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Abstract In this paper, we consider the Douglas-Rachford splitting method

for monotone inclusion in Hilbert spaces. It can be implemented as follows:

from the current iterate, first use forward-backward step to get the intermedi-

ate point, then to get the new iterate. Generally speaking, the sum operator

involved in the Douglas-Rachford splitting takes the value of every interme-

diate point as a set. Our goal of this paper is to show that such generated

set-valued sequence asymptotically includes the origin and the corresponding

asymptotic inclusion speed remains desirable if the forward splitting is further

Lipschitz continuous.
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1 Introduction

In this paper, we consider the following problem of finding an x in a real

Hilbert space H such that

0 ∈ T (x), T := A+B, (1)

where both A and B are possibly set-valued, maximal monotone operators

from H to H. This problem serves as a simple, powerful and unified framework

to describe definite linear systems, convex programs, monotone variational

inequalities, and more general monotone inclusions, see Rockafellar [1] and

Varga [2] for further discussions.

A known approach to the problem (1) above is the proximal point algo-

rithm, which is based on the concept of proximal mapping [3] introduced by

Moreau and Yosida. This algorithm was first proposed by Martinet [4] and

generalized by Rockafellar [1] to get today’s form: Choose a starting point

x0 ∈ H. For known xk ∈ H, the new iterate xk+1 is defined by

0 ∈ T (xk+1) + λ−1
k (xk+1 − xk), k = 0, 1, ..., (2)

where λk > 0 is called proximal parameter. See Brézis and Lions [6] and Güler

[7] for some fundamental results. For related discussions, we refer to [8–11], to

cite a few.
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If one applies the proximal point algorithm to solving some problems arising

in practice, then it can be not efficient. So, one may resort to its practical

alternative: Choose a starting point x0 ∈ H. For known xk ∈ H, ak ∈ A(xk),

the new iterate xk+1 is defined by

(I + λB)(yk) ∋ xk − λak, (3)

(I + λA)(xk+1) ∋ xk + λak − γ(xk − yk). (4)

where λ, γ are positive numbers. Note that the γ = 1 case corresponds to the

Douglas-Rachford (DR for short) splitting method of Lions and Mercier [5].

For this family of methods, the reader may consult [5, 12–16] for analysis of

weak convergence and see [5, 14, 16] their rates of convergence.

Interestingly, Eckstein and Bertsekas [13] demonstrated that the proximal

point algorithm and the DR splitting method are interrelated. Furthermore,

they also made use of the former to characterize some properties of the DR

splitting method. On the other hand, by means of an improvement a classical

result of Brézis and Lions [6, Proposition 8] on the proximal point algorithm,

the paper [17] recently discussed a speed at which the set sequence {T (xk)}

asymptotically includes the origin; see [18] for a slight revision. So, we in this

paper show how to extend this recently proposed result on the proximal point

algorithm to the DR splitting method. As a result, we give a desirable speed at

which the sequence {(A+B)(yk)} asymptotically includes the origin provided

that the sum operator A + B is maximal monotone as well and the forward

operator A is further Lipschitz continuous..
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2 Preliminary Results

In this section, we first give some basic definitions and then provide some

auxiliary results for later use.

Let H be an infinite-dimensional Hilbert space, in which ⟨x, y⟩ stands for

the usual inner product and ∥x∥ :=
√

⟨x, x⟩ for the induced norm for any

x, y ∈ H. Let U be a nonempty, closed and convex set in H. We use

| · −U | := min{∥ · −u∥ : u ∈ U}

to stand for the usual distance between a point and a set U .

Definition 2.1 Let F : H → H be continuous. It is called Lipschitz continu-

ous if there exists some positive number L > 0 such that

∥F (x)− F (y)∥ ≤ L∥x− y∥, ∀x ∈ H, ∀y ∈ H.

Definition 2.2 Let f : H → ] − ∞,+∞] be a closed, proper and convex

function. Then, for any given x ∈ H, the sub-differential of f at x is defined

by

∂f(x) := {s ∈ H : f(y)− f(x) ≥ ⟨s, y − x⟩, ∀y ∈ H}.

Each element s is called a sub-gradient of f at x. Moreover, if f is further con-

tinuously differentiable, then ∂f(x) = {∇f(x)}, where ∇f(x) is the gradient

of f at x.

To concisely give the following definition, we agree on that the notation

(x,w) ∈ T and x ∈ H, w ∈ T (x) have the same meaning.
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Definition 2.3 Let T : H ⇒ H be an operator. It is called monotone iff

⟨x− x′, w − w′⟩ ≥ 0, ∀(x,w) ∈ T, ∀(x′, w′) ∈ T ;

maximal monotone iff it is monotone and for given x̂ ∈ H and ŵ ∈ H the

following implication relation holds

⟨x− x̂, w − ŵ⟩ ≥ 0, ∀(x,w) ∈ T ⇒ (x̂, ŵ) ∈ T.

As is well known, the sub-differential of any closed, proper and convex

function in Hilbert spaces is maximal monotone as well. Furthermore, for any

given maximal monotone operator T : H ⇒ H, Minty [19] proved that there

must exist a unique y ∈ H such that (I +λT )(y) ∋ x for all x ∈ H and λ > 0,

where I stands for the identity operator, i.e., I(x) = x for all x ∈ H. This

implies that the corresponding operator (I + λT )−1 is single-valued.

For any given maximal monotone operator T : H ⇒ H, there are other

related properties. (i) For all x ∈ H, the set T (x) must be either empty or

nonempty, closed and convex; see [20]. (ii) The set T−1(0) := {x : 0 ∈ T (x)}

is either empty or nonempty, closed and convex. Therefore, for all x ∈ H, the

distance between the set T (x) and the origin is uniquely determined, and so

is the distance between the set T−1(0) and the origin.

For the problem (1), it is equivalent to finding an x ∈ H such that

a ∈ A(x), −a ∈ B(x),

which is further equivalent to solving

x− (I + λB)−1(x− λa) = 0,
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where λ is any given positive number. Some properties of the quantities of

∥x− (I + λB)−1(x− λa)∥, ∥x− (I + λB)−1(x− λa)∥/λ

with respect to the variable λ can be found in [21, 22]. See [23] for a pertinent

discussion.

At the end of this section, we would like to go to the recursive formula

of the proximal point algorithm for minimizing a closed, proper and convex

function f : H → ]−∞,+∞], which may read

0 ∈ ∂f(xk+1) + λ−1
k (xk+1 − xk), k = 0, 1, .... (5)

In this setting, the following results are entirely attributed to Güler [7], and

they are classical.

Proposition 2.1 Let {(xk, λk)} be the sequence in the proximal point algo-

rithm for convex minimization. Assume that limk→+∞
∑k−1

i=0 λi = +∞. Then,

we have

(f(xk)−min f(x))
k−1∑
i=0

λi ≤
1

2
|x0 − ∂f−1(0)|2, (6)

where ∂f−1(0) stands for the set of all minimizers and is assumed to be

nonempty. Furthermore, if the proximal point algorithm does converge strong-

ly, then the associated convergence rate can be improved above to

f(xk)−min f(x) = o

(
1/

k−1∑
i=0

λi

)
, (7)

where the notation o means that sk = o(1/tk) if and only if limk→+∞ sktk = 0.
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In fact, in the case of asymptotic rate, the assumption on algorithm’s strong

convergence can be removed by using [17, Lemma 2.2]; also see [18, Lemma

3.3]. This is because that

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − 2λk(f(x
k+1)− f(x∗))

and the sequence {f(xk)} is decreasing, see [7] for more details.

3 DR splitting

In this section, we mainly review the DR splitting method of Lions and Mercier

and a deep understanding of Eckstein and Bertsekas as an instance of the

proximal point algorithm.

For any given two maximal monotone operators A and B, Lions and Merci-

er [5] defined DR splitting as follows:

GλAB := (I + λB)−1 ◦ (2(I + λA)−1 − I) + I − (I + λA)−1. (8)

where λ > 0 is a positive number and ◦ denotes functional composition. More-

over, they showed the basic property of GλAB , from which weak global con-

vergence of the corresponding DR splitting method given by

zk+1 = GλAB(z
k) (9)

was proved in an elegant way.

Note that, for the iterate zk, there must exist the unique xk ∈ H such that

xk + λak = zk, ak ∈ A(xk) ⇔ (I + λA)−1(zk) := xk. (10)
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Next, we have

(I − (I + λA)−1)(zk) = xk + λak − xk = λak

(2(I + λA)−1 − I)(zk) = 2xk − (xk + λak) = xk − λak.

Set

(I + λB)−1(xk − λak) := yk ⇔ yk + λbk = xk − λak, bk ∈ B(yk).

Thus, in views of theses identities, one may follow the analysis of Eckstein

and Bertsekas [13] to get the following alternative expression of the DR s-

plitting method: For the current iterate xk ∈ H, ak ∈ A(xk), first compute

the intermediate point yk, and then get the new iterate xk+1 by the recursion

relation

(I + λB)(yk) ∋ xk − λak, (11)

(I + λA)(xk+1) ∋ yk + λak. (12)

Importantly, from these facts, Eckstein and Bertsekas [13] confirmed that (9)

can be viewed as an instance of the proximal point algorithm. Specifically

speaking, they first made use of the algorithmic description above to give the

following expression for GλAB :

GλAB = {(x+ λa, y + λa) : (x, a) ∈ A, (y, b) ∈ B, x− λa = y + λb}.

Then, they proved that TλAB := (GλAB)
−1−I is maximal monotone provided

that both A and B are. Thus, (9) can be rewritten as

zk+1 = (I + TλAB)
−1(zk). (13)
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So, one may imagine finding a zero of A + B by using the proximal point

algorithm on TλAB as done in (13) and taking the unique solution of

(I + λA)(x) ∋ zk

as the desired iterate xk, as designated above.

Note that, if we follow (4), then we may rewrite (12) as

(I + λA)(xk+1) ∋ xk + λak − (xk − yk).

This corresponds to (4) in the case of γ = 1. For the family of splitting

methods described by (3) and (4), under suitable conditions, convergence can

be guaranteed even in the γ > 2 case. Furthermore, if the forward operator is

further Lipschitz continuous and the other is strongly monotone, then linear

rate of convergence was derived for the first time; see [16] for more details.

When specialized to the context of finite-dimensional monotone variational

inequality problems, the reader may consult [24–26] for related discussions.

4 Main Results

In this section, we derive a desirable speed at which the sequence {(A+B)(yk)}

asymptotically includes the origin if we further assume that the involved sum

operator is maximal monotone.

This section begins with some of fundamental properties of the proximal

point algorithm.
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Proposition 4.1 Let {(zk, λk)} be the corresponding iterate-parameter se-

quence in the proximal point algorithm (2). Assume that the problem (1) has

at least one solution, and assume that

lim
k→+∞

k−1∑
i=0

λ2
i = +∞. (14)

Then

(a) {zk} converges weakly, but not strongly in general;

(b) ∥λ−1
k (zk − zk+1)∥ ↓ 0, as k → +∞;

(c) |T (zk+1)− 0|2 ≤ ∥λ−1
k (zk − zk+1)∥2 ≤ o

(
1/

k∑
i=0

λ2
i

)
.

Note that weak convergence in the statement (a) above was proved by

Rockafellar [1] by assuming that the sequence of proximal parameters has a

positive lower bound and was reproved by Brézis and Lions [6] by using a

weaker assumption (14). The second half is attributed to Güler [7, Sect. 5]

who constructed a famous example for which the proximal point algorithm

does not converge strongly. The statement (b) was discussed by Brézis and

Lions [6]. For the statement (c), it goes to [17, 18], in which a classical result

of Brézis and Lions [6, Proposition 8] was improved from O(·) to o(·), without

any other restrictions.

Below, we state the main results of this paper, and they are direct conse-

quences of Proposition 4.1.

Theorem 4.1 Let {(xk, yk)} be the sequence in the DR splitting method given

by (11) and (12). Assume that the problem (1) has at least one solution, and
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assume that A, B and A+B are maximal monotone. Then, we have

(a) {xk} converges weakly, but not strongly in general;

(b) ∥xk − yk∥ ↓ 0, as k → +∞;

(c) If A is further Lipschitz continuous, then |(A+B)(yk)− 0|2 ≤ o(1/k).

Proof Obviously, the statement (a) immediately follows from the correspond-

ing one in Proposition 4.1. For the second statement, we may consider (10)

and (12) and conclude that

xk − yk = xk + λak − (xk+1 + λak+1) = zk − zk+1, (15)

where zk can be viewed as the iterate generated by the proximal point algo-

rithm (13), with λk ≡ 1. Thus, the statement (b) here easily follows. Now we

prove the last statement. In fact, since A is further Lipschitz continuous, (11)

implies that

A(yk) +B(yk) ∋ sk := λ−1(xk − yk)− (A(xk)−A(yk)).

and

∥sk∥ ≤ (λ−1 + L)∥xk − yk∥,

where L > 0 is the A’s Lipschitz constant. On the other hand, we have known

(15). So, we can make use of the statement (c) in Proposition 4.1 to get

∥xk − yk∥2 = ∥zk − zk+1∥2 = ∥λ−1
k (zk − zk+1)∥2 ≤ o(1/k),

where we have taken λk ≡ 1 as mentioned above. Therefore, we further have

|(A+B)(yk)− 0|2 ≤ ∥sk∥2 ≤ (λ−1 + L)2∥xk − yk∥2 ≤ o(1/k).
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Moreover, the set sequence {(A + B)(yk)} must asymptotically include the

origin, as it is always nonempty, closed and convex. The proof is complete. ⊓⊔

Note that our proof of the statement (b) in Theorem 4.1 is the shortest one

because we take advantage of the known results presented in [5, 13]. Otherwise,

the process of proof can be long, see [26, 27] for some instances.

5 Conclusions

Now we have studied the DR splitting method for monotone inclusion in

Hilbert spaces. By combining the classical result of Eckstein and Bertsekas

in 1992 with a recently proposed property of the proximal point algorithm,

we have derived a desirable asymptotic inclusion speed for the DR splitting

method if the forward splitting is further Lipschitz continuous. Thus, we have

resolved the issue presented at the end of the paper [17]. Our next goal is to

consider a self-adaptive version of the DR splitting method [16] and to check

what will happen.
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