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Abstract We derive a lower bound for the sample com-

plexity of the Sample Average Approximation method

for a certain class of multistage stochastic optimiza-

tion problems. In previous works, upper bounds for such

problems were derived. We show that the dependence

of the lower bound with respect to the complexity pa-

rameters and the problem’s data are comparable to

the upper bound’s estimates. Like previous results, our

lower bound presents an additional multiplicative fac-

tor showing that it is unavoidable for certain stochastic

problems.

Keywords Stochastic programming · Monte Carlo

sampling · Sample average method · Complexity

1 Introduction

Consider the following T -stage stochastic programming

problem represented in the nested form

min
x1∈X1

{
f(x1) := F1(x1) + E|ξ1

[
inf

x2∈X2(x1,ξ2)
F2(x2, ξ2)+

E|ξ[2]

[
... +E|ξ[T−1]

[
inf

xT∈XT (xT−1,ξT )
FT (xT , ξT )

]] ]}
,

(1)

driven by the random data process ξ1, ..., ξT . Here, xt ∈
Rnt , t = 1, ..., T , are decisions variables, Ft : Rnt ×
Rdt → R are continuous functions and Xt : Rnt−1 ×
Rdt ⇒ Rnt , t = 2, ..., T , are measurable multifunc-

tions. The (continuous) function F1 : Rn1 → R, the
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(nonempty) closed set X1 and the vector ξ1 are deter-

ministic. Moreover, ξ[t] := (ξ1, . . . , ξt) denotes the his-

tory (information) available until stage t by the decision

maker.

If the (conditional) distribution of ξt (given ξ[t−1]) is

continuous, problem (1) cannot be addressed directly,

except for some trivial cases. In fact, the (conditional)

expected value operators are multidimensional integrals

on Rdt , that are typically impossible to evaluate with

high accuracy even for moderate values of the dimen-

sion.

Hence, one usually makes a discretization of the ran-

dom data of problem (1) building a scenario tree. A

classical idea is to construct the tree via Monte Carlo

conditional sampling techniques. Given the scenario tree,

one solves the SAA problem, that is, problem (1) with

the discrete random data. This is the basic idea of the

SAA method.

In general, even if we solve the SAA problem ex-

actly, its first-stage optimal decision will not be op-

timal for the true problem. So, there exists an error

that comes from the fact that we are approximating the

true stochastic process. Suppose that the true stochas-

tic problem has an optimal solution. One can inves-

tigate sufficient conditions on the stage sample sizes

N2, . . . , NT in order to guarantee that the following con-

ditions happen (jointly) with probability at least 1−α:

(i) any first-stage δ-optimal solution of the SAA prob-

lem is a first-stage ε-optimal solution of the true prob-

lem, and (ii) the set of first-stage δ-optimal solutions of

the SAA problem is nonempty; where ε > 0, δ ∈ [0, ε),

and α ∈ (0, 1) are specified parameters that we denote

by complexity parameters. Let us point out that this

notion of complexity (with condition (ii) being implic-

itly assumed) was proposed and studied in [3, 5, 7].
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In [4], it was given an explicit definition of the sam-

ple complexity of SAA method for instances and classes

of T -stage stochastic optimization problems. In the same

reference, it was argued that estimates of the sample

sizes derived in [7] and [5] are upper bounds estimates

for the sample complexity of static and multistage prob-

lems, respectively, satisfying some reasonable regular-

ity conditions. In [4] it was obtained an explicit upper

bound estimate for the complexity of T -stage problems

under relaxed regularity conditions. We will see later

that it was important to relax these conditions in order

to make a fair comparison between the upper and lower

bounds estimates of the sample complexity.

In section 2, we state the definition of sample com-

plexity for T -stage stochastic problems and some exten-

sions on the complexity’s upper bounds obtained in [4].

In section 3, we present a family of T -stage convex

stochastic optimization problems where it is possible to

derive a lower bound for the sample complexity of each

one of these problems. We apply this result to derive

our lower bound for the sample complexity of a family

of convex T -stage problems. In section 4, we compare

our lower bound with the one derived for multistage

financial optimization problems through no-arbitrage

reasoning arguments. We also indicate one possible way

to extend our results to the class of linear multistage

optimization problems. In section 5, we make our fi-

nal remarks. This section is followed by a technical ap-

pendix.

2 Definition of the sample complexity and its

upper bound

We follow closely reference [4] where the respective def-

initions were stated. Consider a scenario tree with T -

stages possessing the following node structure: every

tth-stage node has Nt+1 successors nodes in stage t+ 1,

for t = 1, ..., T − 1. Under this assumption, the total

number of scenarios in the tree is equal to

N =

T∏
t=2

Nt.

We denote the sets of (first-stage) ε-optimal solu-

tions, respectively, of the true and the SAA problems

as

Sε := {x1 ∈ X1 : f(x1) ≤ v∗ + ε} (2)

and

ŜεN2,...,NT
:= {x1 ∈ X1 : f̂(x1) ≤ v̂∗ + ε}, (3)

for ε ≥ 0. The quantities v∗ and v̂∗ are the optimal-

values of the true and the SAA problems, respectively.

Observe that v̂∗ and ŜεN2,...,NT
depend on the sample

realization.

Definition 1 (The Sample Complexity of an instance

of T -Stage Stochastic Optimization Problem) Let (p)

be a T -stage stochastic optimization problem. Given

ε > 0, δ ∈ [0, ε) and α ∈ (0, 1), we define the set of

viable samples sizes N (ε, δ, α; p) as{
(M2, ...,MT ) :

∀ (N2, ..., NT ) ≥ (M2, ...,MT ) ,

P (G ∩H) ≥ 1− α

}
,

where

G :=
[
ŜδN2,...,NT

⊆ Sε
]

and H :=
[
ŜδN2,...,NT

6= ∅
]
.

The sample complexity of (p) is defined as

N(ε, δ, α; p) := inf

{
T∏
t=2

Mt : (M2, ...,MT ) ∈ N (ε, δ, α; p)

}
.

Definition 2 (The Sample Complexity of a class of T -

Stage Stochastic Programming Problems) Let C be a

nonempty class of T -stage stochastic optimization prob-

lems. We define the sample complexity of C as the fol-

lowing quantity depending on the parameters ε > 0,

δ ∈ [0, ε) and α ∈ (0, 1)

N(ε, δ, α; C) := sup
p∈C

N(ε, δ, α; p).

In [4], upper bounds estimates of the sample com-

plexity of T -stage problems were derived considering

the identical conditional sampling scheme under the fol-

lowing regularity conditions:

(M0) The random data is stagewise independent.

(M1) For all x1 ∈ X1, f(x1) is finite.

For each t = 1, . . . , T − 1:

(Mt.1) There exist a compact set Xt with diameter Dt

such that Xt(xt−1, ξt) ⊆ Xt, for every xt−1 ∈ Xt−1
and ξt ∈ supp(ξt). Here, supp(ξt) is the support of the

random vector ξt.

(Mt.2) There exists a (finite) constant σt > 0 such that

for any x ∈ Xt, the following inequality holds

Mt,x(s) := E [exp (s(Qt+1(x, ξt+1)−Qt+1(x))]

≤ exp
(
σ2
t s

2/2
)
, ∀s ∈ R. (4)

(Mt.3) There exists a measurable function χt : supp(ξt+1)→
R+ such that, for a.e. ξt+1 ∈ supp(ξt+1), we have that∣∣Qt+1(x′t, ξt+1)−Qt+1(xt, ξt+1)

∣∣ ≤ χt(ξt+1) ||x′t − xt||
(5)
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holds, for all x′t, xt ∈ Xt. Moreover, its moment generat-

ing function Mχt
(s) is finite-valued in a neighborhood

of zero.

(Mt.4) For almost every ξt+1 ∈ supp(ξt+1), the con-

straint multifunction Xt+1(·, ξt+1) restricted to the set

Xt is continuous.

Item (M1.1) just asserts that the compact set X1

contains the first-stage feasible set X1 (e.g. X1 = X1).

The functions Qt+1 : Rnt×Rdt+1 → R̄, t = 1, . . . , T−1,

are the stage optimal-value functions and they satisfy

the following dynamic programming equations

Qt+1(xt, ξt+1) = inf

{
Ft+1(xt+1, ξt+1) +Qt+2(xt+1)

: xt+1 ∈ Xt+1(xt, ξt+1)

}
,

(6)

where Qt+1(xt) := E [Qt+1(xt, ξt+1)], for t = 1, . . . , T −
1, and QT+1(xT ) ≡ 0. These functions do not depend

on the history until stage t by the stagewise indepen-

dence hypothesis (condition (M0)). For more details

concerning this point, the reader should consult refer-

ence [6, Chapter 3].

Let us recall the identical conditional sampling scheme.

Firstly, we generate independent observations of the

stage random vectors, say

SN2,...,NT
:=
{
ξjt : t = 2, . . . , T, j = 1, . . . , Nt

}
, (7)

where Nt is the number of copies (sample size) of the

random vector ξt, for t = 2, . . . , T . Given the sample

realization, we consider the tree with the following set

of scenarios or paths{(
ξ1, ξ

j2
2 , . . . , ξ

jT
T

)
: 1 ≤ jt ≤ Nt, t = 2, . . . , T

}
. (8)

Moreover, we consider the empirical probability mea-

sure on the tree

P̂
[
ξ2 = ξj22 , . . . , ξT = ξjTT

]
=

T∏
t=2

#{1 ≤ i ≤ Nt : ξit = ξjtt }
Nt

,

(9)

for 1 ≤ jt ≤ Nt and t = 2, . . . , T . In this scheme, the

empirical distribution is also stagewise independent.

The following result summarizes theorem 4 of [4]

and the discussion that follows it. To the best of our

knowledge, this kind of result, that concerns an esti-

mation of an upper bound of the sample complexity of

multistage stochastic optimization problems, was first

derived on [5].

Proposition 1 Consider a T -stage stochastic optimiza-

tion problem that satisfies conditions (M0), (M1) and

(Mt.1)-(Mt.3), for t = 1, . . . , T − 1. Let N2, . . . , NT be

the sample sizes, Lt := E [χt(ξt+1)], for t = 1, . . . , T −1

and let γ > 1 be arbitrary. Suppose that the scenario-

tree is constructed following the identical conditional

sampling scheme. Then, for ε > 0, δ ∈ (0, ε) and α ∈
(0, 1), it follows that

N(ε, δ, α; p) ≤
T−1∏
t=1

max{At, Bt} =: UPPER(ε, δ, α; p)

(10)

where, for t = 1, . . . , T − 1,

At :=

⌈
8σ2

t (T − 1)2

(ε− δ)2

[
nt log

(
4ργLtDt(T − 1)

ε− δ

)
+ log

(
4(T − 1)

α

)]⌉
,

(11)

Bt :=

⌈
1

Iχt
(γLt)

log

(
2(T − 1)

α

)⌉
.(12)

Moreover, if the problem also satisfies conditions (Mt.4),

for t = 1, . . . , T − 1, then (10) also holds for δ = 0 with

the same values of At and Bt, t = 1, . . . , T − 1.

Here, the function Iχt(·) is the convex conjugate (or

Fenchel transform) of the function log(Mχt
(·)), for t =

1, . . . , T − 1; and ρ > 0 is an absolute constant that we

know is at most 5 [4, Lemma 3]. For sufficiently small

values of ε − δ > 0, we have that At ≥ Bt for each

t = 1, . . . , T − 1. The dependence of At with respect

to ε and δ is determined by the difference ε − δ. So,

considering δ = 0, α ∈ (0, 1) fixed and ε > 0 sufficiently

small, we observe that the growth rate of UPPER(·)
with respect to ε > 0 is at most of order(
σ2

ε2

[
n log

(
LD(T − 1)

ε

)])T−1
(T − 1)2(T−1), (13)

where the problem’s parameters n, σ, L and D are the

maximum of the corresponding stagewise parameters.

The estimate above was obtained for general multistage

stochastic optimization problems. This class contains

the class of multistage convex problems, and in partic-

ular, the classes of linear and polyhedral problems. To

write the result for this class, we need to consider uni-

formly bounded conditions on the instances’ parameters

in order to prevent this quantity to be +∞. In corollary

2 of [4], we have considered the following conditions

(UB) There exist positive (finite) constants σ, M , n ∈
N, γ > 1 and β such that for every instance (p) ∈ C
and t = 1, . . . , T − 1,

(i) σ2
t (p) ≤ σ2,

(ii) Dt(p)× Lt(p) ≤M ,

(iii) nt(p) ≤ n,
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(iv) (0 <)β ≤ Iχt(p)(γLt(p)).

Then, it is immediate from the previous proposition

the following upper bound for the class C of all T -

stage stochastic optimization problems satisfying (M0),

(M1), (Mt.1)-(Mt.4) and (UB):

N(ε, δ, α; C) = sup
P∈C

N(ε, δ, α;P ) ≤
T−1∏
t=1

max{Āt, B̄t},

(14)

where, for t = 1, . . . , T − 1,

Āt :=

⌈
8σ2(T − 1)2

(ε− δ)2

[
n log

(
4ργM(T − 1)

ε− δ

)
+ log

(
4(T − 1)

α

)]⌉
,

(15)

B̄t :=

⌈
1

β
log

(
2(T − 1)

α

)⌉
. (16)

3 The main result

Here, we obtain a lower bound for the sample com-

plexity of a class of T -stage stochastic problems that

satisfies the previous regularity conditions and the uni-

formly bounded condition. So, when we compare the

derived lower bound with the previous upper bound, we

are obtaining estimates that hold for the same class of

problems. Observe that in [5, 6] condition (Mt.3) was

assumed in a more restrictive form. In fact, it was as-

sumed that

χt(ξt+1) = Lt, (17)

for a.e. ξt+1 ∈ supp(ξt+1) and t = 1, . . . , T − 1. Here,

we have assumed only that χt(ξt+1) has a finite mo-

ment generating function in a neighborhood of zero.

This is exactly the assumption that was considered in

the derivation of the bound for static problems (see [7,

Page 120, condition (A2)]). Moreover, to the best of

our knowledge, for multistage stochastic problems, the

case δ = 0 have been firstly analyzed on [4]. It is worth

noting that the examples below do not satisfy condi-

tion (17). This was one of the reasons that has moti-

vated us to derive in [4] upper bounds under relaxed

regularity assumptions when compared to the previous

results in the literature. Moreover, we point out that

each instance below is a multistage convex (continuous)

stochastic optimization problem.

Let T ≥ 3 be an integer. For each k ∈ N, consider

the instance (pk) of a T -stage stochastic optimization

problem (1) with the following data

– ξ = (ξ2, . . . , ξT ) is stagewise independent, ξt ∼ N(0,

s2In), for every t = 2, . . . , T , s > 0 and n ∈ N,

– F kt (xt, ξt) := −2k 〈ξt, xt〉, for t = 2, . . . , T ,

– Xk
t (xt−1, ξt) := {xt−1}, for t = 2, . . . , T ,

and F k1 (x1) := ||x1||2k and Xk
1 := 1

kBn, where Bn is the

closed unit euclidean ball of Rn.

The scenario-tree is constructed following the iden-

tical conditional sampling scheme. Consider the inde-

pendent random vectors

SN2,...,NT
:=

{
ξit ∼ N(0, s2In) :

i = 1, ..., Nt,

t = 2, ..., T

}
, (18)

and that each tth-stage node has the same Nt+1 succes-

sors nodes, ξ1t+1, . . . , ξ
Nt+1

t+1 , for t = 1, . . . , T − 1. More-

over, given the sample realization, the conditional prob-

ability of the states on the tree are equal to the uncon-

ditional ones and the discrete version of the random

data is also stagewise independent.

Let us derive the objective functions fk(·) and f̂k(·),
respectively, of the true problem and the SAA prob-

lem given SN2,...,NT
. To simplify the notation, we have

dropped the subscript of the SAA objective function

writing f̂(·). We will do the same to the corresponding

optimal-value functions, that we will derive on the way.

We begin with the T th-stage (optimal) value function

obtained by the dynamic programming equation:

QT (xT−1, ξT ) = inf
xT∈XT (xT−1,ξT )

{−2k 〈ξT , xT 〉}

= −2k 〈ξT , xT−1〉 .
(19)

The true problem and SAA problem T th-stage cost-

to-go functions are obtained, respectively, by taking the

expected value ofQT (xT−1, ξT ) with respect to the true

distribution of ξT and its discrete version:

QT (xT−1) = E [−2k 〈ξT , xT−1〉] = 0,

Q̂T (xT−1) = Ê [−2k 〈ξT , xT−1〉] = −2k
〈
ξ̄T , xT−1

〉
,

(20)

where ξ̄T = 1
NT

∑NT

i=1 ξ
i
T . Continuing backward in stages,

it is not difficult to verify that:

Qt(xt−1, ξt) = −2k 〈ξt, xt−1〉 ,
Q̂t(xt−1, ξt) = −2k

〈
ξ̄t + · · ·+ ξ̄T , xt−1

〉
,

(21)

where ξ̄t := 1
Nt

∑Nt

i=1 ξ
i
t, for t = 2, . . . , T − 1. It follows

from (21) that the true and SAA first-stage cost-to-go

functions are

Q2(x1) = 0

Q̂2(x1) = −2k
〈
ξ̄2 + ...+ ξ̄T , x1

〉
,

(22)

Let us define η := ξ̄2+ ...+ ξ̄T , so by (22), it follows that

fk(x1) = ||x1||2k and f̂k(x1) = ||x1||2k − 2k 〈η, x1〉, for

x1 ∈ 1
kBn. The (unique) first-stage optimal solution of

the true problem is x̄1 = 0, so its optimal-value is v∗ =
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0. Moreover, the (exact) first-stage optimal solution of

the SAA problem is given by:

x̂1 =


0 , if ||η|| = 0
1

||η||γk
η , if 0 < ||η|| ≤ ( 1

k )2k−1

1

||η||k
η , if ||η|| > ( 1

k )2k−1

(23)

where γk =
2k − 2

2k − 1
.

Hence, given ε ∈
(
0, 1

k2k

)
, x̂1 is an ε-optimal solution

of the true problem if, and only if, ||η||2k(1−γ) ≤ ε.

Define vk := 2k(1 − γk) = 2k/(2k − 1). By (18), η ∼

N

(
0,

T∑
t=2

s2

Nt
In

)
. Considering the harmonic mean, say

hm, of the numbers N2, ..., NT :

T − 1

hm
:=

T∑
t=2

1

Nt
,

it follows that:

η ∼ N

(
0,
s2(T − 1)

hm
In

)
. (24)

Here, we analyze the case δ = 0, i.e. that we ob-

tain an exact optimal-solution to the SAA problem. We

write N (ε, α; pk) and N(ε, α; pk), respectively, instead

of N (ε, 0, α; pk) and N (ε, 0, α; pk).

Now, we will show that if (N2, . . . , NT ) ∈ N (ε, α; pk),

for ε ∈
(
0, 1

k2k

)
and α ∈ (0, ᾱ), where ᾱ := P

[
χ2
1 > 1

]
≈

0.3173, then

N :=

T∏
t=2

Nt ≥
(

s2

ε2−
1
k

)T−1
[n(T − 1)]

T−1
. (25)

SinceN(ε, α; pk) = inf
{∏T

t=2Nt : (N2, . . . , NT ) ∈N (ε, α; pk)
}

,

the right-hand side of (25) will be a lower bound for the

sample complexity of the instance (pk).

Indeed, suppose that (N2, . . . , NT ) ∈ N (ε, α; pk) where

ε and α are as specified before, then

P [||η||vk ≤ ε] ≥ 1− α. (26)

This is equivalent to α ≥ 1−P [||η||vk ≤ ε] = P [||η||vk > ε].

It follows from (24) that
hm

s2(T − 1)
||η||2 ∼ χ2

n.

Observe also that

P
[

hm

s2(T − 1)
||η||2 > ε2/vk hm

s2(T − 1)

]
= P [||η||vk > ε] .

Since the sequence P
[
χ2
n > n

]
is monotone increasing

and P
[
χ2
1 > 1

]
= ᾱ, if α ∈ (0, ᾱ) we must necessarily

have ε2/vk hm
s2(T−1) > n, that is:

hm >
s2

ε2/vk
n(T − 1). (27)

It is a well known result that the harmonic mean of

(positive) real numbers is always less than or equal to

its geometric mean

gm := (N2...NT )1/(T−1) = N1/(T−1). (28)

So, we arrive at the following lower bound for N :

N >

(
s2n

ε2−
1
k

)T−1
(T − 1)

T−1

=

(
σ2
kn

4ε2−
1
k

)T−1
(T − 1)

T−1
.

(29)

We will show in a moment that σk = 2s, for all

k ∈ N. Observe the similarities between (29) and (13),

without the logarithm term. The additional multiplica-

tive factor of (29) is of order (T − 1)(T−1), instead of

(T −1)2(T−1). Even having a smaller growth order, this

shows that such multiplicative factor is unavoidable,

and that the number of scenarios for T -stage problems

can grow much faster with respect to T than merely

the number of scenarios for the static case to the power

of T − 1. This confirms the results firstly stated in [4].

Moreover, we conclude by (29) that

lim
ε→0+

N(ε, α, {pk : k ∈ N})
ε2(T−1)−s

= +∞, (30)

for all s ∈ (0, 2(T − 1)), showing a growth order that is

almost 1/ε2(T−1), when ε→ 0+.

Now, let us verify that each instance (pk) satisfies

the regularity conditions (M0) and (Mt.1)-(Mt.4), for

t = 1, . . . , T −1. Condition (M0) is trivially true. Defin-

ing X kt := 1
kBn, for t = 1, . . . , T − 1, we see that

Dk
t := diam(X kt ) = 2/k and Xt(xt−1, ξt) ⊆ X kt , for

every xt−1 ∈ X kt−1 and ξt ∈ Rn. So, conditions (Mt.1)

and (Mt.4) hold, for every t = 1, . . . , T − 1. Moreover,∣∣∣Qt+1(x′t, ξt+1)−Qt+1(xt, ξt+1)
∣∣∣ =

2k
∣∣∣ 〈ξt+1, x

′
t − xt〉

∣∣∣ ≤ 2k||ξt+1|| ||x′t − xt||,
(31)

for all x′t, xt ∈ X kt and ξt+1 ∈ Rn, so condition (Mt.3) is

satisfied with χkt (ξt+1) = 2k||ξt+1||. As we have pointed

out, observe that does not exists L ∈ R such that the

optimal-value function is L-Lipschitz-continuous, with

probability one, in the first-variable. In fact, let L > 0

be arbitrary and take x′t, xt ∈ X kt such that z := x′t −
xt 6= 0. Consider the following (nonempty) open subset

of Rn

E := {ξ ∈ Rn : cos(θξ,z) > 1/2, ||ξ|| > L/k} ,

where θξ,z ∈ [0, π] is the angle between (the nonzero)

vectors ξ and z. Since int(E) 6= ∅ and ξt+1 ∼ N(0, s2In)
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(with s > 0), we conclude that P [ξt+1 ∈ E] > 0. More-

over, for ξt+1 ∈ E, we have∣∣∣Qt+1(x′t, ξt+1)−Qt+1(xt, ξt+1)
∣∣∣ = 2k

∣∣∣ 〈ξt+1, x
′
t − xt〉

∣∣∣ =

2k cos(θξt+1,z)||ξt+1|| ||x′t − xt|| > L||x′t − xt||.

Finally, we show that (Mt.2) holds. In fact, for every

xt ∈ X kt

Qt+1(xt, ξt+1)−Qt+1(xt) = −2k 〈ξt+1, xt〉 ∼
N(0, 4k2||xt||2s2),

(32)

so σt = σ := 2s > 0 is such that this family of random

variables is σ-sub-Gaussian.

Now, we show that the (UB) condition is also sat-

isfied. Conditions (i.) and (iii.) are trivially satisfied.

Moreover,

Lkt := E
[
χkt (ξt+1)

]
= 2ksE [||Z||] = 2kcns, (33)

where Z ∼ N(0, In) and the last equality follows from

lemma 1 of the appendix. So, Dk
t × Lkt = 4cns =: M ,

for all k ∈ N and t = 1, . . . , T − 1. Since ||ξ|| ≤ ||ξ||1,

we obtain the following

Mχk
(θ) = exp (2k||ξ||θ) ≤ 2n exp

(
2nk2s2θ2

)
,∀θ ∈ R.

(34)

Consequently, for γ > 1 (see also lemma 2)

Iχk
t
(γLk) ≥ 1

4
γ2 − n log(2), (35)

for all t = 1, . . . , T − 1 and k ∈ N. Taking γ = 2
√
n we

obtain that Iχk
t
(γLk) ≥ n(1 − log(2)) ≥ 1 − log(2) =:

β(> 0). So, we have verified all the items of (UB). We

can summarize the discussion above in the following

proposition.

Proposition 2 Let C be the class of all T -stage stochas-

tic convex problems satisfying the regularity conditions

(M0), (Mt.1)-(Mt.4), for t = 1, . . . , T − 1, and (UB)

with arbitrary constants σ > 0, M > 0, n ∈ N, γ > 1

and β > 0, where 1
2γ

2 ≥ β + n log(2). Then, for α

(fixed) sufficiently small,

lim
ε→0+

N(ε, α; C)
ε2(T−1)−z

= +∞, for all z ∈ (0, 2(T − 1)). (36)

The proof is immediate, since C ⊇ {pk : k ∈ N}, for

sufficiently small s > 0, which implies that N(ε, α; C)
≥ N(ε, α; {pk : k ∈ N}).

4 Further considerations

In this section, we discuss two issues that were pointed

by an anonymous referee.

A stream of research on multistage financial stochas-

tic optimization problems have derived some sample

complexity’s lower bounds through no-arbitrage reason-

ing arguments. Here, we give a very brief and incom-

plete review of this literature. In [2], it was addressed

how the discretization of the random data for multi-

stage financial stochastic programming models, whose

state-variables are typically assumed continuous, can

introduce arbitrage opportunities in the scenario tree.

The author has also illustrated that even when arbi-

trage opportunities cannot be explored directly by the

decision maker, because of trading restrictions (e.g. pres-

ence of no short-sale constraints) or markets with fric-

tion (e.g. presence of trading costs), they may introduce

strong bias in the optimal investment strategy. In [1],

the authors stated necessary conditions for the node

structure of a scenario tree to rule out arbitrage oppor-

tunities. Indeed, they have asserted that the branching

factor of each node of the tree must, at least, equal the

number of non-redundant assets on the financial model.

Then, they have studied how this condition affects some

computational strategies applied on the scenario tree,

like state aggregation and scenario reduction, in order

to the reduce its number of scenarios.

In our framework, let us verify how this bound com-

pares with ours. Consider a multistage financial op-

timization model that is possible to invest in n non-

redundant securities at the beginning of each period.

Following the reasoning that the branching factor of

the scenario tree must be at least n to avoid arbitrage

opportunities, the total number of scenarios in the tree

must be at least

N =

T∏
t=2

Nt ≥ nT−1, (37)

that is exponential with respect to the number of stages.

For financial stochastic optimization problems, the no-

arbitrage condition can be seen as a kind of a priori in-

formation that one wants to impose to the tree. In fact,

this condition is fundamental to the arbitrage pricing

theory in finance. Of course, it is interesting to obtain

lower bounds, such as ours, that are applicable to any

field of multistage stochastic problems, including finan-

cial problems.

Moreover, it is worth noting that our bound was

derived without assuming this extra a priori condi-

tion. Observe also that, in our context, equation (37)

could only be obtained assuming that the feasible sets
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of each stage are unbounded. In fact, the complete ar-

gument is that if the SAA problem admits arbitrage

opportunities, then it would not have an optimal so-

lution, since the optimal-value of the problem would

be unbounded. However, for compact feasible sets, this

is not the case (even for unbounded sets like the non-

negative orthant), so it is not clear how one could obtain

this lower bound in this situation. Observe that, oppo-

site to the situation when one derives upper bounds,

the regularity conditions, such as compactness of the

feasible sets (etc), make it difficult the derivation of

lower bounds as they restrict the class of problems. So,

it worth noting that our lower bound was derived un-

der “nice” regularity conditions, that are, in fact, “nice”

to derive upper bounds, and only turns the task harder

when one tries to obtain lower bounds. Moreover, in our

lower bound the base in which we observe the exponen-

tial dependence on the number of stages also depends

on (T − 1)/ε2−s, 0 < s < 2, additionally to the dimen-

sion of the decisions variables n. Its growth order with

respect to T is much higher than the one in (37).

So, to the best of our knowledge, estimates such

as ours have never been derived before for multistage

stochastic optimization problems and this work is a

natural extension of the stream of research given by

references [3, 5, 7], where upper bounds for the sample

complexity of the SAA method were derived.

Another interesting consideration is that most mul-

tistage stochastic optimization problems that are solved

in practice are linear. So, it would be interesting to ob-

tain sample complexity’s lower bounds for this class of

problems. Here, we make only preliminary considera-

tions concerning this point. First of all, observe that

the linear and the polyhedral classes could be seen as
essentially the same, since by adding one extra decision

variable for each stage, we can cast any polyhedral prob-

lem as a linear one. Of course, the reciprocal is immedi-

ately true, since every linear problem is also polyhedral.

Moreover, our examples can be approximated arbitrar-

ily well by polyhedral problems. Indeed, one just need

to approximate function F k1 (x1), that is ||x1||2k, by a

polyhedral function (and also the stage feasible sets).

Of course, the details must be carried out with care,

but this indicates that it is possible to obtain a similar

lower bound for the sample complexity of multistage

linear stochastic optimization problems.

5 Discussion

In this paper, we have obtained a lower bound for a

well-behaved family of multistage convex stochastic op-

timization problems. This was done by constructing a

family of examples of T -stage problems that were possi-

ble to derive a lower bound for each one of its instances.

The dependence of the lower bound with respect to

some of the problem’s parameters, like σ > 0 and n,

were similar to the one observed in the upper bound.

The dependence with respect to ε was almost of order

1/ε2(T−1). Moreover, additionally to the exponential be-

havior of the upper and lower bounds with respect to

the number of stages, we have shown that a multiplica-

tive factor at least of order (T − 1)(T−1) is unavoidable

for some problems. This represents an even more ex-

treme growth behavior required for the total number of

samples than just the static’s behavior to the power of

T − 1. A topic for further investigation is the deriva-

tion of a lower bound for the class of multistage linear

stochastic optimization problems. We believe that it is

possible to obtain a similar lower bound for this class,

but one must work out the details with care.

6 Appendix: some technical lemmas

Lemma 1 Let ξ be a multivariate standard Gaussian

random vector, i.e. ξ ∼ N(0, In), n ∈ N. Then

n√
n+ 1

≤ E [||ξ||] =

√
2Γ

(
n+1
2

)
Γ
(
n
2

) ≤
√
n, (38)

where Γ (s) :=
+∞∫
0

us−1 exp{−u}du, s > 0, is the gamma

function.

Proof The probability density function of ξ is given by

fξ(x) =
1

(2π)n/2
exp

{
−||x||

2

2

}
,∀x ∈ Rn. (39)

Observe that fξ(x) = g(||x||), where

g(r) =
1

(2π)n/2
exp

{
−r

2

2

}
.

So, the expected-value of ||ξ|| is

E [||ξ||] =

∫
x∈Rn

||x||g(||x||)dx =

∫ +∞

0

Sn−1(r)rg(r)dr,

(40)

where Sn−1(r) =
nπn/2

Γ
(
n
2 + 1

)rn−1 is the surface area of

the sphere of Rn with radius r. So, we need to solve the

following integral in one variable

E [||ξ||] =
nπn/2

(2π)n/2Γ
(
n
2 + 1

) ∫ +∞

0

rn exp
{
−r2/2

}
dr.
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(41)

Making the change of variables u = r2/2, one can easily

verify the equality in (38). The upper bound is an imme-

diate consequence of Jensen’s inequality, since E
[
||ξ||2

]
=

n. Finally, using an induction argument on k ∈ N, for

n = 2k − 1 and n = 2k (separately), one can show the

lower bound after some tedious calculations. It is not

difficult to verify our claims and, for such, it is worth

noting that Γ (s) = (s − 1)Γ (s − 1), for s > 1, and

Γ (1/2) =
√
π. �

Lemma 2 Let χk(ξ) := 2k||ξ||, where ξ ∼ N(0, s2In),

s > 0, cn =
√
2Γ(n+1

2 )
Γ(n

2 )
and k ∈ N. The following condi-

tions hold:

i. Lk := E [χk(ξ)] = 2kcns, ∀k ∈ N.

ii. Iχk
(γLk) ≥ 1

4γ
2 − n log(2), ∀k ∈ N and γ > 1.

Proof The first item is immediate from lemma 1. Let

us show the second item. Taking the logarithm on (34),

we obtain

mχk
(t) := log (Mχk

(t)) ≤ n log(2) + 2nk2s2t2, ∀t ∈ R.
(42)

Let y > 0 be arbitrary, then

Iχk
(y) = sup

t∈R
{ty −mχk

(t)}

≥ sup
t∈R

{
ty − n log(2)− 2nk2s2t2

}
=

y2

8ns2k2
− n log(2).

(43)

Given γ > 1, take y := γLk on (43) to obtain the

following lower bound

Iχk
(γLk) ≥ c2nγ

2

2n
− n log(2). (44)

From (38), it follows that
c2n
n ≥

n
n+1 ≥ 1/2, for all

n ∈ N, and we obtain estimate (ii.). �
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