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Abstract

We study the convex hull of a set arising as a relaxation of difficult convex mixed integer quadratic
programs (MIQP). We characterize the extreme points of our set and the extreme points of its contin-
uous relaxation. We derive four quadratic cutting surfaces that improve the strength of the continuous
relaxation. Each of the cutting surfaces is second-order-cone representable. Via a shooting experi-
ment, we provide empirical evidence as to the importance of each inequality type in improving the
relaxation. Computational results that employ the new cutting surfaces to strengthen the relaxation for
MIQPs arising from portfolio optimization applications are promising.

1 Introduction

This paper is concerned with a mixed-integer nonlinear set of the form
X ={(z,2,v) ERE xB" xR | v > 27 Qz,2; < 2,¥j € N}, (1)

where N = {1,2,...,n}, and the matrix @ is positive semidefinite. The set X appears as a substruc-
ture in many practical mixed integer quadratic programs (MIQPs), including those arising from portfolio
management [1]], model selection [3], sparse digital filter design [[L8]], and linear-quadratic optimal control
with setup costs [9]. The aim of this study is to obtain a good approximation of conv(X'), which can help
with the solution process of the optimization problems that have X as a relaxation.

In the case that Q = diag(q) > 0, Stubbs [17] characterized conv(X) with the following extended
formulation:

conv(X) = proj, , ,{(7,z,v,t) € R} x [0,1]" x Rx R’} |v > Z qjtj,
JEN
tjzj > a7 Vj € N,aj <z Vj € N} (2)



The description of conv(X) in is obtained by applying a transformation known as the perspective
reformulation [11], which is itself a specialization of a more general theorem on the convex hull of a
disjunctive set found in the work of Ceria and Soares [3l]. The perspective cuts of Frangioni and Gentile
[6] can be derived as linearizations of the nonlinear inequalities appearing in the description of conv(X).

Where applicable, the perspective reformulation has been shown to help tremendously in solving prac-
tical MIQP problems. The interested reader is invited to look at the works [8} [12} [2]] for a host of applica-
tions on which the perspective reformulation has improved performance. Unfortunately, direct application
of the perspective reformulation to the set X is not possible, as z7 Qz is not in general a separable function
of the decision variables x. The focus of this work is to attempt to extend the perspective reformulation to
the non-separable case.

Since @ = 0, it has a Cholesky factorization Q = M M7 for some lower triangular matrix M. We
could thus induce separability through an affine transformation, arriving at the set

y & {(x,y,z,v) ER} xR"xB"xR|v> yly,y=MTz oz < z}. 3)
The set Y is a reformulation of X, since X = proj, , ,(Y). If we project out the x variables from Y, we
arrive at the set

proj, . ,(Y) = {(y,z,v) ER"xB"xR|v>yly,0< M Ty < Z} 4)

where the quadratic function is separable in y, but whose interaction between continuous and binary vari-
ables (0 < M~Ty < z) becomes more complicated than simple “on-off” relationships between x and z
in the set X.

Frangioni and Gentile [[6] suggest a clever matrix-splitting approach for applying the perspective re-
formulation to X. Specifically, the matrix () may be decomposed into ) = R + D, for some matrix
D = diag(d) > 0 such that R = @Q — D > 0. With this transformation, the set X can be reformulated as

X = proj, ., {(m,z,v,t) ER? xB" xRxR? |v>a"Re+elt
tj > djac? Vjie N,z < z}. &)
The continuous relaxation of the set (3]) can be strengthened via the perspective reformulation to

P(X) def PIOjy 5.y {(:J:, z,0,t) ERY x [0,1]" x Rx R | v > 2" Re + et

2ty > djad, Vi€ Nz < zf. (6)

Note that if R = 0, then P(X) = conv(X).

The set P(X) depends on the extracted diagonal vector d. Zheng et al. [19]] give a semidefinite program
(SDP) that will find the vector d that leads to “strongest” (in terms of bound improvement) perspective
relaxation (6)). Dong and Linderoth [4] give a different proof of the same result, study the set X in a lifted
space that introduces variables for all quadratic terms z;x;, and use SDP relaxations for strengthening the
relaxations of X. In this work, we focus on reformulations that are not lifted to the “full” matrix-space,
and we strengthen the relaxations using only second-order-cone representable constraints.

We propose to combine the separability inducing-Cholesky factorization (4 with the matrix-splitting
approach (3)). Specifically, we consider a more generalized decomposition of ) into Q = R+ B, for some



2 x 2 block diagonal matrix B >~ 0 such that R = () — B > 0. This has the effect of extracting more
of the nonlinear function 7 Qz into separable, low-dimensional components. Our focus will then be on
obtaining strong relaxations for the extracted low-dimensional components. To ease the exposition, we
assume that n is even. Splitting () = R + B and adding variables to capture the extracted portion of the
quadratic function gives the extended formulation

X = proj, ., {(:1:, 2,0,8) ERT xB" x R x R®? | v > 2T Rz + €T’
xr < Z, 84 > Bjjl‘? + 2Bj,j+1xj$j+l + Bj+1,j+1l‘?+1 Vj = 1, 3, 5, e, — 1}. (7)

If the constraint v > 27 Rz + e’'s is removed from X in (7), then the set decomposes into blocks con-
sisting of one s variable, two x variables and two z variables. Thus, to strengthen the relaxation of the
reformulation of X we should understand the interactions between the on-off constraints 0 < z; <
2j,0 < xj41 < zj41 and the epigraph of a convex quadratic function

2 2
8j 2 Bjjaj + 2B;j112Tj11 + Bj1,j+1%541-

To understand this set, we find it convenient to make the quadratic function separable using the Cholesky
factorization of B = LL* and to perform the substitution z = L~Ty (like in Equation (@)). Perform-
ing these transformations and focusing on one block yields a 6-dimensional set S to study, where the
nonlinearity is confined to two simple inequalities

gdéf{(y,t,z)eR%RixB?|t12yf (8a)
t2 > 5 (8b)
0 <anyitaizyz < 21 (8c)
0 < aznyz < 22}, (8d)

and

is an upper-triangular matrix. The linear constraints 0 < L~Ty < z imply bounds on the variables
y1 € [l1,u1] and yo € [l2, ug], with
ajp 1
Iy def min{0, .
a1 a2
def 1 1 a2 1
m

For ease of notation, we typically ignore the dependence of the set S on the parameters a1, a2, and ags.
However, if we must explicitly write the dependence, we refer to the set S as S(a11, a12, a22).

The remainder of this paper is focused on studying the set .S. In Section [2] we characterize the extreme
points of conv(.S) and the extreme points of its natural continuous relaxation. We derive four nonlinear



inequalities that are valid for conv(,S), but cut off all extreme points of the continuous relaxation. All of
the inequalities we derive for conv(S) are second-order cone representable. In Section [3} we motivate the
importance of our new inequalities in two ways. We perform analysis to show which extreme points of the
continuous relaxation are cut-off by each of our new inequalities, and we show at which extreme points
of conv(.S) our new inequalities are tight. Section 4| describes a number of computational experiments
designed to test the utility of the new inequalities on portfolio optimization instances.

2 Properties of the Set S

The set S is the union of 4 convex sets wherein (z1, 22) take the values (0,0), (0,1),(1,0), and (1,1). By
adapting a result of Ceria and Soares [3], it is possible to write an extended formulation of clconv(.S).

Proposition 2.1 (Ceria and Soares [3]). The point p = (y1,y2,t1,t2, 21, 22) € clconv(S) if and only if
there exist scalars

toot, 002, Yo11, Yo12, to11to12, Y101, t101, t102, Y111, Y112, L1115 t112, Moo, o1, A1os A1t

such that the following system is feasible:

a11Yo11 + a12y012 = 0
Yo11 + Y101 + Y111 = Y1

Yo12 + Y112 = Y2
toor +to11 +tior +ti11 =1
too2 + to12 + tio2 + ti12 = t2

Ao+ A1 =21

Aol + A1 =2

200+ o1 + Ao+ A1 =1
o0,y Ao, A10, A11 > 0

0

0

0 < a2yo12 < Aot
2
Ao1to11l = Yo11

2
Ao1to12 > Yoi2
0 < aiyior < Ao

Aot101 > Yior
t102 > 0
0 <anyiin + azyiie < Ain

0 < agyiiz < At

too1 =
too2 =

At > v

2
Aiti12 > Y119

Using Proposition one can write an extended formulation for conv(S) using 23 variables. Our
focus is on convexifying .S in the original space of variables, as ultimately we wish to use inequalities
generated from this study to solve instances that may contain many low-dimensional sets S. In this case,
adding 17 extra variables in order to convexify S may not be computationally attractive.

The convex sets whose union is S are all defined by the same set of quadratic inequalities and only
differ in the polyhedral feasible region for y1,y2. We define P, ,, as the following polyhedron for each
element of the disjunction:

def
P, = {(yl,y2) € R?| 0 < ajryr1+aiays < 21,

0< a2y2 < 29 }>



for (21, z2) € {(0,0),(0,1),(1,0), (1,1)}.
The section begins by characterizing the extreme points of conv(.S) and the extreme points of the
continuous relaxation of S. We then derive four quadratic cone inequalities that are valid for conv(.S).

2.1 Extreme Point Characterizations

We denote the continuous relaxation of S by

def

R(S)E {(y1.2) € R X R X B? | 11 2 i 12 > o,

0 < anyr +arpy2 < 21,
0< az2y2 < 29,

0<2<1,0<»n<1 }

Lernma establishes that all extreme points for R(S) have the property that t; = y2, ¢y = 3.
Lemma 2.1. Ifp = (:&1, 992, 1?1, tAQ, z1, 22) S ext(R(S)), then 1?1 = @%, tAQ = @%

Proof. If p* = (yi,y3,t1,15, 21, 23) is an optimal solution to the optimization problem min, ¢ S){ch}
with ¢ > 0, then it must be that t] = (y})?,t5 = (y4)2. If not, a solution with strictly smaller objective
function value would exist. O

Lemma provides some insight into the nature of the extreme points of R(S). Theorem com-
pletely characterizes the extreme points by establishing that extreme points p = (y1, Y2, t1, t2, 21, 22) of
R(S) must have one of the following four forms, parameterized by «, 3 € R, where («, ) lie in the
polytope Pi1:

(a, B,a?, 32, 1, 1) ©)
(a, B, o?, 32, 1, agef) (10)
(a, B,a% B2 anja+anB, 1) (1)
(o, B, a2, B% ajna + a1af, azf) (12)

Theorem 2.1.

ext(R(S)) = {©), @0, (11D, (12 | (o, B) € P11}

Proof. Toestablish that (ext(R(S)) € {@©), (T0), (T1), (12 | («, B) € P11}), suppose that p = (1, G2, 11, t2, 21, 22)
is one of the forms (9) - (I2), but not an extreme point. Then there must exist 2 points distinct from p in

R(S) which we denote by

U :(yhm You, L1us t2uy Z1us ZQu)a

v :(ylvv Y2u, t1v, L2, 210, z2'u)

such that (1 — A\)u + Av = p for some \ € (0, 1).



This relationship and the definition of R(.S) indicate

?31 == (1 - )\)ylu + )\ylfu
t1 = a? = (1 — Nty + M1y

2 2
tlu 2 Y1uo tl’u Z Yius

and this system of equations and inequalities implies that

t1 = a? =(1 — Nty + M1y
2((1 - )‘)ylu + /\Z/m)z
_~2
=Y1-

Due to the strict convexity of function f(y) = y2, the last inequality holds at equality only if y1,, = y1,. It
follows that y1, = y1, = @, t1, = t1, = o. The same argument applies to the system of equations and
inequalities involving ¢, Y2y, Y2v, to, tou, t2, and establishes that You = Y2 = B, toy = tay, = (2. Then
the definition of R(.S) implies that

0<ana+apf <2 <1,
0< apf < Zy <1,

and thus for a point p of the form (9),(I0),(T1),or (12)), any solution to the equation (1 — A)u + Av =
p, A € (0,1) satisfies z1, = 21, = 21, 22y = 22, = Z2. We have established that p = v = v, which
contradicts the assumption that p is not an extreme point. Therefore any point in R(S) of the given form
is an extreme point.

To establish that (ext(R(.S)) 2 {©D, (10D, (TT), (12) | (o, 5) € P11}), suppose there exists an extreme
point p = (91,9, t1, 2, 21, #2) that cannot be written in the form of (9),(T0),(TT)), or (T2). From Lemma
2.1, we know p can be written as (o, 3, a2, 2, 21, 22). Since p € R(S9), it satisfies

0 <ana+app <z <1,
0< axnf < Z3 < 1.

As we assumed 21 ¢ {a11a + a1203, 1}, aj1a + a128 < 21 < 1. Then we can take two points in R(.S)

(O[, 5,042,527 a« + a1267 2?2)7

v :(O[, B? 042, 527 17 22)

U

that satisfy p = (1—X)u+Av where A = % € (0, 1). This contradicts the assumption that p is
extreme, and thus we conclude that 2, € {aj1a+a12/, 1}. A similar argument shows that 25 € {a2 3,1},

proving that any extreme point can be written in the forms (9)),(10),(11)), or (I2). O

Using similar simple arguments, in Theorem we also characterize the extreme points p = (y1, y2, t1, t2, 21, 22)
of conv(.S) to have one of the following forms, parameterized by two real numbers («, ) lying in poly-



hedra P, ,,:

(o, B,0% 5% 1,1) (13)
(o, 8,0 6% 1,0) (14)
(o, B,0% 3%,0,1) (15)
(o, B,0% 6%,0,0) (16)

Theorem 2.2.

ext(conv(R(S))) ={(3) | (o, 8) € Prr} U{({4) | (o, B) € Pro}
U{() | (o, B) € Pou} U{(8) | (cr, B) € Poo} ¥ €.

Proof. (ext(conv(R(S))) C &): Suppose for a contradiction that there exists a point p = (91, 92, t1, t2, 21, 52)
in the given set, but p is not an extreme point. Then there exist two distinct points in conv(.S) which we
denote by

:(yl'm Yous tlus 20, Z1u, ZQu)a

v :(yhn You, tlus 20, 210, 2211)

such that (1 — A\)u + \v = p for some A € (0,1). Since (21, 22) € B? and 2y, 2;» € [0,1], i = 1,2,
any solution to this equation satisfies z;, = 24, = 2;, © = 1,2. Applying the same argument from the
proof of we can deduce that y;, = Yiv = Ui, tin = tiv = t; = 3212 , © = 1,2. This results in
u = v = p, which contradicts the assumption that p is not extreme.

(ext(conv(R(S))) 2 &): Suppose for contradiction that there exists a point p € ext(conv(S5)),
p = (91, 92,11, 12, 21, 22) that cannot be written in the forms (T3)-(T6). First note that (21, 25) € B? is
a necessary condition for p to be extreme. If (31, 22) ¢ B2, then p € conv(S)\S which means that p is
written as a convex combination of two or more points in S and by definition not an extreme point. The
condition (91, 92) € Ps, s, follows from the feasibility requirement Therefore, that p is not of one of the
forms@])-(@])meanstZ > yZ fori =1or2. Lett; —yz +¢; fore; >0, 1 = 1,2 and take

w = (i1, G2, U5 + 2€1, 95 + 2€2, 21, 22),
% :(lef‘)%@%??)ga 2?17 2?2)

Then p = 0.5u + 0.5v, so p is not extreme, contradicting the assumption.

2.2 Valid Inequalities for S

In this subsection, we describe four valid nonlinear inequalities for the set .S. Throughout our discussion,
we will assume that a1 # 0, since if a12 = 0, the set S can be further decomposed into smaller blocks.
The first valid inequality is a result of direct application of perspective reformulation to the variables to, y2
and zs.



Proposition 2.2. The inequality
2oty > y% (Ineq 1)

is valid for S.

Proof. If zo = 1, then (Ineq T is the same as (8a)) in the description of S. If zo = 0, then (8d) implies that
y2 = 0, so (Ineq 1) is valid in this case as well. O

Note that is in the form of a rotated second order cone, since zo, t9 > 0.

The second valid inequality is obtained by fixing the variable z; = 0, substituting variable y; with
—(a12/a11)y2, applying the perspective reformulation on t1,y2 and zo and lifting in order to make the
inequality valid when z; = 1.

Proposition 2.3. The inequality

2

a
k2122 + zot1 > %yg (Ineq 2)
an
where
0 ifa12 < 07
2
K= (aﬁfm) if0 < a1z < ag,
1 2 2a12 .
(Tu> (E - 1) ifazs < aja.
is valid for S.

Proof. When z9 = 0, implies that y5 = 0, so is valid in this case. If z5 = 1, and z; = 0, then
(8c) implies that yo = —aj2y1/a11, so reduces to the inequality in the description of S in this
case. Thus, we need only prove that is valid when z; = 29 = 1. For to be valid in this case, we
must have £ > (a12/a11)?y5 — t1 V(y1,92, t1,t2, 21, 22) € S. Thus the minimum lifting coefficient x is
attained by solving

k= max{(a12/a11)?ys — ¥ | 0 < any1 + a12y2 < 1,0 < ageys < 1}. (17)

Note that in the objective of the lifting problem (T7)), 32 replaces ¢ as t; = y at an optimal solution. We
can calculate x by giving a closed-form for the optimal solution 7, y5 to by exploiting separability.
To that end, define

yi(y2) = argmax, {(a12/a11)%y5 — 47 | —a12y2 < anyr <1 — a1y}

= argmin, {|y1] | —a12y2 < an1yr <1 —arys},

and note that yo > 0 Vy, € S. The solution to this 1-variable optimization problem can be characterized
as
% ifa10 <0
Yi(y2) =4 O ifa;2 >0, 1 —ay2 >0
1-aizys ifajs >0, 1— a2y < 0.

a1l



The lifting problem (17) now becomes an optimization problem over only 5.

K= r%gX{(am/au)Qy% — (i (¥2)? 10 < a11y; (y2) + a12y2 < 1,0 < agays < 1}~ (18)

If aj2 < 0, then substituting y; (y2) = —ai2y2/a1; into (I8) gives

k=max{0 |0 < axys <1} =0.
Y2

If a1z > 0, then we must consider two subcases depending on the value of yf(y2). Specifically, in
the case y2 < 1/aj2, we substitute y;(y2) = 0 into (I8), and in the case yo < 1/aj2, we substitute
Y5 (y2) = (1 —a12y2)/a11 into (I8). Performing these substitutions and simplifying the expressions yields

p=max{ max {(aiz/an)?} |0 < ansye 1,0 < agayp < 1}, (19)
y2<1l/ai2
max {(1/@11)2(2a12y2 — 1) | O S a22Yy2 S 1}}
y2>1/a12

We can solve each of the two optimization problems in the definition of « in closed form. If aj2 < a9,
the first maximization problem in has optimal value (a12/(a11a22))?, and the second optimization
problem is infeasible. Thus £ = (a12/(a11a22))? when aja < age. If aya > ag9, the first maximization
problem in (T9) has optimal value 1/a?,, and the second maximization problem in (T9) has optimal value
(1/&%1)(26112/&22 — 1). Since (2(112/&22 — 1) > 1 when ajg > a9, we know that kK = (1/&%1)(26112/(122 —
1) when a2 > ags. Having established the proper value of  in all cases, the proof is complete. ]

Note that £ > 0, so (Ineq 2) can be written in the form of a rotated second order cone constraint:
(k21 + )22 > ((a12/a11)y2)*.
A lifting procedure similar to that used for (Ineq 2)) can be used to derive the following inequality.

Proposition 2.4. The inequality

vz12g + ajy 2ty > (anys + ai2ye)?, (Ineq 3)
where
ifai2 <0
v=4q 1 ifaig > 0,a22 < a2
—(f2)2 202 E) < ayy < ag
is valid for S.

Proof. If z; = 0, then the inequality reduces to 0 > (a11y1 + ai2y2)?, which is implied by in the
description of S. If z; = 1, z9 = 0, then the inequality is a?,#; > (a11y1)?, which is implied by in the
description of .S. Thus, we need only prove validity for the case z; = z3 = 1. In this case, the inequality
will be valid as long as

v =max{(a11y1 + a12y2)? — atqt1 | 0 < anyr + aaye < 1,0 < agoye < 1,11 > i}
= max{(a11y1 + a12y2)* — a}19? | 0 < a1 + araya < 1,0 < ageys < 1}.



Defining Y = aj11y1 + a12y2, we can rewrite this as

a ajia
V:maX{Y2—a%1y%|0§Y§1,O§£Y— 1722
a2 ai2

y1 < 1} (20)

We again can exploit separability to derive a closed-form solution to this problem. Let

a2 —a11a22 a22

*(Y) := argmax, {Y? —a?y? | ——2Y < 1<1—- =Y
yi(Y) gmax,, { nyr | = TV < — =y s 1= Y
a —aa a
= argmin,, {|y1] | — 2y < T2 <1 EY}.
a19 ai2

The definition of v in (20)) can be replaced by a 1-dimensional optimization problem

v=max{Y?2 - (yi(Y)?|0<Y <1,0 < 22y - W92 wiyry <y, 1)
Y a2 a2

If a12 < 0, then
Y1 (Y) = argming, {|y1| | Y/a11 < y1 < Y/an — a1z/(a11a22)} = Y/a,
since Y/a11 > 0. Substituting this into (21)), we get that
y:mif/ix{O\Ongl}:O.
If a12 > 0, then

Y1 (Y) = argmin, {|y1] | Y/a11 > y1 > Y/a11 — arz/(a11a22)}

o 0 ifY S alg/agg
Y/ai1 — a1z/(anaz) ifY > aia/azs.

v = Inax{ max {Y2]0<Y <1,0 < (as/ap)Y <1}, (22)
Y<aiz/az2
max {2&12Y/(L22 — (alg/a22)2 | 0 S Y S 1}}
Y>a12/a22

If a12 > age, the first maximization problem in (22) has optimal value 1, and the second optimization
problem is infeasible. So v = 1 in the case that aj2 > 0, a12 > ago. If a3 < ag9, the first maximization
problem in (22)) has optimal value (a12/a22)?, and the second maximization problem in (22)) has optimal
value 2a12/ass — (a12/az2)?. Since

2a12 aio
2a12/a22 — (CL12/@22)2 - (6112/6122)2 =— <1 — > >0
a22 a99

when agy > aj2, we can conclude that v = 2aj2/az — (alg/a22)2 in this case. Having established the
value of v in all cases, the proof is complete.
]

Since if 0 < aj2 < age, we have that v = (aj2/a22)(2 — a12/az2) > 0, (Ineq 3) can be written as the
rotated second order cone constraint

(vzg + a2it1)z1 > (a1 + aiaye)®

The final valid inequality is equivalent to applying the perspective reformulation to the variables ¢1, y;
and (z1 + z2) which is applicable because z1 + z2 = 0 implies y; = 0.

10



Proposition 2.5. The inequality
t1(2z1 + 22) > 9. (Ineq 4)

is valid for S.
Proof. We verify the validity for each value that 21, zo take.

1. (3,1 =0, 20 =0)
(Ineq 4) simply reduces to 0 > 0.

2. (2120, Z2=101‘2’1:1, 2220)
is equivalent to t; > y3, which is valid for S.

3. (Zl = 1, 29 = 1)
(Tneq 4) is equivalent to 2¢; > y?, which is dominated by in the description of S.

O]

Note that the feasible region for (Ineq 4) is convex since it is clearly in rotated second-order cone form.
Adding the valid second-order cone constraints (Ineq I)-(Ineq 4) to the continuous relaxation of S
results in a strengthened relaxation of S, which we denote as

def

T(S) E {(,t,2) € RZx R2x R | = g ta 2 1,

2
zoto 2> 15

2
a
12 2
kz122 + 22l1 2 —5~ Y5
a1y

vaizo +afyzit > (anyn + aray2)?
t1(z1 + 22) > yi

0 < anyr +apy2 < 21,

0< ay2 < 22,

0<2<1,0<z<1 }

3 Measuring the Impact of Conic Inequalities

In mixed integer linear programming, it is known that the convex hull of a mixed integer linear set is
a polyhedron [[16]. Theorem demonstrated that conv(S) is not a polyhedron, so we have no nice
way of demonstrating that the inequalities we derived are necessary in the description of conv(S), like
demonstrating facets of a polyhedron. The theory of mixed integer nonlinear sets is not fully-developed,
but Kiling-Karzan [[14]] has done some work to extend the notion of the necessity of inequalities in the
description of mixed-integer nonlinear sets. In this section, we take a different approach to providing
evidence of the usefulness of the conic inequalities (Ineq I)-(Ineq 4). First, we provide a short empirical
experiment to demonstrate that adding the inequalities to the continuous relaxation R (.S) does not provide
a complete description of conv(S), i.e. T(S) # conv(S). The next two subsections provide evidence
that the inequalities (Ineq I)-(Ineq 4) may be useful by characterizing which fractional extreme points of

11



Instance Classes | R(S) | T(S)
A (a12 < 0) 0.064 | 0.084

B (0 S a2 S CLQQ) 0.052 0.14
C (a2 < a12) 0.048 | 0.092

Table 1: Probability of having fractional extreme points

the continuous relaxation are cut off by each of the inequalities and by characterizing at which points of
conv(S) each of the inequalities is tight. The section also contains results of a “shooting experiment,”
wherein we estimate the size of each surface of 7(.9).

3.1 Proportion of Fractional Extreme Points

A natural question to ask is whether the conic inequalities (Ineq T))-(Ineq 4) are the only nontrivial inequal-
ities necessary to describe conv(.S): Does T (S) = conv(S)? We answer this question in the negative by
estimating the probability that 7(S) has fractional extreme points through computational experiments.
Note that by Theorem 2.2} if 7°(S) = conv(S), then all extreme points of 7 (.S) would be integral, so the
associated probability would be zero.

The extreme points of 7 (.S) were obtained by solving

- T

we e @ Wh?) @y
where o € RS. The coefficients o, aa, a5, g were drawn from a uniform distribution in [—1,1], and the
coefficients for the ¢ variables 3, ay were drawn from a uniform distribution in [0, 1] since they need to
be non-negative to ensure that (23)) is not unbounded.

Thirty random instances were generated, broken into three classes based on the relative magnitudes of
the coefficients defining .S. For each instance 50 random linear objectives o were used. For comparison,
the same experiment was repeated using the continuous relaxation R(.S) instead of 7(.5) in (23).
summarizes the proportion of fractional extreme points out of all extreme points obtained by solving (23)
in the different cases.

Since the probabilities associated with 7 (.5) are not zero, we can be sure that 7 (S) # conv(.S). Note
that it appears more likely to have fractional extreme points using the relaxation 7 (.S) than R(S). This
implies that the valid inequalities (Ineq I)-(Ineq 4) from the definition of 7 (.S) cut off extreme points of
R(S) while generating different fractional extreme points.

3.2 Extreme points cut off by the inequalities

We investigate the usefulness of the inequalities by examining which of the points of ext(R(S)) are cut
off by each of the inequalities introduced in Section [2.2] demonstrates whether the fractional
extreme points in each of the families (10), (TI)), and (I2) are cut off by inequalities (Ineq 1)) - (Ineq 4),
or the condition under which they are cut off. In the table, it is assumed that 0 < a1 + a128 < 1
and 0 < agef < 1 so that points represented by (10) - (12) are fractional. The entries of the table mean
either the points are always cut off (A), never cut off (X), or are cut off under some condition given in the

equations referenced.
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Inequality (]%tre}lﬁeroi%

(Ineq 1) A X A
aip <0 @ X @
O<aip<aze| X @3 @6
aiz2 > Q22 @) @8 @9
aip <0 X @ @
O<aip<aze | @G) X @2
a2 > a2 @ @ @)
(Tneq 4) X X (@9

12

a22a2 — <
11

2
a a
< 2 ) (a1 + a12f8) + « —( 12 52<0

<0

‘ 2
o N—
(V]
®

a110a22

2

a9 CL

( ) (anOé + a12,3) 2 — %52 <0
11022 aj1a22

2
2a12 — a2 a12
(2 + o? — 8 <0
aj1a22 a11a22

2
2a12 — a92 9 ai2 2
<a2 u (a1 + a128) + a” — a1 p7 <0
11922

2(112 — a99 2 CL%Q

2o (a11a +a12f) +a — Wﬁ <0
11%22 11022
a%lof —apa—aafB <0
2 9 2
aznf + a0 — (a0 + apf)” <0
a%loﬂ — a1 — a1+ axlB <0
2a12a99 — a?
(12 6+ a%laz — (ana+ a125)2 <0
a2
2a12a92 — afy 2 9
— 3 +aja” — (anoz + a12ﬁ) <0
5P)
2a12a22 — afy 2 9
B — B+ ajja” — (a1 + a128) <0
22

ana+apf +axp <1

Table 2: Extreme points of R(.S) cut off by inequalities
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The analysis demonstrates that all inequalities are able to eliminate some fractional extreme points of
the continuous relaxation R(S). The simple perspective inequality always cuts off extreme points that
have variable zy fractional. Of course, intersecting the set of points feasible for one of the inequalities
(Ineq I)-(Ineq 4) with R(S) may result in new fractional extreme points, which also is suggested by the
earlier computational experiment summarized in Table

3.3 Tightness of inequalities

Another property of inequalities that may point toward their usefulness in strengthening the continuous
relaxation of a mixed integer nonlinear set S is whether or not the inequality is tight at extreme points of
the convex hull of S. In Table [3| we examine for each class of extreme points of conv(.S) whether or not

each inequality (Ineq 1) - (Ineq 4) holds with equality at that point. In the table, the notation A denotes that

the inequality is always tight for all extreme points of the associated type. The notation X denotes that the
inequality is never tight for that class of extreme points. If the inequality is tight for some of the extreme
points in the class, then the conditions under which the extreme point is tight is given by the equation
number listed in the table.

Inequality Extreme Points
(TeD
(Tneq 1) A A A A
aio <0 A A (37) @
O0<aip<axn| A A 3G9
aio > 422 A A (40
aio <0 A A A |D
0<aig <ag A A A @
aig > a A A A @2
(Ineq 4) A A A X
B=0 37
ana+appf =0orajia—apf=0 (38)
cx:OandB:L 39)
a2
= <2a12 - 1) +a?= (‘“2)2 (40)
a? \ a aiy
<a12)2 2a12 92 92 2
— | = | + —=+af;0° = (anna+ a12f) 41)
a22 a22
o= 0andf = — (42)
a2

Table 3: Tightness of inequalities at extreme points of conv(.S)
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3.4 Shooting Experiment

One way of measuring the importance of a facet of a polyhedron is by a “shooting experiment.” To
our knowledge, it was first proposed by Kuhn [[15]] as a means to identify new facets of the TSP polytope.
Random rays from a fixed point in the interior of the polytope are extended until they intersect a facet of the
polyhedron, and the facet hit by the ray is recorded. Later Gomory et al. [10] reported a similar experiment
conducted on the cyclic group polyhedra where the random rays originate from outside of the polyhedra
and the number of rays intersected for each facet is recorded. The facets hit by the highest percentage of
rays are considered the most important. Hunsaker [13]] found that the facets whose “hit percentage” is large
correlate strongly with empirical usefulness of the inequalities. We take Kuhn’s approach and use a fixed
point in the interior of conv(.S) as the origin of the shooting. We would like to understand the importance
of each of the surfaces in our relaxation 7 (.5) by estimating the likelihood of hitting that surface first if
traversing a random direction from that fixed point.

A shooting with ray » € RS originating from a point p = ({1, o, t1, 2, 21, £2) corresponds to solving
the following conic program:

max d 43)
y7t7Z7d

s.t. (y,t,2) = (p+rd)
(y,t,2) € T(S)
deR,.

By selecting p as a convex combination of the extreme points of conv(.S) (characterized in Theorem
(2.2)), we can be sure that p € conv(S). In an attempt to approximate the centroid of conv(S), we
consider all possible combinations of the lower and upper bounds on variables y;, 2 as the values of «;, 3
in each of the 4 cases (I3) - (I6) to obtain the following 9 points:

0,0,0,0,1,1)
]-/alla 7(1/(111)2507171)
a12/ai1asz, 1/az, (a12/ai1as)?, (1/as2)?,1,1)

1/a11 — a12/ar1a2, 1/ags, (1/a11 — aia/aiian)?, (1/a)?,1,1)

= (
= (
(-
(
=(0,0,0,0,0,1)
(=
(
= (
= (

a12/ai1asz, 1/azs, (a12/a11as2)?, (1/as2)?,0,1)
0,0,0,0,1,0)
1/a11,0,(1/a11)%,0,1,0)
0,0,0,0,0,0).

As the starting point for our shooting experiment we use
9

We choose the ray 7 € RS to be uniformly distributed over an appropriate hemisphere in RS. Since

@\1—‘

conv(\S) is unbounded in the directions (0,0, 1,0,0,0) and (0,0,0, 1,0,0), we are not interested in rays
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r that have positive components in the ¢ directions (r3 > 0 or r4 > 0). We generate the direction by
first generating a vector r from the multivariate normal distribution  ~ AN(0, I), thus ensuring that r is
uniformly distributed on the unit sphere in RS. If r3 > 0 or 74 > 0, we simply flip the sign for that
component of the vector. For each random instance of .S, the shooting problem was solved 1,000
times using different directions r chosen in this manner.

Table () summarizes the result of the shooting experiment for 10 different sets S(a11, a12, a22), char-
acterized by the values of the coefficients (a11, @12, a22). Entries in the table denote the number of times
out of 1,000 the inequalities (Ineq T)) - (Ineq 4), and the original inequalities in the description of R(.S)
are tight at the optimal solution of shooting problem. For numerical purposes, we define the inequality
f(z) < 0tobe tight at & if || f(2)| < 1076,

(a11,a12,a22) | (neq 1) (Mmeq?2) (meq3) (Mmeqd) R(S5)
(5,-9,6) 841 2 7 0 156
(9,9, 4) 565 38 0 0 408

(7,5,5) 623 0 0 315 390
(8,2,9) 687 0 0 5 347
(3,5,1) 254 1 0 0 745
(5,4,1) 172 0 2 3 827
(5,-9,3) 668 10 0 0 325
(3,3,9) 954 0 0 0 6
(1,2,8) 963 0 0 0 53
(8,2,6) 452 0 0 21 564

Table 4: Shooting Experiment

The results of the experiment show convincingly that the most important nonlinear inequalities are the
perspective inequalities (Ineq I). However, each of the inequalities is sometimes useful in strengthening
the set R(5).

4 Computations

In this section, we demonstrate that the new conic inequalities strengthen the relaxation of X on small
instances of a portfolio optimization problem. In order to employ the inequalities, we first must discuss
strategies for extracting diagonal or block-diagonal components from the original matrix Q).

4.1 Matrix Decomposition

As described in Section|[T] the diagonal matrix splitting approach decomposes the original matrix into ) =
R + D, for some matrix D = diag(d) > 0 such that R = Q — D > 0. Frangioni and Gentile [6] suggest
using D = A, I, where A\, > 0 is the smallest eigenvalue of (). In subsequent work, they show how more
of the separable structure of () can be extracted into D by solving a semidefinite program (SDP) [7]. Since
the perspective reformulation and tightening will be performed on the diagonal elements of the extracted
matrix D, a reasonable metric for the extracted matrix D seems to be to maximize ) ;. y d; = tr D. This
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results in the SDP
T
%géc{jgvdj 1Q —jgvdj(ejej) = 0}. (44)
In our approach, we suggest a different decomposition Q = R + B where B = 0is a 2 x 2 block
diagonal matrix such that R = () — B > 0. Following the intuition of Frangioni and Gentile [[7], we can
construct a SDP that extracts a large 2 x 2 block diagonal matrix B € R™*". To help construct the blocks,
let O = {j € N | jisodd} be the set of odd elements of N. The SDP that will maximize the amount
extracted from the 2 x 2 block diagonal is

max T'Zﬂj“l‘SZ)\j, (45)

jEN j€o
T T T
st. Q=) peje; — ) Aj(ejefin +ejpaef) =0,
JEN jeo

T T T T :
pjeje; + piriejrie;g + Aj(ejejg +ejyie) = 0Vj € O,

where 11 and \; represent the diagonal and off-diagonal elements of a symmetric 2 x 2 block-diagonal
matrix B, respectively. The scalar parameters r and s allow flexibility in the extraction. Larger values of s
put larger weight on the off-diagonal elements. We use the values r = 5, s = 2 in all of our computational
experiments.

4.1.1 Minimum Variance Portfolio Problem

To demonstrate the potential of the block diagonal extraction and the strong conic inequalities introduced
in Section [2] we report the results of an experiment computing root node bounds for small instances of a
minimum variance portfolio problem. The problem can be stated mathematically as

Z*:=min 2’ Qux (46)
st. elz= 1,
elz < K,
otz > p,

OS.erijEN,
reR" zeB".

We created instances of (46) randomly in the following manner. The parameters a; were drawn from
uniform distributions in the range [—0.02,0.5], and the parameter p from a uniform distribution in the
range [0, 0.02]. A random, positive semidefinite matrix () is constructed as

n/2

Q = AT A + diag(¢) + Z vj(egj—1 + ezj)(ezj—1 + €2j)T
j=1

where A € R"*" ¢ € R", v € R"/2. Each element of A is drawn uniformly at random from the range
[—5,5], each ; is a uniform random variable in the range [0, (] and ~y; is a uniform random variable
in the range [0,7]. The third addend in @ is a 2 x 2 block-diagonal matrix whose 4% block has all 4
entries equal to v;,j = 1,2,--- ,n/2. By increasing ¢, the resulting matrix ) becomes more diagonally
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dominant. By increasing 4, we can make ) more “block”-diagonally dominant. We would expect the
block extraction technique with the conic inequalities (Ineq I)-(Ineq 4)) to perform best if 7 is large. Note
that by construction we have () > 0. We created three families of random instances. In the first family,
¢ = ¥ = 0; in the second family, { = 100, = 0; and in the third family { = 0,7 = 100.

In each family, we solved 20 random instances for each size n € {10,20, 30,40} to compare the
strength of different relaxations. For each instance, we set the cardinality constraints to have value K =
|2n/5]. To precisely define the relaxations, let

def .
P= {(z,2) € [0,1]" x [0,1]" | "z =1,e' 2 < K,aTx > p,x; < 2;¥j € N}
be the continuous relaxation of the feasible region of {#6). The natural continuous relaxation obtains root
objective value

op min{z? Qz | (z,2) € P}.
T,z

To create a relaxation based on a diagonal matrix-splitting, we solve the SDP (d4)) to obtain an optimal
solution d, and we let Q = R + diag(d). The strengthened relaxation obtains root objective value
def . T T
zp = min sv| v>ax Rx+e't
x,z2,0,t

(x,z) e P
zjtj = djl‘? Vj e N}
To create a relaxation based on a block-diagonal matrix splitting, we solve the SDP (43)) to obtain an

optimal solution B, and we let Q = R + B, with B = LL”. The strengthened relaxation employing our
new conic inequalities obtains root objective value

25 % min {v | v>a2TRe+4elt
I7Z7v7t7y
(x,z) e P
LTy=u

T ;T T ,
(Y> Y1 65 b1, 25, 1) € T(S(Ly; Ly, Ly j41)) Vi € 0}-

Note the dependence of the feasible region, specifically the sets .S, on the inverse of the Cholesky factor
of B.

We also create a relaxation based on performing the same block-diagonal matrix splitting used to
compute zp, but we replace 7 (.S) (our approximation of conv(.S)), with conv(S) using the extended
formulation described in Proposition Specifically, we compute the value

def .
Zeony = Mmin {U | v> 2T Rr + et
m7z7v7t?y

(x,z) € P
LTy::c

() Yj1s s by, 24, Zj41) € conv(S(L3;T, Ly g, Lith 1)) Vi € O}-
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Relaxations are compared with respect to their root optimality gap

def 27 — 2*

Gap(27) = :

Z*

where z7 is one of zR, zp, 2B, Or Zeony depending on which relaxation is being evaluated.
Tables 5} [6] and [7]show the average root optimality gaps for the four different relaxation methods over
the 20 randomly generated instances of each problem size.

n | Gap(zr) Gap(zp) Gap(zp) Gap(zconv)
10 39.10 38.89 38.19 38.08
20 28.73 28.64 28.71 28.69
30 23.85 23.76 23.73 23.71
40 18.43 18.43 18.43 18.43

Table 5: Average Gap(%) for Min Variance Portfolio Problem with (( = 0,5 = 0)

n | Gap(zr) Gap(zp) Gap(zp) Gap(zconv)
10 39.68 12.07 12.25 10.69
20 31.96 16.09 19.25 18.13
30 29.14 15.66 20.17 18.39
40 25.46 15.73 18.82 17.57

Table 6: Average Gap(%) for Min Variance Portfolio Problem (f = 100,57 =0)

n | Gap(zr) Gap(zp) Gap(zp) Gap(zconv)
10 24.72 20.33 13.20 11.80
20 21.16 19.56 15.83 15.38
30 19.58 18.06 15.75 15.13
40 19.05 17.92 17.22 16.89

Table 7: Average Gap(%) for Min Variance Portfolio Problem (¢ = 0,7 = 100)

Table [5] shows that strengthening the relaxation using the perspective reformulation or the new conic
inequalities appears to have little or no impact for the instances with ( = 0,5 = 0. However, Tables @
and [7)show that there are significant root gap improvements for instances in the families where () contains
elements specifically added to the diagonal or off-diagonal. The diagonal extraction method works best for
instances that are the most diagonally dominant (¢ = 100,4 = 0). For these instances, we even observe
Gap(zp) < Gap(zcony)- Since the 2 x 2 block extraction technique is a generalization of the diagonal
extraction technique, we would expect the reverse. However, the final root gap depends on the extracted
matrix. We conjecture that Gap(zp) < Gap(zconv) because we placed a significant weight (s = 2) on
extracting off-diagonal elements in our extraction SDP (43). In Table[7] clearly the relaxations from block-
diagonal extraction (zp and z.oyy) are the strongest. This meshes with our intuition, since we specifically
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studied and strengthened the sets arising from this reformulation. We are encouraged that the values for
Gap(zp) are close to Gap(zcony). This indicates that the new conic inequalities (Ineq I))-(Ineq 4) do a good
job approximating conv(.S), at least in the direction of the objective function. Overall, we conclude that
the block-extraction technique and proposed conic inequalities may be effective for instances where () is
close to block-diagonal.

5 Conclusions

In this work, we describe one possible way to strengthen the relaxation of non-separable quadratic MIPs
with on-off constraints, like those arising in portfolio optimization, thereby extending the perspective
reformulation. We describe a block-diagonal matrix extraction technique that we use to motivate an in-
depth study of a low-dimensional mixed integer nonlinear set. We characterize the extreme points of the
continuous relaxation of our set as well as the extreme points of its convex hull. We introduce four conic
inequalities and provide evidence of the importance of these nonlinear inequalities in strengthening the
continuous relaxation of our set. Computational results demonstrate that the proposed inequalities may be
effective when the matrix @ is close to block-diagonal.

In future work, we plan to explore the computational impact of different block-extraction techniques
and use the nonlinear cutting planes in a branch-and-bound algorithm to solve large practical instances.
We also continue to work to characterize conv(S) in the original space of variables.
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