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Abstract

We propose an exact algorithm for the Target Visitation Problem (TVP). The (TVP) is a composition of the Linear
Ordering Problem and the Traveling Salesman Problem. It has several military and non-military applications, where two
important, often competing factors are the overall distance traveled (e.g. by an unmanned aerial vehicle) and the visiting
sequence of the various targets or points of interest. Hence our algorithm can be used to find the optimal visiting sequence
of various pre-determined targets.

First we show that the (TVP) is a special Quadratic Position Problem. Building on this finding we propose an exact
semidefinite optimization approach to tackle the (TVP) and finally demonstrate its efficiency on a variety of benchmark
instances with up to 50 targets.

Keywords: Target Visitation Problem; Linear Ordering Problem; Traveling Salesman Problem; Semidefinite Program-
ming; Global Optimization

1 Introduction
The Target Visitation Problem (TVP) was suggested by Grundel and Jeffcoat [20] in 2004. It is a composition of the
Linear Ordering Problem (LOP) and the Traveling Salesman Problem (TSP). Hence let us briefly review the most
important theoretical and practical aspects of the (LOP), the (TSP) and the (TVP).

The Linear Ordering Problem (LOP). Ordering problems associate to each ordering (or permutation) of the set
[n] := {1, 2, . . . , n} a profit and the goal is to find an ordering of maximum profit. In the simplest case of the Linear
Ordering Problem (LOP), this profit is determined by those pairs (u, v) ∈ [n] × [n], where u comes before v in the
ordering. Thus in its matrix version the (LOP) can be defined as follows. Given an n × n matrix W = (wij) of
integers, find a simultaneous permutation π of the rows and columns of W such that

∑
i,j∈[n]
i<j

wπ(i),π(j), is maximized.

Equivalently, we can interpret wij as weights of a complete directed graph G with vertex set V = [n]. A tournament
consists of a subset of the arcs of G containing for every pair of nodes i and j either arc (i, j) or arc (j, i), but not both.
Then the (LOP) consists of finding an acyclic tournament, i.e. a tournament without directed cycles, of G of maximum
total edge weight. We refer to the book by Martı́ and Reinelt [36] and the references therein for further material on the
(LOP), its variants and various applications and details on many heuristic and exact methods.

The (LOP) is equivalent to the Acyclic Subdigraph Problem (ASP) and the Feedback Arc Set Problem (FASP). It is
well known to be NP-hard [18] and it is even NP-hard to approximate (LOP) within the factor 65

66 [40]. Surprisingly there
is not much known about heuristics with approximation guarantees. If all entries ofW are nonnegative, a 1

2 -approximation
is trivial, but no better polynomial time approximation is known. To narrow this quite large gap [ 1

2 ,
65
66 ] is a challenging

open problem. Some worthwhile steps have already been taken into that direction: Newman and Vempala [40] showed
that widely-studied polyhedral relaxations for the (LOP) cannot be used to approximate the problem within a factor better
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than 1
2 . Furthermore Newman [39] analyzed a semidefinite programming (SDP) relaxation based on position variables

that has an integrality gap of 1.64 (hence smaller than 2) on certain random graphs. Note that this SDP relaxation is in
fact a rudimentary version (not suited for reasonable practical bound computations) of the SDP relaxations that we will
propose to obtain optimal tours and strong upper bounds for large (TVP) instances in this paper.

SDP is the extension of linear programming (LP) to linear optimization over the cone of symmetric positive semidefi-
nite matrices. This includes LP problems as a special case, namely when all the matrices involved are diagonal. A (primal)
SDP can be expressed as the following optimization problem

inf
X
{ 〈C,X〉 : X ∈ P},

P := { X | 〈Ai, X〉 = bi, i ∈ {1, . . . ,m}, X < 0 } ,
(SDP)

where the data matrices Ai, i ∈ {1, . . . ,m} and C are symmetric. For further information on SDP we refer to the
handbooks [2, 46] for a thorough coverage of the theory, algorithms and software in this area, as well as a discussion of
many application areas where semidefinite programming has had a major impact.

The (LOP) arises in a large number of applications in such diverse fields as economy (ranking and voting problems
[31, 44] and input-output analysis [8, 25, 33]), sociology (determination of ancestry relationships [19]), graph drawing
(one sided crossing minimization [29]), archaeology, scheduling (with precedences [7]), assessment of corruption per-
ception [1] and ranking in sports tournaments. Additionally problems in the context of mathematical psychology and the
theory of social choice can be formulated as linear ordering problems, see [17] for a survey.

There are also several problems that are closely related to the (LOP) like the (LOP) with cumulative costs [6, 15]
that has a very interesting application in the area of mobile phone telecommunication and the Coupled Task Problem [5]
that is concerned with scheduling n jobs each of which consists of two subtasks with associated required delays.

The Coupled Task Problem is concerned with scheduling n jobs each of which consists of two subtasks. Furthermore
there is a requirement that between the execution of these subtasks a delay is required. We refer to [5] for an optimization
model for this problem that successfully uses linear ordering variables together with additional constraints for modelling
the processing times and delays properly.

The current state-of-the-art exact algorithm for the (LOP) is a Integer Linear Programming (ILP) Branch-and-Cut
approach that was developed by the working group of Reinelt in Heidelberg and is based on sophisticated cut generation
procedures (for details see [36]). It can solve large instances from specific instance classes with up to 150 objects, while
it fails on other much smaller instances with only 50 objects. Hungerländer and Rendl [27] proposed an SDP approach
(based on products of ordering variables) that proved to be a valuable alternative to the ILP approach for larger and/or
notoriously difficult instances. There also exist many heuristics and methaheuristics for the (LOP) and some of them are
quite good in finding the optimal solution for large instances in reasonable time. For a recent survey and comparison see
[37].

Traveling Salesman Problem (TSP). The (TSP) asks the following question: Given a list of cities and the distances
between each pair of cities, what is the shortest possible tour that visits each city exactly once and returns to the origin city?
The NP-hard (TSP) is doubtless the most famous of all (combinatorial) optimization problems with high importance in
both operations research and theoretical computer science. We refer to the books [11, 21, 42] and the references therein
for extensive material on the (TSP), its variants and various applications, details on many heuristic and exact methods
and relevant theoretical results.

The Christofidess algorithm approximates the cost of an optimal symmetric (TSP) tour within the factor 1.5 [10].
In the asymmetric case paths may not exist in both directions or the distances might be different, forming a directed
graph. This may be e.g. due to traffic collisions, one-way streets and motorways. In the asymmetric, metric case, only
logarithmic performance guarantees are known. The best current algorithm achieves performance ratio 0.814 log(n) [30].
It is an open question if a constant factor approximation exists. Results on the even more difficult non Euclidean (TSP)
are e.g. discussed in [41].

The (TSP) has several applications even in its purest formulation, such as planning, logistics, and the manufacture
of microchips. Slightly modified, it appears as a sub-problem in many areas, e.g. in DNA sequencing. In many further
applications the (TSP) with additional constraints, such as limited resources or time windows, is of relevance.

Even though the problem is computationally difficult, a large number of heuristics and exact methods are known, so
that some instances with tens of thousands of cities can be solved completely1 and even problems with millions of cities

1The Branch-and-Cut algorithm by Applegate et al. [3] holds the current record, solving an instance with 85,900 cities.
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can be approximated within a small fraction of 1%.

Target Visitation Problem. The (TVP) asks for a permutation (p1, p2, . . . , pn) of n targets with given pairwise weights
wij , i, j ∈ [n], i 6= j, and pairwise distances dij , i, j ∈ [n], i 6= j, maximizing the objective function∑

i,j∈[n]
i<j

wpi,pj −

(
n−1∑
i=1

dpi,pi+1
+ dpn,,p1

)
.

As the NP-hard (LOP) and (TSP) are special cases of the (TVP), the (TVP) is also NP-hard.
The formulation of the (TVP) was inspired by the use of single unmanned aerial vehicles (UAVs) that have been

used increasingly (especially for military purposes) over the last decades. Civilian applications of the (TVP) include
environmental assessment, combat search and rescue and disaster relief [20]. In all military and non-military applications
two important, often competing factors are the overall distance traveled by the UAV and the visiting sequence of the
various targets or points of interest. E.g. in military applications we aim to visit high chance waypoints quickly, such
that the coalition force may act on the intelligence they receive. Furthermore optimal (TVP) solutions could be of use
for cooperative systems [38], where multiple dynamic entities (e.g. UAVs) share information or tasks to accomplish a
common, though perhaps not singular, objective.

Despite there exist several relevant applications of the (TVP), only few methods have been suggested for obtaining
good or optimal tours. There exist two heuristics for the (TVP): a very simple one proposed in [20] and a genetic
algorithm by Arulselvan et al. [4] that was tested on (TVP) instances with up to 16 targets. Hildenbrandt et al. [24]
conducted the first polyhedral study of the (TVP) polytope. They present several possible IP-models for the (TVP)
and compare them to their usability for branch-and-cut approaches. Based on their findings Hildenbrandt et al. [23] are
currently developing an exact IP approach for the (TVP) that has a strong potential to solve large-scale (TVP) instances
to optimality.

Now let us give an easy integer programming (IP) formulation of the (TVP) appropriately combining the standard IP
formulations of the (LOP) and the (TSP): First we introduce traveling salesman and linear ordering variables:

xi,j :=

{
1, if target j is visited immediately after target i,
0, otherwise,

yi,j :=

{
1 if target i is visited (for the first time)2 before target j is visited for the first time,
0, otherwise.

And now we can already formulate the (TVP) as the following IP:

max
∑
i,j∈[n]
i6=j

wijyij −
∑
i,j∈[n]
i6=j

dijxi,j (1)

subject to:
n∑
j=1
j 6=i

xj,i = 1,

n∑
j=1
j 6=i

xi,j = 1, i ∈ [n], (2)

∑
i,j∈S
i 6=j

xi,j ≤ |S| − 1, ∀S ⊂ V, 2 ≤ |S| ≤ n, (3)

yj,i = 1− yi,j , i, j ∈ [n], i < j (4)
0 ≤ yi,j + yj,k − yi,k ≤ 1, i, j, k ∈ [n], i < j < k, (5)

xi,j − yi,j −
1

n− 1

n∑
k=1
k 6=i

yk,i ≤ 0, i, j ∈ [n], i 6= j, (6)

xi,j ∈ {0, 1}, yi,j ∈ {0, 1}, i, j ∈ [n], i 6= j.

2The first target is visited twice such that the tour is closed.
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Constraints (2) and (3) are the standard constraints for the asymmetric (TSP) and (4) and (5) are typically used to model
the (LOP). Inequalities (6) connect the two problems, where the additional term 1

n−1

∑n
k=1
k 6=i

yk,i makes sure that possible

edges from location n to location 1 are allowed. Finally the integrality conditions ensure that the variables used are
binary. Hence the above optimization problem is obviously an IP formulation of the (TVP). If we replace the integrality
conditions by the bound constraints

0 ≤ xi,j ≤ 1, 0 ≤ yi,j ≤ 1, i, j ∈ [n], i 6= j, (7)

we obtain a basic linear programming relaxation for the (TVP) that we denote by (LPTVP).
Note that in the previous papers on the (TVP) [4, 20] the starting (and concurrently final) point of the tour was fixed

and denoted as base. In this paper we suggest a more general version of the (TVP) where the starting point of the tour is
not fixed in general. Nonetheless we can easily introduce a base by special preference settings, i.e. we can fix one target
implicitly (through the input data) to be the first “target” (base) in the ordering by choosing the linear ordering weights in
the row corresponding to the base high enough.

Toy Example. Next we want to further clarify the workings of the (TVP) with the help of a toy example. We consider
5 targets, where we set target 1 to be the base and hence the first in the ordering. We are given the following (LOP)
weights W for the remaining 4 targets and the (TSP) distances D between all five targets:

W =


0 0 1 4
0 0 1 0
0 0 0 0
0 2 6 0

 , D =


0 3 5 5 3
3 0 3 5 5
5 3 0 3 5
5 5 3 0 3
3 5 5 3 0

 (8)

Figure 1 illustrates the optimal (TSP) tours a.) and b.), the optimal (LOP) solution c.) and the optimal (TVP) tour d.)
(the tours are displayed by grey edges) together with their corresponding (LOP) benefits (red edges and numbers) and
(TSP) costs (grey numbers). Hence considering travel distances and target preferences simultaneously leads to optimal
tours that can be quite different from the optimal (TSP) and (LOP) solutions.

The above toy example can also be enhanced by a motivational story that we partly adopt from [4]. Suppose that the
targets represent a collection of villages in which a sought after terrorist is suspected of hiding out. The operation base
is the location of the coalition force. Moreover assume the available intelligence data determining target preferences is
summarized in W from (8). Such data can e.g. be based on hiding probabilities of the terrorist or the size of communi-
cation networks between the villages. In the application described the person of interest moves frequently and hence the
intelligence date becomes less accurate quite fast. Now suppose the coalition force has the ability to launch a UAV that
visits the targets in a pre-determined tour and returns to the base. During its flight, the UAV is capable of telemetering
data back to the coalition force helping to establish the known location of the terrorist they seek. In summary already this
simple motivational story demonstrates the importance of considering both distance and visitation sequence when looking
for an optimal tour in various (military) applications.

Outline. The main contributions of this paper are the following:

• We define the (TVP) as a combination of the asymmetric, non-Euclidean (TSP) and the (LOP).

• Then we show that the (TVP) is a special Quadratic Position Problem (QPP).

• Building on this finding we propose an exact semidefinite optimization approach to tackle the (TVP).

• We showcase in a computational study that our algorithmic approach yields very promising results on a large variety
of benchmark instances with up to 50 targets.

We refer to the companion paper [26] for a more detailed analysis of the (QPP), its polytope and some theoretical
properties of our semidefinite relaxations for the (LOP) and the (TSP) respectively.3 Herein, we are mainly interested
in applying our SDP approach to the (TVP) and its associated military applications.

3We note that the content of the companion paper is fairly disjoint from this paper: it deals with the (QPP) from a polyhedral point of view and
applies the resulting SDP relaxations to facet defining inequalities of small (TSP) and (LOP) polytopes to facilitate the theoretical analysis of the
relaxations proposed. In the companion paper we do not consider the (TVP) nor conduct any large-scale computations. Due to space restrictions we
omit the proofs concerning the (QPP) and refer to our companion paper for details.
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Figure 1: We are given 5 targets, where target 1 is the operation base. The input data is provided in (8). In a.) and b.) we display the
optimal (TSP) tours with objective value −15 and corresponding (TVP) objective values −9 and −7 respectively. In c.) we depict
the optimal (LOP) solution with objective value 14 and associated (TVP) objective value −7. Finally in d.) we display the optimal
(TVP) tour with corresponding objective value −6.

The paper is structured as follows. In Section 2 we define and discuss the (QPP) and then propose a matrix-based
formulation and several semidefinite relaxations for the (TVP). In Section 3 we explain how to solve our SDP relaxations
for (TVP) instances and describe a simple two-opt improvement heuristic for obtaining feasible tours with a high (TVP)
objective value. In Section 4 we show first results for our SDP relaxations on small instances. Based on this comparison,
we choose the (SDP) relaxation best suited for tackling large scale instances and present associated, promising results in
Section 5. Section 6 concludes the paper.

2 A Matrix-Based Formulation and Semidefinite Relaxations of the Target
Visitation Problem

SDP methods proved to be a serious alternative to Branch & Cut approaches for ordering problems [9, 27, 28] and also
yield interesting theoretical results for the (TSP) [12, 13]. As the (TSP) variables cannot be expressed as linear-
quadratic terms in (LOP) variables and vice versa, we are looking for an alternative matrix-based formulation of the
(TVP) to avoid lifting a vector with all (LOP) and (TSP) variables. Such a formulation can be obtained by encoding
tours with the help of position variables. We will introduce these variables and the corresponding Quadratic Position
Problem (QPP) in the following subsection. In Subsection 2.2 we propose several semidefinite relaxations of the (QPP).
Finally in Subsection 2.3 we show that the (TVP) is a special (QPP) and hence we can use the SDP relaxations of the
(QPP) to obtain upper bounds to the optimal solution value of (TVPs).
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2.1 The Quadratic Position Problem (QPP)

Let a vector v of size n(n − 1) that contains bivalent position variables be given. We can write the components
v(i−1)n+j , i ∈ [n], j ∈ [n− 1] of v more compactly as

vji ∈ {−1, 1}, i ∈ [n], j ∈ [n− 1]. (9)

With the help of these variables we model the position of object i in an ordering of n objects:

vji − v
j−1
i =

{
2, if object i is assigned to location j,
0, if object i is not assigned to location j,

(10)

where we additionally use the parameters

v0
i := −1, vni := 1, i ∈ [n]. (11)

To further clarify this definition, we encode the tours displayed in our toy example (see Figure 1) in v, where we separate
variables associated to different objects by a vertical dash | :

a.) v =
(
−1 1 1 1 1 1 | −1 −1 1 1 1 1 | −1 −1 −1 1 1 1 | −1 −1 −1 −1 1 1 | −1 −1 −1 −1 −1 1

)>
b.) v =

(
−1 1 1 1 1 1 | −1 −1 −1 −1 −1 1 | −1 −1 −1 −1 1 1 | −1 −1 −1 1 1 1 | −1 −1 1 1 1 1

)>
c.) v =

(
−1 1 1 1 1 1 | −1 −1 1 1 1 1 | −1 −1 −1 −1 1 1 | −1 −1 −1 −1 −1 1 | −1 −1 −1 1 1 1

)>
d.) v =

(
−1 1 1 1 1 1 | −1 −1 1 1 1 1 | −1 −1 −1 −1 −1 1 | −1 −1 −1 −1 1 1 | −1 −1 −1 1 1 1

)>
(12)

Let us now propose a (new) combinatorial optimization problem corresponding to the position variables above. An
instance of the (QPP) consists of n objects, n consecutive locations and individual and pairwise integer benefits bki , i, k ∈
[n], and bk,li,j , i, j, k, l ∈ [n], i < j, k 6= l. The optimization problem can be written down as

max
π∈Πn

∑
i,j,k,l∈[n]
i<j, k 6=l

(
bkiw

k
i (π) + bk,li,jw

k
i (π)wlj(π)

)
, (13)

where Πn is the set of permutations of the indices [n], defining an assignment of the n objects to the n consecutive
locations and wki (π), i, k ∈ [n] is 1, iff object i is assigned to location k in the particular assignment π ∈ Πn.4 Note that
the Quadratic Assignment Problem (QAP) [32, 34] can be formulated as a (QPP) as the quadratic assignment variables
qji , i, j ∈ [n] can be written as a difference of position variables: 2qji = vji − v

j−1
i .

To model the (QPP) with the help of the bivalent position variables v introduced above, we ask for monotonicity of
variables belonging to the same object:

vji ≤ v
k
i , i ∈ [n], j, k ∈ [n− 1], j < k. (14)

Additionally we have to assure that a switch from −1 to 1 occurs for different objects at different positions:

n∑
i=1

vji = 2j − n, j ∈ [n− 1]. (15)

These two types of constraints already suffice to ensure that all objects are assigned to different locations:

Lemma 1. The constraints (14) and (15) form, together with the integrality conditions (9), a minimal constraint system
for modeling the (QPP) using n(n− 1) position variables.

In summary we are able to rewrite (13) as a a mathematical model in v with linear constraints and a quadratic objective
function, where we summarize the individual benefits in a vector b and the pairwise benefits in a matrix B:

4If the benefits are negative, the associated optimization problem in fact minimizes the total costs over all assignments.
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Theorem 2. Maximizing v>Bv + v>b over v ∈ {−1, 1}n(n−1), (14) and (15) solves the (QPP).

By replacing the integrality conditions above with [−1, 1] bounds we obtain a quadratic programming relaxation of the
(QPP). Next we rewrite the objective function in terms of matrices to obtain a matrix-based formulation of the (QPP)

max
{
〈C,Z〉 : v ∈ {−1, 1}n(n−1), v satisfies (14) and (15)

}
, (16)

where all position variables and their products are contained in the (n2 − n + 1) × (n2 − n + 1) variable matrix Z :=(
1 v>

v V

)
with V = vv> and the cost matrix C is given by C :=

(
0 b>

b B

)
.

Finally we can further rewrite the above matrix-based formulation as an SDP, where we denote by e the vector of all
ones and by E the elliptope

E := { Z : diag(Z) = e, Z < 0 }.

Theorem 3. The semidefinite optimization problem

max
{
〈C,Z〉 : Z satisfies (14) and (15) , Z ∈ E , v ∈ {−1, 1}n(n−1)

}
, (SDP-QPP)

is equivalent to the (QPP).

Next we show how to construct several SDP relaxations from the SDP formulation of the (QPP) proposed above.

2.2 Semidefinite Relaxations of the Quadratic Position Problem
The above formulation of the (QPP) contains n − 1 equalities stated in (15). We can use these equations to eliminate
n − 1 position variables. Such a reduction is irrelevant for the formulation but could matter for the values of relaxations
of the (QPP). Hence we want to clarify, if we maybe get stronger semidefinite relaxations by working with matrices of
order n(n− 1) + 1 or (n− 1)2 + 1? To answer this question, let us recall a result from [27]:

Theorem 4. [27, Remark 2] Let m linear equality constraints Ay = c be given. If there exists some invertible m ×m
matrix B such that we can partition the linear system in the following way

Ay =
[
B C

] [t
u

]
= c. (17)

Then we do not weaken the relaxation by first moving into the subspace given by the equations, and then lifting the
problem to matrix space.

In other words, it is equivalent in terms of tightness to eliminate m variables or to lift the m equality constraints in
all possible ways to quadratic space. Hence we decide to eliminate n− 1 variables through (15) to reduce the number of
variables to (n− 1)2 and to avoid additional constraint classes. Of course, this decision has also a disadvantage: We have
to consider two versions for several constraint types, namely the cases where object n is considered and not considered.

Dropping the integrality condition on v in (SDP-QPP) and reducing the problem dimension with the help of (15),
we obtain the following basic semidefinite relaxation of the (QPP)

max {〈Cs, Zs〉 : Zs satisfies (14), Zs ∈ E }, (SDP0)

where the cost and variable matrices with index s consist of the first (n − 1)2 + 1 rows and columns of their larger
counterparts from the previous subsection: Cs = C1:(n−1)2+1, Zs = Z1:(n−1)2+1. Note that the equality constraints
(15) are implicitly assured by the above semidefinite relaxation. In general (SDP0) gives quite weak upper bounds to the
optimal solution value of the (QPP). Hence we will suggest several ways to improve on the tightness of (SDP0).

First we propose n(n− 1)(n− 2) valid equalities for the (QPP) polytope

PQPP := conv
{
Zs : Zs =

(
1 v>

v V

)
, v ∈ {−1, 1}(n−1)2 satisfies (14), V = vv>

}
,

7



and show that their rank is n(n − 1)(n − 2) − 1, i.e. their number minus 1. The following equalities, consisting of 5
different types, can be easily deduced by exploiting the structure of v induced by (14) and (15):

vji − v
k
i − v

j,k
i,i = −1, i, j, k ∈ [n− 1], j < k, (18)

mk

n−1∑
i=1

vji +mj

n−1∑
i=1

vki −
n−1∑
h=1

n−1∑
i=1

vj,kh,i = mkmj , mk = 2k − n− 1, mj = 2j − n+ 1, j, k ∈ [n− 1], j < k, (19)

v1
i + v1

j + v1,1
i,j = −1, i, j ∈ [n− 1], i < j, (20)

vn−1
i + vn−1

j − vn−1,n−1
i,j = 1, i, j ∈ [n− 1], i < j, (21)

vk,ki,j + vk−1,k−1
i,j − vk,k−1

i,j − vk−1,k
i,j = 0, i, j ∈ [n− 1], i < j, k ∈ [n− 1], k 6= 1. (22)

Lemma 5. The n(n− 1)(n− 2) equalities (18) – (22) are valid for PQPP and have rank n(n− 1)(n− 2)− 1.

We can also show that the the equalities (18) suffice together with the implicitly assured linear constraints (15) to
ensure monotonicity in the variable vector for all objects.

Lemma 6. The monotonicity constraints (14) are assured by the equalities (18) and (15) together with Zs ∈ E .

In summary (SDP0) can be tightened by adding the equalities analyzed above that implicitly ensure (14):

max {〈Cs, Zs〉 : Zs satisfies (18) – (22), Zs ∈ E }, (SDP1)

Now we can further improve the relaxation strength of (SDP1) by adding several types of inequalities valid for PQPP.
First we discuss inequalities obtained by exploiting the structure of v induced by (14) and (15). Secondly we suggest valid
inequalities associated to the integrality conditions v ∈ {−1, 1}(n−1)2 .

Lemma 7. The following inequality constraints hold for Zs ∈ PQPP:

− vh,mi,j − v
g,l
i,j + vg,mi,j + vh,li,j ≤ 0, i, j ∈ [n− 1], g, h, l,m ∈ [n], g < h, l < m, (23)

2(m− l)
(
vgi − v

h
i

)
+

n−1∑
j=1

(
vh,mi,j + vg,li,j − v

g,m
i,j − v

h,l
i,j

)
≤ 0, i ∈ [n− 1], g, h, l,m ∈ [n], g < h, l < m. (24)

In fact the inequalities (23) and (24) are linear combinations of the following smaller set of constraints.

Lemma 8. Inequalities (23) and (24) are assured by

− vh,li,j − v
h−1,l−1
i,j + vh−1,l

i,j + vh,l−1
i,j ≤ 0, i, j ∈ [n− 1], i < j, h, l ∈ [n]. (25)

−2vhi + 2vh−1
i +

n−1∑
j=1

(
vh,li,j + vh−1,l−1

i,j − vh−1,l
i,j − vh,l−1

i,j

)
≤ 0, i ∈ [n− 1], h, l ∈ [n]. (26)

Adding the inequalities discussed above to (SDP1) yields the following stronger semidefinite relaxation:

max {〈Cs, Zs〉 : Zs satisfies (18) – (22), (25) and (26), Zs ∈ E }, (SDP2)

There exists another obvious way to tighten our semidefinite relaxations. As Zs ∈ PQPP is actually a matrix with
{−1, 1} entries, it satisfies the triangle inequalities defining the metric polytope that are known to be facet-defining for
the cut polytope, see e.g. [14]:

M =

 Zs :


−1 −1 −1
−1 1 1

1 −1 1
1 1 −1


 Zi,j

Zj,k
Zi,k

 ≤ e, 1 ≤ i < j < k ≤ (n− 1)2 + 1

 . (27)
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Hence we can improve (SDP1) and (SDP2) by asking in addition that Zs ∈M, which yields the following two tractable
relaxation of PQPP:

max {〈Cs, Zs〉 : Zs satisfies (18) – (22), Zs ∈ (E ∩M) }, (SDP3)

max {〈Cs, Zs〉 : Zs satisfies (18) – (22), (25) and (26), Zs ∈ (E ∩M) } . (SDP4)

Already the semidefinite relaxation (SDP3) implicitly implies the monotonicity constraints lifted to quadratic space
with the help of an approach suggested by Lovász and Schrijver [35]: Applying their approach to our problem suggests
to multiply the monotonicity constraints (14) by the nonnegative expressions (1− vlh) and (1 + vlh) which gives

vji − v
j,l
i,h − v

k
i + vk,li,h ≤ 0, vji + vj,li,h − v

k
i − v

k,l
i,h ≤ 0, i, j, k, h, l ∈ [n− 1], j < k, (28)

and correspondent inequalities if object n is involved.

Lemma 9. The lifted monotonicity constraints (28) are assured by the equalities (18) together with Zs ∈M.

2.3 The Target Visitation Problem as a Special Quadratic Position Problem
In the following we explain how to model the (TVP) as a special (QPP): First we show that the (LOP) and the (TSP)
variables can be expressed as products of position variables and then we use this property to reformulate (LPTVP) as a
semidefinite optimization problem in position variables that yields provably stronger upper bounds than (LPTVP).

Lemma 10. We can express the traveling salesman variables and the linear ordering variables as linear-quadratic terms
in position variables:

xi,j =
1

4

[
1− v1,1

i,j + v1,2
i,j + v2

j +

n−2∑
k=2

(
vk,k+1
i,j − vk−1,k+1

i,j − vk,ki,j + vk−1,k
i,j

)
−vn−2

i + vn−2,n−1
i,j − vn−1,n−1

i,j − vn−1,1
i,j

]
, i, j ∈ [n− 1], i 6= j, (29)

xi,n =
1

4

5− n+

n−1∑
j=1

(
v1,1
i,j − v

1,2
i,j − v

2
j

)
+

n−2∑
k=2

n−1∑
j=1

(
vk−1,k+1
i,j − vk−1,k

i,j − vk,k+1
i,j

+vk,ki,j

)
+ (n− 1)vn−2

i +

n−1∑
j=1

(
−vn−2,n−1

i,j + vn−1,n−1
i,j + vn−1,1

i,j

) , i ∈ [n− 1], (30)

xn,j =
1

4

[
5− n+

n−1∑
i=1

(
v1,1
i,j − v

1,2
i,j

)
− (n− 1)v2

j +

n−2∑
k=2

n−1∑
i=1

(
vk−1,k+1
i,j − vk,k+1

i,j − vk−1,k
i,j

+vk,ki,j

)
+

n−1∑
i=1

(
vn−2
i − vn−2,n−1

i,j + vn−1,n−1
i,j + vn−1,1

i,j

)]
, j ∈ [n− 1], (31)

yi,j =
1

4

[
1− v1

j +

n−1∑
k=2

(
vk−1,k
i,j − vk−1,k−1

i,j

)
+ vn−1

i − vn−1,n−1
i,j

]
, i, j ∈ [n− 1], i 6= j, (32)

yi,n =
1

4

n− 1 +

n−1∑
j=1

v
1
j +

n−1∑
k=2

2v
k−1
i +

n−1∑
j=1

(
v
k−1,k−1
i,j − vk−1,k

i,j

)− (n− 3)v
n−1
i +

n−1∑
j=1

v
n−1,n−1
i,j

 , i ∈ [n− 1]. (33)

yn,j =
1

4

[
n− 1 + (n− 3)v

1
j +

n−1∑
k=2

(
−2v

k
j +

n−1∑
i=1

(
v
k−1,k−1
i,j − vk−1,k

i,j

))
−

n−1∑
i=1

(
v
n−1
i − vn−1,n−1

i,j

)]
, j ∈ [n− 1]. (34)
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Proof. Using V = vv> and (11) in (29) yields

xi,j =
1

4

[
n−1∑
k=1

(
vki − vk−1

i

) (
vk+1
j − vkj

)
+
(
1− vn−1

i

) (
v1
j + 1

)]
, i, j ∈ [n− 1], i 6= j.

Due to (14) vki − v
k−1
i ≥ 0, i ∈ [n − 1], and vk+1

j − vkj ≥ 0, j ∈ [n − 1], hold and
(
vki − v

k−1
i

) (
vk+1
j − vkj

)
= 1 iff

target i is assigned to the precedent location of target j or target i is assigned to location n and target j to location 1.
Using V = vv>, (11) and (15) in (30) and (31) respectively gives

xi,n =
1

4

[
n−1∑
k=1

(
vki − vk−1

i

) (
vk+1
n − vkn

)
+
(
1− vn−1

i

) (
v1
n + 1

)]
, i ∈ [n− 1],

xn,i =
1

4

[
n−1∑
k=1

(
vkn − vk−1

n

) (
vk+1
j − vkj

)
+
(
1− vn−1

n

) (
v1
j + 1

)]
, j ∈ [n− 1].

Analogically to the reasoning above, (14) ensures that both xi,n and xn,j are equal to 1, iff target n is assigned to the
successive (first type) or the precedent (second type) location of target i and target j respectively.

Finally applying V = vv>, (11) and (15) to (32) and (33) yields

yi,j =
1

4

[
2 +

n∑
k=1

vk−1
i

(
vkj − vk−1

j

)]
, i, j ∈ [n− 1], i 6= j

yi,n =
1

4

[
2 +

n∑
k=1

vk−1
i

(
vkn − vk−1

n

)]
, i ∈ [n− 1], yn,j =

1

4

[
2 +

n∑
k=1

vk−1
n

(
vkj − vk−1

j

)]
, j ∈ [n− 1].

Due to (14) vkj − v
k−1
j ≥ 0, j, k ∈ [n], holds and vkj − v

k−1
j = 2, iff target j is assigned to location k. Hence the term

vk−1
i

(
vkj − v

k−1
j

)
, i, j, k ∈ [n], is equal to 2, iff target j is assigned to location k and additionally target i is assigned

to some location in front of location k. In summary
∑n
k=1 v

k−1
i

(
vkj − v

k−1
j

)
, i, j ∈ [n], i < j is equal to 2, iff target

j is assigned to location k and additionally target i is assigned to some location in front of location k, and equal to 0
otherwise.

Corollary 11. The (TVP) objective function (1) and the (TVP) constraints (2) – (7) can be reformulated as linear-
quadratic expressions in position variables.

Proof. On the one hand the (TVP) objective function and (TVP) constraints are linear expressions in the (TSP) vari-
ables xi,j , i, j ∈ [n], i 6= j and the (LOP) variables yi,j , i, j ∈ [n], i < j, and on the other hand the (TSP) and the
(LOP) variables can be expressed as linear-quadratic expressions in position variables due to Lemma 10.

Remark 1. We refrain from restating the objective function (1) and the constraints (2) – (7) as (partly quite long) linear-
quadratic terms in position variables but of course we encoded all of them in our algorithm. But let us point out that the
a bit complicated condition (6) can be reformulated in position variables in a very elegant way: For i, j ∈ [n− 1], i 6= j,
we just have to subtract the term 1 + v1

j − v
n−1
i − vn−1,1

i,j from (29) to rule out the edges from location n to location 1. In
this way we get rid of the term 1

n−1

∑n
k=1
k 6=i

yki. In summary (6) can be reformulated as follows in position variables:

v2
j +

n−2∑
k=2

(
vk−1,k
i,j − vk−1,k+1

i,j

)
+ vn−2,n−1

i,j − vn−1
i ≤ 1, i, j ∈ [n− 1], i 6= j.

Note that these differences of (TSP) and (LOP) variables result in easier expressions in position variables than the
(TSP) variables. Similar simplifications also occur when rewriting (6) for i = n and j = n:

−
n−1∑
j=1

v2
j − 2

n−1∑
k=2

vk−1
i +

n−2∑
k=2

n−1∑
j=1

(
vk−1,k+1
i,j − vk−1,k

i,j

)
+ (n− 1)vn−2

i −
n−1∑
j=1

vn−2,n−1
i,j ≤ n− 3, i ∈ [n− 1],

−(n− 1)v2
j + 2

n−1∑
k=2

vkj +

n−2∑
k=2

n−1∑
i=1

(
vk−1,k+1
i,j − vk−1,k

i,j

)
+

n−1∑
i=1

(
vn−2
i − vn−2,n−1

i,j

)
≤ n− 3, j ∈ [n− 1].
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Furthermore we can show that the equality constraints for both the (TSP) and the (LOP), reformulated as linear-
quadratic expressions in position variables, are already satisfied by (SDP1).

Lemma 12. The equality constraints (4) for the (LOP) are assured by (20) – (22).

Proof. For two fixed targets i and j with i, j ∈ [n− 1], i < j, we combine (20) – (22) to obtain

2− v1
i − v1

j − v
1,1
i,j + vn−1

i + vn−1
j − vn−1,n−1

i,j +

n−1∑
k=2

(
vk,ki,j + vk−1,k−1

i,j − vk,k−1
i,j − vk−1,k

i,j

)
= 4 (yi,j + yj,i) .

Hence the constraints (4) not considering target n are linear combinations of the constraints (20) – (22).
Next we analyze the equalities (4) considering target n, i.e. our fixed targets are i, i ∈ [n − 1], and n. Adding up 4

times (33) and 4 times (34) yields

4 (yi,n + yn,i) = 2 (n− 1) + (n− 1)v1
i +

n−1∑
j=1

v1
j +

n−1∑
j=1

v1,1
i,j +

n−1∑
k=2

n−1∑
j=1

(
vk,ki,j − v

k−1,k
i,j

−vk,k−1
i,j + vk−1,k−1

i,j

)
− (n− 1)vn−1

i −
n−1∑
j=1

vn−1
j +

n−1∑
j=1

vn−1,n−1
i,j , i ∈ [n− 1]. (35)

But the above linear-quadratic expressions in position variables are again linear combinations of the equalities (20) – (22):
Summing up (20) for j ∈ [n − 1], j 6= i, (21) for j ∈ [n − 1], j 6= i, and (22) for j, k ∈ [n − 1], j 6= i, k 6= 1, gives
(35).

Lemma 13. The equality constraints (2) for the (TSP) are assured by (18) – (22).

Proof. The equalities (18) ensure that xi,i = 0, i ∈ [n − 1], holds and the equalities (19) – (22) ensure xn,n = 0. Now
fixing target i, i ∈ [n− 1], and summing up (29) for j ∈ [n− 1], gives minus the right hand side of (30) plus 1: 1− (30).
Hence finally adding (30) proves

∑n
j=1
j 6=i

xi,j = 1, i ∈ [n− 1].

The remaining (TSP) equalities, i.e.
∑n
j=1
j 6=i

xj,i = 1, i ∈ [n− 1], and
∑n

j=1
j 6=n

xn,j =
∑n

j=1
j 6=n

xj,n = 1, can be shown

in an analogous fashion.

Finally adding the (TVP) inequality constraints (3) and (5) – (7), reformulated as linear-quadratic terms in position
variables, to (SDP4) gives our strongest, still tractable relaxation (SDP5):

max {〈Cs, Zs〉 : Zs satisfies (3), (5) – (7), (18) – (22), (25) and (26), Zs ∈ (E ∩M) } . (SDP5)

Corollary 14. The semidefinite programming relaxation (SDP5) is as least as strong as the linear programming relax-
ation (LPTVP).

Proof. As the SDP formulation (SDP5) ensures all (LPTVP) constraints (reformulated as linear-quadratic expressions
in position variables), the claim follows immediately.

3 Obtaining Upper Bounds and Feasible Tours
The core of our SDP approach is to solve our SDP relaxations. The resulting fractional solutions constitute upper bounds
for the exact SDP formulation of the (TVP). By the use of an easy two-opt improvement heuristic, which inter alia
exploits the fractional SDP solutions, we obtain quite strong lower bounds, i.e., integer feasible solutions that describe
feasible tours through the targets. Hence, in the end we have some feasible solution, together with a certificate of how
far this solution could possibly be from the true optimum. Let us now give some details on our upper and lower bound
computation.

Looking at the constraint classes and their sizes it should be clear that maintaining explicitlyO(n2) or more constraints
is not an attractive option, at least for large-scale instances with for n ≥ 15 targets. We therefore consider an approach
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suggested in [16] that was applied to the max cut problem [43] and several ordering problems [27], and adapt it for our
SDP relaxations of the (TVP). Initially, we only aim at explicitly ensuring Z ∈ E , which can be achieved with standard
interior point methods, see, e.g. [22].

All other constraints are handled through Lagrangian duality in the objective function f . Thus the objective function f
becomes non-smooth. The bundle method [16] iteratively evaluates f at some trial points and uses subgradient information
to obtain new iterates. Evaluating f amounts to solving an SDP with the constraint Z ∈ E that can be solved efficiently
by using again interior point methods. Finally we obtain an approximate minimizer of f that is guaranteed to yield a
upper bound to the optimal solution of the SDP relaxations. Since the bundle method has a rather weak local convergence
behavior, we limit the number of function evaluations that are responsible for more than 95% of the required running time
to control the overall computational effort. This limitation of the number of function evaluations leaves some room for
further incremental improvement.

Let us further mention that we also tried to apply quadratic programming approaches to our (TVP) formulations,
which however proved to be inapplicable already for small instances with 12 targets. Similar results were observed for
quadratic ordering problems in the area of graph drawing [9].

To obtain feasible tours, we apply a simple two-opt improvement heuristic that yields quite good practical results. We
call the heuristic every five bundle iterations and conduct each time 100 runs to generate 100 locally optimal tours until
the duality gap is closed. If the current best tour is improved or another tour with the best known objective value is found,
we update the current best tour. We use three different types of starting tours as input to our heuristic:

1. In the first run we generate an input tour from the current SDP solution vector v as follows: We compute the sums∑n−1
j=1 v

j
i for all i ∈ [n] and sort them downwards to obtain a feasible tour. If the SDP upper bound is equal to the

optimal objective value, this strategy yields the optimal tour.

2. If the current best tour is updated, we use the reversed best tour as input tour in the following run of our heuristic.

3. For the remaining runs we use randomly generated input tours.

To improve the input tours to locally optimal tours, we switch the targets i and j and adapt the current tour (Figure 2
a.) ) as depicted in Figure 2 b.), which results in the following change of the objective function

∆obj = wji − wij − d(i−1)j − dj(i+1) − d(j−1)i − di(j+1) + d(i−1)i + di(i+1) + d(j−1)j + dj(j+1).

We update the tour if ∆obj > 0 and rerun the heuristic until no improvement of the tour is found. As we execute each
improving switch, we consider the targets in ascending and descending order, each with 50 runs, to add further randomness
to the heuristic procedure.

a.) b.)

Figure 2: If we switch two targets i and j, we propose to adapt the original tour a.) as depicted in b.).

4 First Results and Comparisons of our Semidefinite Relaxations on Small
and Medium Instances

We report the results for different computational experiments with our semidefinite relaxations. All computations were
conducted on an Intel Xeon E5160 (Dual-Core) with 2 GB RAM, running Debian 5.0 in 64-bit mode. The algorithm was
implemented in Matlab 7.7. We generate (TVP) benchmark instances in 2 different ways by

12



Instance T n Best SDP1 (exact) SDP2 (exact) SDP3 (exact) SDP4 (exact) SDP5 (exact)
LOP TSP tour ub gap # c time ub gap # c time ub gap # c time ub gap # c time ub gap # c time
Toy example 5 -6 -5.39 0.03 64 0 -6.0 0.00 88 0 -6.0 0.00 107 0 -6.0 0.00 137 0 -6.0 0.00 242 0

PAL11 BR17 a 8 151 175.0 0.16 421 3 152.3 0.01 941 42 152.1 0.01 1734 6:17 151.0 0.00 1849 1:23 151.0 0.00 2238 2:17
PAL11 BR17 a 9 211 247.0 0.17 598 5 211.0 0.00 1502 1:37 211.0 0.00 2097 5:15 211.0 0.00 2456 3:37 211.0 0.00 3094 5:28
PAL11 BR17 a 10 253 313.9 0.24 1208 9 267.6 0.06 2496 26:36 279.8 0.11 3338 59:18 254.2 0.00 4956 4:28:08 253.0 0.00 4615 1:52:40
PAL11 BR17 a 11 304 385.9 0.27 1208 31 328.7 0.08 3760 1:33:21 348.8 0.15 4191 2:29:59 312.1 0.03 6587 11:24:50 305.8 0.01 7327 21:14:05

RAND8 r 8 76.4 80.3 0.05 376 12 76.4 0.00 820 11 76.4 0.00 1494 1:02 76.4 0.00 1887 1:00 76.4 0.00 2418 4:16
RAND9 r 9 93.6 107.6 0.15 566 22 95.6 0.02 1511 5:01 98.6 0.05 2323 28:09 93.6 0.00 2986 57:17 93.6 0.00 3571 1:11:14
RAND10 r 10 132.0 148.5 0.12 820 36 132.0 0.00 2422 36:28 136.0 0.03 3459 1:39:37 132.0 0.00 2986 1:08:49 132.0 0.00 3914 1:50:12
RAND11 r 11 179.4 197.4 0.10 1112 1:20 180.4 0.01 3310 1:26:26 184.4 0.03 5501 10:49:29 179.4 0.00 4720 7:14:59 179.4 0.00 6823 17:54:13

Table 1: (TVP) results obtained by our semidefinite relaxations in conjunction with our 2-opt heuristic. The SDP relaxations are solved exactly by Sedumi. The running times
are given in sec or min:sec or in h:min:sec respectively.

Instance T n Best SDP1 (bundle) SDP2 (bundle) SDP3 (bundle) SDP4 (bundle) SDP5 (bundle)
(LOP) (TSP) tour ub gap time ub gap time ub gap time ub gap time ub gap time
PAL19 BR17 a 10 253 332.5 0.31 11 309.5 0.22 12 304.4 0.20 13 294.9 0.17 12 337.3 0.33 13
PAL19 BR17 a 11 304 412.6 0.36 15 388.9 0.28 16 366.6 0.21 18 364.3 0.20 19 424.2 0.40 24
PAL19 BR17 a 12 426 506.6 0.19 23 478.4 0.12 24 474.4 0.11 25 457.3 0.07 28 553.3 0.30 25
PAL19 BR17 a 13 498 607.9 0.22 52 575.5 0.16 44 568.7 0.14 47 549.8 0.10 45 685.9 0.38 43
PAL19 BR17 a 14 555 736.0 0.33 1:21 678.6 0.22 1:04 712.1 0.28 1:08 667.4 0.20 1:06 854.2 0.72 1:03
PAL19 BR17 a 15 627 837.1 0.34 1:26 787.8 0.26 1:28 812.5 0.30 1:33 766.7 0.22 1:31 1144.9 0.83 1:28
PAL19 BR17 a 16 736 952.5 0.29 1:55 932.3 0.27 1:56 938.6 0.28 1:57 900.7 0.22 2:13 1395.5 0.90 2:01
PAL19 BR17 a 17 816 1124.7 0.38 2:40 1063.9 0.30 2:48 1109.5 0.36 2:49 1052.5 0.29 2:44 1301.3 0.59 2:49
PAL19 FTV33 a 18 8607 10132 0.18 3:33 9973 0.16 3:32 10006 0.16 3:43 9913 0.15 3:45 11688 0.36 3:46
PAL19 FTV33 a 19 9309 11368 0.22 4:52 11115 0.19 4:40 11264 0.21 5:17 11017 0.18 4:56 14629 0.57 4:56

RAND10 r 10 132.0 152.5 0.16 11 142.5 0.08 12 142.5 0.08 13 138.0 0.05 18 139.5 0.06 15
RAND11 r 11 179.4 203.8 0.14 16 191.4 0.07 18 195.4 0.09 19 188.4 0.05 26 192.4 0.07 21
RAND12 r 12 207.6 239.6 0.15 25 223.2 0.07 26 227.2 0.09 28 218.2 0.05 28 224.2 0.08 27
RAND13 r 13 251.4 296.8 0.18 45 273.8 0.09 46 280.4 0.12 50 286.4 0.07 48 278.4 0.11 49
RAND14 r 14 282.4 335.4 0.19 1:04 310.4 0.10 1:02 319.8 0.13 1:07 304.8 0.08 1:05 315.4 0.12 1:08
RAND15 r 15 350.2 414.6 0.18 1:32 385.6 0.10 1:26 401.2 0.15 1:35 380.6 0.09 1:32 392.6 0.12 1:33
RAND16 r 16 399.0 483.4 0.21 2:08 451.4 0.13 1:58 467.4 0.17 1:57 445.0 0.12 2:05 482.4 0.21 2:04
RAND17 r 17 448.0 535.0 0.19 2:47 505.6 0.13 2:46 520.0 0.16 2:46 499.0 0.11 2:57 548.4 0.22 2.52
RAND18 r 18 510.2 615.6 0.21 3:32 577.2 0.13 3:49 599.2 0.17 3:40 570.2 0.12 3:55 694.6 0.36 3:41
RAND19 r 19 582.8 709.8 0.22 4:36 667.2 0.15 4:53 592.2 0.19 4:56 659.2 0.13 5:14 840.2 0.44 5:02

Table 2: (TVP) results obtained by our semidefinite relaxations in conjunction with our 2-opt heuristic. The (SDP) relaxations are solved approximately by the bundle method,
restricted to 250 function evaluations. The running times are given in sec or min:sec respectively.

13



1. combining well-known (LOP) and asymmetric (TSP) instances from the literature,
2. using random generated data, where all (LOP) weights and non (Euclidean distances) are uniformly distributed

random integers between 1 and 10 and the matrix collecting the (LOP) weights has a density of 50 %.5

For variant 1 we use appropriate instances from the well-known benchmark libraries LOLIB and TSPLIB.6 If no
instance of appropriate size s is available, we take the first s rows and columns of the instance next in size.7 For the
random data we generate five instances for each number of targets and report the averages over our runs. Additionally we
assign one of the following two types T to each instance: a(symmetric), r(andom).

In Table 1 we compare the exact solution values of the relaxations (SDP1)– (SDP5) for (TVP) instances with up
to 17 targets. For reasons of efficiency we used 10 function evaluations of the bundle method to obtain an initial set of
constraints violated for our relaxations. We then applied Sedumi [45]; added the 500 most violated constraints; solved
again using Sedumi; and repeated this process until no more violations were found or the duality gap is closed down
completely. We also tried to solve our relaxations directly but the running times were at least one order of magnitude
slower. The best tours are provided by the heuristic described in Section 3. The total running time of our heuristic is
always clearly less than one second for all instances with up to 20 targets. Additionally we state the average number of
constraints #c that we considered when obtaining the optimal solution of our SDP relaxations. The results in Table 1
show that

1. all proposed constraint classes help to improve the relaxation strength considerably,
2. all relaxations yield quite tight upper bounds and especially (SDP5) nearly always closes the duality gap entirely,
3. the proposed heuristic yields very strong (TVP) tours, at least for small instances,
4. computing the SDP upper bounds becomes time consuming for n ≥ 10 targets due to the larger number of con-

straints considered.
Hence for large instances with n ≥ 12 targets we apply only the bundle method (without Sedumi) to our SDP

relaxations and summarize the results obtained in Table 2. We restrict the bundle method to 250 function evaluations
because its convergence process mostly slows down before that point. With this restriction, the running times of the
bundle method are about the same for all SDP relaxations but there is a quite clear ranking of the quality of the upper
bounds provided: 1.) (SDP4)→ 2.) (SDP2)→ 3.) (SDP3)→ 4.) (SDP1)→ 5.) (SDP5). Additionally we observe
that the random instances are easier to solve than the ones combining difficult (LOP) and (TSP) instances from the
literature and that instances containing (a submatrix of) “PAL11” are particularly hard to solve.

Note that we also tried to solve (SDP1) exactly as an alternative to solving (SDP4) with the bundle method. This
was only possible for instances with up to n ≤ 17 within one day of computing time and for all instances with n ≥ 12 we
got worse gaps at considerably higher computational costs.

5 Computational Experience on Large Scale Instances
Based on the above comparisons, we decide to use (SDP4) to tackle large scale instances with n ≥ 20 targets. We
double the number of function evaluations to 500 because the convergence process of the bundle method elongates for
larger instances. We summarize the results obtained for instances with up to 50 targets in Table 3 and 4. We obtain
reasonable gaps ≤ 55% for all instances with up 50 targets. Again the random instances are easier to solve and our 2-opt
improvement heuristic is very fast as its running time is always less than 5 seconds for all instances with up to 50 targets.
In summary the results from both computational sections indicate that the size of the gaps obtained is dependent on the
SDP relaxation applied, the difficulty of the (LOP) and (TSP) instances involved and the size of the (TVP) instance
considered.

6 Conclusion
In this paper we proposed the first sophisticated SDP based algorithm for the Target Visitation Problem (TVP) that has
several (military) applications. We showed that the (TVP) is a special Quadratic Position Problem (QPP) and exploited

5We do note count the diagonal entries as the have to be 0 by definition
6See https://www.iwr.uni-heidelberg.de/groups/comopt/software/index.html for details.
7When combining the “pal”-Instances with “br17” and “ftv33”, we multiply the binary entries by 10 and 100 respectively to balance the (LOP)

benefits with the (TSP) distances. Otherwise the optimal (TVP) tour would be very similar to the optimal (TSP) tour.
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Instance T n Best SDP4 (bundle)
LOP TSP tour ub gap time

PAL23 FTV33 a 20 11649 12377 0.06 14:25
PAL27 FTV33 a 25 19585 22134 0.13 57:37
PAL31 FTV33 a 30 24524 30737 0.25 2:08:26

P40 FTV35 a 35 18433 25465 0.38 9:13:42
P40 FTV44 a 40 24861 35302 0.42 21:51:08
P50 FTV44 a 45 31201 46139 0.48 41:48:57
P50 FTV55 a 50 39289 59769 0.52 65:39:28

Table 3: (TVP) results for instances from the literature, obtained
by (SDP4) in conjunction with our 2-opt heuristic. (SDP4)
solved approximately by the bundle method, restricted to 500
function evaluations. The running times are given in min:sec or
h:min:sec respectively.

Instance T n Best SDP4 (bundle)
LOP TSP tour ub gap time

RAND20 r 20 655 733 0.12 14:06
RAND25 r 25 990 1173 0.18 53:57
RAND30 r 30 1440 1760 0.22 2:08:01
RAND35 r 35 1985 2486 0.25 9:06:39
RAND40 r 40 2568 3317 0.29 21:43:24
RAND45 r 45 3216 4301 0.34 41:44:03
RAND50 r 50 4056 5608 0.38 65:35:46

Table 4: (TVP) results for random instances, obtained by
(SDP4) in conjunction with our 2-opt heuristic. (SDP4) solved
approximately by the bundle method, restricted to 500 function
evaluations. The running times are given in sec or min:sec or
h:min:sec respectively.

this connection to suggest a both theoretical sound and practicably competitive semidefinite optimization approach. Ex-
tending the proposed approach to further difficult combinatorial problems that are also special cases of the (QPP) (e.g.
the Sequential Ordering Problem) is a worthwhile direction for future research.
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