ) + Agah + Agak — b)) >0, Vai € Xy, (3.2a)
(z) — 2ktHT (ggﬂ — ATNE 1 BAT(Ayzht + Apahtt 4 Agah — b)) >0, Vil € Xy, (3.2b)

(zh — b T ( Kl ATAF 4 BAT (At 4 Apab ™ Agah ™ — b)) >0, Vb € As,(3.2¢)

3
ML=\ _ 3 (Z Attt — b) : (3.2d)
=1

Now, we start proving the convergence of (1.2a)-(1.2d) under Assumption 3.1. First, we

prove several lemmas.

Lemma 3.1. Suppose Assumption 3.1 holds. For the iterative sequence {(x%, 25, 2% \¥)} gen-
erated by the direct extension of ADMM (1.2a)-(1.2d), we have

(Aszstt — Azaf)T (W = AF) > puglaf — 257, (3.3)
and
(A2$k+1 AQQZIQC)T()\]H_I _ )\k)

4
_{SHAMI;H_Aﬂ’;”%JrguAgxg Azah™ H/3+ HAgka Agm’gug}. (3.4)

Proof. Tt follows from (3.2d)

3
S Attt b= ;(Ak AR, (3.5)

?
J=1

Then (3.2c) can be rewritten into
(zh — ab T (et — ATNFYY >0, vl € As. (3.6)
Setting x4 := 2% in (3.6) yields
(f — 25T (e — AN > 0,

and setting zf := x§+

L and xh = :L‘2+1 for the kth iteration yields,
(5% — 2f)T (&5 — ATN) > 0
Adding the above two inequalities, we have

(ah — T (657 = &) — AT = X)) > 0

By rearranging terms, (3.3) follows immediately from the above inequality and the convexity of
03. The inequality (3.3) is proved.
We now prove (3.4). Using (3.5) again, we can rewrite (3.2b) as

(zhy — ab™HT (g§+1 — ATNKHL L AT (Asal — A3$k+1)) >0, Vah € Xs. (3.7)

7



Then setting af := x5 in (3.7) and a4 := 257" for the kth iteration yields

(ah — o) (€511 — ATNHT 4 BAT (Agal — Agabt)) > 0,
and
(a5t — oB)T (& — AT+ BAT (Mg ™" — Agah)) 2 0,
respectively. Adding these two inequalities, we get
(2 — b7 ((€5+! - €h) — AT OV - 3F)
+BAT (Agal — Agat) — BAT (Agal ™! — Agah)) > 0.
Rearranging terms, it follows that
Azl = Apah)T (V1 — 2

> B(Apast! — Aga§)" {(Asfﬂlz»f — Agzy™!) — (Azaft! - A3$'§)}
3 4 _
> - { S5 MAa ™ — Anabl? + 31400 ~ Auc 3}
3 k1 k2, 4 k41 k|2

- TG”AQxQ — Aows |5 + §HA35U3 — Aszs||5
— §||A k+1 A kHQ_{_%HA k A k71”2 %HA k+1 A k||2
= — 3 2Ty~ — A2x3]|3 3 3T3 — A3T3 3 + 3 3Tz — A3T33 ¢

where the first inequality follows from the convexity of f2 and the second inequality from (2.2).

The proof is complete. ]

Lemma 3.2. Suppose Assumption 3.1 holds. Let {(:z:’f,xg, x’z,f, )\k)} be the sequence generated by
the direct extension of ADMM (1.2a)-(1.2d). Then, for all (x,x}, x5, N') € X x Xa x X3 x R,
we have

3 3 3 3
[Z O () = N7 (Z Ayttt - b)] - [Z 0,(x}) — A+ <Z As — b)]
=1

1=1 =1 i=1

3
S ()\k-‘rl _ )\/)T (Z Aix;ﬂ-i-l _ b)
i=1
+B( A1y — Arah Tt Agahy — Agah ™) T (Azal — Agakth)
B — AyzET (Ayh — Agak ) — gl — 2R (3.5)
Proof. Using (3.2d) and (3.5), we know that (3.2a) is equivalent to

3
(2 — 2T [ b+t — AT K+ 4 gAT ZAJ'@? — $§+1) >0, Vzi € Xy. (3.9)
j=2

Rearranging terms yields

(2 —2fT)TG™ > (Ara — Ay THTAH

—B(Aray — Ay ™D | Y Aj(af — a5

3
J=2



It follows from the convexity of #; that for all #} € R™ and X € R!, we have
01 (1) — 01 (x)1) — (A — Apf )TN
> (2h — 2y T G — (A — A THTN

zc%d—Aw%HUﬁ“—X>
—B(Ayzh — Apah T ZA T kaﬂ) . (3.10)

Similarly, (3.2b) indicates that, for all 2§, € X5, we have
(w5 — a5 T > (Agah — Agay TN — B(Agay — Agaf™)T Ay (af — 23™).
In addition, it follows from the convexity of f2 that for all , € R"? and X' € R!, we have
O(ay) — O2(25"") — (Agh — Apay™H)TN
> (@) kTS — (g~ AN
> (Aol — A2$§+1)T(Ak+l — )
—B(Agzh — Agxh ™) T (Azal — Agakth). (3.11)
Then, (3.2¢) is equivalent to,
(zh — 2B T AT > (Azal — Azab™H TN val € &
Since 05 is strongly convex with modulus g3 > 0, for all 24 € R"™ and X € R, we have
Os(x) — O3(xhth) — (Asah — Azab™)TN
> (2 — k+1)T£k+1 + sl — k+1H2 (Asaty — A3xk+1)T)\/
> (Agwy — Asay T = N) 4 pgl 2y — 252 (3.12)

Adding (3.10), (3.11), (3.12) and rearranging terms we obtain the assertion immediately. O

Now, we need to further analyze the right-hand side of (3.8) and refine the assertion (3.8).
This is done in the following lemma.

Lemma 3.3. Suppose Assumption 5.1 holds. Let {(z%, 25 5 \F)} be the sequence generated by
the direct extension of ADMM (1.2a)-(1.2d). Then, for all (x, 2}, 25, N') € X1 x Xy x X3 x R,
we have

3 3
25 [Z Hl k+1 )\/T (Z Aixf+1 _ b)] _ 2ﬁ

1 i=1

23:91-( — (AT (ZA:L‘ —b)]

i=1

<.

Mw

(I1iaf = AsaflZe — | Aiah*t = AiaflZa) + (IXF = NP = IV = X))
=2

8 k+1 k112

+ || 4aaf - &x\w—%Mw — Aga|%
——n@ﬁ—@ﬁ“m—(www“%mm%-nAﬁ“ @%%ﬁ

13

[ Asa ! = Agab| — 2Busllol — 2 - IXF - X

T
-}-252 (Z Aszg — b) {Agl‘g - A2$]2€+1 + A3$ - Agl‘kJrl} . (313)
=1



Proof. Because of the identity
ey = e+ ol =l ~ o), (3.14)

it follows that

B(Agzlhy — Apah T (Agah — Agakth)

= % {HAgxg — Apah T3+ (| Aokt — Apah|3 — (| Agah — Agx’QH%}
and

B(Azzlhy — Azzh T (Azah — Azahth)

_ % {HAgxléf — Asah 2 4 [ Ageht — g2 — [ Asak — AgxgH%} .
Consequently,

B(Arz) — Ayt 4 Agahy — Agab™HT (Azal — Azl

3 1T
(Z Azxk+l > (A3$3 A3$k+1)
h d

=1

-/ 3 -T
=8 (Z Aixl — ) (Z Attt — ) (Azzh — Azab™h)
3 ]
—5 {ldsak — Asaf 3 4 (Al — Asad | — [l Asad — Asal |3 |
3 T
— 3 (Z Ay — b) (Agah — Azab Ty — (\F = MFOT Ak — Agahth

I Aswh — Asah ™13 + | Asab ™ — Asahlf — || Asal — Agah 3}

2

3 T )
§B<§:&%_h>(A”3‘%““"Jmﬂﬁ—Aw“HB—wmg—@“P

1=

5 {1 A4sat — Ao — | Asa — Asabl3} (3.15)

where the third equality follows from (3.5) and the inequality follows from (3.3).
On the other hand, using (3.4)

3
—B [(Z Attt — b) + (Aszly — Agah™)
i=1

T
(Agah — Agah™™)

< lAsak — Apel3 + 5 Asak — Aseh B+ 5l Asa — Asab3
+B(Asaf ! — Agal) (Aga§ — Aga ™)
QAﬁ“—@ﬁ%+3&% Asa B+ 1 Asah ™ — A3
DA — Aszhf + o vk — Ayt
mﬂhﬁ“ Apbl3 + 5 sk — Asa 3+ S AsahH — Agab

+€|]A3x§+1 — Asa}|3.

10



where the inequality follows from (2.2). Then

B(Arzh — Ay ™ (Aoah — Apahth)

3 T
— 3 (Z Ay b) (Asak — A — B(Agah — Apa ™) (Agah — Aga™)

T
(2§ — Apay™)

3
—ﬁ [(Z Ail';hLl — b) + (Agl‘g A3$k+1)
=1

3 T
Sﬁ(ZAwé—b> (Asah — Anrh ™) — 2 ) Aot — A3 — | Ao} — Aot}

4
+35 [l 4525 — Az |5 — *IIA:NC’“+1 Asa§|f + *IlAsﬂf'“+1 Asa§3

104||A2x2 Apxh ™3 + —||A3xk+1 Asah||3. (3.16)
Furthermore,
3
(Ak—f—l _ )\/)T ZAixf+1 —bl = l(}\k}-{-l o )\/)T()\k o )\k‘-l—l)
i=1 B
1 k 2 k+1 012 1 k k+1)2
- N2 - - S L . 1
35 1IN = XIP = IV = X | = oA = (3.17)
Thus, the assertion (3.13) follows directly from (3.15), (3.16), (3.17) and (3.8). O

Now, we are ready to prove the convergence of the direct extension of ADMM (3.2a)-(3.2d)
under Assumption 3.1. The result is summarized in the following theorem.

Theorem 3.1. Suppose Assumption 3.1 holds . Let {(x¥, xlg,x’g, MY be the sequence generated

by the direct extension of ADMM (1.2a)-(1.2d) with 5 € (0,%). Then, the sequence
3

{(2%, 25, 25 AF)} converges to a saddle-point in S.

Proof. Let (21, %2, 23, 5\) be a saddle point in S. Then, we have
3
> A —b=0. (3.18)
i=1

Setting (&), ), 25, X') = (&1, &2, 23, A) in (3.13) and using (3.18), we obtain

3 3 3
[Z fi(zF ) — \T (Z Agzhtt - b)] — 28 Z 0; (i
=1

1 i=1

2

=®

> (Wit = Autilf = st = Al )+ (1% = 3P = 3+ = 3)P)
8 k+1 k2
+§||A3$3 Ai’)ﬁlj ”52 - *HA?@ A3$3||52
Ao — Aaak |2, - (zﬁug - Bg2aga, ||) bt — a2
(mg - B2HATA3H> k= 22— N = AR, (3.19)
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where the second inequality follows from the Cauchy-Schwarz inequality. Since 5 € <0, %) ,
3

we have 13
o1 = 2Bps — - B%[| A3 43| > 0.
Then, (3.19) can be written as

3 3 3
[Z 0;(zF+1y — \T (Z At — b)] — 28 Z 0;(i;)
=1

1 =1

2

™

.

Mw

[l
N

%

(1iaf = AsdilZe = | Aiah — Aidll3) + (IXF = A2 = =+ = 3)2)
8
3

2 [ Asah — Az )% —fHAgrr’““ Azzh3e
_fHAQx’g — Aoz ™2, — oy ||2 T — 22
—01 ||~"Ek+1 3))? = [IN* = AR (3.20)

Since (21, &2, 23, A) is a saddle point, it follows from (2.7) that the left-hand side of (3.20) is
nonegative. We thus have

3
R - 8
S Al = A3 + N = A2 + 2 g — Asab2s

3
. Q 8
<D A = Aidil[Fe + X = AP + Sl Asaly — A5
1=2

— ol Aaah — Agah 2 — o)l - b2
—onlle Tt — a2 = XE - AP, (321)

Recall the definition of @ in (2.8). Then, (3.21) can be rewritten as the compact form

lw* = W + HA 25— Agaf|3

. 1
< w* — WG + §HA3$3 Azl — 5[l Asas — AgaS |5 — enllaf ™ — w51

L A R PP (3:22)
where w := (29,23, ). Thus we have
. . 8
lw" = W) + \\A3xk+1 Agaf|Ge < |Iw* = Wlg + Sl Az — Agag ™" (3, (3.23)
indicating that the sequence {w*} is bounded. The relationship (3.2d) then further implies that
{2¥} is also bounded and hence the iterative sequence {(z%, 25 % A\¥)} generated by ADMM
(1.2a)-(1.2d) is bounded. Rearranging terms for (3.22) yields

1 A
o5 14205 — Asab % + ullaf ™ — hIP + 02§ — a2 4 AR — N2

< (I* = @+ §14a — Aa 113 ) = (140 = I+ s — A )

12



Adding both sides of the above inequality for all & we get

1 .
{ g3l Aas — Aat 113 + e — 1P + ot =l + I - 1R

A T8

. 8
(1w = 91, + Sl uah — AuaBs).

and hence
lim [[A* = A = lim [|Agxh — Agah ™| = lim |2k — 25T = lim 257! — 23] = 0. (3.24)
k—o0 k—o00 k—o0 k—o0

The boundedness indicates that there has at least one cluster point. Let W = (271, £2, €3, A)
be an arbitrary cluster point of {w*} and let {w"7} be the subsequence converging to w. Taking
limit in (3.9), (3.7) and (3.6), it follows from (3.24) that

(z) —21)T (& — ATX) > 0, v € Ay,
(:E/Q - ‘%2)T(£2 - Ag;‘) > Oa V$/2 € XQa
(zh — @3)T (€3 — ATX) > 0, Vo € As.

3 3
For ||A\F — XL = 8] 32 (Aj:r?Jr1 —b)||, by taking limit, we also have ) (A4;&; —b) = 0. Hence,
i=1 i=1
it follows from (2.5a)-(2.5d) that (271, @2, 3, ) is an saddle point in S and (3.23) means that the

whole sequence has just one cluster point. Consequently, the iterative sequence {(z¥, 2§, 2% \*)}

generated by the direct extension of ADMM (1.2a)-(1.2d) converges to a saddle point in S. The
proof is complete. O

Remark 3.1. For a specific application of the abstract model (1.1), it may not be difficult to
determine the range for B. For example, for the stable principal component pursuit application
in [7/] (see also [73]), it is easy to see that its model corresponds to (1.1) with As = I and

g = i, where p is a given constant in its model. Thus, to implement the scheme (1.2a)-(1.2d)
for the model in [7/], B € (0, %) can sufficiently ensure the convergence.

4 FErgodic Worst-case Convergence Rate

In this section, under Assumption 3.1, we establish the O(1/t) worst-case convergence rate
measured by the iteration complexity in the ergodic sense for the direct extension of ADMM
(1.2a)-(1.2d). The main result is summarized in the following theorem.

Theorem 4.1. Suppose Assumption 5.1 holds. After t iterations of the direct extension of
ADMM (1.2a)-(1.2d), we can find an approximate solution of (1.1) with an accuracy of O(1/t).

Proof. As proved in Theorem 3.1, the sequence {(x¥, 25, 25 \¥)} generated by the direct exten-

sion of ADMM (1.2a)-(1.2d) is convergent. Thus, there exists a constant M > 0 such that

| A < M, i=1,2,3, and |\*|| < M, Vk > 0.

13



Then, it follows from Assumption 3.1 and (3.13) that for all (2, 25, 5, ') € A1 x Xy x A3 x R,
we have

2

SN

3 3
[Z ot v (S5 aut 1)) -2

1 =1

23:91(33 (AT (ZAx—b)]

=1

.

Mw

l\D

> (1ot = AsaflF — sl ™ = Aia3) 4+ (I = X = AFH = V)
8 k+1 k|2
+§HA3:E3 Asa % — S gl — Asabl,
3 T
+252 (Z Alac; - b) {Azl‘g - A2$§+1 + Agl‘g Agl‘kJrl} .
=1

Summing both sides of the above inequality from k =1 to ¢ yields

2ﬁg{liei($§+l)_xT(iAixf“ )] [Z9 - (T (ZAm_bH}

=1

3
8
< 2_: 1 Aszi — AaillFa + A" = N + 5[l As23 — Asas|E
3 T
52 (Z Aﬂ?; — b) {AQZL’% — AQJC%H + Agxg — A3$§+1
’ 8
<D lAwf — Al + A = NP + 34373 — Azz3l5
=2

+23?

3
> A —b

i=1

HAgxg — AQ{L';JFI + Ag.%'g — Agxt—HH

3
8
< DM} = Al + A = NP+ §||A3$§ — Asa3)5e + 86°M ;o (41)
=2

3
i=1

where the second inequality follows from the Cauchy-Schwarz inequality and the last one is
because of the triangle inequality and the boundedness of {(x%, 5, x5, \¥)}. Define

t t t t
_1 koK. 1 Kook L k K._ 1 k
_t;xl’ x5 .—t;xg, T3 .—EZQ::),, and A .—t;)\ .

k=1

Then, it follows from the convexity of 61, #2 and 3 that

~+ | =

201( D), ba(a3) < %292(33/2“) and 03(zf) <

k=1 k=1

251 { [Z et~ X7 (Z s b>] . [Z Bial) — V)T (Z I b>] }
=1 i=1 i=1 i:13

3
8
< D lHAiw = Al + A~ NI+ 5l Asws — Asal]| 5 + 88°M

Soa(ah).  (42)
k=1

/

L (4.3)

14



Since {(z¥, x5, 25, M)} converges to a saddle point, {(z, x4, 5, \)} also converges to the same

saddle point, and (4.3) implies that
ngXB/\ (LE{<, xé(a xg(y )\K) < .D7

where

3
D:=  sup {Z | Asw} — A% + A" = X2

(x' N)eBxxBy | i
3
/
=1

That is, (x5, \X) is an approximate solution of (1.1) with an accuracy of O(1/t). A worst-

8
—|—§HA31:£1)) - ASJ;gHZQ + 8,82M

case O(1/t) convergence rate measured by the iteration complexity in the ergodic sense is thus
established for the direct extension of ADMM (1.2a)-(1.2d). This completes the proof. O

Remark 4.1. The same convergence rate is claimed in [23] when both 62 and 03 are strongly
convez; but it seems that a new proof is needed to obtain the result in [27].

5 Non-ergodic Worst-case Convergence Rate

In this section, we establish the worst-case convergence rate measured by the iteration complexity
in a non-ergodic sense for the direct extension of ADMM (1.2a)-(1.2d). Note that a non-ergodic
worst convergence rate is generally stronger than its ergodic counterpart. Thus, we need to
make the following additional assumption to derive a non-ergodic worst-case convergence rate.

Assumption 5.1. In (1.1), the functions 01 and 0y are convez, and 03 is strongly convex with

modulus p3 > 0; 003 + Ny, is Lipschitz continuous with constant Ls and ps > o min (A AT

Ao is full column rank matrices and As is nonsingular.

In Assumption 5.1, note that when A3 = R"™, 003 + Ny, reduces to 903 and “003 + Ny, is
Lipschitz continuous” is equivalent to “0f3 is Lipschitz continuous”. For applications satisfying
Assumption 5.1, see, e.g., [31].

First of all, we need to present the optimality measurement for an iterate generated by
(1.2a)-(1.2d). Recall the optimality condition for the subproblems (1.2a)-(1.2c). We know that
an iterate generated by (1.2a)-(1.2d) satisfies the following inequalities:

/ E+INT [ k+1 Ty k+1
(531*551 ) (1 — A1 A )

+BAT [ (Asak — Apah+1) + (Asah — A3$§+1)} >0, Vo, € Ay, (5.1a)
(2 — bt )T ( k1 _gT Ak“) + BAT (Agzh — Agzbt1) > 0,; Val € Xy, (5.1b)
(h — abthHT ( R+l _ A'gr)\k“) >0, Vah € As, (5.1c)

3
NAL=2F =B (Y At = b | (5.1d)
j=1
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Therefore, if we have

Aok — Agab™ =0, (5.2a)
Azxh — A3$k+1 =0, (5.2b)
— \FHL = Z Attt —p = (5.2¢)

then the iterate (x5!, 25 28T AF+1) generated by (1.2a)-(1.2d) is an saddle point in S. Nat-
urally, we can use the residual of (5.2a)-(5.2¢) to measure the optimality of an iterate generated
by (1.2a)-(1.2d).

Let us first prove one inequality in the following lemma, which will play an important role

in our further analysis.

Lemma 5.1. Suppose Assumption 5.1 holds. Let {(x} ktl k+2,x§+3,)\k+1)} be the sequence

generated by the direct extension of ADMM (1.2a)- (1.2(1) with B € (0,2us — %).
min (343

Then we have
1
W= 2 4 5 (gt = AP + Al — Aaaf?)

1 g
> ol = NP S Ak — AP 4 Aarh — AabTPE . (53)
Proof. Setting 2} := z¥ in (5.1a) yields

3
(af —af T [ = ATNT 4 pAT | YAyl — a2t ) ] 2 0.
j=2

Rearranging terms yields

(xlf _ xlf+1)T§]f+1 > (ALT]f _ Alx/{:-i-l)T)\kJrl

3
—B(Arzk — AT DAl — 2l
Jj=2

Moreover, setting z} := xl'H for the kth iteration, we have

(@A —ah)Teh > (At - AN
3
—B(Alxlf'H — Aph)T ZAj(:c;‘f_l — :Ef)

Adding the above two inequalities

(gt — AT (= o

3
—B(Alxlf—Aw’fH T ZAJ : k+1)
3
—B(Ayah Tt — AT ZAJ =y | (5.4)

Jj=
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Similarly, in (5.1b), setting af, = 1:]5’ and setting zf, = xé‘“ in the kth iteration, we have, after

adding the resulting inequalities and rearranging terms,

(Azkarl Agxg)T()\k+1 _ )\k)
> —fB(Asah — Apay ™) (Az(af — 2§t — B(Agaft! — Agah)" (Az(af™ — 28)). (5.5)

Then, from (5.1c) we obtain
(A3$k+1 Agxlg)T()\k+1 o )\k) > Mgnxk—l-l . CEk||2 (56)

Adding (5.4)-(5.6), we have

T
3 3
ZA]x;cﬂ . ZAJ%C ()\k+1 )\k)
J=1 Jj=1
3 3
> —B(Alxlf — All‘]fJFl)T ZAJ(x? ;€+1) B(A xllﬁ+1 . Alsck)T ZA](x‘l;fl . ‘/E])
~B(Aarh — Aaal T (Ag(af —2f™) — BT — Aah)(As(af T —af)). (57)

Notice that (5.1d) is equivalent to

3
Z k—i—l ZA o _l( )\kﬂ)_()\kq_)\k)).

Then the left-hand term of (5.7) can be rewritten into

T

3 3
Do Akt =N Al | ()
j=1 J=1
1 T
= 5 (0 =y - i)k
o R LY e P e e L e Y Cen P ST FCE)

We then treat the right-hand side of (5.7). These terms in the right-hand side of (5.7) can
be written as

3
(Ajaf — Akt — B(Aw ™ — A1) (4, — Ajzh)
Jj= Jj=2
—B(Agah — Agx T (Agak — Azab™) — B(Agzh ™ — Agak)T (Azah™! — Azab)

Mw

—B(Ayzh — ApahtHT

l\')

2
= —ﬁ(A3x3 Ag.kaJrl T Z (A; x —A; xk+1) B(Azh — Alxlerl)T(Agxé - A2m§+1)
7j=1

2
—B(Asaf ™t — Agaf)T ) (Al — Ajak) — B(Aaf T — Ayaf)T (Agal T — Agafy). (5.9)
7j=1
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Using the identity (3.14), we have

2
*B(Agl‘?) Agl’k+1 T Z(A].T;C — Ajﬂ??+1)
j=1

2 2
2 3

p

=3 | Azzk — A3$’§+1||2 + ZAj(x;? — x?“) - ZA]-(:U? — x?“) (5.10)
j=1 j=1
and

—B(Ayzh — AT (Agah — Agah™)

8 - 2
=3 | Ay} — Ay 1?4 | Agah — Apab 1P — | Aj(af —2bTY|| p. (5.11)

j=1

Then, using the Cauchy-Schwarz inequality, for all w > 0, we have

2
—5(143.%'3 A3x3 TZ k-l—l k)
7j=1
3
= —B(Asaf " — Asaf)T Y (At — Ajak) — (AsafT! — Asad)
j=1

—(Aga ™t — Agah)T {(F = A — (A1 A}
+B(Azah™ — Azah)T (Azahtt — Agak)
>~ gt - Aga]? — 5 N X g gt — Ay
sk — Aol - O Age — Asak P, (512
and

— Bl = Aiah)T (Agah ™t = Agah) = — L { [l Attt = Avab)? + | Al - As0)P} (5.13)

N | @

Substituting (5.10)-(5.13) into (5.9), we have
3 3
—B(Azh — Alx]erl)T Z(ij;? - Aja:?Jrl) — B(A; x’f“ AT Z - ijé?)
j=2 =2

—B(Agas — Agas ™) (Azal — Azal™h) — B(Agus™ — Agwh)T (Aza™" — Asah)
5 - 1
5 (||A2$2 A2l‘]2“+1||2 _ ||A21‘2 _ A2113'12€H2) _ ZH)\k: _ >\k+1||2
2

8w _ B8
- (ug -5 3 [Asa§ ™! — Agaf | — 5 |D 0 Aj(af — 25| (5.14)

+1

It follows from the optimality conditions for x]; -subproblem and the optimality condition for

the x’§—subproblem that
AT)\k—i-l € 005 ( k+1)+N ( k+1)
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and
ATNF € 003(x%) + N, (25),

and Assumption 5.1 means that
JATNHE — ATNF|| < Lylaftt — o).

Since Ags is nonsingular, we further get

Lj
AL k)2 < k1 _ k2
H I < 5l ek =l
Combining (5.8) and (5.14), and setting w = ——¥=3— ViZA) it follows from (5.7)
Amin (A3 3

1 _ B _ _
25 VT AN G {lAsa T = s+ s - Asad

1
LA % {14325 — AP + ) dsa — Aok

VL _
+ | s — - | Azz5™! — Asag|?
2 )\min(A?)A;z;)
8 VL
+ s =5 - - | Asak — Azl
21/ Amin (A3 A7)
1
> %W — A2 g {\\Agxg Az TY? + || Agah — Agaf TP } (5.15)
where the last inequality is because of 5 € (0,2us — L) The proof is complete. [

V >\min (ASA?;) '

Based on the above lemma, we are now ready to establish the worst-case convergence rate
measured by the iteration complexity in a non-ergodic sense. We can actually measure this
convergence rate by both O(1/k) and o(1/k) orders. Recall that we use the residual of (5.2a)-
(5.2¢) to measure the accuracy of an iterate of the scheme (3.2a)-(3.2d).

Theorem 5.1. Let {w* := (2}, 25,25, \¥)} be the sequence generated by the direct extension of

ADMM (3.2a)-(3.2d) with 5 € (0,2us — %). Then, we have
min (/1343

1 B
%Hkt = X+ 3 {llAsay — Aga™ | + (| Aga — Apab™*} = O(1/1).

Proof. From (3.22), we have

1
5l Asay — AsaS |52 + ol ™ — | 4 AF - AP

< [|wF = w(g — W =W + §HA39€3 Az Y3 - *HA396k+1 A35|| 3
Setting
2
p = min {ﬁ T B}
26° B[ Af As||
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it follows that
pd g = NP 4 5 (aoh = Aac P + 1 Aach — Aack ) |
< gyl et — Ase§ B + oalef = o - X
< ||wh — \7VH2Q — lwhtt - v“sz) + §||A3:L“3 Agﬂs ||/82 _ ,”Agmkﬂ A3x§||%2,(5'16)

Adding from k& =1 to t, we have

I = X 42 ) Al — Ay P+ Ao — ek

M“

1
< 23

=
Il

< W = Wl + 5l s — Asa)
Using Lemma 5.1 we have
I = A2 4 2 (A — g P + st — Aot}
< W =l + Az = w3},
which means that
1ﬁ”>\t — AP 4 g {1l Asaf — Agabt||? 4 || Agah — AT |?} = O(1/1).
The proof is complete. ]

In Theorem 5.1, we show the worst-case O(1/t) convergence rate in a nonergodic sense for
the direct extension of ADMM (3.2a)-(3.2d). Indeed, following the work [9], we can easily refine
this O(1/t) order to an o(1/t) order, and thus establish a worst-case o(1/t) convergence rate in
a nonergodic sense for the scheme (3.2a)-(3.2d). We summarize it in the following theorem.

Theorem 5.2. Let {w" := (2,25 25 \*)} be the sequence generated by the direct extension of

ADMM (3.2a)-(3.2d) with g € (0,2us — %). Then, we have
min\/13443

1 B
%H/\t = NP+ 5 {1 Asz — Agag™H | 4+ [[Aaah — Apab™ 17} = o(1/1). (5.17)
Proof. 1f adding (5.16) from k = ¢ to 2¢, we have

t{1H>\2t 22y B {HAg:r A2 2 4 (| Agadt — AgattL2 }}
< Z ggI¥ A 5 {1ah — gkt o+ [l Aaah — Ane P}
= Z LN X O gk Aah ) 4 Aok — vk )
—Z LN 2 4 D LA Ak 4 s — vk P}
The limit of the last term in the right-hand side is 0. So, the assertion (5.17) is proved. O

20



6 Globally Linear Convergence

In this section, we show that the globally linear convergence of the direct extension of ADMM
(1.2a)-(1.2d) can be ensured if adequate assumptions are made. Note that the same convergence
rate was analyzed in [24] under stronger conditions. In addition to Assumption 3.1, we make
the following assumptions in this section:

Assumption 6.1. In (1.1), 0 is convez; 02 and 03 are strongly convex with modulus pg > 0
and pg > 0, respectively; 001 + Ny, is Lipschitz continuous with constant Li; As and As are

full column rank matrices and A1 is nonsingular.

First of all, under Assumption 3.1, we can prove a result similar to (3.22). That is, there
exists a constant ( = min{%z, 01,1, 2} > 0, such that

lw* et — | + IIA 25t — Asa§|3

< — ol + Sl Aseh — sz B — ¢ {1 Asah — Apekt B + ik - a2

3
TN Sy iiIIQ} | 6.

1=2

Then, let us explain the roadmap to prove the linear convergence rate of (1.2a)-(1.2d), from
which the reason for making Assumption 6.1 is also clear. Indeed, for this purpose, according
o (6.1), it is clear that we only need to bound ||A**1 — X||? and [|A;2%¥*! — 4;44]2, using the
minus term in (6.1). We first consider ||A;z¥t — A;21||%. Tt follows from (3.18) and (3.5) that

1
Ayt = Aya = B()\k D L I 7 DYy DY R (A333’3€+1 — Asis).
Therefore,

. 1
HAlﬁlerl — A1$1H2 S 3 {

7 A = X2 4 [ Agah Tt — Agio||® + || Asa ™ — Asi‘3||2} . (6.2)

Then, we need to consider how to bound the term | A¥*1 — A||2. Actually, Assumption 6.1 is for
this purpose, as we will elucidate below.

Lemma 6.1. Assume Assumption 6.1 holds. Let (il,ig,ig,j\) be a saddle point in S; let
{(2%, 2k, 25 \F)} be the sequence generated by the direct extension of ADMM (1.2a)-(1.2d).

Then, there erists a constant o > 0 such that
k 3 k+1 A k k+1 k k+1
IV = A2 < o (b = ) + lof — 2§ + ok - 2572).

Proof. 1t follows from the optimality conditions for :B’f“-subproblem and the optimality condi-
tion for Z; that

ATNE+L € 90, (%) + Ny, (251 + BATZ Ak — Aah T
1=2

and
A{)\ € 891(551) + NXl (fl)
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Using Assumption 6.1 and the Cauchy-Schwarz inequality, we get
3
k \ k A, k k
JATA — ATS) < Ll — ]+ 814 S (I4alllad - 4+1)

and the assertion follows immediately from the non-singularity of A;. O

Theorem 6.1. Assume Assumption 6.1 holds. Then the sequence {(x%, 2%, 2% \¥)} generated

by the direct extension of ADMM (1.2a)-(1.2d) converges globally linearly to a saddle point in

Proof. Let (21, %2, 23,A) be a saddle point in S. It follows from (6.2) that
¢
7 4025 — Apaf™HIE, + [laf — 2512 + A" = AP + Z et — 2
=2
¢ 3
¢ {w Sl s
i=2
P Z L Aah AP
A e LAY Agf| ™
¢ . { 2 1 } k+1 2
> = min« 57, 1y — Ay
15 O T T 4 ”
> fymin {2 P Awn(ATAD — P
12 A3 Az|| [| A3 As]]
= 7l — 21, (6.3)
where 1 = 1% min {52 HATlAzH’ HATlAgH } )\min(AF{Al).

On the other hand, we have

3
¢ R
7 9 A28 — Apg s + flaf — 25T+ AF = AP 4 D e -
=2

> S L Ase§ — Aot 3 + 1 — a5}

> & L6 (AT Aol — 52 + ok — 2k

> & min {32 Anin (AF A2), 1} { o} — kP + 1 — 257112}

= 73 {lla§ — a2 + 12§ — k2, (6.4)

where T = %min {Bz)\min(AgAg), 1}.
Adding (6.3) and (6.4) and using Lemma 6.1, we have

3
% {I!Azx'z“ = Aoy B [l — a5 TP A = NP Yt - @HQ}
=2

> riflaf = ) + 7o {2 — b + ok — 2§+ - 2R

> min {ri, 72} {lof " = 20 + lo§ — 2§12+ [l — 2§72 4 A% — A2
i

= 7[R — )12, (6.5)
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where 7 = L min {r, 7}

Moreover, we have

g{r\A2x§—A2x§+lw|§z+\|x§ P 4 P 3 b xzw}

=2
C 3
k k+1 k A
25 {Hxa — a5 TP —l’iHQ}

1=2

¢| 3 8 k+1 1 o Al
=3 (sl e ||52+252HATA A = Al
3
¢ . 3 1 8 At b1 = Al
> 2 min ; —||Aszs — Aszs ™ + Ayt — Ayt
25 852||A3TA3|| B2”ATA2|| 3” 343 343 H,82 ;’ (el i ZH,BQ
8
— {3|’A3m’§ Ak + 3 A — 4 9“”62} | "
=2
P ¢ 3 1
where 7' = 252 mm{8||A§A3H’ AT Az || }

It follows from (6.5) and (6.6) that
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where @ is defined in (2.8) and its positive definiteness is ensured by Assumption 6.1 and

o' = min {7, 7'}.
Then, combining (6.1) and (6.7), we obtain

lw* et — | + *||A3~’Uk+1

1 k ~ 2 8
Aa§lBe < o { I = I+ G ldseh — sk
which implies the linear convergence rate of the sequence generated by the direct extension of
ADMM (1.2a)-(1.2d) under the @-norm. The proof is complete. O

Remark 6.1. As just proved, Assumption 0.1 is sufficient to ensure the globally linear conver-
gence of the direct extension of ADMM (1.2a)-(1.2d). Indeed, the same convergence rate could
be ensured under other assumptions. For example, we can alter Assumption 6.1 as follows:

“In (1.1), 01 is convex; O3 and 03 are strongly convex with modulus ps > 0 and ps > 0, re-
spectively; and for i = 2 (Resp., i = 3), 002 + Ny, (Resp. 003 + Nx,) is Lipschitz continuous
with constant Ly > 0 (Resp., Lz > 0) and Ay (Resp., As) is nonsingular, Az (Resp., Ag) is full
column rank. ”

Then, the globally linear convergence of the direct extension of ADMM (1.2a)-(1.2d) can be
established analogously.
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Remark 6.2. Note that the direct extension of ADMM (1.2a)-(1.2d) is a splitting, thus inezact,
version of the augmented Lagrangian method in [20, 50], which has been proved in [72] to be
an application of the prozimal point algorithm (PPA) in [25, 20]. Since the convergence rate of
PPA is known to be only linear in [72], the linear convergence rate is the most we can expect
for the direct extension of ADMM (1.2a)-(1.2d). The linear convergence rate is indeed ideal
for the generic convex model (1.1), and thus very strict conditions should be posed to gain this
convergence rate. In fact, even for the original ADMM to tackle a two-block linearly constrained
separable convexr minimization model, its linear convergence rate can only be established for
special cases (e.g., [1, 15]) or generic cases but with strong assumptions on the model (e.g.,
[7, 8]). Usually, the conditions that can ensure the linear convergence rate of (1.2a)-(1.2d) are
too strict to be satisfied by the majority of the concrete applications of the abstract model (1.1).
In this sense, discussing the global linear convergence rate for the direct extension of ADMM
(1.2a)-(1.2d) only makes a theoretical sense.

7 Conclusions

In this paper, we discuss the convergence of the direct extension of alternating direction method
of multipliers (ADMM) for solving a three-block linearly constrained convex minimization model
whose objective function is the sum of three functions without coupled variables. Our main
result is that the direct extension of ADMM with a chosen penalty parameter is convergent
when one function in the objective is strongly convex, together with some minor assumptions on
the coefficient matrices in the constraints. Our condition differs from some existing conditions
which require the strong convexity for two or three functions in its objective, and this condition
can be easily satisfied by many concrete applications. Thus, we close the gap between the
empirical efficiency of the direct extension of ADMM which has been long observed for some
applications and the lack of reasonable theoretical justification. Our result also differs from some
proved convergence results in the literature for various twisted schemes, because we work on the
original scheme of the direct extension of ADMM. We also establish the worst-case convergence
rate measured by the iteration complexity and the linear convergence rate in asymptotical sense
under additional assumptions on the model under consideration. This deeper study on the
convergence rate helps us better understand the theoretical aspects of the direct extension of
ADMM, and thus sheds lights onto the convergence analysis study for its more-than-three-block
counterparts whose objective function has at least four functions, which we believe is still open.

Last, we would like to mention that instead of the original scheme (1.2a)-(1.2d), we can also
study the scheme

(2} = argmin {Lg(x1, 25, 25, \") | 21 € X1}, (7.1a)
o5 = argmin {Lg(2fH, w2, 28, N) | 22 € b}, (7.1b)
o§ = argmin {Lg(2f T, 251 23, AF) | 25 € A3}, (7.1¢c)

3
N = AP — 3B~ At —b), (7.1d)
i=1

where vy € (0,1). Since the relaxation factor v can be arbitrarily close to 1, asymptotically this
scheme has no difference from the direct extension of ADMM (1.2a)-(1.2d). Similarly, we can
discuss the convergence and estimate the convergence rate under different conditions for the
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scheme (7.1a)-(7.1d), and indeed, their proofs can be presented with easier notation than what

we present in this paper.
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