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Abstract

We suggest a modification of the descent splitting methods for decompos-
able composite optimization problems, which maintains the basic convergence
properties, but enables one to reduce the computational expenses per iteration
and to provide computations in a distributed manner. It consists in making
coordinate-wise steps together with a special threshold control.
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1 Introduction

The general optimization problem consists in finding the minimal value of some goal
function i : RY — R on a feasible set X C R™. For brevity, we write this problem as

min — 4i(x), (1)

its solution set is denoted by X* and the optimal value of the function by u*, i.e.

* = inf .
p' = f pu(x)
It is well known that solution methods that take into account peculiarities of particular
problems show better computational results than general purpose oriented ones. For
this reason, there exists a necessity to develop new versions and modifications, which are
adjusted for certain applied problems, despite the wide variety of existing optimization

methods. For instance, a great number of applications reduce to problem (1), where

p(x) = f(x) + h(x), (2)

where f : RY — R is a smooth, but not necessary convex function and h : RY — R
is not necessary smooth, but rather simple and convex function. That is, we obtain a
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non-convex and non-differentiable optimization problem, which appears too difficult for
solution with usual subgradient type methods, especially, if it has high dimensionality.
However, the “simplicity” of f suggests a different treatment of these functions during
the computational process and leads to the (forward-backward) splitting iteration:

<f/(Xk) + a71<xk+1 _ Xk), y — Xk+1> (3)
+h(y) = h(x*"1) >0 Vye X,

where o > 0 is a stepsize parameter. Clearly, (3) coincides with the (explicit) projection
method if A = 0 and with the (implicit) proximal method if f = 0. Observe also that
(3) has always a unique solution because its cost function is strongly convex. After
inserting a suitable line-search procedure, we obtain a descent splitting method (see
[1]), which provides convergence to stationary points under rather mild assumptions.
The usefulness of this approach becomes clear if (1)—(2) is decomposable. For instance,

let
N

h(x) = Z hi(z)

and X = X; x ... x Xy, X; CRfori=1,...,N. Then (3) becomes equivalent to n
independent one-dimensional problems of the form

min — {rig,(x") + (20) 7 (& — o) + ha()}. (4)

of (%)
ox;

where g;(x) =
in [2, 3, 4, 5].

Rather recently, decomposable optimization problems of form (1)—(2) were paid
significant attention due to their big data applications; see e.g. [3, 4, 6, 5] and the
references therein. However, these problems can have huge dimensionality, besides, the
proper methods should be adjusted to possible distributed computational process. For
this reason, even solution of all the one-dimensional problems of form (4) may appear
too expensive.

The main goal of this paper is to suggest a modification of descent splitting methods
for decomposable composite optimization problems of form (1)—(2), which maintains
the basic convergence properties, but enables one to reduce the computational expenses
per iteration and to provide computations in a distributed (multi-agent) manner. It
consists in making coordinate-wise steps together with a special threshold control proce-
dure. This procedure was proposed in [7] for bi-coordinate descent smooth optimization
methods. We observe that it is rather usual for general non-differentiable optimization
methods (see e.g. [8]), and was suggested for decomposable variational inequalities in
9, 10, 11].

A few words about our notation. As usual, we denote by R?® the real s-dimensional
Euclidean space, all elements of such spaces being column vectors represented by a
lower case Roman alphabet in boldface, e.g. x. We use superscripts to denote different

Further development of this class of methods can be found e.g.



vectors, and subscripts to denote different scalars or components of vectors. For any
vectors x and y of R®, we denote by (x,y) their scalar product, i.e.,

<X7 y> = XTy = Z TiYi,

i=1

and by ||x|| the Euclidean norm of x, i.e., [|x| = v/(x,X).

2 Problem formulation and preliminary properties

Let us consider a partitionable optimization problem of form (1)—(2). That is, set
N ={1,..., N} and suppose that there exists a partition

N:iM

with |N;| = N;, N =Y N;, and N; N, = @ if i # j such that
i=1

n

X=X x..xX,=[][X (5)
i=1
where X is a non-empty, convex, and closed set in R¥: for i = 1,...,n. Then, any point
x = (z1,...,2n)" € RY isrepresented by x = (x1,...,X,) where x; = (2;);en; € RV
for i = 1,...,n. For brevity, set
(X4, ¥i) = (X1, s X1, ¥is Xit 1, - - 5 Xnn)-

Also, we suppose that
hix) = hi(xi), (6)
i=1

where h; : X; — R is convex and has the non-empty subdifferential 0h;(x;) at each
point x; € X, for i = 1,... n. Then each function h; is lower semi-continuous on X,
the function A is lower semi-continuous on X, and

Oh(x) = Ohy(x1) X ... X Ohp(x,), Vxe€ X.

So, our problem (1)—(2), (5)—(6) is rewritten as

xEX1X...xXp

min - — p(x) = {f(X) + hi(Xi)} : (7)



As before, we suppose that the function f : RN — R is smooth, but not necessary
convex. Set g(x) = f'(x), then

B0 = (1. .00) T where ) = (1) emYio1n

The simplest case where n; = 1 forallz=1,...,n and n = N corresponds to the scalar
coordinate partition; cf. (4). From the assumptions above it follows that the function
1 is directionally differentiable at each point x € X, that is, its directional derivative
with respect to any vector d is defined by the formula:

o d) = (g(60).d) + (), with H(ad) = Y- max (bod):  (8)
i—1 i €0 (X

see e.g. [12].

We recall that a function ¢ : R* — R is said to be coercive on a set D C R? if
{p(u*)} = +oo for any sequence {u*} C D, ||[u*|| — oo. We will in addition suppose
that the function p : RY — R is coercive on X, then problem (1)-(2), (5)-(6) (or (7))
has a solution.

We start our considerations from the optimality condition.

Proposition 2.1 (a) Each solution of problem (7) is a solution of the mized varia-
tional inequality (MVI for short): Find a point x* € X = Xy X ... x X, such that

n

S ()., +Z (x1)] 2 0 )

- Vy; € X;, for 1=1,.
(b) If f is convex, then each solution of MVI (9) solves problem (7).
Proof. If x* solves MVI (9), then, by convexity, we have
fly) = f(X) + h(y) = h(x") 2 (8(x"),y —x7) + h(y) — h(x") 2 0

for every y € X, i.e. x* solves (7). Conversely, let x* solve problem (7). If x* does not
solve MVT (9), there is a point x" € X such that

(g(x*),x' —x*) + h(x') — h(x*) =0 < 0.

Take A > 0 and set x(\) = Ax’' 4+ (1 — A)x*. Then x(\) € X if A € (0,1). At the same
time, we have



It follows that

for A € (0,1) small enough, a contradiction. 0

In what follows, we denote by X° the solution set of MVT (9) and call it the set of
stationary points of problem (7).

Fix a > 0. For each point x € X we can define y(x) = (y1(x),...,y.(x))" € X
such that

n

D (gix) + oM (yi(x) = xi),yi — yi(x)) + Z [hi(y:) — hi(yi(x))] = 0

=1

— (10)
Vy, € X;, fori=1,...,n.

This MVI gives a necessary and sufficient optimality condition for the optimization
problem:

Joxuin = z; ®i(x,y4), (11)

where
0i(x,yi) = (8i(x),yi) + 0507 [x; — yill* + ha(yi) (12)
fori=1,...,n;cf. (4). Under the above assumptions each ®;(x, ) is strongly convex,

hence problem (11)—(12) (or (10)) has the unique solution y(x), thus defining the single-
valued mapping x — y(x). Observe that all the components of y(x) can be found
independently, i.e. (11)—(12) is equivalent to n independent optimization problems of
the form
' (X%, i), 13
min — (X, y;) (13)

for i =1,...,n and y;(x) just solves (13).
Proposition 2.2 (a) x = y(x) <= x € X;

(b) The mapping x — y(x) is continuous on X ;

(¢) For any point u € X it holds that

((y(x)), y(x) — u) + h(y(x)) — h(u) 1)
< {aly(x)) — £(x), y(x) =) + o~ {y(x) ~ x.u — y(x)).

Proof. If x = y(x), then (10) implies x € X°. Conversely, let x solve MVT (9), but
X # y(x). Then setting y = x in (10) gives

(g(x),x — y(x)) + h(x) = h(y(x)) = ™|y (x) —x[* > 0,

5



which is a contradiction. Part (a) is true. To prove (b), take arbitrary x’, x” € X and
set y' = y(x') and y” = y(x”) for brevity. Then from (10) it follows that

(g(x) +a™'(y = x),y" = y) +h(y") = h(y') 2 0
and
(g(x") + a7 (y" = x"),y = ¥") + h(y') = h(y") > 0.
Summing these inequalities gives
(g(x) —g(x") —a (¥ =x"),y" —y) 2 a7 |y = y'II%,
hence
lg(x) — ")l + a7 X —x"| > a7y = ¥l
This means the mapping x — y(x) is continuous and part (b) is true. To prove (c),
we again use (10) and obtain

(8(y(x)),y(*) = u) + h(y(x)) — h(u)
= (8(y(x)) — g(x) — a7 (y(x) — x),y(x) —u)
+Hgx) + a7 (y(x) — x),y(x) —u) + h(y(x)) — h(u)
< (8(y(x)) —g(x) —a H(y(x) — x),y(x) — ),
which gives (14). O

Set A(x) = ||lx —y(x)]] and A;(x) = ||x; — yi(x)]], then A%(x) = i A?(x). We see
i=1

that the value A(x) can serve as accuracy measure at a point X.
We establish now a useful descent property. Define for brevity M = {1,... ,n}.

Lemma 2.1 Tuke any point x € X and an index i € M. If
ds:{ yi(X) — x; if s =1,

0 if 5 i;
then
p(xid) < —aHlyi(x) — x| * (15)
Proof. Due to the definition of d and (8), we have
06 d) = (g0, ) + W6 d) = () + (i) (16

At the same time, (10) is equivalent to m independent problems of the form
(8i(x) + o H(yi(x) — xi),yi — yi(x)) + hi(y:) — hi(yi(x)) > 0 Vy; € X;.
Setting y; = x; here gives
(gi(x), di) + hi(yi(x)) — hi(xi) < —aH|x; — yil* (17)
By convexity, we have
(bi,di) < hi(yi(x)) — hai(x)
for any b; € 0h;(x;). In view of (16), we now obtain (15). O



3 The descent splitting method with inexact line-
search

Denote by Z, the set of non-negative integers. The basic cycle of the descent splitting
method with inexact line-search for MVI (9) is described as follows.

Basic cycle 1. Choose a point x € X and numbers a > 0, § > 0, 8 € (0,1),
g€ (0,1).

At the k-th iteration, k = 0,1,..., we have a point x* € X.

Step 1: Choose an index i € M such that A;(x*) > 4, set i), = 1,

qF — yo(x") —xF if s =y,
710 if 5 % i

and go to Step 3. Otherwise (i.e. when A,(x*) < § for all s € M) go to Step 2.
Step 2: Set z = x* and stop.
Step 3: Determine m as the smallest number in Z, such that

p(xt +0md") < p(x’) — BalOMAT(x"), (18)

set \p = 0™, x1 = x¥ + \,d¥, and k = k + 1. The iteration is complete.

Lemma 3.1 The line-search procedure in Step 3 is always finite.
Proof. If we suppose that the line-search procedure is infinite, then
07" (u(x* +0md") — u(x*)) > —Ba”tAY(x"),

for m — oo, hence, by taking the limit we have p/(x*; d*) > —pa"tA%(x*), but Lemma
2.1 gives p/(x*;d*) < —a7'AZ(xF), hence (1 — 3)A?(x*) <0, a contradiction. O

We obtain the main property of the basic cycle.
Proposition 3.1 The number of iterations in Basic cycle 1 is finite.

Proof. By construction, we have —oco < p* < pu(x*) and pu(x**1) < pu(x*) — Ba=toN,
hence the sequence {z*} is bounded and has limit points, besides,

k—o0
Suppose that the sequence {x*} is infinite. Since the set M is finite, there is an index
i, = 1, which is repeated infinitely. Take the corresponding subsequence {k}, then,

without loss of generality, we can suppose that the subsequence {x"} converges to a
point X, besides, A;,_(x") = |d¥||, and we have

(Ao, /0) 7 (X" + (A, /0)d™) — p(x"™)) > —Ba™||d;”

2
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Using the mean value theorem (see e.g. [12, Theorem 2.3.7]), we obtain

(g" +t*,d") > —fa
taking the limit s — oo we have

(f'(%) +t.d) > —pa|di]|*,
for some t € Oh(X), where d = y(X) — X due to Proposition 2.2 (b). On the other
hand, using Lemma 2.1 gives
(f(®) +t.d) < p/(%d) < —a i,

hence (1 — ﬂ)||az-||2_ < 0, which implies d; = 0. However, by construction, we have
|d¥|| > 6, hence ||d;|| > & > 0, which is a contradiction. O

The whole method has two-level iteration scheme where each stage of the upper
level invokes Basic cycle 1 with different parameters. Similar two-level schemes were
applied in solution methods for decomposable VI's in [9, 10, 11].

Method (Upper level). Choose a point z° € X and a sequence {§;} \, 0.
At the I-th stage, [ = 1,2,..., we have a point z~' € X and a number 6;. Apply
Basic cycle 1 with x° = z!~!, § = §; and obtain a point z' = z as its output.

Theorem 3.1 The sequence {z'} generated by the method with Basic cycle 1 has limit
points, all these limit points are solutions of MVI (9). Besides, if f is convez, then

lim pu(z') = p*; (19)
l—o0
and all the limit points of {z'} belong to X*.

Proof. Following the proof of Proposition 3.1, we see that the sequence {z'} is bounded
and has limit points, besides, u(z!™!) < u(z'), hence

lim p(z") = .
l—o0

Take an arbitrary limit point Z of {z'}, then
lim z* = Z.
5—00

For [ > 0 we have

Ai(z') < 6 for all i € M,
hence A(z!) < §/n. Due to Proposition 2.2 (b), taking the limit [ = I, — oo, we
obtain A(z) = 0 or y(z) = z. Due to Proposition 2.2 (a), this means that the point z
solves MVT (9). Next, if f is convex, then by Proposition 2.1 (b), each limit point of
{z!} solves problem (7). It follows that y = p* and (19) holds. O

In case h = 0, the method is a new decomposable version of the well known projec-
tion ones; see [13, 14]. Similarly, in case h = 0 and X = RY it differs from the known
versions of the coordinate descent methods; see e.g. [15, 14].
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4 Modifications

The above descent method admits various modifications and extensions. For instance,
we can replace Step 2 in Basic cycle 1 with the following.
Step 2: Set u = x*, v = y(xF),

” { u if p(u) <
v if u(v) <

pu(v),
p(u);
and stop.

We call this modification Basic cycle 2. Then the assertions of Lemma 3.1 and
Proposition 3.1 clearly remain true for this version. This is also the case for Theorem
3.1. Tt suffices to observe that now A(u') < dp/n and ||z! — u!|| < §y/n, where u! = u
at the end of the I-th stage. Then the sequences {z'} and {u'} have the same limit
points and the result follows.

Next, we can take the exact one-dimensional minimization rule instead of the cur-
rent Armijo rule in (18). We call this modification Basic cycle 1a and Basic cycle
2a, respectively. The convergence then can be obtained along the same lines; see e.g.
[16, Section 6.1]. However, it seems more valuable for parallel and distributed com-
putational schemes to provide the step-size choice without calculation of the function
value in all the variables; in contrast to (18). We can attain this goal by several means.
First of all we note that (18) becomes decomposable and reduces to

filsf +07d]) + hi(xf +07dY) < filx)) + hi(x]) — BaT " AT (XY),
if f is separable, i.e.

f(x) = Z fi(xi).

However, we intend to give proper implementations in the non-separable case.

4.1 Step-size choice in the convex case

If the function f is convex, we can replace (18) with the following:
(gi(x" +0md"), d) + 07" {ha(xi +07d)) — hi(x))} < —BaT AT (20)

see e.g. [17, p.198] and [16, p.297]. Note that the trial point x* + 6™d* has the shift
from x* only in d¥, hence it can be implemented independently of other variables.
This modification seems also useful if the computation of partial derivatives is not so
expensive in comparison with that of the function f. From (20) it now follows that

p(x" +0ma%) — p(x") = f(x"+0ma%) — f(xF) + hi(xF 4 67d)) — hi(x])
< 0™ (gi(x" + 6™d"),dF) + hi(xF + 0™dF) — hi(x])
< —p0ma A (xN),



and (18) holds true. We call this modification Basic cycle 1b and Basic cycle 2b,
respectively. In order to justify this version, we show that Lemma 3.1 remains true. In
fact, if we suppose that the line-search procedure is infinite, then

(gi(x" +0md"),df) + 607" {hi(x} + 6™d)) — hi(xf)} > —Ba ' AZ(XF);

for m — oo, hence, by taking the limit we have y/(x*; d*) > — a1 A%(x*), but Lemma
2.1 gives p/(x%;d*) < —a 'A?(x*), hence (1 — B)A2(x*) < 0, a contradiction.

The proof of Proposition 3.1 follows the same lines and is omitted. Of course, the
assertion of Theorem 3.1 remains true for this version.

4.2 Step-size choice in the Lipschitz gradient case

If the gradient of the function f is Lipschitz continuous with some constant L > 0, i.e.,

17 (y) = F'(Il < Llly —x]|

for any vectors x and y, we can give an explicit lower bound for the stepsize. However,
it seems more suitable to utilize partial Lipschitz continuity conditions of the form

lgi(x +d®) — gi(x)|| < Lil|dV| = Li|ldi

for any vector x, where
if s =1,

. d.
(6 — g
d { 0 if s #1;

for i € M and any vector d = (dy,...,d,)" € RY. Then, clearly, L; < L for each
1 € M. We recall the useful property of the functions having the Lipschitz continuous
gradient

fy) < f(x) + (f'(x),y —x) + 0.5Lly — x|

see [18, Lemma 1.2]. Similarly, for any vectors x and d, we have
fx+dY) < f(x) + (gi(x),d;) +0.5L]|d;||> Vi€ M. (21)
If d; = yi(x) — x;, then (17) and (21) give

p(x 4+ 2MdD) — p(x) = f(x + MDY = £(x) + hi(x; + Ady) — hy(x;)
< M{gi(x), di) + hi(yi(x)) = hi(xi)} + 0.5L: 2| dy |
—AatAY(x) + 050N A (x) = =A™ — 0.5L\)AF(x)

<
< —Bra A (%),

if A <Ay =2(1—p)/L;. It follows that (18) holds with Ay > min{1,0\;,)} >~ > 0.
Besides, knowing some evaluation of the partial Lipschitz constants, we can simply
take the restricted stepsize values Ay € [N, A;,)| with A’ > 0 at Step 3, which reduces
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the computational expenses essentially and admits independent or parallel implemen-
tation. Then calculations of the goal function values are not necessary. We call this
modification Basic cycle 1c and Basic cycle 2c, respectively. Obviously, the asser-
tions of Proposition 3.1 and Theorem 3.1 remain true for this version. Observe, that
the smaller is the partial Lipschitz constant, the longer step can be made. Furthermore,
we can take a collection a = (ay,...,q,)" € R" with positive entries and solve the
partial auxiliary optimization problems of form (11)—(12) with different o = «, thus
obtaining vectors y;(x*), with verifying the condition a;'A;(x*) > 6. Then we can
again remove the line-search procedure in Step 3 and simply set

1 { ys(x*) if s = iy,
s XI; if s % ’lk
It is easy to see that fixed values of «;, e.g. a; = 1/L;, will provide the same convergence
properties.

Moreover, we can make modifications in some other direction. Namely, at Step
1 of the basic cycle we can take an arbitrary number of indices ¢ € Mj, such that

S Ay(x¥) > 6 and define

i€My,

g — { yo(x*) —x*  if s € M,
s 0 if s ¢ M.
Clearly, this modification will keep all the convergence properties with possible ac-
celeration if necessary. The order of verification of the indices has no influence for
the theory, but may be very significant for implementation. We can take for example
cyclical or certain learning verification strategies. Similarly, we can implement some
adaptive strategy to avoid calculation of all the partial derivatives even in the restart
situation, which implies Step 2. For instance, take two threshold numbers ¢' and ¢”,
t' < t". If we have an index i € M such that A;(x*) > ¢ after ¢t < ¢ trials, we can
increase d, otherwise, if we have A;(x*) < § after ¢t > ¢” trials, we can decrease ¢, etc.
These opportunities make the method very flexible and suitable for parallel and
distributed computational schemes in the case of decomposable high-dimensional op-
timization problems; see e.g. [14, 2]. A great number of coordinate-wise methods were
developed for various big data optimization problems, which just have the form (1)—
(2), i.e. involve smooth and non-smooth functions; see e.g. [3, 4, 6] and the references
therein. A method based on the splitting type auxiliary problem of form (11)—(12) was
proposed in [5]. However, it requires calculation of all the partial derivatives at each
iteration, because it is based on the computation of the marginal value max;e s A;(x*),
because the basic index i, is either its exact maximizer or attains it with certain accu-
racy. Our approach does not require such a computation. So, the coordinate-wise steps
in our method can be implemented independently. Therefore, the method appears also
suitable for multi-agent applications; see e.g. [19].
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5 Convergence rates

We recall the basic assumptions on the main problem (7). We suppose that the function
f : RV — R is smooth, but not necessary convex, X; is a non-empty, convex, and
closed set in RN for i = 1,..., N, and h; : X; — R is convex and has the non-empty
subdifferential Oh;(x;) at each point x; € X;, for i = 1,...,n. We also suppose that
the cost function p is coercive on X.

We take the method with Basic cycle 1 and establish its finite termination under
the following sharp solution condition; see [20, Section 2.2].

There exists a number 7 > 0 such that, for each point v € X, it holds that

(8(v),v = m(v)) + h(v) = h(mo(v)) = 7l[v = mo (V)]
where my(v) denotes the projection of a point v onto X°.

Theorem 5.1 Let a sequence {z'} generated by the method with Basic cycle 1. Suppose
that the sharp solution condition holds. Then the method terminates with a point of
X0,

Proof. From Proposition 2.2 (¢) with u = m(y(x)) we now have

Tlly(x) —uf < (g(y(x)), y(x) — ) + h(y(x)) — h(u)
< (ls(y(x) — gl + o ly(x) = x[)l[u - yx)II

hence,
7 < (lg(y(x) —g)|| + oy (x) —x]).
Setting x = z! here, we obtain a contradiction with A(z!) < §/n — 0ifl - cc. O

This property holds true for all the modifications of the basic cycle and corresponds
to the similar properties of the projection methods; see [21].

As the method has a two-level structure with each stage containing a finite number
of iterations of the basic cycle, it is more suitable to derive its complexity estimate,
which gives the total amount of work of the method. We take for simplicity the method
with Basic cycle 2¢ and suppose that the function f is convex and Lipschitz continuous
and its partial gradients satisfy Lipschitz continuity conditions with constants L; for
each 1 € M. Then it was showed in Section 3 that A, > /_\(ik) > X > 0 and /_\(i) =
21— 8)/Ls

We use the value ®(x) = u(x) — p* as an accuracy measure for our method. More
precisely, given a starting point z° and a number ¢ > 0, we define the complexity of
the method, denoted by N (), as the total number of iterations at [(¢) stages such that
[() is the maximal number [ with ®(z') > ¢, hence,

N(e) < ZN(z), (22)



where Ny denotes the total number of iterations at stage I. We proceed to estimate
the right-hand side of (22). To change the ¢§;, we apply the rule

6 =v'60,0=0,1,...; ve(0,1),5 >0. (23)

By (22), we have )
p(xMh) < p(xF) = Ba= A,

hence
Ngy < a®(z1)/(BAG}). (24)

Under the above assumptions from Proposition 2.2 (¢) with u = x* € X* we now have
ply(®) — p(x") < (8ly(x)),y(x) = x") + h(y(x)) — h(x")
< (L+a lly(x) —x[[x" = y(x)].

! we obtain

Setting x = u
®(z') < ®(u') < d(L+a HAW) <d(L+a h)aw/n,
where d denotes the diameter of the set

X' ={xeX|ux) <uiz)}.

It follows that
Vﬁl(e) < d(L + Oéil>(50\/ﬁ/€ = 01/8.

Next, using (24) now gives
Nuy < ad(L + a "o 1/n/(BAS}) = ad(L + o " Wn/(BAvé) = Cov™' 71
Combining both the inequalities in (22), we obtain

()
N(E) <Cw ') v<Ge™®-1)/1-v)
=1

< Cy(Ch/e—=1)/(1 —v).
We have obtained the first estimate.

Theorem 5.2 Let a sequence {z'} generated by the method with Basic cycle 1c, where
rule (23) is used. Suppose that the function f is convex and Lipschitz continuous and
its partial gradients satisfy Lipschitz continuity conditions with constants L; for each
1 € M. Then the method has the complexity estimate

N(e) < Ca(Ch/e = 1)/(1 =),
where Cy = d(L + a™Ydgy/n and Cy = ad(L + a~1)\/n/(BNd).
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Suppose additionally that the function f is strongly convex with constant sc. Then
problem (7) has a unique solution x*. From Proposition 2.2 (c¢) with u = x* we have

xlx* —y(x) |1 < ply(x) — p(x") < (gly(x),y(x) —x) + h(y(x)) — h(x*)
< (L4 Yly(x) —x[l[x* =y,

hence
#||x" —y(X)[| < (L+a)[ly(x) — x|

and
p(y(x)) = p(x*) <L+ a )P ly(x) — x|*.

!, we obtain

Setting x = u
(z) < B(u') < 5L+ a)ns? = Cad?,

It follows from (23) and (24) that
Ny < 3 HL+a7) ), /(BAG]) = > (L + a™')*n/(BAv?) = Cov?,

and
I(e) <0.5In(Cs/e)/In(v).

Combining these inequalities in (22), we obtain
N(e) <U(e)Cyv? < 0.5C, In(C3/e)/(v* In(v™1)).

This estimate corresponds to the linear rate of convergence.

Theorem 5.3 Let a sequence {z'} generated by the method with Basic cycle 1c, where
rule (23) is used. Suppose that the function f is strongly convex with constant » and
Lipschitz continuous and its partial gradients satisfy Lipschitz continuity conditions
with constants L; for each i € M. Then the method has the complexity estimate

N(e) < U(e)Cyr 2 < 0.5C, In(Cs/e) /(v In(v™1)),

where C3 = dse (L + oY) and Cy = s Y (L + a0/ (BN).

We observe that the order of the estimates is similar to that in the usual projection
(splitting) methods under the same assumptions; see e.g. [13, 2].
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Table 1: The numbers of iterations (it) and derivative calculations (cl)

(GDS) (MDS) (DS1a)

it cl it cl it cl
N=2 2 4 2 4 2 4
N =5 10 50 10 50 19 60
N=10 |17 170 57 570 65 209
N=20 |35 700 161 3220 203 679
N =40 | 105 4100 | 901 36040 | 738 2869
N =80 | 228 18240 | 3244 259520 | 3555 11638
N =100 | 201 20100 | 4787 478700 | 4331 16869

6 Computational experiments

In order to check the performance of the above methods we carried out preliminary
series of computational experiments. Due to the similarity of iterative processes, we
tested only descent splitting method with Basic cycle 1 or 1la ((DS1) or (DSla), re-
spectively, for short). The main goal was to compare it with the marginal coordinate
descent splitting method, which selects the direction with the maximal value of A;(x*),
i.e., calculates all the partial derivatives ((MDS) for short). Besides, we took also the
usual descent splitting method, which coincides with the steepest descent one in case
h=0and X = RY ((GDS) for short). We took the single coordinate partition of RY,
ie.,set N=nand N; =1fori=1,..., N. We took A(x*) as accuracy measure, chose
the accuracy 0.1 and set o = 1 for all the methods. The methods were implemented
in Delphi with double precision arithmetic. For simplicity, we took only unconstrained
test problems when X = RY.
In the first series, we took the convex quadratic cost function

p(x) = 0.5)|Ax — b||> + 0.5]]x]|?,
where b was a fixed vector whose elements were defined by trigonometric functions,
for instance, a;; = sin(i/j) cos(ij) and b; = (1/7)sin(i), as well as the starting point
z” with 2 = j|sin(j)|. Here we took versions with exact line-search. For (DSla), we

chose the rule §;;1 = vd; with v = 0.5. The results are given in Table 1.
In the second series, we took the composite convex cost function

p(x) = f(x) + h(x),

where

f(x) = 0.5||Ax — b||* + 0.5]|x||?
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Table 2: The numbers of iterations (it) and derivative calculations (cl)

(GDS) (MDS) (DS1)
it cl it cl it cl
N =2 7 14 7 14 7 14
N =5 10 50 28 56 32 75
N=10 |10 100 |75 750 74 210
N =20 |30 600 | 225 4500 258 980
N =40 |66 2640 | 468 18720 | 471 1957
N=80 |73 5840 | 1120 89600 | 1159 5037
N =100 | 85 8500 | 1271 127100 | 1271 5890
and
N
h(X) = Z |xl‘>
i=1

where elements of A and b were again defined by trigonometric functions, for instance,
mi; = 1/(i + 1) + 2sin(i/j) cos(ij)/j and b, = nsin(i), as well as the starting point
z’ with 2) = n|sin(j)|. Here we took versions with the Armijo line-search of form
(20). For (DS1), we chose the parameters § = 6 = 0.5 and the rule §,;1 = vé; with
v = 0.5. The results are given in Table 2. In all the cases, (DSla) and (DS1) showed
the explicit preference over (MDS). Here, we see even their preference over (GDS).
However, for problems where A" A was closer to the unit matrix, (GDS) showed rather
rapid convergence in comparison with (DSla). Besides, we compared (DS1) with the
usual cyclic descent splitting method ((CDS) for short) with additional evaluation of
all the line-searches. The results are given in Table 3. We see that (CDS) requires
less iterations for the same accuracy, but taking arbitrary descent directions increases
the number of line-searches. Thus, we conclude that (DS1) performance seems rather
satisfactory, but tuning its parameters needs further investigations.

7 Conclusions

We described a new class of coordinate-wise descent splitting methods for decomposable
composite optimization problems involving non-smooth functions. These methods are
based on selective coordinate variations together with some threshold strategy. We
show that they keep the convergence properties of the usual descent splitting ones
together with reduction of the total computational expenses. Besides, they are suitable
for large scale problems and can be implemented in a distributed (multi-agent) manner.
The preliminary results of computational tests showed rather satisfactory convergence.
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Table 3: The numbers of iterations (it), derivative calculations (cl), and line-searches

(Is)

(CDS) (DST)

it cl Is it cl Is
N =2 11 11 22 7 14 23
N=5 51 51 172 | 32 75 96
N =10 130 130 345 | 74 210 227
N =20 | 543 543 1463 | 258 980 939
N =40 | 883 883 2303 | 471 1957 1618
N =80 | 2165 2165 5805 | 1159 5037 3734
N =100 | 2605 2605 6203 | 1271 5890 4090
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