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Abstract

In this paper, we consider a combinatorial optimization problem, the Maximum
Weighted Clique Problem (MWCP), a NP-hard problem. The considered problem
is first formulated in the form of binary constrained quadratic program and then
reformulated as a Difference Convex (DC) program. A global optimal solution is
found by applying DC Algorithm (DCA) in combining with Branch and Bound
scheme with SDP relaxation technique. Computational experiments are reported
for problem instances provided by Macambria and de Souza [4] and other instances
generated following the scheme of H.Späth [24].

Keywords: DC Programming, DCA, Quadratic Programming, Weighted Cliques,
SemiDefinite Programming

1 Introduction

The Maximum Weighted Clique Problem (MWCP) can be seen as the generalization
of Boolean quadratic programming and maximal clique problems with a cardinality
constraint. So it is a NP-hard problem. In the work of Hunting et al. [17] several appli-
cations are given, for example to facility location and dispersion problem. This problem
also arises as a subproblem in a column generation approach to graph partionning (see
[19]).

Exact Branch and Cut algorithms for MWCP based on linear programming have been
proposed by Dijkhuizen and Faigle [3], Park et al. [20], Mehrotra[18]. These studies deal
with graphs with up to 30 nodes whereas - as formulated by Macambira and de Souza
[4] - “the real challenge is to solve problems with n ≥ 40 nodes”. Different cutting
strategies for a branch and cut algorithm are examined in the work of Macambira and
Souza and they managed to solve problems instances with up to 48 nodes. Hunting et
al. also provided several new classes of facet defining inequalities for the clique polytope.
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They used some of the inequality classes in Lagrangian relax-and-cut algorithm to solve
the same problem instances as in [4]. In recent work, M.Sorensen [19] also introduced
four new classes of inequalities and used the Branch and Cut algorithm for the MWCP
in which the same problem instances in [4] were tested. Several heuristic methods have
been also provided in [1].

In the present paper, we propose a continuous approach based on DC programming
and DCA for MWCP. DC programming and DCA (DC Algorithms) were introduced by
Pham Dinh Tao in their preliminary form in 1985. They have been extensively developed
since 1994 by Le Thi Hoai An and Pham Dinh Tao and become now classic and more
and more popular (see e.g. [8, 15, 21, 22]). DCA has been successfully applied to many
large-scale (smooth or nonsmooth) nonconvex programs in various domains of applied
sciences for which it provided quite often a global solution and proved to be more robust
and efficient than standard methods.

A so-called DC program is that of minimizing a DC function over a convex set.
According to the theory of DC programming and via the well-known result concerning
exact penalty [11, 16], we can easily formulate the MWCP as DC programs. We then
suggest using DC programming approach and DCA to solve the problem. A global
algorithm is introduced when we combine DCA in a Branch and Bound scheme and
speed up the algorithm with the SDP relaxation techniques.

The paper is organized as follows. A short introduction, followed by problem state-
ment and different formulations in Section 2. Section 3 is devoted to DCA and SDP
relaxation in a Branch and Bound scheme. Section 4 reports the computational results.
The paper will be completed by some conclusions.

2 Problem statement

Let Kn = (V,E) be the complete undirected graph with V = {1, 2, . . . , n}. To every
node i ∈ V a weight di is assigned and weights cij are associated to the edges in E. The
Maximum Weighted Clique Problem (more precisely, the maximum weighted b-clique
problem - MWCPb) is to find, among all complete subgraphs with at most b nodes (for
some integer b ∈ {1, 2, . . . , n}), a subgraph (clique) for which the sum of the weights of
all the nodes and edges in the subgraph is maximum.

2.1 Binary Constrained Quadratic Programming Formulation

Since a given edge weight is included in the sum only if the associated pair of nodes is
in the subgraph, a natural, nonlinear formulation of this problem is :

max
n∑

i=1

dixi +
n−1∑
i=1

n∑
j=i+1

cijxixj (1)

subject to
n∑

i=1

xi ≤ b
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xi ∈ {0, 1} ∀i = 1, 2, . . . , n,

where xi equals 1 if node i is in the subclique; otherwise xi equals 0.
When the nodes are not weighted, the problem (1) is called the Maximum Edge-

Weighted Clique Problem, the case studied in [4].
Problem (1) belongs to the class of Binary Constrained Quadratic Programming

problem (BCQP). More precisely, the above problem is one typical case of Quadratic
0-1 Knapsack Problem.

min f(x) =
1

2
xTQx+ qTx (2)

subject to
aTx ≤ b

x ∈ {0, 1}n,

where Q is a symmetric matrix order n, a is a vector in IRn, and b is a real number. Our
algorithm propose in the follows can apply generally to Problem (2) .

Remark 1 We can always suppose that Q is positive definite, i.e., the function f is
convex, by using the binary property of x. Precisely,

f(x) =
1

2
xTQx+ qTx =

1

2
(xTQx− ρ‖x‖2) +

1

2
ρ〈en, x〉+ qTx

=
1

2
xT (Q− ρIn)x+

1

2
ρ〈en, x〉+ qTx,

where In is unit matrix order n, en = (1, 1, . . . , 1)T ∈ IR. So by choosing ρ ≤ λ1(Q)
(λ1(•) is defined as the smallest eigen value of matrix •) we obtain an equivalent convex
function.

2.2 DC Program Formulation

A general DC program is as follows

α = inf{f(x) := g(x)− h(x)}

where g and h are lower semi-continuous proper convex functions on IRn.
The vector space of DC functions is quite large to contain almost real life objec-

tive functions and is closed under all the operations usually considered in optimization.
Thanks to a well-known result called exact penalty in [11] (Theorem 1) and its extension
in [16] Problem (2) is equivalent to the following

min ϕ(x) =
1

2
xTQx+ qTx+ τ

n∑
i=1

min{xi, 1− xi} (3)

subject to
aTx ≤ b,
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x ∈ [0, 1]n,

where τ is a real number and greater than a τ0 ≥ 0.
Problem (3) is a DC program since the objective function can be expressed as a DC

function. Indeed, by the convexity of f(x) and the concavity of p(x) =

n∑
i=1

min{xi, 1−xi},

we have
ϕ(x) = f(x) + τp(x) = f(x)− (−τp(x)).

3 A branch and bound algorithm

The binary property of Problem (2) makes it suitable for a Branch and Bound algorithm.
However an efficient algorithm is obtained when we integrate DCA and SDP relaxation.

3.1 DCA for solving Problem (3)

Based on local optimality conditions and duality in DC programming, the DCA consists
in the construction of two sequences {xk} and {yk} . These two sequences {xk} and
{yk} are determined in the way that xk+1 (resp. yk) is a solution to the convex program
(Pk) (resp. (Dk)) defined by

inf{g(x)− h(xk)− 〈x− xk, yk〉 : x ∈ IRn}, (Pk)

inf{h∗(y)− g∗(yk−1)− 〈y − yk−1, xk〉 : y ∈ IRn} (Dk).

DCA performs so a double linearization with the help of the subgradients of h and
g and the DCA then yields the next scheme:

yk ∈ ∂h(xk); xk+1 ∈ ∂g∗(yk).

Applying DCA to Problem (3) lead to calculate ∂h and ∂∗g where h(x) = −τp(x)
and g(x) = f(x).

Since

−p(x) =

n∑
i=1

max{−xi, xi − 1} =

n∑
i=1

max{(−ei)Tx, (ei)Tx− 1}

where {ei}i=1,...,n is the standard basis of IRn, we obtain that

∂h(x) = u : ui = −τ if xi < 0.5, τ if xi > 0.5 and in [−τ, τ ] otherwise , i = 1, 2, . . . , n.
(4)

In the calculation of ∂∗g(y), precisely a subgradient of g∗ at y, we need to solve a
quadratic convex problem

min{f(x)− 〈y, x〉 : aTx ≤ b, x ∈ [0, 1]n}. (5)

We describe below DCA applying to Problem (3).
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Algorithm 1 DCA for solving Problem (3)

1. Let k = 1 and ε is a very small positive number. Choose xk as an initial point (not
necessary feasible).

2. Calculate yk ∈ ∂h(xk) by using (4).

3. Calculate xk+1 ∈ ∂g∗(yk) by solving the quadratic convex program (5).

4. If
‖xk+1 − xk‖ ≤ ε or ‖ϕ(xk+1)− ϕ(xk)‖ ≤ ε

then STOP and xk+1 is the obtained solution.

Otherwise, let k ← k + 1 and return to 2.

For a complete study of DC programming and DCA the readers are referred to
[8, 15, 21, 22] and references therein. The solution of a nonconvex program by DCA
must be composed of two stages: the search for an appropriate DC expression and that
for a good initial point.

3.2 SDP Relaxation

The standard SDP relaxation techniques are known to provide tighter bounds than
standard convex relaxations but more effort is required to compute them [6, 2].

SDP relaxation is quite suitable when apply to binary quadratic programs (see [6, 2]).
A relaxation is obtained by relaxing the binary condition of variables and then rewrite the
linear constraints that we call the lifting process. The formulation of MWCP allows us to
do the lifting in all four standard ways. They are : the diagonal representation, the square
representation, the extended square representation and the one introduced by Lovasz and
Schrijiver - we call the LS representation. The bound obtained by SDP relaxation is
tighter and tighter if we go from diagonal representation to the LS representation [6, 2].

In our algorithm, we just do the extended square representation in relaxation because
it gives a lower bound which is tight enough. The lifting introduced by Lovasz and
Schrijver could give tighter lower bound but it takes much more time to carry out.
Further details can be found in [2, 6].

Finally, the relaxation for Problem (2) was used as follows

min
1

2
(Q+ 2 Diag(q)) •X (6)〈(

b
−a

)(
0
a

)T

, X̄

〉
≥ 0

X − diag(X) diagT (X) � 0,
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where Diag(•) is the diagonal matrix formed by a vector • and diag(•) is the vector
obtained by taking the diagonal of a matrix •.

Remark 2 At the solution X∗ of (6), we have the property that diag(X∗) ∈ [0, 1]n, see
[6, 2]. We then take diag(X∗) as the initial point for DCA.

Remark 3
At the first launch of DCA, we want to find a good feasible point for DCA, once again

the DCA applied to the concave programming problem developed in [12]:

0 = min
{ n∑

i=1

min {xi, 1− xi} : aTx ≤ b, x ∈ [0, 1]n
}
. (7)

For the next launches, we apply DCA directly as DCA can give a feasible solution of
problem although it begins with a non feasible one.

When do we restart DCA?
During the B&B process we can (and should) restart DCA to find a better upper

bound. There are many strategies to restart DCA. In our algorithm, we restart DCA
when the value of DC functions at the optimal solution of relaxed problem is “closed
enough” to the current upper bound.

4 Numerical Results

This section summarizes the numerical results obtained by applying our algorithm to
two sets of test problems. The first set of test problems has been provided by Macambria
and de Souza [4] and has also been used in [17, 19]. We generate the second set of test
problems. The weights were randomly generated according to the scheme described in
[24], which is also used by Macambria and de Souza in their tests. Precisely,
• 1 ≤ cij ≤ 1000rk(1 ≤ cij ≤ 1000) for positive weights and
• −1000rk ≤ cij ≤ 1000rk(−1000 ≤ cij ≤ 1000) for positive and negative weights,
where k ∈ {1, . . . , 5} and r ∈ (0, 1]. The value of b is chosen as bn/2c. In this set of test
problems, we increase the size of graph up to 100.

The algorithm has been implemented in a C program using CPLEX 11.0 as LP solver
and the callable library function for solving SDP [5]. All computational results have been
obtained by implementing our program under Window XP on a 2GH PC portable. In
all instances, we find an exact global solution.

Table 1 and Table 2 show the computational results for the problem instances pro-
vided by Macambria and de Souza, table 1 for positive edge-weights and 2 for mixed
edge-weights. For the larger instances, the numerical results are provided in Table 3.

The following notations are used in the Tables

• Val. Opt. : Optimal value,

• Val. DCA : Value given by DCA in the first run,
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• Iter : Number of iterations,

• #DCA : Number of times of restarting DCA.

A direct comparison in the computation times is quoted in [17, 4, 19]. The comparison
is relative because different computer systems have been used. However we can see that
our approach is very efficient even when we find the exact optimal global solution.

With larger dimension generated, up to 80 nodes, our algorithm still works well.
We tested the case of 100 nodes but a strongl remark can be seen that, with the SDP
relaxation, the cost to accomplish is expensive.

We can also see that, DCA at the first launch, gives a solution which is very closed
to the global optimal one.

Conclusions
We have proposed a new approach to solve the Maximum Weighted Clique Problem.

The numerical experiments show that our approach is efficient. The generated instances
with larger dimension can be solved in the acceptable time. This result is obtained from
the efficiency of DCA and the tight bounds given by the SDP relaxation.
Acknowledgements. I would send a big thank to Dr. Macambira for providing his
and Professor Cid de Souza’s test problems for me.
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