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Abstract

This paper proposes a polynomial algorithm for linear programming which is strongly poly-

nomial for linear optimization problems min{cTx : Ax = b, x ≥ 0} having optimal solutions

where each non-zero component xj belongs to an interval of the form [αj, αj · 2p(n)], where

αj is some positive value and p(n) is a polynomial of the number of variables. We do not

make any additional assumptions about c and A. This class of problems includes linear op-

timization problems having 0-1 optimal solutions and the Markov Decision Problem with a

fixed discount factor as special cases.
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1 Introduction

In this paper we present a new polynomial algorithm for linear programming. This algorithm

is strongly polynomial for linear optimization problems (in the standard form) having optimal

solutions x∗ where each component x∗j belongs to {0} ∪ [αj, αj · 2p(n)]. Here, n is the number

of variables, αj are positive real values known in advance, and p(n) is a polynomial of n. This

class includes linear optimization problems having 0-1 optimal solutions (e.g., the assignment

problem and the min-cut problem can be represented in this form) and the Markov Decision

Problem with a fixed discount factor (MDP). Ye [27] has shown that the MDP can be solved

in strongly polynomial time by a modification of the barrier method exploiting a special

structure of the coefficient matrix of the MDP. The class of problems proved to be solvable

in strongly polynomial time in the present paper is much more general because we do not

make any additional assumptions on the coefficient matrix.

In the general case it is an open question whether there exists a strongly polynomial

algorithm for linear programming, i.e., a polynomial algorithm whose running time (the

number of arithmetic operations, comparisons, and variable assignments) would be bounded

by a polynomial depending exclusively on the number of variables and constraints. In a

slightly different form, this open problem is known as Smale’s 9th problem [23], which is

formulated in terms of the real model of computation where a real number is considered to

be of the unit size. The real model of computation is often referred to as the BSS model

of computation (BSS stands for Blum, Shub, and Smale [3]). Smale’s 9th problem asks for

a polynomial algorithm under the real model of computation. Here we should note that

an algorithm which is polynomial in the real model of computation does not immediately

imply an algorithm which would be strongly polynomial in the usual sense because of the

additional requirement that the space used by the algorithm is polynomially bounded when

the problem is posed over rational numbers.

Actually, the complexity result of Ye [27] is formulated in terms of the real model of

computation and it is not clear if Ye’s algorithm can be transformed into an algorithm that

would be strongly polynomial in the usual sense. On the other hand, Ye [28] gave a variant
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of the simplex method which is a strongly polynomial algorithm for the MDP. However, this

variant of the simplex method is not polynomial for a more general case where the so-called

discount factor is assumed to be of strongly polynomial size, while Ye’s variant of the barrier

method runs in strongly polynomial time even under this more general assumption. In this

case, our algorithm is strongly polynomial in the usual sense.

One of the major results in the area of strongly polynomial algorithms belongs to Tardos

[24]. She proposed a method of converting any polynomial algorithm for linear programming

to a strongly polynomial algorithm for linear optimization problems where the entries of

the coefficient matrices are integers with the binary sizes bounded by a polynomial in the

dimension. That is, the algorithm proposed in the present paper can also be converted to a

strongly polynomial algorithm for such problems.

Vavasis and Ye [25] developed a variant of the barrier method whose running time is

bounded by a polynomial depending only on the coefficient matrix. As a corollary, they

obtain the above result of Tardos.

Another result on strongly polynomial solvability in linear programming belongs to

Megiddo [17]. He considered systems of linear inequalities with coefficient matrices hav-

ing at most two nonzero entries in each row. This is an example of a class of problems

which is neither a subset of the class of linear problems proved to be solvable in strongly

polynomial time in the present paper nor a subset of the class considered by Tardos.

The paper is organized as follows. In Section 2 we formulate the problem and define some

classes of linear problems that are solvable in strongly polynomial time by our algorithm.

This section also discusses the decision version of the problem and some related results such

as a polynomial algorithm for linear feasibility problems proposed by Chubanov [7] and

the algorithm of Végh and Zambelli [26] based on an earlier algorithm of Chubanov [6].

In Section 3 we present a polynomial algorithm for linear programming which is strongly

polynomial under the conditions formulated at the beginning of the paper. Moreover, we

discuss our algorithm in the context of finding lower bounds for some nonlinear problems.

The algorithms mentioned above (except for that being the subject of this paper) and all

traditional polynomial algorithms for linear programming, like the ellipsoid method proved
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to be polynomial by Khachiyan [14] or interior-point methods (see Karmarkar [13], Gill et

al. [11], and Renegar [20]), generate a sequence of points in the vector space of the original

problem. In contrast to these methods, the algorithm presented in this paper generates a

sequence in the vector space of matrices of the respective dimension. In section 2.5 we give

a general algorithm of this type. This algorithm is also applicable to more general convex

problems.

2 Formulation of the problem and preliminaries

Let 1 denote an all-one vector and 0 denote a zero vector. Let ej denote the unit vector

whose jth component is equal to 1 (the other components are zero). The dimensions of 1,

0, and ej will be determined by the context.

For two matrices X1 and X2, of the same dimension, max(X1, X2) will denote their

componentwise maximum.

We will write S + v, for a set S and a vector v in a Euclidean space, to denote the

Minkowski sum S + {v} = {w + v : w ∈ S}.

2.1 Formulation of the problem

Let a linear optimization problem be written in the standard form:

min{cTx : Ax = b, x ≥ 0}.

Here, A is a real m× n matrix of full rank, b is a real m-vector, and c is a real n-vector.

Our algorithm for this problem is polynomial in the usual sense when A, b, and c are

rational. Moreover, its time complexity is strongly polynomial if the problem is either

infeasible or has the following property:

(I) There exists an optimal solution x∗ where x∗j ∈ {0} ∪ [αj, αj · 2p(n)] for all j.

Here, αj are nonnegative values and p is a polynomial. We assume that both the values αj

and the polynomial p are known in advance. Note that we do not impose any additional

4



constraints on c and A. Further, we refer to this problem as to the problem with (I) and to

the respective solutions x∗ as to solutions with (I).

The above condition (I) is partially motivated by the following special cases:

(i) Linear optimization problems which are either infeasible or have 0-1 optimal solutions.

(Well-known examples of problems that can be represented in this form and can be

solved in strongly polynomial time include the assignment problem and the minimum-

cut problem.)

(ii) The Markov Decision Problem with a fixed discount factor (MDP). This problem

arises in the theory of Markov decision processes with discrete time and is formulated

as a linear optimization problem in the standard form with a special structure of

the coefficient matrix. Ye [27] has proved that this problem is solvable in strongly

polynomial time.

For a problem having 0-1 optimal solutions we can set αj := 1 and p(n) := 1. The MDP

has an optimal solution x∗ such that x∗j ≤ n
1−θ and either x∗j = 0 or x∗j ≥ 1 for all j; see

Lemma 3.2 in [27]. Here, θ ∈ [0, 1) is a constant called the discount factor; see Ye [27] and

Dantzig [8] for details. To see that the MDP is a subset of our problem, we let αj := 1 and

p(n) := log n
1−θ .

Ye [27] was first to develop a strongly polynomial algorithm for the MDP. Ye’s algorithm

for the MDP is based on the barrier method and uses the special structure of the coefficient

matrix of the MDP. Ye’s analysis of the barrier method is quite complicated and one can

hardly hope for a simpler strongly polynomial barrier method for the more general problem

with (I); so to the best of our knowledge it is not known if the barrier method can be modified

to solve the problem with (I) in strongly polynomial time.

2.2 Ellipsoid method with a projection step for a case with binary

solutions

Now we will show that the ellipsoid method can be modified to run in strongly polynomial

time for the decision version of the problem (i.e, with c = 0) in the special case (i). At the
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same time, this modification is to illustrate that it can be difficult, if at all possible, to find

a reasonable modification of the ellipsoid method to solve linear optimization problems with

(I) in strongly polynomial time.

The decision version of our linear optimization problem is simply the inequality system

Ax = b, x ≥ 0.

In this case the condition (i) means that the system is either infeasible or has a 0-1 solution.

First of all, we restrict the class of ellipsoids that we are allowed to consider to those of the

form

E(M, z) = {x : (x− z)TM−2(x− z) ≤ 1},

where M is a positive definite diagonal matrix and z is the center of the ellipsoid. Assume

that the current ellipsoid contains a feasible 0-1 solution if the problem is feasible. Our

modification of the ellipsoid method works as follows:

1. If detM < 1/2n, then the ellipsoid has no intersection with at least one of the facets

of the unit cube [0, 1]n. To find one of such facets, we consider Mjj = miniMii. Since

detM < 1/2n, it follows that Mjj < 1/2. Then |xj − zj| ≤ Mjj ≤ 1/2 for all 0-1

feasible solutions x because they belong to the current ellipsoid. If zj < 1/2, then

xj = 0 for all 0-1 solutions x. Otherwise, xj = 1 for all 0-1 solutions. Let xj := 0

or xj := 1, depending on the value of zj. That is, we have fixed the variable xj and

reduced the dimension of the problem. The obtained problem must have 0-1 solutions

if the original problem has 0-1 solutions. Now we can consider an ellipsoid containing

0-1 solutions in Rn−1. (If necessary, the obtained system should be transformed so as

to preserve the property that the coefficient matrix is of full rank.)

2. If Az = b and z ≥ 0, then return z as a feasible solution. If Az = b and a non-negativity

constraint is violated at the current center z, i.e., if zj < 0 for some j, then perform

a usual iteration of the ellipsoid method with respect to the violated constraint. This

step changes the matrix M and computes a new center z. Note that we obtain an

ellipsoid of the same class as above, i.e., the new matrix M is again a positive definite

diagonal matrix.
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3. Otherwise, project z onto the affine subspace {x : Ax = b} in the metric induced by

the respective norm defined as ‖x‖M−1 =
√
xTM−2x for any vector x. This means that

the center of the next ellipsoid is computed as

z′ := z −M2AT (AM2AT )−1Az +M2AT (AM2AT )−1b.

The matrix M remains the same at this step. This step translates the old ellipsoid

with the center z to the new ellipsoid with the center z′. Also, this step preserves the

property that the ellipsoid contains a feasible 0-1 solution because

E(M, z) ∩ {x : Ax = b} ⊆ E(M, z′),

which is verified by a direct calculation.

The above modified ellipsoid method requires at most O(n) consecutive repetitions of

steps 2 and 3 in order to reduce the determinant of M by at least a factor of 2, which follows

from the traditional ellipsoid method. Let the algorithm start with z = 0 and M =
√
nI,

where I is the identity matrix. The choice of M ensures that the initial ellipsoid contains all

0-1 solutions. Then the algorithm performs no more than O(n2 log n) consecutive iterations

of steps 2 and 3 until detM < 1/2n, because, at the initial step, detM =
√
n
n
. Then step 1

fixes a variable and we perform the same procedure in Rn−1. So we require O(n2 log n) time

per variable. An iteration can be implemented to run in O(n3) time. We obtain a running

time of O(n6 log n) to either find a solution or prove that there are no 0-1 solutions. We skip

a work on the sizes of the numbers because this would take us away from the main goal of

this paper.

Now, let us try to find out whether it is possible to modify the above method in order

to obtain a strongly polynomial running time for the decision version of the problem with

(I). Again, c is assumed to be a zero vector and our objective is to find a feasible solution.

Assume without loss of generality that there exist feasible solutions in the unit cube [0, 1]n.

(If necessary, we can rescale the system because we know the polynomial p(n) and the values

αj in (I).) In a strongly polynomial time we come to an ellipsoid whose volume is smaller

than 1/2p(n)+1. Then we choose Mjj = miniMii. If zj ≤ 1/2p(n)+1, we can conclude that
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xj = 0 for all feasible solutions. Otherwise, if zj > 1/2p(n)+1, it is hard to say something

about the structure of solutions. This suggests that we need to impose some constraints

on the class of ellipsoids, in addition to those we already have. For instance, it would be

sufficient for such an approach to work if we periodically had zj ≤ 1/2p(n)+1 and the number

of iterations between two consecutive iterations with this property was strongly polynomial.

The above modified ellipsoid method can be viewed as a ”parallelepiped” method con-

structing parallelepipeds of the form {x : |xj − zj| ≤ Mjj, j = 1, . . . , n}, if we consider

circumscribing parallelepipeds in place of ellipsoids. It should be noted that in 1988 Ne-

mirovsky [19] developed a polynomial algorithm for linear optimization, on the basis of a

gradient method for convex quadratic optimization, which also constructs a sequence of par-

allelepipeds, of the above form, containing a solution of the problem. The volumes of the

parallelepipeds in the sequence decrease in a geometric progression, which implies a polyno-

mial running time. (I thank Kees Roos for pointing out that paper to me.) This algorithm

is not suitable for solving the problem with (I) in strongly polynomial time, either, by the

same reason as in the case of the modified ellipsoid method. The reason is clear. Even if a

problem has the property (I), the number of parallelepipeds needed to determine a solution

is not necessarily strongly polynomial.

2.3 Feasibility problems with (I)

At the same time, the decision version of the problem with (I) can be solved in strongly

polynomial time by the algorithm of Chubanov [7] (note that Roos [21] recently proposed

an improvement of this algorithm) or by the algorithm of Végh and Zambelli [26] mentioned

in Section 1. The following theorem is a simple corollary of [7]:

Theorem 2.1 A linear system Ax = b, x ≥ 0, having solutions x∗ such that x∗j ∈ {0} ∪

[αj, αj2
p(n)] can be solved in time O(n4 · p(n)).

Proof. First of all, scale the system by replacing A by A diag(α12
p(n), . . . , αn2p(n)). The

obtained system has solutions in the unit cube [0, 1]n. Apply the algorithm presented in [7].

At each iteration this algorithm calls a procedure, which is called the basic procedure in [7],
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that either finds a feasible solution or proves that xj ≤ 1/2 for all feasible solutions x in

[0, 1]n. If a solution is found, we convert it to a solution of the original problem. Otherwise,

we divide the jth column of the current coefficient matrix by 2. If x′ in [0, 1]n is a solution

of the previous system, then x′′ with x′′j = 2x′j, and the other components equal to the

respective components of x, is feasible for the obtained system. The solution x′′ belongs

to [0, 1]n because x′j ≤ 1/2, as proved by the basic procedure. Repeat the above step with

respect to the current system. If the number of divisions of the same column of the coefficient

matrix exceeds p(n), we conclude that the current system has a solution with xj = 0. Then

we add the respective constraint to the system. As shown in [7], the overall running time of

the basic procedure in the course of this process is O(Kn3), where K is the number of calls

to the basic procedure. The running time of O(n4 · p(n)) follows from K ≤ np(n).

In the above case, the algorithm of Végh and Zambelli [26] runs in time O(n5p(n)/ log n).

Given a parallelepiped of the form {x : 0 ≤ x ≤ w} containing a feasible solution, their algo-

rithm determines a parallelepiped contained in a half of the previous one in time O(n4). This

implies a running time of O(n5p(n)). This running time can be improved to O(n5p(n)/ log n);

see [26]. Note that the scaling process in the proof of the above theorem can also be inter-

preted as a procedure constructing a sequence of parallelepipeds of the above form.

Basu, Junod, and De Loera [2] propose a detailed study of the procedure lying in the

basis of the algorithm in [6] and develop an algorithm for systems of linear inequalities of

the form Ax = b,0 ≤ x ≤ λ1, where A is totally unimodular and b is an integer vector.

This problem is a subset of the problems considered by Tardos [24] mentioned in Section

1. The running time of the algorithm of Basu, Junod, and De Loera is polynomial in the

dimension and in λ. They give an estimate of the running time of at least O(λ2n5), where n

is the number of variables.

The above problem Ax = b,0 ≤ x ≤ λ1, where A is totally unimodular, can be solved by

the polynomial-time algorithm for linear problems with totally modular coefficient matrices

proposed by Maurras, Truemper, and Akgül [16] in time O(d2(λ1)n10 log n), where d2(·)

denotes the number of ones in the binary representation of λ, provided that λ is an integer.

Note that if the system is feasible, then ‖b‖∞ ≤ λn. So if this condition is not satisfied, we
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conclude that the system is infeasible. Otherwise, since b is an integer vector, the binary

size of b is bounded by n(size(λ) + size(n)), where size denotes the binary size. That is, any

polynomial algorithm for linear programming can solve the above feasibility problem in time

bounded by a polynomial in n and in size(λ).

We can write the above system as Ax = b, x + y = λ1, x ≥ 0, y ≥ 0. The coefficient

matrix of Ax = b, x+ y = λ1, is totally unimodular. Using Cramer’s rule, we can prove that

if the system is feasible then there exists a solution where each component is an integer linear

combination of λ and the components of b. Since b is an integer vector, each component of

such a solution has the form k+ λr, where k and r are integers. Let λ be represented in the

form λ = r1/r2 where r1 and r2 are integers. It follows that if the above system is feasible,

then there exist solutions with xj and yj in {0} ∪ [1/r2, λ], for all j ∈ {1, . . . , n}. Then the

algorithm used in the proof of Theorem 2.1 can solve the system in time O(n4size(r1)).

However, it is not clear if the above approaches can work in the general case of the

optimization problem with (I), where c can be any vector and A can be any matrix. An

obvious way to include the objective function is to consider a sequence of systems Ax =

b, cTx = ξ, x ≥ 0, with different values of ξ, but it is not clear how to choose the values ξ so

that the number of systems would by strongly polynomial.

2.4 Scaling scheme

In a very general form, our algorithm follows a scaling scheme that is similar to that used in

Chubanov [7]. It consists of scaling the coefficient matrix and the objective function whenever

we find a suitable upper bound on a variable. The main ingredient of our algorithm is a

polynomial procedure which is able to find such bounds.

Assume without loss of generality that the optimal solutions satisfying (I) lie in the unit

cube [0, 1]n. Let J be initialized with ∅. Our algorithm performs the following steps:

• In strongly polynomial time, find an optimal solution or an index j ∈ {1, . . . , n} \ J

such that x∗j ≤ 1/2 for all optimal solutions x∗ with (I). This is a key step which we

discuss in more detail in Section 2.5.
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• Divide the jth column of A by 2. The new coefficient matrix is AM, where M is

obtained from the identity matrix by dividing the jth column by 2. If x′ is feasible for

the original problem, then x′′ = M−1x′ is a feasible solution of the problem

min{cTMx : AMx = b, x ≥ 0}.

The optimal value of this problem is equal to the optimal value of the original problem.

Since x′′j = 2x′j, it follows that x′′j ≤ 1 if x′ is an optimal solution with (I). Thus, the

new problem has an optimal solution with (I).

In other words, we have applied an operation that is further called scaling. It consists

of the replacement of the original linear optimization problem by the new one where

both the coefficient matrix and the cost vector are multiplied by a positive definite

diagonal matrix.

• Repeat the above steps with respect to the current problem. Take into account that if

the number of divisions of the same column exceeds p(n), then the respective variable

is zero in the optimal solutions with (I). In this case add the respective equation to

the formulation of the problem and add the respective index to J. In some number of

steps we come to an optimal solution.

It is obvious that if we have a strongly polynomial procedure to perform the first step,

then we obtain a strongly polynomial algorithm for the linear problem with (I). Actually, if

we replace p(n) by a suitable polynomial of the size of the input, we obtain a polynomial

algorithm for the general case. We will develop such an algorithm in Section 3. It is based

on the general algorithm described in the next subsection.

2.5 General algorithm for finding inequalities xj ≤ 1/2

Now we consider a convex feasibility problem

x ∈ S ∩ Rn
+,
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where S is a closed convex set in Rn with the property that

S ∩ Rn
+ 6= ∅ ⇒ S ∩ [0, 1]n 6= ∅.

That is, it is assumed that if the problem has a solution, then there is a solution in the unit

cube [0, 1]n.

Consider a map ϕ : Rn → Rn such that

‖ϕ(x)− y‖ ≤ ‖x− y‖, ∀x ∈ Rn, ∀y ∈ S.

Additionally, we assume that

ϕ (Rn) ⊆ S,

i.e., the codomain of ϕ is a subset of S. For example, the operator of orthogonal projection

onto {x : Ax = b} is such a map with respect to {x : Ax = b}. More generally, all non-

expansive maps whose codomain is S and for which all vectors in S are fixed points are

examples of such maps.

Let X be an n× n real matrix. Consider Φ : Rn×n → Rn×n such that

Φ(X) = (ϕ(Xe1) . . . ϕ(Xen)).

In other words, each column Φ(X)ej of Φ(X) is the image of the respective column Xej of

X under the map ϕ.

Let I denote the identity matrix and O denote an n × n zero matrix. The following

algorithm either finds a solution in S ∩ Rn
+ or returns a non-empty set J ⊆ {1, . . . , n} such

that

xj ≤
1

2
, ∀x ∈ S ∩ [0, 1]n,∀j ∈ J.

Algorithm 2.1

X := Φ(O);

u := n1;

while u ≥ 0 and X1 6≥ 0

∆ := max
(
X, 1

2
I
)
−X;
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X := Φ(X + ∆);

u := u− (∆ ◦∆)T1;

end

if X1 ≥ 0 then return 1
n
X1;

else return J = {j : uj < 0}.

The ◦ denotes the Hadamard product. That is, ∆ ◦ ∆ is the matrix obtained from ∆ by

squaring the elements.

This algorithm generates a sequence of matrices in Rn×n. At each iteration, the algorithm

checks whether X1 is a nonnegative vector. If it is so, then 1
n
X1 is a feasible solution because

1
n
X1 ∈ S due to the fact that S is convex and each column of X belongs to S in the course

of the algorithm due to the property that ϕ(Rn) ⊆ S.

Let

Qj =

{
x ∈ [0, 1]n : xj ≥

1

2

}
.

The following lemma explains the role of the vector u.

Lemma 2.1 For all iterations of the algorithm,

uj ≥ ‖Xej − x‖2, ∀x ∈ S ∩Qj, ∀j.

Proof. The initial u = n1 satisfies the above inequality because, for all x ∈ S,

‖Φ(O)ej − x‖2 ≤ ‖0− x‖2 ≤ n, ∀j.

Note that

‖(X + ∆)ej − x‖2 ≤ ‖Xej − x‖2 − 1T (∆ ◦∆)ej, ∀x ∈ Qj,

because (X + ∆)ej is obtained by the orthogonal projection of Xej onto Rn
+ + 1

2
ej. The

above inequality follows from basic properties of orthogonal projections; see Section 2.6 for

more details. Then

‖Φ(X + ∆)ej − x‖2 ≤ ‖(X + ∆)ej − x‖2 ≤ ‖Xej − x‖2 − 1T (∆ ◦∆)ej, ∀x ∈ S ∩Qj.
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If

u′j ≥ ‖Xej − x‖2, ∀x ∈ S ∩Qj,

then

u′j − 1T (∆ ◦∆)ej ≥ ‖Φ(X + ∆)ej − x‖2, ∀x ∈ S ∩Qj.

This explains the formula for u in the algorithm. The lemma follows.

Now it should be clear that if uj < 0 at some iteration, then xj ≤ 1/2 for all x in

S ∩ [0, 1]n. This follows from the above lemma. The algorithm returns 1
n
X1 only if 1

n
X1 is

a feasible solution. Indeed, we have 1
n
X1 ≥ 0 in this case. Moreover, 1

n
X1 ∈ S because

ϕ(Rn) ⊆ S and S is convex. Thus the output of the algorithm is correct.

We will use the following lemma to estimate the running time in Section 3.

Lemma 2.2 Let a ∈ Rn and δ ∈ R. If aT1 ≤ δ, then(
max

(
a,

1

2
ei

)
− a
)T

1 ≥ 1

2
− δ

for all i ∈ {1, . . . , n}.

Proof.
(
max

(
a, 1

2
ei
)
− a
)T

1 ≥
(
1
2
ei − a

)T
1 ≥ 1

2
− δ.

To understand how this simple lemma works in the context of our algorithm, let us

consider an iteration with X1 6≥ 0. Let aT = eTi X for some i with eTi X1 ≤ 0. We have

aT1 ≤ 0. Note that (
max

(
a,

1

2
ei

)
− a
)T

= eTi ∆.

Lemma 2.2, applied to a defined above and δ = 0, implies that

1

2
≤ eTi ∆1 ≤ ‖eTi ∆‖

√
n.

It follows that

eTi (∆ ◦∆)1 = ‖eTi ∆‖2 ≥ 1

4n
, ∀i, eTi X1 ≤ 0.

Taking into account this inequality and the formula for u in the algorithm, together with

the fact that the algorithm must terminate if some uj becomes negative, we obtain
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Theorem 2.2 Algorithm 2.1 produces a correct output (either a vector x in S ∩ Rn
+ or a

nonempty set J such that xj ≤ 1/2 for all x in S∩[0, 1]n and j in J in at most 4n2 iterations.

The above general algorithm implies a polynomial-time algorithm for linear programming.

To see this, we simply consider Ax = b, x ≥ 0, where A and b are rational. Without loss

of generality, we assume that if the system is feasible, then it has a solution in [0, 1]n. Let

S = {x : Ax = b}. It is a well-known fact that the operator π{x:Ax=b} of orthogonal projection

onto {x : Ax = b} has all the properties that we require for ϕ. The projection of a vector

on {x : Ax = b} can be computed in polynomial time. Then, Theorem 2.2 implies that

in polynomial time we can find a feasible solution or an index j such that xj ≤ 1/2 for all

feasible solutions x in [0, 1]n. If a feasible solution is found, then we return this solution.

Otherwise, we divide the jth column of A by 2 an repeat the above procedure. This division

preserves the property that the feasibility problem has a solution in [0, 1]n. It should be clear

that the same idea works also for linear optimization problems. Based on this general idea,

in Section 3 we develop a polynomial algorithm for linear programming which is strongly

polynomial for linear problems with (I).

2.6 Orthogonal projections

In this subsection, we discuss some well-known facts about orthogonal projections and in-

troduce some additional notation.

The orthogonal projection of a vector v in a Euclidean space on a closed convex set S in

this Euclidean space is the vector πS(v) in S such that

‖πS(v)− v‖ = min{‖w − v‖ : w ∈ S},

where ‖ · ‖ denotes the Euclidean norm. The following inequality is a well-known property

of orthogonal projections:

‖πS(v0)− v‖2 ≤ ‖v0 − v‖2 − ‖πS(v0)− v0‖2, ∀v ∈ S. (2.1)

This inequality means that the projection brings v0 closer to each point of S; see for example

Boyd [4] and Dattorro [9] for further information on orthogonal projections.
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Let S1 and S2 denote closed convex sets. Performing projections of v0 first onto S2 and

then onto S1, we obtain the point πS1πS2(v0). Inequality (2.1) implies

‖πS1πS2(v0)− v‖2 ≤ ‖v0 − v‖2 − ‖πS2(v0)− v0‖2 − ‖πS1πS2(v0)− πS2(v0)‖2, ∀v ∈ S1 ∩ S2.

Replacing v0 by πS1πS2(v0), we reduce the distance from the current vector to each vector v

in S1 ∩ S2. (This is actually an iteration of the well-known alternating projection method;

e.g., see Dattorro [9] and Cheney and Goldstein [5].) To measure the progress, in the sense of

the reduction of the distance, we observe the following. If uj is an upper bound on ‖v0− v‖2

for all v ∈ S1 ∩ S2, then the above inequality implies

uj − ‖πS2(v0)− v0‖2 − ‖πS1πS2(v0)− πS2(v0)‖2 ≥ ‖πS1πS2(v0)− v‖2, ∀v ∈ S1 ∩ S2.

In order to find a point in S1 ∩ S2 or somewhere close to this intersection, we can undertake

the following steps. First of all, we observe that if the new bound, i.e., the value at the left-

hand side of the above inequality, is negative, then S1 ∩ S2 is empty. In this case we simply

stop our procedure. Otherwise, we replace uj by the new bound and go further. Of course,

we can use this approach to measure the progress of the alternating projections, but, in its

pure form, when we perform iterations in the original space, this approach does not lead

to a polynomial algorithm. However, as we will see, this simple idea leads to a polynomial

algorithm for linear programming if we consider n vectors simultaneously and apply an

appropriate procedure to choose the sets onto which these vectors should be projected.

The set of these vectors is represented in the form of a matrix. That is, unlike traditional

algorithms for linear programming, which generate sequences of solutions in the original

vector space, our algorithm generates a sequence in a vector space of matrices.

It remains to discuss some technical details concerning orthogonal projections. Let

P = I − AT (AAT )−1A,

where I is the n × n identity matrix. This is the matrix of the orthogonal projection onto

the linear subspace {x : Ax = 0}. Let

H = {x ∈ Rn : Ax = b}.
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The orthogonal projection on H is computed as

πH(x) = Px+ AT (AAT )−1b.

Let ξ be an upper bound on the optimal value of our linear optimization problem. The set

H(ξ) = {x ∈ Rn : Ax = b, cTx ≤ ξ}

is the set of solutions of Ax = b with cTx ≤ ξ. If Pc = 0 and H(ξ) 6= ∅, then H = H(ξ). If

x ∈ H, then

πH(ξ)(x+ y) =

 x+ Py − max(0, cT (x+ Py)− ξ)
‖Pc‖2

Pc, if Pc 6= 0,

x+ Py, otherwise.

for every vector y. Note that

x+ Py = πH(x+ y),

provided that x ∈ H. That is, πH(ξ)(x+ y) is obtained by projecting x+ y onto H and then

onto the halfspace defined by the inequality

cTPx ≤ ξ − cTAT (AAT )−1b,

which is satisfied by x in H if and only if cTx ≤ ξ. (To see this, we use the fact that x = πH(x)

for all x in H.)

Let max(·, ·) denote the componentwise maximum. Let X be an n × n real matrix and

D be an n× n 0-1 diagonal matrix. Consider an n× n nonnegative matrix ∆ such that

∆ ≤ max

(
XD,

1

2
D

)
−XD. (2.2)

Note that if Djj = 0 then ∆ej = 0. Moreover,

max

(
XD,

1

2
D

)
= πRn×n

+ + 1
2
D(XD).

That is, max
(
XD, 1

2
D
)

is the projection of XD on Rn×n
+ + 1

2
D in the sense of the Euclidean

norm on Rn×n. If ∆ = max
(
XD, 1

2
D
)
−XD, then, for all j with Djj = 1,

(X + ∆)ej = πRn
++ 1

2
ej

(Xej).
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Then, for all j = 1, . . . , n,

‖(XD + ∆)ej − x‖2 ≤ ‖XDej − x‖2 − 1T (∆ ◦∆)ej, ∀x ∈ Rn
+ +

1

2
ej, (2.3)

where ◦ denotes the Hadamard product of two matrices, which is simply their componentwise

product. The value 1T (∆ ◦∆)ej is equal to
∑n

i=1(∆ij)
2, which is the sum of squares of the

elements of ∆ in the jth column. Inequality (2.3) follows from (2.1). To see this, we set

v0 := XDej

and

S := Rn
+ +

1

2
Dej,

Let us prove that the inequality (2.3) is true also in the general case of (2.2). Denote

V =
1

2
D −

(
max

(
XD,

1

2
D

)
−XD −∆

)
.

Again, (2.3) follows from (2.1). To show this, we define v0 as before and S as

S := Rn
+ + V ej.

Note that

Rn
+ +

1

2
Dej ⊆ S.

and

(XD + ∆)ej = πS(XDej),

which implies (2.3) by (2.1) and can be proved as follows. Consider i = 1, . . . , n, and the

following two cases:

1. eTi max
(
XD, 1

2
D
)
ej = eTi XDej. In this case eTi ∆ej = 0 and

1

2
eTi Dej = eTi V ej.

Then

eTi (XD + ∆)ej = eTi XDej = eTi max

(
XD,

1

2
D

)
ej = eTi max (XD,V ) ej.
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Figure 1: H(16) = {x : x1 + x2 =
1
3 ,−x1 + x2 ≤ 1

6}; Xej = Xe2 = πH(ξ)(0).

2. eTi max
(
XD, 1

2
D
)
ej = 1

2
eTi Dej. In this case

eTi (XD + ∆)ej = eTi V ej.

Then, since ∆ is a nonnegative matrix,

eTi (XD + ∆)ej = eTi (max(XD,XD + ∆)ej = eTi max (XD, V ) ej.

It follows that

(XD + ∆)ej = max (XD,V ) ej = max (XDej, V ej) = πRn
++V ej(XDej).

Thus, using inequalities (2.1) and (2.3), for each j with Djj = 1 we can write

‖πH(ξ)((X + ∆)ej)− x‖2 ≤ ‖(X + ∆)ej − x‖2

≤ ‖Xej − x‖2 − ‖∆ej‖2, ∀x ∈ H(ξ) ∩
(
Rn

+ + 1
2
ej
)
.

(2.4)

The example in Figure 1 illustrates the projections discussed above. In this example,

ξ = 1
6
, (A|b) = (1 1 | 1/3) , and cT = (−1, 1). The matrix X is equal to (πH(ξ)(0), πH(ξ)(0)).

That is, X consists of two columns, each of which is equal to πH(ξ)(0) depicted as a large black

circle in the picture. The matrix ∆ is computed as ∆ = max
(
XD, 1

2
D
)
−XD, where matrix

D is the 2×2 identity matrix. The matrix X ′ is equal to (πH(ξ)((X+∆)e1), πH(ξ)((X+∆)e2)).

That is, X ′ej = πH(ξ)((X + ∆)ej) for j = 1, 2. The gray segment depicts H(ξ). The thin

line, partially covered by the gray segment, is {x : Ax = b}.
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3 Polynomial algorithm for linear optimization

We continue to consider the problem

min{cTx : Ax = b, x ≥ 0}.

Now we assume that

(II) if the problem is feasible then there exists an optimal solution x∗ such that x∗j ∈

{0} ∪ [βj, 1] for all j = 1, . . . , n,

where the values βj in (0, 1] are known in advance. All optimal solutions with the above

property lie in the unit cube [0, 1]n. This implies that

LB = −‖Pc‖1 + cTAT (AAT )−1b

is a lower bound on the optimal value and

UB = ‖Pc‖1 + cTAT (AAT )−1b

is an upper bound on the optimal value. Here, ‖·‖1 denotes the 1-norm. To obtain the above

bounds, we consider an optimal solution x∗ in [0, 1]n and take into account x∗ = πH(x∗).

This implies cTx∗ = cTPx∗ + cTAT (AAT )−1b and the above bounds.

In this section we develop an algorithm whose running time is bounded by a polynomial

in n and in the values
⌈
log 2

βj

⌉
. This implies a polynomial running time in the general case

when A, b, and c are rational because any linear problem can be represented in the form with

the property (II) by means of standard tools in polynomial time. In the case of a problem

with the property (I), we obtain a strongly polynomial algorithm.

3.1 Basic idea

In this subsection, we introduce some additional notation and explain the main idea of the

algorithm.
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Iteration k of our algorithm considers a linear problem

min cTM (k)x

s.t. A(k)x = b(k),

x ≥ 0,

further denoted as LP (k), with A(k) of full rank. This problem is a reformulation of

min cTM (k)x

s.t. AM (k)x = b,

(I −D(k))x = 0,

x ≥ 0,

where M (k) is a positive definite diagonal matrix and D(k) is a 0-1 diagonal matrix such that

D
(k)
jj = 0 only if x∗j = 0 for all optimal solutions x∗, with (II), of the original problem. If

D
(k)
jj = 0, then xj = 0 for each feasible solution x of LP (k).

We define LP (0) as the original problem with (II). Let D(0) = I and M (0) = I.

The optimal value of LP (k) is equal to the optimal value of the original problem. If x is a

feasible solution of LP (k), then M (k)x is a feasible solution of the original problem. Since the

optimal values coincide, M (k)x is optimal for the original problem if x is optimal for LP (k);

see Lemma 3.1 for details.

Let OPT denote the optimal value of the original problem. In view of the above remarks,

OPT is at the same time the optimal value for every problem LP (k). Further, optimal

solutions of the original problem are called optimal solutions.

At each iteration, our algorithm preserves the property that each problem LP (k) has an

optimal solution in [0, 1]n. Then, in the same way as for the original problem,

LB(k) = −‖P (k)M (k)c‖1 + cTM (k)(A(k))T (A(k)(A(k))T )−1b(k)

is a lower bound on OPT and

UB(k) = ‖P (k)M (k)c‖1 + cTM (k)(A(k))T (A(k)(A(k))T )−1b(k)

is an upper bound on OPT, where

P (k) = I − (A(k))T (A(k)(A(k))T )−1A(k).
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So we will use (k) to emphasize that the respective object is constructed at iteration k. In

particular, we define

H(k)(ξ) := {x ∈ Rn : A(k)x = b(k), cTM (k)x ≤ ξ},

where ξ ≥ OPT.

The main goal of iteration k of the algorithm is to construct a new matrix X(k+1) such

that X(k+1)ej ∈ H(k+1)(ξ) for all j with D
(k+1)
jj = 1 from the current matrix X(k) whose

columns with D
(k)
jj = 1 belong to H(k)(ξ) by means of some rule which guarantees a progress

in solving the original problem. Let us consider

x̄ =
1∑n

i=1D
(k)
ii

X(k)D(k)1,

which is the centroid of those columns of X(k) that correspond to nonzero diagonal elements

of D(k). It is clear that cTM (k)x̄ ≤ ξ and A(k)x̄ = b(k). If x̄ ≥ 0, then x̄ is a feasible solution

of LP (k) with cTM (k)x̄ ≤ ξ. Note that A(k)x̄ = b(k) implies x̄i = 0 for all i such that D
(k)
ii = 0.

Let γ = 1
4
. If eTi X

(k)D(k)1 > γ for all i with D
(k)
ii = 1, then x̄ is feasible for LP (k) and

cTM (k)x̄ is an upper bound on OPT. This upper bound does not exceed ξ. In this case, the

algorithm improves the current upper bound ξ by at least γ
n2‖P (k)M (k)c‖1. The algorithm

uses the fact that if the components x̄i with D
(k)
ii = 1 are sufficiently large (greater than

γ/n), then there is a simple procedure that transforms x̄ into another feasible solution of

LP (k) with the objective value not exceeding cTM (k)x̄− γ
n2‖P (k)M (k)c‖1. As we will see, the

number of such improvements is polynomially bounded.

Now let eTi X
(k)D(k)1 ≤ γ for some i with D

(k)
ii = 1. Then the set

T =
{
i : eTi X

(k)D(k)1 ≤ γ, D
(k)
ii = 1

}
∪
{
i : ∃j, eTi X(k)D(k)ej ≤ −1

}
.

is not empty. This set contains all indices i with D
(k)
ii = 1 such that eTi X

(k)D(k)1 ≤ γ or

some element in the ith row of the matrix X(k)D(k) does not exceed −1. Now we consider

∆ = diag

(∑
i∈T

ei

)(
max

(
X(k)D(k),

1

2
·D(k)

)
−X(k)D(k)

)
.

Actually, to obtain a polynomial running time, it would be sufficient to simply consider

the identity matrix in place of diag
(∑

i∈T ei
)
. The only reason to consider T is that some
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negative elements of X(k)D(k) can be too small in absolute value to be useful in the progress

of the algorithm. Using the multiplication by diag
(∑

i∈T ei
)
, we save a factor of n in the

future estimate of the running time.

To measure the progress of the algorithm after the above step, we will use the properties

of orthogonal projections discussed in Section 2.6. Denote

Qj =

{
x ∈ [0, 1]n : xj ≥

1

2

}
.

This set is a half of the unit cube [0, 1]n. If H(k)(ξ)∩Qj is empty, then x∗j <
1
2

for all optimal

solutions x∗ of LP (k) in [0, 1]n. Let u(k) in Rn be such that

u
(k)
j ≥ ‖X(k)ej − x‖2, ∀x ∈ H(k)(ξ) ∩Qj, ∀j,D(k)

jj = 1.

In the fashion of the general algorithm of Section 2.5, we consider

u := u(k) − (∆ ◦∆)T1.

Vector u is obtained by subtracting 1T (∆ ◦∆)ej =
∑n

i=1(∆ij)
2, i.e., the sum of squares of

elements of ∆ in the jth column of ∆, from each component u
(k)
j . Note that uj = u

(k)
j for all

j with D
(k)
jj = 0 because ∆ej = 0 in this case. Matrix ∆ satisfies (2.2) (see Section 2.6) for

X = X(k) and D = D(k). Since Qj ⊂ Rn
+ + 1

2
ej, inequality (2.4) implies

uj ≥ ‖(X(k) + ∆)ej − x‖2, ∀x ∈ H(k)(ξ) ∩Qj, ∀j,D(k)
jj = 1.

If uj < 0 for some j with D
(k)
jj = 1, then H(k)(ξ) ∩ Qj is empty. Then x∗j <

1
2

for all

optimal solutions x∗ of LP (k) in [0, 1]n. In this case the algorithm scales the current problem

LP (k). Then we need some correction of u to construct the next vector u(k+1). Also, the

computation of X(k+1) in this case needs some more efforts than in the case u ≥ 0. The

details are given in the algorithm and in the proof of Lemma 3.1.

If u ≥ 0, then iteration k does not perform any scaling and does not add new equations,

i.e, M (k+1) = M (k) and D(k+1) = D(k), which means H(k+1)(ξ) = H(k)(ξ). Then the algorithm

sets

X(k+1)ej := πH(k+1)(ξ)((X
(k) + ∆)ej), ∀j,D(k+1)

jj = 1,

23



and

u(k+1) := u.

Then we have

‖(X(k) + ∆)ej − x‖2 ≥ ‖X(k+1)ej − x‖2, ∀x ∈ H(k+1)(ξ) ∩Qj, ∀j,D(k+1)
jj = 1.

Therefore,

u
(k+1)
j ≥ ‖X(k+1)ej − x‖2, ∀x ∈ H(k+1)(ξ) ∩Qj, ∀j,D(k+1)

jj = 1.

By our current assumption, x̄i ≤ γ for some i with D
(k)
ii = 1. As we will show later when

analyzing the running time of the algorithm, this implies that the value eTi (∆ ◦ ∆)1 =∑n
j=1(∆ij)

2, i.e., the sum of squares of elements of ∆ in the ith row, is not less than some

positive value depending on the dimension. Since

1Tu(k+1) ≤ 1Tu(k) − 1T (∆ ◦∆)T1

for any iteration with M (k+1) = M (k), it follows that, starting with any iteration, we reach an

iteration with uj < 0 in a polynomial number of iterations. This implies a polynomial bound

on the number of iterations in any sequence of consecutive iterations with M (k+1) = M (k). On

the other hand, as we will see later, the number of iterations with M (k+1) 6= M (k) is bounded

by a polynomial in the values dlog 2
βj
e due to (II). This leads to a polynomial running time.

3.2 Algorithm

Let O denote an n × n zero matrix. The arrow ← will mean that (A′|b′) is mapped to

(A′′|b′′) of full rank such that the rows of (A′′|b′′) span the same space as the rows of (A′|b′).

Note that such a matrix (A′′|b′′) can be constructed in O(n3) time in such a way that the

binary size of (A′′|b′′) is polynomially bounded in the size of (A′|b′) in the case of rational

coefficients.

Now we will give a complete description of the algorithm.

Algorithm 3.1
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Input: A linear optimization problem with (II);

Output: An optimal solution x∗ or a decision that the problem is infeasible.

k := 0;

ξ := UB;

X(0) := πL(ξ)(O);

u(0) := n1;

H(0)(ξ) := H(ξ);

D(0) := I;

M (0) := I;

γ := 1
4
;

repeat

while eTi X
(k)D(k)1 ≤ γ for some i with D

(k)
ii = 1

1. T :=
{
i : eTi X

(k)D(k)1 ≤ γ, D
(k)
ii = 1} ∪ {i : ∃j, eTi X(k)D(k)ej ≤ −1

}
;

∆ := diag
(∑

i∈T ei
) (

max
(
X(k)D(k), 1

2
·D(k)

)
−X(k)D(k)

)
;

2. u := u(k) − (∆ ◦∆)T1;

3. For each j, M
(k+1)
jj :=


M

(k)
jj

2
, if uj < 0, D

(k)
jj = 1,

M
(k)
jj , otherwise.

4. For each j, D
(k+1)
jj :=

 0, if βj > M
(k+1)
jj ,

D
(k)
jj , otherwise.

if D(k+1) = O then return x∗ = 0 if 0 is feasible and ”no solutions”, otherwise;

5. (A(k+1)|b(k+1))←

 AM (k+1) b

I −D(k+1) 0

 ;

6. if rank (A(k+1)|b(k+1)) 6= rank A(k+1) then return ”no solutions”;

7. For each j, X(k+1)ej :=


πH(k+1)(ξ)((X

(k) + ∆)ej), if M
(k+1)
jj = M

(k)
jj , D

(k+1)
jj = 1,

X(k)ej, if D
(k+1)
jj = 0,

πH(k+1)(ξ)(0), otherwise.

8. For each j, u
(k+1)
j :=

 uj + 4|{i : M
(k+1)
ii 6= M

(k)
ii }|, if M

(k+1)
jj = M

(k)
jj ,

n, otherwise.
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9. k := k + 1;

end

if P (k)M (k)c 6= 0

ξ := min
{
UB(k), ξ − γ

n2‖P (k)M (k)c‖1
}

;

X(k+1)ej :=

 πH(k)(ξ)(X
(k)ej), D

(k+1)
jj = 1,

X(k)ej, D
(k+1)
jj = 0.

(A(k+1)|b(k+1)) := (A(k)|b(k));

D(k+1) := D(k);

M (k+1) := M (k);

u(k+1) := u(k);

k := k + 1;

end

until P (k)M (k)c = 0

Return x∗ = 1∑n
i=1 D

(k)
ii

M (k)X(k)D(k)1;

Remark. We call all steps between two consecutive increments of k an iteration and

assign the respective value of k to each iteration. So we have iterations k = 0, 1, . . . .

Remark. At steps 3 and 4, we assume that the non-diagonal elements of M (k+1) and

D(k+1) are set to 0.

Remark. We could use elimination of columns in place of multiplications by D(k). How-

ever, it seems to be more convenient to use D(k) because then the dimension remains the

same. So the only role of D(k) is to ”switch off” the columns that we do not need anymore.

In the formulation and in the proof of the following lemma we use the notation introduced

in Section 3.1. Again, optimal solutions of the original problem with (II) will be simply called

optimal solutions.

Lemma 3.1 At iteration k of the algorithm:

(a) For all j with D
(k+1)
jj = 1,

u
(k+1)
j ≥ ‖X(k+1)ej − x‖2, ∀x ∈ H(k+1)(ξ) ∩Qj. (3.1)
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(b) (M (k+1))−1x∗ is an optimal solution of LP (k+1) for every optimal solution x∗ with (II).

Moreover, (M (k+1))−1x∗ ∈ [0, 1]n.

(c) D
(k+1)
jj = 0⇒ x∗j = 0 for all optimal solutions x∗ with (II).

(d) The value ξ is an upper bound on the optimal value if the problem with (II) is feasible.

Proof. Note that

u
(0)
j ≥ ‖X(0)ej − x‖2, ∀x ∈ H(0)(ξ) ∩Qj, ∀j,D(0)

jj = 1.

(Recall that LP (0) denotes the original problem. The H(0)(ξ) denotes H(ξ).) Moreover, (b),

(c), and (d) hold for 0 in place of k + 1 because M (0) and D(0) are identity matrices. The

initial ξ is equal to UB, which is an upper bound on OPT.

Assume that

u
(l)
j ≥ ‖X(k)ej − x‖2, ∀x ∈ H(l)(ξ) ∩Qj, ∀j,D(l)

jj = 1,

for all l = 0, . . . , k. In the same way, assume that (b),(c), and (d) hold when k+1 is replaced

by l = 0, . . . , k. These assumptions are our induction hypothesis.

If the condition of the inner loop is not satisfied, iteration k computes a new value of ξ.

Then (A(k+1)|b(k+1)) = (A(k)|b(k)), M (k+1) = M (k), and D(k+1) = D(k), which implies (b) and

(c) in this case.

Now assume that the condition of the inner loop is satisfied and iteration k performs

steps 1-9. Let us analyze each step.

1. The matrix ∆ is the product of the diagonal matrix diag
(∑

i∈T ei
)

and the difference

between the projection of X(k)D(k) on Rn×n
+ + 1

2
D(k) and X(k)D(k). For all i 6∈ T, the

ith row of ∆ is zero. At step 7 we will use ∆ to construct X(k+1).

2. The analysis given in Section 3.1 implies

uj ≥ ‖(X(k) + ∆)ej − x‖2, ∀x ∈ H(k)(ξ) ∩Qj, ∀j,D(k)
jj = 1. (3.2)

The reason why we do not immediately compute u(k+1) is that the current problem

LP (k) can be rescaled later in the algorithm, which can imply some correction. See

step 8 for the computation of u(k+1).
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3. This step constructs matrix M (k+1). Consider j with D
(k)
jj = 1. Since uj satisfies the

above inequality, uj < 0 means that H(k)(ξ) ∩Qj is empty. In this case,

xj ≤ 1/2

for all optimal solutions x ∈ [0, 1]n of LP (k). Thus, if uj < 0 and D
(k)
jj = 1, then the

algorithm sets M
(k+1)
jj := M

(k)
jj /2. Otherwise, M

(k+1)
jj := M

(k)
jj .

Consider an optimal solution x∗ with (II). By the induction hypothesis, (M (k))−1x∗

is an optimal solution of LP (k) and (M (k))−1x∗ ∈ [0, 1]n. From the above inequality

xj ≤ 1/2 it follows that eTj (M (k))−1x∗ ≤ 1/2 for all j with M
(k+1)
jj 6= M

(k)
jj . Then

(M (k+1))−1x∗ ∈ [0, 1]n.

4. Proof of (b) and (c). Let βj > M
(k+1)
jj . We now prove that in this case x∗j must be

equal to 0 for all optimal solutions x∗ with (II). Indeed, as shown above, (M (k+1))−1x∗ ∈

[0, 1]n, which is possible only if x∗j = 0 because otherwise we had eTj (M (k+1))−1x∗ =

x∗j/M
(k+1)
jj ≥ βj/M

(k+1)
jj > 1. So the algorithm sets D

(k+1)
jj := 0. That is, the column j of

the coefficient matrix is ”switched off”. Step 5 adds the respective equations xj = 0 to

the constraints of the current problem. By the induction hypothesis, D
(k)
jj = 0 implies

x∗j = 0. So we have proved that x∗j = 0 for all j with D
(k+1)
jj = 0. Then (M (k+1))−1x∗

is feasible for LP (k+1). On the other hand, let x∗∗ be an optimal solution of LP (k+1).

Then M (k+1)x∗∗ is feasible for the original problem. This implies

cTM (k+1)x∗∗ ≥ cTx∗ = cTM (k+1)(M (k+1))−1x∗.

It follows that (M (k+1))−1x∗ is optimal for LP (k+1) and the optimal value of LP (k+1)

is equal to the optimal value of the original problem. So we have proved (b) and (c).

It remains to note that if D(k+1) = O, then, by (b) and (c), any optimal solution with

(II) must be a zero vector. In this case the algorithm returns x∗ = 0 if 0 is feasible.

Otherwise, the algorithm decides that the problem is infeasible.
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5. This step computes A(k+1) and b(k+1) for LP (k+1). If M (k+1) = M (k) and D(k+1) = D(k),

then LP (k+1) = LP (k). As shown above, the optimal value of LP (k+1) is equal to the

optimal value of the original problem.

6. If the rank of the new augmented coefficient matrix is not equal to the rank of the new

coefficient matrix, then there are no feasible solutions and the algorithm terminates.

7. This step computes X(k+1). For each j, the column X(k+1)ej is chosen depending on

the conditions satisfied by j.

8. Now we prove that u(k+1) constructed at step 8 possesses the property (a), i.e., that

it satisfies (3.1).

Case 1. Consider j with M
(k+1)
jj = M

(k)
jj and D

(k+1)
jj = 1.

Let x′ be feasible for LP (k+1) and belong to H(k+1)(ξ) ∩ Qj. Note that D
(k)
ii = 0 ⇒

D
(k+1)
ii = 0 for all i. Then the solution

x = (M (k))−1M (k+1)x′

is feasible for LP (k) and belongs to H(k)(ξ) ∩Qj. This solution is obtained from x′ by

dividing |{i : M
(k+1)
ii 6= M

(k)
ii }| components of x′ by 2. That is,

0 ≤ x ≤ x′ ≤ 1.

Then

‖x′‖2 − ‖x‖2 = (x′ − x)T (x′ + x) ≤ 2(x′ − x)T1 ≤ 2|{i : M
(k+1)
ii 6= M

(k)
ii }|.

Let y = (X(k) + ∆)ej. We have y ≥ −1 because eTi (X(k) + ∆)ej ≥ 0 for all i with

eTi X
(k)ej ≤ −1 due to the fact that

{
i : eTi X

(k)ej ≤ −1
}
⊂ T.

Then, taking into account x ≤ x′, we write

yT (x− x′) = −yT (x′ − x) ≤ 1T (x′ − x) ≤ |{i : M
(k+1)
ii 6= M

(k)
ii }|.
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It follows that

‖(X(k) + ∆)ej − x′‖2 = ‖y‖2 − 2yTx′ + ‖x′‖2

= ‖y‖2 − 2yTx+ ‖x‖2 + 2yT (x− x′) + ‖x′‖2 − ‖x‖2

= ‖y − x‖2 + 2yT (x− x′) + ‖x′‖2 − ‖x‖2 ≤ ‖y − x‖2 + 4|{i : M
(k+1)
ii 6= M

(k)
ii }|

≤ uj + 4|{i : M
(k+1)
ii 6= M

(k)
ii }|.

The latter inequality follows from (3.2). For every x′ ∈ H(k+1)(ξ), the property (2.1)

of orthogonal projections implies that

‖πH(k+1)(ξ)((X
(k) + ∆)ej)− x′‖ ≤ ‖(X(k) + ∆)ej − x′‖.

Therefore, we obtain (3.1) for

u
(k+1)
j = uj + 4|{i : M

(k+1)
ii 6= M

(k)
ii }|.

Case 2. Now consider j with M
(k+1)
jj 6= M

(k)
jj and D

(k+1)
jj = 1. In this case X(k+1)ej

is the projection of 0 on H(k+1)(ξ). This implies (3.1) for u
(k+1)
j = n because the the

distance from 0 to any point in H(k+1)(ξ) ∩Qj is not greater than
√
n.

9. Increase the counter.

Proof of (d). The initial ξ = UB satisfies (d) if the problem with (II) is feasible because

then there are optimal solutions in [0, 1]n. Consider the step computing ξ in the outer loop.

If a new value of ξ is computed, then D(k) 6= O and eTi X
(k)D(k)1 > γ for all i with D

(k)
ii = 1.

Consider

x̄ =
1∑n

i=1D
(k)
ii

X(k)D(k)1.

Note that x̄i >
γ
n
> 0 for all i with D

(k)
ii = 1, because γ > 0, and x̄i = 0 for all i with D

(k)
ii = 0,

which follows from A(k)x̄ = b(k). So x̄ is a feasible solution of LP (k) with cTM (k)x̄ ≤ ξ because

x̄ is a nonnegative vector in H(k)(ξ). Then M (k)x̄ is feasible for the original problem with

(II).

Let ξ′ denote the old value of ξ and ξ′′ denote the new value computed by the algorithm.

We have cTM (k)x̄ ≤ ξ′. If ξ′′ = UB(k), then ξ′′ ≥ OPT because UB(k) is a valid upper bound
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due to the fact that LP (k) has an optimal solution in [0, 1]n whenever the original problem

with (II) is feasible; see property (b). If ξ′′ 6= UB(k), then

ξ′ − ξ′′ = γ

n2
‖P (k)M (k)c‖1.

In this case, using the fact that ‖v‖1 ≤
√
n‖v‖ for all vectors v, we can write

‖πH(k)(ξ′)(x̄)− πH(k)(ξ′′)(x̄)‖ ≤ ξ′ − ξ′′

‖P (k)M (k)c‖
≤
√
nγ

n2
.

Now we will prove that πH(k)(ξ′′)(x̄) is feasible for LP (k). If D
(k)
ii = 0, then A(k)x = b(k)

implies xi = 0. Then eTi πH(k)(ξ′′)(x̄) = 0. Let D
(k)
ii = 1. Then eTi πH(k)(ξ′)(x̄) ≥ γ

n
because

x̄ = πH(k)(ξ′)(x̄) due to the fact that x̄ ∈ H(k)(ξ′). It follows that

eTi πH(k)(ξ′′)(x̄) ≥ eTi πH(k)(ξ′)(x̄)− ‖πH(k)(ξ′)(x̄)− πH(k)(ξ′′)(x̄)‖ ≥ γ

n
−
√
nγ

n2
≥ 0.

Thus πH(k)(ξ′′)(x̄) is nonnegative. Since at the same time πH(k)(ξ′′)(x̄) ∈ H(k)(ξ′′), we have

proved that πH(k)(ξ′′)(x̄) is feasible for LP (k). Moreover, cTM (k)πH(k)(ξ′′)(x̄) ≤ ξ′′, which im-

plies ξ′′ ≥ OPT because M (k)πH(k)(ξ′′)(x̄) is feasible for the original problem.

Note that LP (k+1) = LP (k) at any iteration computing a new value of ξ. Then u(k+1) =

u(k) satisfies (3.1) because H(k+1)(ξ′′) = H(k)(ξ′′) ⊆ H(k)(ξ′), which implies, for all j with

D
(k+1)
jj = 1, and x ∈ H(k+1)(ξ′′) ∩Qj, that

‖X(k+1)ej − x‖2 = ‖πH(k)(ξ′′)(X
(k)ej)− x‖2 ≤ ‖X(k)ej − x‖2 ≤ u

(k)
j = u

(k+1)
j .

Proof of (a). The property (a) follows from the previous discussion on cases 1 and 2

for step 8 and the end of the above proof of (d).

Theorem 3.1 Algorithm 3.1 can be implemented to solve a linear optimization problem with

(II) in time O
(
n4
∑n

j=1

⌈
log 2

βj

⌉)
.

Proof. First, let us show that the output is correct if the algorithm terminates. If the

algorithm does not decide that the problem is infeasible, then P (k)M (k)c = 0 at the last iter-

ation. This equation means that all feasible solutions of LP (k) are at the same time optimal

solutions of LP (k). It follows that if D(k) is nonzero, then x∗ = 1∑n
i=1 D

(k)
ii

M (k)X(k)D(k)1 is an
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optimal solution of the original problem because x̄ = 1∑n
i=1D

(k)
ii

X(k)D(k)1 is feasible for LP (k)

and the optimal value of LP (k) is equal to the optimal value of the original problem, which

follows from the property (b) in Lemma 3.1. If D(k) = O and 0 is feasible, then 0 is an

optimal solution because, by Lemma 3.1, D
(k)
jj = 0 implies x∗j = 0 for every optimal solution

x∗ with (II). If D(k) = O and 0 is infeasible, then the original problem with (II) is infeasible.

So the output is correct.

Let K denote the number of iterations. We will now prove that K is polynomially

bounded.

Note that u(k+1) ≥ 0 at each iteration. Indeed, u(0) ≥ 0. Consider iteration k and assume

that u(k) ≥ 0. If a new value ξ is computed, then u(k+1) = u(k). If u(k+1) is computed at

step 8, then uj < 0 implies u
(k+1)
j = n because M

(k+1)
jj 6= M

(k)
jj and D

(k)
jj = 1 in this case.

(uj < 0 implies D
(k)
jj = 1 because for all j with D

(k)
jj = 0 we have ∆ej = 0 and therefore

uj = u
(k)
j ≥ 0.) It follows that u(k+1) is nonnegative.

All iterations of the algorithm can be split into two classes: those which perform the

inner steps of the while-loop and those which compute ξ. Denote the first class by F. It is a

subset of {0, . . . , K}. That is, {0, . . . , K} \ F is the set of iterations that compute ξ.

Consider an iteration k ∈ F. Note that

1Tu(k+1) ≤ 1Tu(k) + 5nlk, (3.3)

where lk = |{i : M
(k+1)
ii 6= M

(k)
ii }|, which immediately follows from the formula at step

8 because the number of components u
(k+1)
j = n set to n is not greater than lk. (If the

respective set is empty, then lk = 0.) Steps 3 and 4 and the fact that the initial matrix M (0)

is the identity matrix imply that

∑
k∈F

lk ≤
n∑
j=1

⌈
log

2

βj

⌉
.

It follows that the number of iterations k in F with M (k+1) 6= M (k) is bounded by∑n
j=1

⌈
log 2

βj

⌉
. If M (k+1) = M (k), then (A(k+1)|b(k+1)) = (A(k)|b(k)). Otherwise, (A(k+1)|b(k+1))

can be computed in O(n3) time. Thus, all the computations of (A(k+1)|b(k+1)) in the course
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of the algorithm require a running time of

O

(
n3

n∑
j=1

⌈
log

2

βj

⌉)
.

The same estimate is true for the overall running time for computing X(k+1) and P (k+1)

at all iterations with M (k+1) 6= M (k). (Recall that the matrix P (k+1) is necessary for the

computation of projections).

Let k ∈ F and M (k+1) = M (k). Consider aT = eTi X
(k)D(k) for i with eTi X

(k)D(k)1 ≤ γ

and D
(k)
ii = 1. We have aT1 ≤ γ. Note that(

max

(
a,

1

2
ei

)
− a
)T

= eTi ∆.

Lemma 2.2, applied to a defined above and δ = γ, implies that

1

2
− γ ≤ eTi ∆1 ≤ ‖eTi ∆‖

√
n. (3.4)

For i such that there exists j with eTi X
(k)D(k)ej ≤ −1, we have eTi ∆ej ≥ 1. Thus, summa-

rizing, we obtain

eTi (∆ ◦∆)1 = ‖eTi ∆‖2 ≥ 1

16n
, ∀i ∈ T,

where T is the set defined at iteration k (step 1 of the inner loop). It follows that

1Tu(k+1) ≤ 1Tu(k) − sk
16n

, (3.5)

where sk = |T |. In order to compute X(k+1), we observe that, since we consider the case

M (k+1) = M (k),

X(k+1)ej =

 X(k)ej + P (k+1)∆ej −
max(0, cTM (k+1)(X(k) + P (k+1)∆)ej − ξ)

‖P (k+1)M (k+1)c‖2
P (k+1)M (k+1)c,

X(k)ej + P (k+1)∆ej,

(3.6)

for j with D
(k+1)
jj = 1. (If P (k+1)M (k+1)c = 0, then X(k+1)ej = X(k)ej + P (k+1)∆ej.) The

vector P (k+1)M (k+1)c can be computed in O(n2) time. The matrix P (k+1)∆ can be computed

in O(skn
2) time because all the rows of ∆ with i 6∈ T are zero. It follows that the computation

of X(k+1) requires O(skn
2) time.
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Since u(k) ≥ 0 for all k,

1Tu(K) ≥ 0.

Together with this inequality, (3.3) and (3.5) imply that

∑
k∈F :M(k+1)=M(k)

sk
16n
≤ 1Tu(0) + 5n

∑
k∈F :M(k+1) 6=M(k)

lk ≤ n2 + 5n
n∑
j=1

⌈
log

2

βj

⌉
.

This implies the overall running time of O
(
n4
∑n

j=1

⌈
log 2

βj

⌉)
for computing X(k+1) at all

iterations with M (k+1) = M (k). Since sk ≥ 1, the above inequality implies that |F | is bounded

by O
(
n2
∑n

j=1

⌈
log 2

βj

⌉)
.

It should be noted that the computations of (A(k+1)|b(k+1)) and X(k+1) are computation-

ally the most expensive steps. Each of the other steps requires at most O(n2) time.

The value ξ is computed at most O
(
n2
∑n

j=1

⌈
log 2

βj

⌉)
times in the course of the algo-

rithm. This follows from the fact that UB(k) − LB(k) = 2‖P (k)M (k)c‖1 and ξ is improved

by at least γ
n2‖P (k)M (k)c‖1 whenever the algorithm computes a new value of ξ and this new

value is not UB(k). Then the number of improvements of ξ is bounded by 8n2 + 1 between

any two iterations k1 and k2, k1 < k2, such that M (k1) = M (k1+1) = . . . = M (k2). That

is, |{0, . . . , K} \ F | ≤ (8n2 + 1)
∑n

j=1

⌈
log 2

βj

⌉
. Each iteration k in {0, . . . , K} \ F requires

O(n2) time to compute all X(k+1)ej = πH(k)(ξ)(X
(k)ej) with D

(k)
jj = 1 for the new ξ because

πH(k)(ξ′)(X
(k)ej) = X(k)ej, is already available for the old value ξ′ of ξ. Thus the overall

running time of iterations k in {0, . . . , K} \ F is O
(
n4
∑n

j=1

⌈
log 2

βj

⌉)
.

Summarizing, we come to the running time O
(
n4
∑n

j=1

⌈
log 2

βj

⌉)
of our algorithm. We

also conclude that the algorithm requires O
(
n2
∑n

j=1

⌈
log 2

βj

⌉)
iterations.

To make the algorithm polynomial in the usual sense, we need only a minor modification

as proposed in the lemma below.

Further, we use b·c also for componentwise rounding. The projection πQj
used in the

following lemma is computed as πQj
(v) = min(max(v, 1

2
ej),1) for each vector v.
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Lemma 3.2 Let ε = 1
3·32·n3 . If steps 7 and 8 are replaced by

X(k+1)ej :=



πH(k+1)(ξ)

(
ε
⌊
1
ε
πQj

((X(k) + ∆)ej)
⌋)
, if (M

(k+1)
jj = M

(k)
jj ) ∧ (D

(k+1)
jj = 1)∧(

(M (k+1) 6= M (k)) ∨ (∆ 6≤ 11T )
)
,

πH(k+1)(ξ)

(
(X(k) + ε

⌊
1
ε
∆
⌋
)ej
)
, if (M (k+1) = M (k)) ∧ (∆ ≤ 11T )

∧(D
(k+1)
jj = 1),

X(k)ej, D
(k+1)
jj = 0,

πH(k+1)(ξ)(0), otherwise.

and

u
(k+1)
j :=

 uj + 4|{i : M
(k+1)
ii 6= M

(k)
ii }|+ 1

32n2 , if M
(k+1)
jj = M

(k)
jj , D

(k+1)
jj = 1,

n, otherwise.

then the algorithm remains correct and the running time is

O

(
n4

n∑
j=1

⌈
log

2

βj

⌉)
,

and, in the case when A, b, and c are rational, the sizes of the numbers in the course of the

algorithm are bounded by a polynomial in the size of the input and in the values
⌈
log 2

βj

⌉
.

Proof. To prove that Lemma 3.1 is true for the new version of the algorithm, we require

only the following additional observation concerning step 8, case 1, in the proof of Lemma

3.1. Consider x′ in H(k+1)(ξ)∩Qj. (We use the same notation as in the proof of Lemma 3.1,

step 8, case 1.) There exists v ∈ [−ε, ε]n such that∥∥∥∥ε⌊1

ε
πQj

((X(k) + ∆)ej)

⌋
− x′

∥∥∥∥ =
∥∥πQj

((X(k) + ∆)ej)− x′ + v
∥∥

≤
∥∥πQj

((X(k) + ∆)ej)− x′
∥∥+ ‖v‖ .

We have ∥∥πQj
((X(k) + ∆)ej)− x′

∥∥ ≤ √n
and

‖v‖ ≤
√
nε.
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Taking into account ε2 ≤ ε, we can write∥∥∥∥ε⌊1

ε
πQj

((X(k) + ∆)ej)

⌋
− x′

∥∥∥∥2 ≤ ∥∥πQj
((X(k) + ∆)ej)− x′

∥∥2 + 3nε.

Moreover, ∥∥πQj
((X(k) + ∆)ej)− x′

∥∥ ≤ ∥∥(X(k) + ∆)ej − x′
∥∥ .

The analysis of step 8 in the proof of Lemma 3.1 implies

∥∥(X(k) + ∆)ej − x′
∥∥2 ≤ uj + 4|{i : M

(k+1)
ii 6= M

(k)
ii }|.

Note that∥∥∥∥πH(k+1)(ξ)

(
ε

⌊
1

ε
πQj

((X(k) + ∆)ej)

⌋)
− x′

∥∥∥∥2 ≤ ∥∥∥∥ε⌊1

ε
πQj

((X(k) + ∆)ej)

⌋
− x′

∥∥∥∥2 .
It follows that∥∥∥∥πH(k+1)(ξ)

(
ε

⌊
1

ε
πQj

((X(k) + ∆)ej)

⌋)
− x′

∥∥∥∥2 ≤ uj + 4|{i : M
(k+1)
ii 6= M

(k)
ii }|+

1

32n2
.

Now let M (k+1) = M (k) and ∆ ≤ 11T . The matrix ε
⌊
1
ε
∆
⌋

is nonnegative and ε
⌊
1
ε
∆
⌋
≤ ∆.

Therefore, it satisfies 2.2, if we write ε
⌊
1
ε
∆
⌋

in place of ∆. Then we have∥∥∥∥(X(k) + ε

⌊
1

ε
∆

⌋)
ej − x′

∥∥∥∥2 ≤ ∥∥X(k)ej − x′
∥∥2−∥∥∥∥ε⌊1

ε
∆

⌋
ej

∥∥∥∥2 ≤ ∥∥X(k)ej − x′
∥∥2−‖∆ej‖2+2nε.

It follows that ∥∥∥∥πH(k+1)(ξ)

((
X(k) + ε

⌊
1

ε
∆

⌋)
ej

)
− x′

∥∥∥∥2 ≤ uj +
1

32n2
.

Following the proof of Lemma 3.1, with the above additional observations for step 8, we

conclude that Lemma 3.1 remains correct for the new version of the algorithm.

To obtain the estimate of the running time, we use the proof of Theorem 3.1. We simply

replace (3.3) by

1Tu(k+1) ≤ 1Tu(k) + 5nlk +
1

32n
,

and (3.5) by

1Tu(k+1) ≤ 1Tu(k) − sk
16n

+
1

32n
≤ 1Tu(k) − sk

32n
.
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Let F1 be a subset of iterations of F0 = {k ∈ F : M (k+1) = M (k)} with ∆ 6≤ 11T and F2

be a subset of F0 with ∆ ≤ 11T .

For all k in F1,

1Tu(k+1) ≤ 1Tu(k) − 1 +
1

32n
.

Then

(1− 1

32n
)|F1|+

∑
k∈F2

sk
32n
≤ 1Tu(0) + 5n

∑
k∈F :M(k+1) 6=M(k)

lk ≤ n2 + 5n
n∑
j=1

⌈
log

2

βj

⌉
.

The vector ε
⌊
1
ε
πQj

((X(k) + ∆)ej)
⌋

can be computed in time O(n log n) because

‖πQj
((X(k) + ∆)ej)‖∞ ≤ 1.

So X(k+1) can be computed in time O(n3) at each iteration k in F1 and at each iteration k

in F with M (k+1) 6= M (k).

The matrix ∆# has sk nonzero rows and can be computed in O(skn log n) time at each

iteration k in F2 because then ∆ ≤ 11T . The same observation as in the proof of Theorem

implies that the complexity of iteration k in F2 is O(skn
2).

Thus, each iteration in F1 requires O(n3) time and iteration k in F2 requires O(skn
2)

time. The above inequality implies that the number of iterations in F1 is bounded by

O
(
n
∑n

j=1

⌈
log 2

βj

⌉)
. So the overall running time of iterations in F1 is O

(
n4
∑n

j=1

⌈
log 2

βj

⌉)
.

This estimate is true also for the overall running time of iterations in F2. Following the proof

of Theorem 3.1 in other respects, we obtain the same theoretical estimate of the number of

iterations.

In the rest of the proof, we say that a value is polynomially bounded if and only if it is

bounded by a polynomial in the size of the input and in the values
⌈
log 2

βj

⌉
.

It remains to prove that if A, b, and c are rational, then the sizes of the numbers are

polynomially bounded in the course of the algorithm. Here we will use the easily provable

fact (for example, see [15]) that

size(r1 + . . .+ rq) ≤ 2(size(r1) + . . .+ size(rq))
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for any rational numbers r1, . . . , rq. Here, size denotes the binary size. Let K denote the

number of iterations performed by the new version of the algorithm. Since K is polynomially

bounded, size(‖P (k)M (k)c‖1) is polynomially bounded at each iteration. The size of UB(k)

is polynomially bounded as well. It follows from the above property of the sizes of rational

numbers that the size of ξ is polynomially bounded in the course of the algorithm. Then

the size of πH(k+1)(ξ)

(
ε
⌊
1
ε
πQj

((X(k) + ∆)ej)
⌋)

is polynomially bounded because the size of

ε
⌊
1
ε
πQj

((X(k) + ∆)ej)
⌋

is bounded by a polynomial in n. It follows that the size of X(k) is

polynomially bounded for all k in F1 and for all k in F with M (k+1) 6= M (k).

Consider an iteration k in F2 and an index j with D
(k+1)
jj = 1. Denote ∆# = ε

⌊
1
ε
∆
⌋
.

Without loss of generality, we choose the case

X(k+1)ej = X(k)ej +P (k+1)∆#ej−
max(0, cTM (k+1)(X(k) + P (k+1)∆#)ej − ξ)

‖P (k+1)M (k+1)c‖2
P (k+1)M (k+1)c.

Consider iteration t such that

t = min{l ∈ F2 : l ≤ k}.

Taking into account that M (k+1) = M (k) and the components of ∆#ej belong to{
0, 1

8n
, 2
8n
, . . . , 1

}
because k ∈ F2, and multiplying both sides of the above equation

by cTM (k+1) (note that P (k+1) is idempotent, which means cTM (k+1)P (k+1)M (k+1)c =

‖P (k+1)M (k+1)c‖2) we can write

cTM (k+1)X(k+1)ej =

 ξ

cTM (k)(X(k) + P (k)∆#)ej
=


ξ

ξ̂ +
∑k+1

l=r c
TM (l)P (l)v(l)

cTM (t)X(t)ej +
∑k+1

l=t c
TM (l)P (l)w(l)

,

where ξ̂ is the value of ξ at some iteration r ∈ {t, . . . , k−1} and v(l), w(l) ∈ {0, 1
8n
, 2
8n
, . . . , 1}n.

The size of X(t)ej = πH(t)(ξ′)(0) is polynomially bounded. It follows that the binary size

of cTM (k+1)X(k+1) is polynomially bounded because k is bounded by K and the sizes of

cTM (t)P (t)ej, c
TM (l)P (l)v(l), and cTM (l)P (l)w(l) are polynomially bounded.

The remaining cases with M
(k+1)
jj 6= M

(k)
jj and D

(k+1)
jj = 0 are obvious. If M

(k+1)
jj 6= M

(k)
jj

and D
(k+1)
jj = 1, then X(k+1)ej = πH(k+1)(ξ)(0). The size of πH(k+1)(ξ)(0) is polynomially

38



bounded because ξ and M (k+1) are of polynomial size. If D
(k+1)
jj = 0, then X(k+1)ej = X(k)ej

and we can prove by induction that the size of X(k+1)ej is polynomially bounded.

Thus we have proved that the size of

max(0, cTM (k+1)(X(k) + P (k+1)∆#)ej − ξ)
‖P (k+1)M (k+1)c‖2

is polynomially bounded for any iteration k in F. For all iterations k 6∈ F, i.e., for those

which compute new values of ξ, we have X(k+1)ej = X(k)ej.

It follows that X(k+1)ej can be expressed as a sum of a polynomially bounded number of

vectors of polynomial size. The property of rational numbers mentioned above implies that

X(k+1)ej is of polynomial size.

Thus, the size of X(k) is polynomially bounded at any iteration. Summarizing, we con-

clude that the sizes of all of the other numbers computed in the course of the algorithm are

polynomially bounded.

Now we obtain the main result of this paper.

Theorem 3.2 Algorithm 3.1 modified as proposed in Lemma 3.2 is a polynomial algorithm

for linear programming. Moreover, it is a strongly polynomial algorithm for linear optimiza-

tion problems with property (I).

Proof. It is well known that linear optimization problems are polynomially reducible to

linear feasibility problems, i.e., to systems of linear inequalities, with lower and upper bounds

on variables; see Schrijver [22]. So without loss of generality we assume that the problem

in question is either bounded or infeasible. Then, in polynomial time, we can find α and

β, both of polynomial size, such that if the problem is feasible then there exists an optimal

solution x∗ with x∗j ∈ {0}∪ [α, β] for all j. Multiplying each component of c and each column

of A by β, we obtain a problem with (II) for βj = α/β. Now we apply Algorithm 3.1. If it

returns an optimal solution, we multiply each component of this solution by β to obtain an

optimal solution of the original problem.

In the case of a problem with (I), we replace cT by cT diag(α12
p(n), . . . , αn2p(n)) and A by
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A diag(α12
p(n), . . . , αn2p(n)). This leads to (II) for βj = 1/2p(n). Then we apply the modified

Algorithm 3.1 and obtain a running time of O(n5p(n)).

Consider an integer linear problem

min{cTx : Ax = b,0 ≤ x ≤ v, x ∈ Zn},

where v is an integer vector. By the LP relaxation of this problem we understand the

linear problem obtained by omitting the integrality constraints. Usually, when solving an

LP relaxation, we are interested in a feasible solution whose objective value is a lower bound

on the optimal value of the respective integer problem. The following corollary states that

there is a polynomial algorithm, for finding such a solution, whose running time depends

only on n and size(v).

Corollary 3.1 There exists an algorithm which either proves that the integer linear problem

is infeasible or finds a feasible solution x∗ of the LP relaxation such that cTx∗ is a lower bound

on the optimal value of the integer linear problem in O(n4size(v)) time.

Proof. Let Ā = A diag(v) and c̄ = diag(v)c. Consider

min{c̄T x̄ : Āx̄ = b, x̄+ z = 1, x̄ ≥ 0, z ≥ 0}.

Run Algorithm 3.1 under the assumption that there exists an optimal solution with x̄j and zj

in {0}∪ [1/vj, 1]. The algorithm requires O(n4size(v)) time. (Note that we do not assert that

such a solution really exists.) If the algorithm does not compute a new value of ξ at least

once, then the integer linear problem is infeasible or 0 is an optimal solution if 0 is feasible.

If ξ is computed at least once, let ξ∗ be the minimum value of ξ computed in the course

of the algorithm. From the feasible solution of the respective problem LP (k), found by the

algorithm when computing ξ∗, we can obtain a feasible solution (x̄∗; z∗) of the above linear

problem with cTdiag(v)x̄∗ = ξ∗. From the proof of Lemma 3.1 it follows that ξ∗ is a lower

bound on the objective values of solutions with x̄j in {0} ∪ [1/vj, 1] and zj in {0} ∪ [1/vj, 1].

At the same time ξ∗ is a lower bound on the optimal value of the integer linear problem.

We have cTx∗ = ξ∗, where x∗ = diag(v)x̄∗ is a feasible solution of the LP relaxation of the

integer linear problem.
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So the algorithm given in the proof of the above corollary finds a lower bound which

is not less than that delivered by the LP relaxation. The running time of this algorithm

depends only on the dimension and the binary size of v. If size(v) is bounded by a polynomial

in n, then the running time is strongly polynomial. In the case of a 0-1 integer problem, the

complexity of the algorithm is O(n5). The modified ellipsoid method developed in Section 2.2,

under the assumption that it applies to optimization problems, would require O(n6 log n)

time. The special structure of ellipsoids used by the modified ellipsoid method suggests

that it can be possible to reduce the complexity of each iteration to O(n2) by means of

low-rank updates. If such an improvement is possible, then we would get the running time

O(n5 log n) for the modified ellipsoid method, in the context of solving LP relaxations of 0-1

integer problems.

Now consider a more general nonlinear problem

min{cTx : Ax = b, x ∈ S1 × . . .× Sn},

where Sj ⊆ {0} ∪ [vj,∞) for each j and v is a real vector. Consider an LP relaxation of the

form

min{cTx : Ax = b, x ≥ 0}.

Corollary 3.2 Given a real vector w with w ≥ v, we can either prove that the nonlinear

problem has no solutions in {x : 0 ≤ x ≤ w} or find a feasible solution x∗ of the above LP

relaxation such that cTx∗ is a lower bound on the optimal value of the nonlinear problem in

O
(
n4
∑n

j=1 log
⌈
2wj

vj

⌉)
time.

Proof Let Ā = A diag(w) and c̄ = diag(w)c. Consider

min{c̄T x̄ : Āx̄ = b, x̄ ≥ 0}.

Run Algorithm 3.1 under the assumption that there exists an optimal solution with x̄j in

{0} ∪ [vj/wj, 1]. The algorithm runs in O
(
n4
∑n

j=1 log
⌈
2wj

vj

⌉)
time. If the algorithm does

not compute a new value of ξ at least once, then the nonlinear problem has no feasible

solutions with 0 ≤ x ≤ w or 0 is an optimal solution if 0 is feasible. If ξ is computed at least
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once, let ξ∗ be the minimum value of ξ computed in the course of the algorithm. From the

feasible solution of the respective problem LP (k), found by the algorithm when computing

ξ∗, we can obtain a feasible solution x̄∗, of the above linear problem, with cTdiag(w)x̄∗ = ξ∗.

From the proof of Lemma 3.1 it follows that ξ∗ is a lower bound on the objective values of

solutions x̄ with x̄j in {0} ∪ [vj/wj, 1]. At the same time, if the nonlinear problem has an

optimal solution in {x : 0 ≤ x ≤ w}, then ξ∗ is a lower bound on the optimal value of the

nonlinear problem. We have cTx∗ = ξ∗, where x∗ = diag(w)x̄∗ is a feasible solution of the

LP relaxation of the integer linear problem.

If the values log
⌈
2wj

vj

⌉
are bounded by a polynomial in the number of variables, then we

obtain a strongly polynomial running time for the above LP relaxation.

4 Conclusions

We considered a new polynomial algorithm for linear programming based on a general

method, proposed in Section 2.5. The algorithm is strongly polynomial if it is known that

there exists an optimal solution where each component is either zero or lies in an interval

whose endpoints satisfy certain conditions. As a corollary, we obtained some new complexity

results related to finding lower bounds on optimal values of some nonlinear problems.
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