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Abstract

We present a class of linear programming approximations for constrained optimization prob-
lems. In the case of mixed-integer polynomial optimization problems, if the intersection graph
of the constraints has bounded tree-width our construction yields a class of linear size formu-
lations that attain any desired tolerance. As a result, we obtain an approximation scheme for
the “AC-OPF” problem on graphs with bounded tree-width. We also describe a more general
construction for pure binary optimization problems where individual constraints are available
through a membership oracle; if the intersection graph for the constraints has bounded tree-
width our construction is of linear size and exact. This improves on a number of results in the
literature, both from the perspective of formulation size and generality.

1 Introduction

A fundamental paradigm in the solution of integer programming and combinatorial optimization
problems is the use of extended, or lifted, formulations, which rely on the binary nature of the
variables and on the structure of the constraints to generate higher-dimensional convex relaxations
with provably strong attributes.

In this paper we consider both pure binary and mixed-integer polynomial optimization problems.
We develop a reformulation operator which relies on the combinatorial structure of the constraints
to produce linear programming approximations which attain provable bounds. A graph-theoretic
parameter, the tree-width, is used to parameterize the computational effort involved in the approx-
imation. Although our results focus on integer and mixed-integer problems, we extend previous
work on exploiting structured sparsity, by Laurent [35], Lasserre [32], Waki, Kim, Kojima and Mu-
ramatsu [52] in the continuous polynomial optimization setting, as well as similar work concerning
pure integer programs by Wainwright and Jordan [51] and Bienstock and Özbay [11].

Our first result concerns a broad class of linear objective optimization problems, with binary
variables, that we will term general binary optimization problems, or GB for short.

Problem GB

(i) Variables are indexed by a set V. Write n
.
= |V|.

(ii) There are m constraints. For 1 ≤ i ≤ m, constraint i is characterized by a subset
K[i] ⊆ V and a set Si ⊆ {0, 1}K[i]. Set Si is implicitly given by a membership
oracle, that is to say a mechanism that upon input y ∈ {0, 1}K[i], thruthfully reports
whether y ∈ Si.

(iii) The problem is to minimize a linear function cTx, over x ∈ {0, 1}V , and subject to
the constraint that for 1 ≤ i ≤ m the projection of x to RK[i] is contained in Si.

Any linear-objective, binary optimization problem whose constraints are explicitly stated can be
recast in the form GB; e.g., each set Si could be described by a system of algebraic equations in the
variables xj for j ∈ K[i]. However the membership oracle framework extends beyond such special
cases.

Theorem 1 Let P be an instance of problem GB. Given a tree-decomposition of width ω of the
intersection graph for the constraints, there is an exact linear programming formulation for problem
P with O(2ωn) variables and constraints, with {0, 1,−1}-valued constraint coefficients.
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Note that the size of the formulation in this theorem is independent of the number constraints. To
explain this statement we need to define two concepts: intersection graph and tree-decomposition.
The intersection graph of a system of constraints is a fundamental concept introduced by Fulkerson
and Gross [21] and extended here:

Definition 2 The intersection graph of a system of constraints is the undirected graph which has
a vertex for each variable and an edge for each pair of variables that appear explicitly in any common
constraint. In the case of a problem of type GB, a variable xj “appears explicitly” in a constraint i
if j ∈ K[i]. For brevity, we will sometimes view the xj as the vertices of the graph, rather than the
indices j.

Example 3 Given the system of five constraints

(1) 3x2
1 − log2(1 + x2) ≥ 0, (2) − 2x2

2 + (1 + x3)3 ≥ 0,

(3) x3
3 −

√
2 + x2

4 < 0, (4) x4 − x1 = 0, (5) 3x2
3 + 4x5 is a prime integer

The intersection graph has vertices {1, 2, 3, 4, 5} and edges {1, 2}, {2, 3}, {3, 4}, {4, 1} and {3, 5}.
Note that e.g. K[5] = {3, 5} and S5 consists of the tuples (y3 = 1, y5 = 0) and (y3 = 1, y5 = 1).

Next we review the concept of tree-decomposition.

Definition 4 Let G be an undirected graph. A tree-decomposition [46], [47] of G is a pair (T,Q)
where T is a tree and Q = {Qt : t ∈ V (T )} is a family of subsets of V (G) such that

(i) For all v ∈ V (G), the set {t ∈ V (T ) : v ∈ Qt} forms a subtree Tv of T , and

(ii) For each {u, v} ∈ E(G) there is a t ∈ V (T ) such that {u, v} ⊆ Qt, i.e. t ∈ Tu ∩ Tv.

The width of the decomposition is max {|Qt| : t ∈ V (T )} − 1. The tree-width of G is the minimum
width of a tree-decomposition of G. See Example 5.

Example 5 (Tree-decomposition) Consider the intersection graph G arising in Example 3. See
Figure 1(a). A tree-decomposition with tree T is shown in Figure 1(b)-(c).
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Figure 1: A tree-decomposition. (a) Graph G. (b) Tree T . (c) Tree T with subtrees Tv.

We next turn to mixed-integer polynomial optimization problems. We will prove:

Theorem 6 Let P be a linear objective mixed-integer optimization problem over n (bounded) vari-
ables and where every constraint is a polynomial inequality of maximum degree ≤ π. Given a
tree-decomposition of width ω of the intersection graph for the constraints, and 0 < ε < 1, there is
a linear programming formulation of size O(ε−ω−1πω n log ε−1) that solves P within feasibility and
optimality tolerance ε.

Below we will provide an extended statement for this result, as well as a precise definition of
’tolerance’. However, the statement in Theorem 6 is indicative of the fact that as ε→ 0 we converge
to the optimal solution, and the computational workload grows proportional to O(ε−ω−1 log ε−1).
Moreover, we will prove

Theorem 7 Unless P=NP, no polynomial time algorithm for mixed-integer polynomial optimization
exists that improves on the dependence on ε given by Theorem 6.
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Our next set of results concern graphical mixed-integer polynomial optimization problems. A prob-
lem in this family has a linear objective, bounded variables, and is polynomially constrained, and
there is an underlying graph, G, such that each variable is associated with a vertex and for each
constraint there is a vertex v so that all variables explicitly appearing the constraint are associated
with v or a neighbor of v.

Example 8 . Consider the polynomial optimization problem with constraints

x2
1 + x2

2 + 2x2
3 ≤ 1, x2

1 − x2
3 ≥ 0, x3x4 + x2

5 − x6 ≥ 1/2, x1(1− x2)− x4 ≤ 0

0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1, 0 ≤ x3 ≤ 1, 0 ≤ x5 ≤ 1, 0 ≤ x6 ≤ 1, x4 ∈ {0, 1}.

Here, variables x1 and x2 are associated with vertex a of the graph in Figure 2, and variables x3,
x4, x5 and x6 are associated with vertices b, c, d and e, respectively. The first and second constraints
are associated with the neighborhood of vertex a, the third is associated with vertex b and the fourth
with vertex c.
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Figure 2: (Example 8) (a) Graphical polynomial optimization problem. (b) The intersection graph.

This problem family includes, as a special case, the well-known “AC-OPF” problem and mixed-
integer extensions. We will prove:

Theorem 9 Let P be a graphical mixed-integer polynomial optimization problem over a graph G,
with n variables and where every constraint is a polynomial inequality of maximum degree ≤ π. Sup-
pose that there are at most K variables associated with any vertex of G. Given a tree-decomposition
of width ω of the graph G, and 0 < ε < 1, there is a linear programming formulation of size
O(ε−ω−1 πωK n log ε−1) that solves P within feasibility and optimality tolerance ε.

We stress that in Theorem 9 the tree-decomposition is of the underlying graph G, and not of
the intersection graph of the problem, which in general will have larger tree-width. See Figure 2
where G has tree-width 2 whereas the intersection graph has tree-width 3 (due to the clique arising
from the third constraint). Thus a direct application of Theorem 6 does not yield Theorem 9. As
a consequence of Theorem 9, we obtain a polynomial-size, ε-tolerant formulation for the AC-OPF
problem (where π = 2 and K = O(1)) and mixed-integer extensions, when the tree-width of the
underlying network is bounded by a constant.

1.0.1 Organization of the paper

In Section 2 we will present a detailed analysis of the pure binary problems addressed by Theorem 1
and a proof of this result. Mixed-integer polynomial optimization problems and a proof of Theorem
6 are covered in section 3. Finally, graphical mixed-integer polynomial optimization problems and
Theorem 9 are addressed in Section 4.
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2 Pure binary problems

Here we consider Theorem 1 of the Introduction. We will provide additional background, survey
previous results, and state and prove an expanded version of Theorem 1. First we begin with some
examples for problem GB.

Example 10 (Linear binary integer programming). Let A be an m × n matrix, and consider a
problem min{cTx : Ax ≥ b, x ∈ {0, 1}n}. To view this problem as a special case of GB, we set for
1 ≤ i ≤ m, K[i] = {1 ≤ j ≤ n : aij 6= 0} and S[i] = {x ∈ {0, 1}K[i] :

∑
j∈K[i] aijxj ≥ bi}. In this

special case, problem GB can be addressed by a variety of methods. Of particular interest in this
paper are the reformulation or lifting methods of Lovász and Schrijver, and Sherali and Adams.

Next we consider a more complex example, chosen to highlight the general nature of the problem.

Example 11 Let d, n, p be positive integers. Consider a constrained semidefinite program over
binary variables of the form

min

n∑
k=1

d∑
i=1

d∑
j=1

ckijX
k
i,j (2a)

subject to: Mk •Xk = bk, 1 ≤ k ≤ n, (2b)

Xk ∈ S+
d , 1 ≤ k ≤ n, (2c)∑

i,j

Xk
i,j ≡ 0 mod p, 1 ≤ k ≤ n, (2d)

Xk
i,1 = Xk−1

i,d , 1 ≤ i ≤ d, 2 ≤ k ≤ n, (2e)

Xk
i,j ∈ {0, 1}, ∀i, j, k. (2f)

Here S+
d is the set of d×d positive-semidefinite matrices, M1, . . . ,Mn are symmetric d×d matrices,

and b and c are vectors. Constraint (2e) states that the first column of matrix Xk is identical to the
last column of matrix Xk−1.

We obtain an instance of problem GB with m = 2n− 1, as follows. First, for each 1 ≤ k ≤ n we
let K[k] be the set of triples (i, j, k) with 1 ≤ i, j ≤ n, and Sk to be the set of binary values Xk

i,j that
satisfy (2b)-(2d). Next, for each 2 ≤ k ≤ n we let K[n + k − 1] be the set of all triples (i, 1, k − 1)
and all triples (i, d, k) and Sn+k−1 to be the set of binary values (indexed by K[n+ k− 1]) such that
(2e) holds.

In the case of this example, a direct application of standard integer programming methods appears
difficult. Moreover, we stress that the sets Si in problem GB are completely generic and that the
membership oracle perspective can prove useful (see the discussion in Section 2.0.2, below).

We can now state the main result we will prove in this section, which implies Theorem 1. Recall
that as per Definition 2, given a problem instance I of GB, the intersection graph for I has a vertex
for each j ∈ V, and an edge {j, k} whenever there exists 1 ≤ i ≤ m such that {j, k} ⊆ K[i], that is
to say, j and k appear in a common constraint (ii) in problem GB.

Theorem 12 Given an instance I of GB, let (T,Q) be a tree-decomposition of the intersection
graph of I. Then there is an exact (continuous) linear programming reformulation LP (I) for in-
stance I with O(

∑
t 2|Qt|) variables and constraints, the same objective vector c and constraints with

{0, 1,−1}-valued coefficients.
As a corollary, if the width of (T,Q) is ω, the formulation has O(2ωn) variables and constraints.

Hence for each fixed ω the formulation has linear size.

The “corollary” statement follows because if an n-vertex graph has a tree-decomposition of width
d, say, then it has one with the same width and where in addition the tree has at most n vertices1.
We will prove Theorem 12 below, however first we discuss implications of this result.

1This is implied, for example, by the fact that in a chordal graph there exists a vertex whose neighbors induce a
clique.
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Example 13 (Example 11, continued). Here we will set

V = {(i, j, k) : 1 ≤ k ≤ n and 1 ≤ i, j ≤ d}.

The intersection graph of the problem will have

(a) the edge {(i, j, k), (i′, j′, k)} for all 1 ≤ k ≤ n and 1 ≤ i, j, i′, j′ ≤ d, arising from constraints
(2b)-(2d)

(b) the edge {(i, 1, k), (i, d, k−1)} for each 1 ≤ k < n and 1 ≤ i ≤ d, arising from constraints (2e).

A tree-decomposition (T,Q) of the intersection graph, of width O(d2), is obtained as follows. Here,
T is path with vertices v1, u2, v2, u3, . . . , vn−1, un, vn. For 1 ≤ k ≤ n we set Qvk = {(i, j, k) : 1 ≤
i, j ≤ d} and for 2 ≤ k ≤ n we set Quk

= {(i, 1, k), (i, d, k − 1) : 1 ≤ i ≤ d}. Sets Qvk account
for all edges of type[(a)], whereas the sets Quk

cover all edges of type [(b)]. Thus Theorem 12 states

that there is an LP formulation for problem (2) with O(2d
2

d2n) variables and constraints.

The methodology used to obtain Theorem 12 is best seen as an example of the use of extended,
or “lifted” formulations for 0/1 integer programs to obtain provable guarantees. The classical exam-
ples in this vein are the reformulation-linearization technique of Sherali and Adams [48], the cones
of matrices method of Lovász and Schrijver[39], the lift-and-project method of Balas, Ceria and
Cornuéjols [4], and the moment relaxation methodology of Lasserre [31]. Laurent [34] presents a
unifying analysis; another comparison is provided by Au and Tunçel [2].

In addition to these ’generic’ operators, extended formulations are often found in combinato-
rial optimization settings, with the reformulation exploiting the specific nature of a problem. See
Cornuéjols, Conforti, Zambelli [18]. An analysis of the impact of semidefiniteness is presented by
Goemans and L. Tunçel [24]. More broadly, the general theory of disjunctive programming underlies
this family of reformulation methods, see Balas [3]. Our method is most closely related to the subset
algebra method developed in [12] and the PhD thesis [54], and to the use of the Sherali-Adams
reformulation in the context of packing integer programs in [11].

2.0.2 Reduction to the linear case

Consider an instance I of GB. An apparently simpler alternative to the general approach we follow
would be to construct, for 1 ≤ i ≤ m, the polyhedron

Pi
.
= conv

{
x ∈ {0, 1}K[i] : x ∈ Si

}
⊆ RK[i].

Thus we can write Pi as the projection onto RK[i] of a polyhedron {x ∈ [0, 1]V : Aix ≥ bi} where
each row of Ai has zero entries on any column not in K[i]. Then instance I can be restated as the
equivalent linear integer program

min cTx (3a)

subject to: Aix ≥ bi, 1 ≤ i ≤ m (3b)

x ∈ {0, 1}V . (3c)

Since GB includes linear integer programs as a special case, we can apply Theorem 12 directly to
formulation (3). Using this approach, the intersection graph will be the standard intersection graph
arising from the constraint matrix in (3b), i.e. the graph with vertex-set V and an edge {j, k}
whenever j and k appear with nonzero coefficients in a common row of the matrix. By construction
this graph is a subgraph of the intersection graph of instance I and thus its tree-width is at most
ω. Thus, applying Theorem 12 directly to (3) rather than to GB would apparently yield a smaller
formulation, and one may question the utility of relying on the general form GB.

However, this analysis ignores the size of formulation (3). For d ≥ 1 large enough there exist
examples of 0/1-polytopes in Rd with at least(

d

log d

)d/4
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facets (up to constants). See [5], [22], [30]. Using this observation, one can construct examples of
problem GB where each of the matrices Ai has more than ωω/4 inequalities. This dependence on ω
is strictly larger than that in Theorem 12.

Example 14 Choose d ≥ 2 large enough so that there is a 0/1-polyhedron P ⊆ Rd with more
than (cd/ log d)d/4 facets for some c. Let P be given by the system Ax ≥ b, where A is M × d
(M ≥ (cd/ log d)d/4). Choose N ≥ 1, and consider the system of inequalities over binary variables
xij, for 1 ≤ i ≤ N and 1 ≤ j ≤ d:

Axi ≥ b, 1 ≤ i ≤ N, (4a)

x1
j = xij 2 ≤ i ≤ N, 1 ≤ j ≤ bd/2c. (4b)

xij binary for all i and j. (4c)

Constraint (4a) indicates that this system includes N copies of polyhedron P , with each copy described
using a different coordinate system. Constraint (4b) states that the first bd/2c coordinates take equal
value across all such systems.

Any linear program over (4) is can be viewed as an example of problem PB with m = 2N − 1;
for 1 ≤ i ≤ N , K[i] is used to represent the d variables xij (1 ≤ j ≤ d) and Si is a copy of the set
of binary points contained in P (i.e. the extreme points of P ).

The intersection graph of this instance of PB will be the union of N cliques (one for each set
of variables xi) plus the set of edges {x1

1, x
i
1} for 2 ≤ i ≤ N . A tree-decomposition (T,Q) of this

graph, of width d − 1, is as follows: T has vertices u(0), as well as u(i) and v(i), for 1 ≤ i ≤ N .
Further, Qu(0) =

{
x1
j : 1 ≤ j ≤ bd/2c

}
; and for 1 ≤ i ≤ N Qu(i) = Qu(0) ∪

{
xij : 1 ≤ j ≤ bd/2c

}
and Qv(i) = {xij , 1 ≤ j ≤ d}. Thus, ω = d and Theorem 12 states that any linear objective problem

over constraints (4) can be solved as a continuous LP with O(2ddN) variables and constraints. In
contrast, system (4) has more than (cd/ log d)d/4N constraints.

In particular, formulation (3) may be exponentially larger than the linear program LP (I) stated in
Theorem 12.

2.0.3 Comparison with the Sherali-Adams approach

In the case that problem GB is a linear integer program (or was converted into one by means of the
linearization above) it could be addressed using the Sherali-Adams (or Lasserre, or variants of the
Lovász-Schrijver) reformulation operator, at level ω + 1. It can be shown that this will also yield
a polynomial-size LP reformulation for fixed ω (e.g., see [11]). However, the number of variables
and constraints in the resulting formulations will grow as

nω+1 and mnω+1, respectively,

rather than the 2ωn dependence in Theorem 12, which relies on a different, linear programming
reformulation operator described below in Section 2.1. In fact the 2ωn estimate can be conservative
compared with the bound

∑
t 2|Qt| given in the statement of Theorem 12. For example, if a single

set Qt has size ω + 1 while all other sets have size O(1), then the bound provided by the Theorem
is O(2ω + n).

2.0.4 Relationship of Theorem 12 to prior work

Previous work has produced results that are related to Theorem 12. Bienstock and Özbay (2004)
consider packing binary integer programs, i.e. problems of the form

max{cTx : Ax ≤ b, x ∈ {0, 1}n} (5)

where A ≥ 0 and integral and b is integral. Given a valid inequality αx ≥ β for the feasible region,
its associated graph has a vertex j whenever αj 6= 0 and an edge {j, k} whenever aij 6= 0 and aik 6= 0
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for some row i. The following is proved in [11]:

Theorem A. [11] Given a problem (5), and ω ≥ 1, the Sherali-Adams reformulation at level-ω
implies every valid inequality whose associated graph has tree-width ≤ ω − 1. If A is 0/1-valued,
the same property holds when the associated graph has tree-width ≤ ω.

Corollary B. Given a graph G with tree-width ≤ ω, the Sherali-Adams reformulation of the ver-
tex packing linear program {x ∈ [0, 1]V (G) : xu + xv ≤ 1 ∀ {u, v} ∈ E(G)}, which has O(ωnω+2)
variables and constraints, is exact.

Wainwright and Jordan (2004) consider binary polynomial optimization problems of the form

min{ cTx : x ∈ {0, 1}n, gi(x) ≥ 0, 1 ≤ i ≤M}. (6)

Here, for 1 ≤ i ≤M ,

gi(x) =
∑
h∈s(i)

aihmih(x) (7)

with aih 6= 0 and mih(x) a monomial for each h ∈ s(i). Given a problem (6) one can define the
intersection graph as we did above, i.e. the graph with vertices 1 ≤ j ≤ n and an edge {j, j′} if
there is an index i (1 ≤ i ≤M) such that xj appears in at least one monomial mih(x), and xj′ also
appears in at least one monomial mih(x) (possibly different monomials).

Theorem C. [51] Consider an instance of problem (6) where the tree-width of the intersection
graph is ≤ ω. Then the level-ω Sherali-Adams or Lasserre reformulation of (6) is exact, and as a
consequence there is an LP formulation for (6) with O(nω+2) variables and O(nω+2M) constraints.

Laurent (2010) provides a comprehensive survey of results on polynomial optimization and related
topics. Section 8 of [35] builds on the work in Laurent (2001) [34], which provides a common frame-
work for the Sherali-Adams, Lovász-Schrijver and Lasserre reformulation operators. This framework
is used to show the following results. First, the vertex packing problem on a graph with n vertices
and tree-width ≤ ω has a formulation of size O(2ωn); which is stronger than Corollary B. Second,
a stronger result than Theorem C is obtained:

Theorem D.[35] Consider an instance of problem (6) where the tree-width of the intersection graph
is ≤ ω. Then there is an LP formulation for problem (6) with O(2ωn) variables and O(2ωM) con-
straints.

A comparison between Theorems C and D, and Theorem 12 can be made as follows. Any polynomial
optimization problem (6) can be reduced to an equivalent instance of problem GB by setting m = M ,
and using, for 1 ≤ i ≤ m each constraint gi(x) ≥ 0 to constitute a constraint (ii) in problem GB,
with the set K[i] defined as the set of variables that appear in gi(x) and Si defined as the projection
onto K[i] of {x ∈ Rn : gi(x) ≥ 0}.

If we apply the construction in Theorem 12 to this instance of problem GB, we will obtain an LP
formulation for (6) with O(2ωn) variables and constraints. This bound improves on the size of the
formulations obtained by applying Theorems C and D, especially when M is large2. In Section 2.0.2
we have already described a class of examples where that is the case. In the polynomial optimization
setting we can make a stronger observation:

Remark. Let d ≥ 1 be an integer. Then for each subset S ⊆ {0, 1}d there is a polynomial
pS : Rd → R with the property that pS(x) = 0 iff x ∈ S.

2To be sure, the construction of the formulation in Theorem 12 will require O(2ωM) queries to the membership
oracle; however the focus in this discussion is on the size of the formulation.
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This observation implies that for d ≥ 1 there are at least 22d

polynomials that are distinct already on
{0, 1}d; and as a result for ω ≥ 0 one can construct instances of problem (6) where the intersection
graph has tree-width ω, and yet

M >
1

2
n 22w

,

with all constraints nontrivially distinct.

In summary, thus, Theorem 12 provides both a more general construction than that in previous
work, and it also produces a smaller formulation. It is worth noting that the proofs of Theorems A,
C, D and 12 all include a common ingredient. We will return to this point later.

It is worth pointing out that there is a vast literature on polynomial-time algorithms for com-
binatorial problems on graphs with small tree-width, through appropriately developed dynamic
programming algorithms. See [16], [1], [6], [13]; also see [10]. From a broader perspective, stressing
the connection with constraint programming, see [28]. This broader perspective is important given
the generic setting of our Theorem 12. One of the earliest works we are aware of is [7] where the
terminology “nonserial dynamic programming” was introduced to denote algorithms that take ad-
vantage of tree-decompositions of small width. The above algorithms for combinatorial problems on
small tree-width graphs make use of this idea. For an earlier graph-theoretic perspective, see [27].
Finally, note that constant tree-width can be recognized in linear time [14].

A different result which nevertheless appears related is obtained by Cunningham and Geelen in
[19]. They consider an optimization problem of the form min{cTx : Ax = b, x ∈ Zn+}. They show
that if either A ≥ 0 or if bounds are imposed on the variables, the optimization problem can be
solved in polynomial time if the matroid M(A) has bounded branchwidth (a parameter related to
tree-width in the case of graphs). It appears difficult to provide a direct comparison between this
result and those cited above.

We will provide an additional review, focused on continuous optimization problems, in Section
3.0.2.

2.1 Proof of Theorem 12

Consider an instance I of problem GB. Let Γ = Γ[I] be the corresponding intersection graph, and
(T,Q) be a tree-decomposition of Γ of width ω. We begin with some general remarks.

Remark 15 Suppose that (T̄ , Q̄) is a tree-decomposition of a graph Ḡ. Then for any clique K of Ḡ
there exists t ∈ V(T̄ ) with K ⊆ Q̄t.

As a result, for 1 ≤ i ≤ m there exists t ∈ V (T ) with K[i] ⊆ Qt.

Remark 16 Without loss of generality, |V (T )| ≤ n. To see this, note that the tree-decomposition
(T,Q) gives rise to a chordal supergraph H of Γ. Since H is chordal, there exists a vertex u whose
neighbors (in H) induce a clique. The claim follows by induction applied to the graph H − u, using
Remark 15 and noting that a tree-decomposition of H is also a tree-decomposition of Γ.

Definition 17 Let t ∈ V (T ).
(a) We say that v ∈ {0, 1}Qt is Qt-feasible if proj(v,RK[i]) ∈ Si for every 1 ≤ i ≤ m such that
K[i] ⊆ Qt (proj(x,A) is projection of x onto the subspace A).
(b) We denote by Ft the set {v ∈ {0, 1}Qt : v is Qt-feasible}.
(c) We let Ωt denote the set of pairs (Y,N) with Y ∩N = ∅, Y ∪N ⊆ Qt, and such that

1. |Y | = 1 and |N | = 0, or

2. (Y,N) partition Qt ∩Q′t, for some t′ ∈ V (T ) with {t, t′} ∈ E(T ).
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Example 18 (Examples 3 and 5, continued). Refer to Figure 1. Consider vertex t of T . We have
that Qt = {3, 5}, and (5) is the only constraint i with K[i] ⊆ Qt. As in Example 3 we then have that
v ∈ {0, 1}Qt is Qt-feasible iff v3 = 1. The set Ωt consists of the pairs ({3}, ∅), ({5}, ∅), ({3}, {5}),
({5}, {3}), ({3, 5}, ∅), (∅, {3, 5}) and (∅, {3}). The last pair arises because Qt ∩Qp = {3}.

We next construct the formulation LP (I). The variables are as follows:

• A variable X[Y,N ], for each pair (Y,N) ∈ 2V × 2V with (Y,N) ∈ Ωt for some t ∈ V (T ).

• A variable λtv, for each t ∈ V (T ) and each vector v ∈ Ft.

The formulation is given by:

(LP-GB): min
∑
j∈V

cjX[{j}, ∅] (8a)

s.t. ∀t ∈ V (T ) :

for all (Y,N) ∈ Ωt,

X[Y,N ] =
∑
{λtv : v ∈ Ft, vj = 1 ∀j ∈ Y, vj = 0 ∀j ∈ N} (8b)

∑
v∈Ft

λtv = 1, λt ≥ 0. (8c)

We will show below that (a) LP-GB is a relaxation of GB and (b) the relaxation is exact and that
the polyhedron defined by (8b)-(8c) is integral. We stress that the formulation (8) depends on the
tree-decomposition (T,Q) and is thus not directly obtained from the formulation for problem GB.

Example 19 (Example 18, continued). Consider vertex t of the tree T in Figure 1. As discussed in
Example 19, v = (v3, v5) ∈ {0, 1}Qt is Qt-feasible iff v3 = 1; in other words Ft = {(v3, v5) binary :
v3 = 1}. Thus, in the case that (Y,N) = ({3}, ∅) constraint (8b) reads:

X[{3}, ∅] = λt(1,0) + λt(1,1).

Likewise, X[{5}, ∅] = λt(1,1), X[{3}, {5}] = λt(1,0), X[{3, 5}, ∅] = λt(1,1). On the other hand

X[∅, {3}] = X[{5}, {3}] = X[∅, {3, 5}] = 0

because in each of these cases the sum in (8b) is empty. See Remark 20 (b) below. Finally, constraint
(8c) reads

λt(1,0) + λt(1,1) = 1.

Remark 20
(a) A given pair (Y,N) may belong to Ωt for more than one vertex t ∈ V (T ). Nevertheless, there is
a single variable X[Y,N ]. On the other hand, the variables λt are indexed by t.
(b) The sum on the right-hand side of constraint (8b) could be empty. This will be the case if for
any v ∈ {0, 1}Qt with vj = 1 for all j ∈ Y and vj = 0 for all j ∈ N there exists 1 ≤ i ≤ m with
K[i] ⊆ Qt and yet proj(v,RK[i]) /∈ Si. Then (8b) states X[Y,N ] = 0.
(c) For v ∈ Ft define Y = {j ∈ Qt : vj = 1} and N = Qt − Y . Then (8b) states X[Y,N ] = λtv.

First we show that LP-GB is a relaxation for GB, in a strong sense.

Lemma 21 Let x̃ be a feasible solution to I.

(i) There is a feasible, 0/1-valued solution (X̃, λ̃) to (8) such that for each variable X[Y,N ] in (8)
we have X̃[Y,N ] = Πj∈Y x̃j Πj∈N (1− x̃j).

(ii) As a corollary
∑
j∈V cjX̃[{j}, ∅] = cT x̃.

9



Proof. (i) For each variable X[Y,N ] in problem (8) we set X̃[Y,N ] = Πj∈Y x̃j Πj∈N (1−x̃j). Further,
for each t ∈ V (T ) let ṽ(t) ∈ {0, 1}Qt be the restriction of x̃ to Qt, i.e. ṽ(t)j = x̃j for each j ∈ Qt.
Since x̃ is feasible for I, ṽ(t) ∈ Ft. Then we set λ̃tṽ(t) = 1 and λ̃tv = 0 for every vector v ∈ Ft with

v 6= ṽ(t). By construction for every t ∈ V (T ) and (Y,N) ∈ Ωt we have X̃[Y,N ] = 1 iff ṽ(t)j = 1 for
all j ∈ Y and ṽ(t)j = 0 for all j ∈ N ; in other words (8b) is satisfied.
(ii) This follows from (i).

As a consequence of Lemma 21, Theorem 12 will follow if we can prove that the constraint
matrix in (8) defines an integral polyhedron. This will be done in Lemma 25 given below. In what
follows, we will view T as rooted, i.e. all edges are directed so that T contains a directed path from
an arbitrarily chosen leaf vertex r (the root of T ) to each other vertex. If (v, u) is an edge thus
directed, then we say that v is the parent of u and u is a child of v.

Definition 22 A rooted subtree T̃ is a subtree of T , such that there exists a vertex u of T̃ so that
T̃ contains a directed path from u to every other vertex of T̃ . We then say that T̃ is rooted at u.

Definition 23 Let T̃ be a rooted subtree of T . (a) We denote by Ω(T̃ ) the set
⋃
t∈T̃ Ωt. (b) We

denote by V(T̃ ) the set {j ∈ V : j ∈ Qt for some t ∈ T̃}.

Below we will prove the following result:

Theorem 24 Let (X̂, λ̂) be a feasible solution to the LP-GB problem (8). Then for every rooted
subtree T̃ there is a family of vectors

pk,T̃ ∈ {0, 1}Ω(T̃ ),

vectors
xk,T̃ ∈ {0, 1}V(T̃ )

and reals
0 < µk,T̃ ≤ 1,

(k = 1, 2, . . . , n(T̃ )) satisfying the following properties:

(a) For each 1 ≤ k ≤ n(T̃ ) and each constraint 1 ≤ i ≤ m of problem I, if K[i] ⊆ Qt for some

t ∈ T̃ , then xk,T̃ ∈ Si.

(b) For 1 ≤ k ≤ n(T̃ ) and each pair (Y,N) ∈ Ω(T̃ ),

pk,T̃ [Y,N ] = Πj∈Y x
k,T̃
j Πj∈N

(
1− xk,T̃j

)
.

As a result, for each 1 ≤ k ≤ n(T̃ ) and j ∈ V(T̃ ), xk,T̃j = pk,T̃ [{j}, ∅].

(c)
∑n(T̃ )
k=1 µ

k,T̃ = 1.

(d) For each (Y,N) ∈ Ω(T̃ ),

X̂[Y,N ] =

n(T̃ )∑
k=1

µk,T̃ pk,T̃ [Y,N ].

The family of vectors pk,T̃ and reals µk,T̃ will be called a decomposition of (X̂, λ̂) over T̃ .

Pending a proof of Theorem 24, we can show that the polyhedron defined by the constraints in
LP-GB is integral.

Lemma 25 The polyhedron defined by (8b)-(8c) is integral and problems GB and LP-GB have the
same value.
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Proof. Let (X̂, λ̂) be a feasible solution to LP-GB. We apply Theorem 24 with T̃ = T obtaining
a family of vectors pk ∈ {0, 1}Ω(r), vectors xk ∈ {0, 1}V and reals µk, for 1 ≤ k ≤ n(r), satisfying
conditions (a)-(d) of the theorem. By (a), each vector xk is feasible for I. By (d), the vector X̂ is a
convex combination of the vectors pk. This completes the proof, using Remark 20 (c) to handle the
λt variables.

This result completes the proof of Theorem 12, pending Theorem 24 (tackled in the next Section)
and the following basic observation:

Remark 26 Suppose there is a tree-decomposition of a graph H with width w. Then there is a
tree-decomposition (T,Qt) of H, of width ≤ w and |V (T ) ≤ O(|V (H)|).

2.1.1 Proof of Theorem 24

Assume we have a feasible solution (X̂, λ̂) to (8). The proof of Theorem 24 will be done by induction
on the size of T̃ . First we handle the base case.

Lemma 27 If T̃ consists of a single vertex u there is a decomposition of (X̂, λ̂) over T̃ .

Proof. We have that Ω(T̃ ) = Ωu (see Definition 23). By (8c) we have
∑
v∈Fu

λ̂uv = 1. Let n(T̃ ) > 0

be the number of elements v ∈ Fu with λ̂uv > 0 and denote these vectors by {w(1), . . . , w(n(T̃ ))}.
Then, for 1 ≤ k ≤ n(T̃ ) let xk,T̃ = w(k) and µk,T̃ = λ̂uw(k). Finally, for 1 ≤ k ≤ n(T̃ ) we define the

vector pk,T̃ ∈ Ωu by setting

pk,T̃ [Y,N ] = Πj∈Y x
k,T̃
j Πj∈N

(
1− xk,T̃j

)
for each pair (Y,N) ∈ Ωu. Now we will verify that conditions (a)-(d) of Theorem 24 hold. Clearly

(a)-(c) hold by construction. To see that (d) holds, note that (X̂, λ̂) satisfies (8b), i.e.,

X̂[Y,N ] =
∑
{µk,T̃ : xk,T̃j = 1 ∀j ∈ Y, xk,T̃j = 0 ∀j ∈ N}

=

n(T̃ )∑
k=1

µk,T̃ pk,T̃ [Y,N ]

which is condition (e), as desired.

Next we prove the general inductive step needed to establish Theorem 24. This will be done by
extending a technique from [11]. A similar technique was also used in [51] (where it is described as
related to the “junction tree theorem” [37]) and also in [36] (where a related result due to Lasserre
[33] is mentioned). From our perspective, the common techniques in [11], [51] and [36] are related
to the concept of nonserial dynamic programming introduced in 1972 in [7].

Thus, consider a vertex u of T and a subtree T̃ rooted at u with more than one vertex. Let v be
a child of u. We will apply induction by partitioning T̃ into two subtrees: the subtree L consisting
of v and all its descendants in T̃ , and the subtree H = T̃ − L. Consider a decomposition of (X̂, λ̂)
over L given by the vectors pk,L ∈ {0, 1}Ω(L) and the positive reals µk,L for k = 1, 2, . . . , n(L), and

a decomposition of (X̂, λ̂) over H given by the vectors pk,H ∈ {0, 1}Ω(H) and the positive reals µk,H

for k = 1, 2, . . . , n(H).
Denote by P the set of partitions of Qu∩Qv into two sets. Then (see Remark ??) either Qv ⊆ Qu

or Qu ⊆ Qv. We assume the former (the two cases are symmetric). Thus, by Definition 17, for each
partition (α, β) ∈ P we have a variable X[α, β]. Note that Ω(T̃ ) = Ω(H) ∪ Ω(L). We construct a
family of vectors and reals satisfying (a)-(d) Theorem 24 for T̃ , as follows.

For each partition (α, β) ∈ P such that X̂[α, β] > 0, and each pair i, h such that 1 ≤ i ≤ n(L),

1 ≤ h ≤ n(H), and ph,H [α, β] = pi,L[α, β] = 1 we create a vector qα,βih and a real γα,βih using the rule:

For any vertex t in T̃ and (Y,N) ∈ Ωt.
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(r.1) if t ∈ V (L) we set qα,βih [Y,N ] = pi,L[Y,N ].

(r.2) if t ∈ V (H) we set qα,βih [Y,N ] = ph,H [Y,N ].

Further, we set

γα,βih =
µi,L µh,H

X̂[α, β]
.

To argue that this construction is valid we note that since X̂[α, β] > 0, pairs of indices i, h as listed
above must exist, by (d) of the inductive assumption applied to H and L. Furthermore, we have

γα,βih > 0.

Now we will prove that the qih and the γih provide a decomposition of (X̂, λ̂) over T̃ . Let i and h
be given. Since the restriction of pi,L (and ph,H) to L (resp., H) satisfy (a) and (b) of the inductive
assumption, so will qih. Next, consider (d). Let (Y,N) ∈ Ω(T̃ ), say (Y,N) ∈ Ω(H). We claim that

∑
α,β,i,h

γα,βih qα,βih [Y,N ] =
∑

(α,β)∈P : X̂[α,β]>0

n(L)∑
i=1

n(H)∑
h=1

µi,L µh,H

X̂[α, β]
pi,L[α, β]ph,H [α, β]ph,H [Y,N ]. (9a)

This equation holds because in any nonzero term in either expression we must have pi,L[α, β] =

ph,H [α, β] = 1 and since (Y,N) ∈ Ω(H) we also have that qα,βih [Y,N ] = ph,H [Y,N ].
Now the right-hand side of (9a) equals

∑
(α,β)∈P : X̂[α,β]>0

n(L)∑
i=1

µi,Lpi,L[α, β]

X̂[α, β]

n(H)∑
h=1

µh,Hph,H [α, β]ph,H [Y,N ]

 = (10a)

∑
(α,β)∈P : X̂[α,β]>0

n(H)∑
h=1

µh,Hph,H [α, β]ph,H [Y,N ]

 , (10b)

by the inductive assumption (d) applied to subtree L. The expression in (10b) equals

n(H)∑
h=1

 ∑
(α,β)∈P : X̂[α,β]>0

ph,H [α, β]

µh,Hph,H [Y,N ]

 . (11a)

But by inductive property (b) applied to subtree H, given 1 ≤ h ≤ n(H) we have that ph,H [α, β] = 1
for exactly one partition (α, β) ∈ P, and so expression (11a) equals

n(H)∑
h=1

µh,Hph,H [Y,N ]. (12)

In summary, ∑
α,β,i,h

γα,βih qα,βih [Y,N ] =

n(H)∑
h=1

µh,Hph,H [Y,N ].

But by induction applied to the subtree H this quantity equals X̂[Y,N ]. Thus property (d) does
indeed hold.

3 Mixed-integer polynomial optimization problems

In this section we consider mixed-integer polynomial optimization problems and prove a result
(Theorem 31, below) that implies Theorem 6 given in the introduction. Later, in Section 4, we will
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introduce a special class of polynomial optimization problems, which we term graphical. We will
then show how to modify any instance I of a graphical polynomial optimization problem into an
equivalent instance I ′ so that an application of Theorem 31 to I ′ yields Theorem 9 stated above.
This implication will then be used in the context of the AC-OPF problem (Theorems 38, 40 and
43).

To formally describe the problems of interest, let V be a finite set partitioned as V = VR ∪ VZ ,
and consider a mixed-integer polynomial optimization problem of the form

(PO): f∗
.
= min f0(x) (13a)

subject to: fi(x) ≥ 0 1 ≤ i ≤ m (13b)

xj ∈ [0, 1] ∀j ∈ VR, xj ∈ {0, 1} ∀j ∈ VZ (13c)

where for 0 ≤ i ≤ m, fi(x) is a polynomial, i.e. it has the form

fi(x) =
∑
k∈I(i)

ai,k πi,k(x) (14)

where each I(i) is a finite set, the ai,k are rationals and πi,k(x) is a monomial in x:

πi,k(x) = Πj∈T (i,k)x
p(i,j,k)
j ,

where T (i, k) ⊆ V and each p(i, j, k) ∈ Z+. We will also use the following notation:

|π(i, k)| .
=

∑
j∈T (i,k)

p(i, j, k).

Any mixed-integer polynomial optimization problem where the feasible region is compact can be
reduced to the form (13) by appropriately translating and scaling variables.

Assumption 28 In what follows we will assume, without loss of generality, that f0(x) is a linear
function. This assumption is justified because if any of the monomials π0,k(x) is nonlinear, we
can replace it with a new variable m0,k while adding the constraint m0,k = π0,k(x) (which implies
0 ≤ m0,k ≤ 1). With these modifications in place, the objective function for PO now takes the form,
after appropriately redefining V

f0(x) =
∑
j∈V

cjxj . (15)

In what follows we will assume that such modifications have been made and that the objective for
PO is of the form (15) rather than (13a).

Definition 29 Given a problem instance of problem PO, let its intersection graph be the undirected
graph with vertex-set V and where for 1 ≤ i ≤ m the set

⋃
k∈I(i) T (i, k) induces a clique.

Definition 30 Consider a problem instance of problem PO.

(a) Given ε > 0, a vector x ∈ RV is scaled-ε feasible for PO if

fi(x) ≥ −ε‖ai‖1, 1 ≤ i ≤ m. (16)

(b) We set P∗
.
= max1≤i≤m maxk∈I(i) |π(i, k)|.

We will prove, as a consequence of Theorem 12, the following result:

Theorem 31 Let ω be the width of a tree-decomposition of the intersection graph of an instance I
of problem PO. Let 0 < ε < 1. Then there is a linear program

LP2(I) : min{ĉT y : Ây ≥ b̂}

with the following properties:
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(a) The number of variables and constraints is O(ε−ω−1Pω∗ |V|ε−1 log ε−1), and all coefficients are
of polynomial size.

(b) Given any feasible solution x to I, there is a feasible solution y to LP2(I) with

ĉT y ≤ f0(x) + ε‖c0‖1.

(c) Given an optimal solution y∗ to LP2(I), we can construct a vector x∗ ∈ [0, 1]V such that:

1. x∗ is scaled-ε feasible for PO, and (17a)

2. f0(x∗) = cT y∗. (17b)

Remark 32 Conditions (b) and (17b) indicate that the vector x∗ in (c) is approximately optimal
for PO, while (17a) states that it is approximately feasible. Condition (a) states that the formulation
LP2(I) is of pseudopolynomial size.

We will prove Theorem 31 in Section 3.0.3.

3.0.2 Relationship of Theorem 31 to prior work

Theorems 31 and 12 leverage the structure of the intersection graph of a problem so as to obtain
compact formulations. It is worth noting that when the width ω is small such structure implies
sparsity (because a graph with N vertices and tree-width ≤ ω has O(ωN) edges) but the converse
is not true – sparse graphs can have arbitrarily large tree-width.

In the pure continuous case of Theorem 31 prior work has focused on exploiting “sparsity”
interpreted in a different manner. Lasserre (2006) [32] considers polynomial optimization problems

min{ f(x) : gi(x) ≥ 0 for 1 ≤ i ≤ m}. (18)

under certain assumptions.

(1) There is a finite family of subsets Ik, k = 1, . . . , p with
⋃p
k=1 Ik = {1, . . . , n}. This family

has the property that for each polynomial gi(x) there is an index 1 ≤ k ≤ p such that gi(x)
only involves variables xj for j ∈ Ik.

(2) Second, f(x) has the structure f(x) =
∑p
k=1 fk(x) where each polynomial fk only involves

variables from the set Ik.

(3) Third, for 1 ≤ k ≤ p− 1 there exists s ≤ k such that

Ik+1 ∩
k⋂
j=1

Ij ⊆ Is.

(4) Finally, the feasible region is assumed to be contained in a compact set in Rn.

Define κ
.
= max{κ1, κ2} where κ1 is the largest number of variables in a monomial appearing in

f(x), and κ2 is the maximum number of variables appearing in any constraint gi(x) ≥ 0. Assuming
conditions (1)-(3) hold, [32] presents a hierarchy of semidefinite relaxations for problem (18), where

the rth relaxation r = 1, 2, . . . ... has O(pκ2r) variables. If we set n = |
⋂k
j=1 Ij |, the formulation has

O(nκ2r−1) variables, and m+ p LMI constraints.

These results are related to those in Waki et al [52], also see [25] and Section 8 of [35]. However
[32] additionally shows that there is convergence, i.e. as r → +∞ the value of the semidefinite
relaxation in [32] converges to that of problem (18). In comparison with our results, we can make
some remarks.
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(i) First, a problem of the form (18) can be recast into one with linear objective, without increasing
the complexity estimate, by adding constraints used to represent each monomial in f(x).

(ii) Second, condition (3) may not always be attained for a problem of the form (18). Here [32]
suggests a procedure for enlarging the sets Ik so that (3) is attained. Together with (i), it can
be shown that this procedure renders problem (18) into one in which the intersection graph
(in our terminology) has tree-width ≤ κ.

(iii) It may be possible to argue that under appropriate conditions the semidefinite relaxation in
[32] proves exact for finite r; in such cases it would be of interest to understand the rate of
growth of r as a function of problem parameters. Further we note that under the bit model of
computing exact solutions to semidefinite programs are not computable.

(iv) In summary, thus, we expect that the (ε-approximate) linear programming formulation in
Theorem 31 will in general be smaller than the semidefinite programming formulation obtained
from [32].

3.0.3 Proof of Theorem 31

To prove the theorem we will rely on a technique originally due to Glover [23] and used in [8] and
[20]. Also see [26] and citations therein. Suppose that 0 ≤ r ≤ 1. Then we can approximate r as a
sum of inverse powers of 2. Let 0 < γ < 1 and L = L(γ)

.
= dlog2 γ

−1e. Then there exist 0/1-values
zh, 1 ≤ h ≤ L, such that

L∑
h=1

2−hzh ≤ r ≤
L∑
h=1

2−hzh + 2−L ≤
L∑
h=1

2−hzh + γ ≤ 1. (19)

Next we reformulate problem PO as a problem of type GB. As per Assumption 28 the objective is
of the form (15). Recall that P∗ = max1≤i≤m maxk∈I(i)

∑
j∈T (i,k) p(i, j, k). For each 1 ≤ i ≤ m and

k ∈ I(i) write
R(i, k)

.
= T (i, k) ∩ VR, Z(i, k)

.
= T (i, k) ∩ VZ .

Let
δ(γ)

.
= [1− (1− γ)P∗ ],

and consider the following formulation:

(GB(γ)) : min
∑
j∈V

cj

(
L∑
h=1

2−hzj,h

)

s.t.
∑
k∈I(i)

ai,k

Πj∈Z(i,k)xj Πj∈R(i,k)

(
L∑
h=1

2−hzj,h

)p(i,j,k)
 ≥ −δ(γ)P∗ ‖ai‖1, 1 ≤ i ≤ m

zj,h ∈ {0, 1}, ∀j ∈ V, 1 ≤ h ≤ L.

Remark. This formulation replaces, in PO, each continuous variable xj with a sum of powers of
two, using the binary variables zj,h in order to effect the approximation (19).

Lemma 33

(a) Suppose x̃ is feasible for GB. Then there is a vector z̃ feasible for GB(γ) and with objective
value at most cT x̃ + δ(γ)‖c‖1.

(b) Conversely, if ẑ is feasible for GB(γ) then, writing x̂j =
∑L
h=1 2−hẑj,h for each j ∈ V, we

have that x̂ is scaled-δ(γ)-feasible for PO and has objective value
∑
j∈V cj

(∑L
h=1 2−hẑj,h

)
.
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Proof. (a) For j ∈ V choose binary values z̃j,h so as to attain the approximation in (19). Then for
each 1 ≤ i ≤ m and k ∈ I(i) we have

Πj∈R(i,k)

(
L∑
h=1

2−hz̃j,h

)p(i,j,k)

≤ Πj∈R(i,k)x̃
p(i,j,k)
j ≤ Πj∈R(i,k)

(
L∑
h=1

2−hz̃j,h

)p(i,j,k)

+ δ(γ)P∗,

where we use the fact that

0 ≤ x, 0 ≤ y, x+ y ≤ 1, and p ∈ Z+ ⇒ (x+ y)p − xp ≤ 1− (1− y)p.

Thus z̃ is feasible for GB(γ) and the second assertion is similarly proved.
(b) Follows by construction.

We can now complete the proof of Theorem 31. Given an instance of problem PO together
with a tree-decomposition of its intersection graph, of width ω, we consider formulation GB(γ) for
γ = εP−1

∗ . As an instance of GB, the formulation has at most |V|L(γ) variables and its intersection
graph has width at most ωL(γ). Suppose we apply, to this instance of GB, Theorem 12. We obtain
a continuous linear programming reformulation for GB(γ), the following properties:

• The reformulation is exact.

• The number of variables and constraints in the reformulation is, for ε < 1/2,

O( 2ωL(γ) |V|L(γ) ) = O( ε−ω−1Pω∗ |V| log ε−1 ).

In view of Lemma 33 the proof of Theorem 31 is complete.

3.0.4 Can the dependence on ε be improved upon?

A reader may wonder why or if “exact” feasibility (or optimality) for PO cannot be guaranteed.
From a trivial perspective, we point out that there exist simple instances of PO (in fact convex,
quadratically constrained problems) where all feasible solutions have irrational coordinates. Should
that be the case, if any algorithm outputs an explicit numerical solution in finite time, such a solution
will be infeasible. One can, instead, attempt to output solutions that are approximately feasible.
This is the case in our result above. Moreover, one can of course select the value of ε so as to
reduce the feasibility and optimality errors. Theorem 31 indicates the resulting tradeoff in terms of
running time. From a more fundamental perspective we have that uless P = NP no polynomial-time
algorithm that improves on the formulation in Theorem 31 exists.

4 Graphical mixed-integer polynomial optimization problems

The next problem class we consider are graphical polynomial optimization problems. Here we will
present a proof of Theorem 9 in the introduction. We will rely on the following formal definition.

Definition 34 (Graphical mixed-integer polynomial optimization problem)

(G.1) We are given an undirected, simple graph H.

(G.2) For each vertex v we have a finite set J(v), and for j ∈ J(v) there is a variable xj ∈ R.
Denoting V = ∪v∈V (H)J(v), we are given a partition V = VR ∪ VZ .

(G.3) For each j ∈ V the set {v ∈ V (H) : j ∈ J(v)} induces a connected subgraph of H.

(G.4) We denote by x the vector of all variables xj for j ∈
⋃
v∈V (H) J(v). For each v ∈ V (H) and

each u ∈ δ(v) we denote by xv,u the subvector of x restricted to xj for j ∈ J(v) ∪ J(u).

(G.5) For each vertex v, k = 1, . . . , N(v) and each u ∈ δ(v) we have a family of polynomials
pv,u,k(xv,u).
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(G.6) The family J = {J(v) : v ∈ V (H)} is termed the index set of the problem, and we set
J∗ = max{ |J(v)| : v ∈ V (H)}

For c ∈ RV we obtain the problem

(GPO): min cTx (21a)

subject to:
∑
u∈δ(v)

pv,u,k(xv,u) ≥ 0, v ∈ V (H), k = 1, . . . , N(v) (21b)

xj ∈ [0, 1] ∀j ∈ VR, xj ∈ {0, 1} ∀j ∈ VZ . (21c)

Clearly each instance of GPO is a special case of problem PO. As was the case for PO, that the
more general problem class where the objective is nonlinear, of the form

min
∑

v∈V (H)

∑
u∈δ(v)

fv,u(xv,u) (22)

where each fv,u is a polynomial, can be reduced to the linear objective form (21) by adding new
variables and extending the sets J(v). This is done by replacing (22) with min

∑
v∈V (H) k(v), and

adding the constraints: k(v) =
∑
u∈δ(v) fv,u(xv,u), ∀ v ∈ V (H), where k(v) is a new variable

which is added to the set J(v).

A direct application of Theorem 31 to GPO problems will not yield the strongest result one can
obtain. The reason for this shortfall is that even if the underlying graph G for an instance of problem
GPO has small tree-width, the intersection graph arising from that instance may have much larger
tree-width if some constraints (21b) have many terms (which requires that G has vertices of high
degree).

Example 35 Consider the following optimization problem:

min −
10∑
i=1

yi (23a)

s.t: yi = (2xi − 1)2 1 ≤ i ≤ 10 (23b)

x1 + 2x2 + 3x3 + 4x4 + 5x5 + 6x6 + 7x7 + 8x8 + 18x9 + 18x10 = 36 (23c)

x ∈ [0, 1]10, y ∈ [0, 1]10. (23d)

There are several ways to represent this problem as an instance of GPO where the underlying graph is
a tree. For example this can be attained by using the tree with vertex-set {v0, v1, . . . , v10, u1, . . . u10}
and edges {v0, vi} and {vi, ui} for 1 ≤ i ≤ 10 and such that J(v0) = ∅, and J(vi) = {xi} and
J(ui) = {yi} for 1 ≤ i ≤ 10. In this case constraint (23c) is of the form (21b) with v = v0.

Thus the tree-width of the underlying graph is 1, yet the intersection graph of problem (23) has
a clique of size 10 and so its tree-width is ≥ 9.

To circumvent this difficulty we will now show how to convert any instance of GPO into an
equivalent instance over a graph of bounded degree, while increasing tree-width by at most a constant
factor. This will be done in Lemma 37 and Theorem 38. Finally in Theorem 40 we will prove a
stronger version of Theorem 9.

Definition 36 Let G be an undirected graph. A simplification of G is a graph H with the following
properties:

(1) The maximum degree of a vertex of H is at most 3.

(2) V (H) is partitioned into a family sets {S(v) : v ∈ V (G)} such that each set S(v) induces a
tree in H, and
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(3) For each edge e = {v, u} ∈ E(G) there is an edge {v(e), u(e)} ∈ E(H), termed a pendant
edge, such that v(e) and u(e) are leaves of the trees induced by S(v) and S(u), respectively.
Thus, contracting every set S(v) into a single vertex yields a graph isomorphic to G.

Lemma 37 Let G be an undirected graph and (T,Q) a tree-decomposition of G of width ω. Then
there is a simplification Ḡ of G and a tree-decomposition (T̄ , Q̄) of Ḡ of width at most 2ω + 1.

Proof. We first modify (T,Q) in a sequence of steps.

Step 1. For any edge e = {u, v} ∈ E(G), choose an arbitrary t ∈ V (T ) with e ∈ Qt. Then we
modify T by adding to T a new vertex, te and the edge {te, t}. Further, we set Qte = {u, v}.

Step 2. Without loss of generality, every vertex of T has degree at most 3. To attain this condition,
consider any t ∈ V (T ) with δT (t) = {s1, . . . , sd} (say) where d > 3. Then we alter T by replacing
t with two vertices adjacent vertices t1 and t2, such that t1 is also adjacent to s1 and s2 and t2 is
adjacent to s3, . . . , sd. Finally, we set Qt1 = Qt2 = Qt. Continuing inductively we will attain the
desired condition.

Step 3. We modify T by subdividing each edge {t, t′} ∈ E(T ) by introducing a new vertex
r = r(t, t′). We set Qr = Qt ∩ Qt′ . We will refer to each original vertex of T as a blue vertex
and to each new vertex r(t, t′) as a red vertex. Denote the new tree by T̂ . Then (T̂ , Q) is a tree-
decomposition of G satisfying the properties set in Steps 1 and 2.

Step 4. We modify the sets Qt, obtaining sets Q̂t, as follows:

(i) For each blue vertex, t and each v ∈ Qt, we add a new vertex, v(t) to Qt, and to each set Qr
where r is a red neighbor of t.

(ii) For each v ∈ v(G), we remove v from all sets Qt with v ∈ Qt.

Moreover, we construct the graph Ĝ where

V (Ĝ) = {v(t) : v ∈ Qt, t blue},

and E(Ĝ) is constructed as follows.

(a) First, for any v ∈ V (G) we will have the edge {v(t), v(t′)} whenever r(t, t′) is a vertex of T̂ .

(b) Second, for any vertex of T of the form te constructed in Step 1, if e = {u, v} (say) then we
add to Ĝ the edge {u(te), v(te)}.

Claim 1. Ĝ is a simplification of G. To see this, consider any vertex v ∈ G. By construction, the
set of vertices

N(v)
.
= { s ∈ V (T̂ ) : v(t) ∈ Q̂s for some blue t}

is a subtree of T̂ and so is connected. Moreover by rule (a) above this subtree is isomorphic to
the subgraph of Q̂ induced by the set of vertices {v(t) : t blue}. Together with rule (b), this
fact guarantees that contracting every set N(v) into a single vertex yields a graph isomorphic to G.
Finally since we assumed that T̂ has maximum degree at most three, the same also holds for Ĝ.
This concludes the proof of Claim 1.

Claim 2. The width of (T̂ , Q̂) is at most 2ω+ 1. This fact follows when we observe that t is a blue
vertex of T̂ , then |Q̂t| = |Qt, while for a red vertex r = r(t, t′) we have |Q̂r| ≤ |Q̂t|+ |Q̂t′ |.

Claims 1 and 2 yield complete the proof.
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Theorem 38 Suppose we have an instance I of GPO on a graph G, using index set J and together
with a tree-decomposition (T,Q) of G width ω. Let Ḡ be a simplification of G and (T̄ , Q̄) a tree-
decomposition of Ḡ of width ≤ 2ω + 1. Then in polynomial time we can construct an equivalent
instance I ′ of GPO, such that

(a) I ′ uses an index set J̄ with J̄∗ ≤ J∗ + 4,

(b) Each polynomial pv,u,k appearing in a constraint∑
u∈δ(v)

pv,u,k(xv,u) ≥ 0 (24)

of I is a sum of polynomials qv,u,k,h appearing in constraints of I ′ (here h = 1, . . . ,H =
H(v, u, k)) such that

H∑
h=1

‖qv,u,k,h‖ ≤ 2 degG(v) ‖pv,u,k‖.

Proof. First, we apply Lemma 37 to obtain the simplification Ḡ of G with tree-decomposition (T̄ , Q̄).
Fix a given vertex v ∈ V (G) and 1 ≤ k ≤ N(v), and consider the constraint (21b) of GPO We will
next show to to modify (24) so as to obtain an equivalent system on graph Ḡ Let T (v) be the
subgraph of Ḡ induced by S(v) together will all pendant edges {ve, ue}. Then by (2) and (3) of
Definition 36 T (v) is a tree, with degrees at most 3, and each pendant edge {v(e), u(e)} in T (v) is
such that u(e) is a leaf of T (v).

Let us view T (v) as rooted, with root r = r(v). Write

σi
.
=

∑
{ ‖pv,u,k‖ : u ∈ δ(v), ue descendant of i}, (25)

in other words, the sum coefficients of all polynomials pv,u,k such that ue is below i (and we omit
the dependence on v and k for convenience).

To obtain a system equivalent to (24)we begin by adding, for each each edge {i, j} ∈ E(T (v))
two new variables w+

{i,j} and w−{i,j}, and imposing

0 ≤ w+
{i,j} ≤ 1, 0 ≤ w−{i,j} ≤ 1, ∀{i, j}, (26)

Next we constrain the new variables by writing an equation for each vertex i of T (v). Suppose first
that i 6= r and is also not a leaf, with children j, k and parent h. Then we impose:

σj

(
w+
{i,j} − w

−
{i,j}

)
+ σk

(
w+
{i,k} − w

−
{i,k}

)
= σi

(
w+
{h,i} − w

−
{h,i}

)
. (27)

If any of j, k or h do not exist then the corresponding term in (27) is omitted. On the other hand,
if i is a leaf, then there is a pendant edge {v(e), u(e)} with i = v(e). we write the constraint

pv(e),u(e),k(xv(e),u(e)) = σv(e)

(
w+
{v(e),u(e)} − w

−
{v(e),u(e)}

)
. (28)

Finally, let the root r have children j and k. Then we write

σj

(
w+
{r,j} − w

−
{r,j}

)
+ σk

(
w+
{r,k} − w

−
{r,k}

)
≥ 0, (29)

where as before if r only has one child we omit the second term.

We claim that (26)-(29) is equivalent to (24). First we will show that if x satisfies (24) with 0 ≤ xj ≤ 1
for all j then we can construct the vectors w+, w− so that (26)-(29) hold. To do so define for any
edge {i, j} ∈ E(T (v)) (with i the parent of j, say)

σj

(
w+
{i,j} − w

−
{i,j}

)
=

∑
{ pv,u,k(x) : u ∈ δ(v), ue descendant of j}. (30)
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By definition of σj we can always choose w+
{i,j} and w−{i,j} so that (26) holds. Moreover, if {i, j} is

a pendant edge {v(e), u(e)} then (30) is identical to (28). Consider a non-leaf vertex i 6= r, with
children j and k. Then by construction,

σj + σk = σi, (31)

and so (27) holds. Finally, by (30), the left-hand side of (29) equals the left-hand side of (24); hence
(29) holds as well.

Conversely, suppose we are given a solution x,w+, w− to (26)-(29) with 0 ≤ xj ≤ 1 for all j.
Then adding (27)-(29) yields (24), as desired.
In summary, by transforming every inequality (24) into (27)-(29) we obtain from an instance I of
GPO an equivalent instance I ′ of PO. But we can argue that this is in fact an instance of GPO,
as follows. Note that by Definition 36 (1), V (Ḡ) = ∪v∈V (G)S(v). Let v ∈ V (G) and i ∈ S(v), with
parent k, say (ignored when i is the root r(v)). Then when i is not incident with a pendant edge we
set

J̄(i)
.
= J(v) ∪ {k+, k−}

where k+ and k− are associated with w+
{i,k} and w−{i,k}), resp. And if i is incident with the pendant

leaf {v(e), u(e)}, then we set
J̄(i)

.
= J(v) ∪ {k+, k−, d+, d−}

where k+ and k− are as above and d+ and d− are associated with w+
{v(e),u(e)} and w−{v(e),u(e)}, re-

spectively. This definition of the index set captures the structure of constraints (27)-(29). Moreover,
the sets J̄(i) have at most four more members than the corresponding sets J(i). Hence (a) holds.

To prove (b), note that at any non-leaf vertex i of T (v), the coefficient norm of the corresponding
constraint (28), (27) or (29) is at most 2σi (using (31). Using that the fact that T (v) has by
construction degG(v) leaves and the definition (25) we obtain (b), as desired.

4.0.5 Main result

We can now state and prove our main result on graphical mixed-integer problems, where we use the
following convention:

Notation 39 Given a polynomial P , its coefficient norm, denoted by ‖P‖, is the sum of absolute
values of coefficients in P .

Theorem 40 Suppose we have an instance I of GPO on a graph G with a tree-decomposition of
width ω. Let P ∗ be the largest sum of (polynomial) degrees in any one of the terms pv,u,k appearing
in one of the constraints of I. Let 0 < ε < 1/2. Then there is a linear program LP3(I) : min{ĉT y :

Ây ≥ b̂} such that:

(a) The number of variables and constraints is O(2O(ωJ∗) |V|P ∗ ε−1 log ε−1).

(b) Given a feasible solution x to I, there is a feasible solution y to LP3(I) with ĉT y ≤ cTx+ε‖c‖1.

(c) Given an optimal solution ŷ to LP3(I), we can construct a vector x̂ ∈ [0, 1]V such that:

cT x̂ = ĉT ŷ (32a)∑
u∈δ(v)

pv,u,k(x̂v,u) ≥ −ε degG(v)‖pv,k‖, v ∈ V (G), k = 1, . . . , N(v). (32b)

Here, for v ∈ V (G) and 1 ≤ k ≤ N(v) we write ‖pv,k‖
.
=
∑
u∈δ(v) ‖pv,u,k‖.

Thus the theorem states that x̂ in (b) is scaled-ε-feasible for each constraint, as well as approximately
optimal as per (a), (32a). The proof will be broken up into several steps.

First, we construct an equivalent instance I ′ of GPO on a graph Ḡ using Theorem 38. We will
next argue that there is a tree-decomposition (T̄ , Q̂) of the intersection graph of I ′ such that the
application of Theorem 31 to I ′ and (T̄ , Q̂) yields Theorem 40.
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Let (T̄ , Q̄) be a decomposition of Ḡ. Consider the family of sets {Q̂t : t ∈ V (T̄ )} defined by the
following rule, where for v ∈ V (Ḡ) we write N(v) = J(v)

⋃
u∈δḠ(v)

J(u):

for each t ∈ V (T̄ ), set Q̂t =
⋃
v∈Q̄t

N(v). (33)

Then we obtain :

Proposition 41 (T̄ , Q̂) is a tree-decomposition of the intersection graph of I ′.
Proof. First we need to prove that for j ∈ V, the set {t ∈ V (T̄ ) : j ∈ Q̂t} induces a subtree of T̄ .
For v ∈ V (Ḡ) let

T̄v = {t ∈ V (T̄ ) : v ∈ Q̄t},
and define

ν(j)
.
= {v ∈ V (Ḡ) : j ∈ J(v)},

and
X(j)

.
= {t ∈ V (T̄ ) : Q̄t ∩ ν(j) 6= ∅} =

⋃
v∈ν(j)

V (T̄v).

By (G.3) of Definition 34, ν(j) induces a connected subgraph of Ḡ. Since (T̄ , Q̄) is a tree-decomposition
of Ḡ, it follows that X(j) induces a connected subtree of T̄ .

Moreover, if for some t ∈ V (T̄ ) we have j ∈ Q̂t, then either t ∈ X(j) or there exists u ∈ Q̄t and
v ∈ δḠ(u) such that j ∈ J(v). In the second case, since (T̄ , Q̄) is a tree-decomposition of Ḡ, there is
a vertex t′ ∈ V (T̄u) ∩ V (T̄v). Then t′ ∈ X(j), and, moreover, each vertex t′′ in the path between t
and t′ is contained in T̄u and thus is such that j ∈ Q̂t′′ . Thus, indeed the set {t ∈ V (T̄ ) : j ∈ Q̂t}
induces a subtree of T̄ .

To complete the proof that (T̄ , Q̂) is a tree-decomposition of the intersection graph of I ′ we also
need to show that, the set of variables that appear in any given constraint of I ′ appear in some set
Q̂t. But since I ′ is an instance of GPO, the set of variables that appear in any given constraint of
I ′ are a subset of N(v) for some v ∈ Ḡ.

Proposition 42 The width of (T̄ , Q̂) is at most O(ωJ∗).

Proof. By construction, for any t ∈ T̄ we have

|Q̂t| ≤
∑
v∈Q̄t

|N(v)| ≤
∑
v∈Q̄t

|1 + δḠ(v)|J∗ ≤ 4|Q̄t|J∗.

We can now complete the proof of Theorem 40. Suppose we apply Theorem 31 to the pair I ′, (T̄ , Q̂).
We claim that this yields (a)-(c) of Theorem 40. Conditions (b) and (c) are clear, and so we just
need to show that (a) holds.

To do so, note that the quantity P∗ as in Definition 30 (b) is the largest sum of (polynomial)
degrees in any of the constraints of the PO formulation. Meanwhile, P ∗ in the statement of Theorem
40, is the largest sum of degrees in any one of the terms pv,u,k appearing in one of the constraints
of I. But since Ḡ has degree at most three, it follows that P∗ = O(P ∗). In view of Propositions 41,
42. we conclude that (a) indeed holds.

This concludes the proof of Theorem 40.

4.1 The quadratic case, and the AC-OPF problem

A graphical quadratic optimization problem is a graphical (mixed-integer) polynomial optimization
problem where each polynomial pv,e(x

e) is quadratic. These problems include, as a special case, the
AC-OPF problem in rectangular coordinates, which has the following general structure.

• We are given an undirected graph G with vertex-set V (G) and edge-set E(G), possibly includ-
ing parallel edges. For each v ∈ V (G) we have two variables, denoted ev and fv

3.

• For each vertex v and every edge {v, u} we are given two quadratics on the four variables
ev, eu, fv, fu, denoted by p(v,u)(ev, eu, fv, fu) and q(v,u)(ev, eu, fv, fu)4.

3The real and imaginary components of the voltage at v, respectively.
4Representing active and reactive flow injections into (v, u).
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• For each vertex v we have a one-variable quadratic Cv(x), and six (finite) rationals, Mmin
v ,Mmax

v ,
Pmin
v , Pmax

v , Qmin
v and Qmax

v .

• For each edge {u, v} we have a finite rational Umax
{u,v}.

The problem can then be stated as:

(AC-OPF): min
∑

v∈V (G)

Cv (γv) (34a)

s.t. γv =
∑

{v,u}∈δ(v)

p(v,u)(ev, eu, fv, fu) ∀v ∈ V (G) (34b)

Mmin
v ≤ e2

v + f2
v ≤ Mmax

v ∀v ∈ V (G) (34c)

Pmin
v ≤

∑
{v,u}∈δ(v)

p(v,u)(ev, eu, fv, fu) ≤ Pmax
v ∀v ∈ V (G) (34d)

Qmin
v ≤

∑
{v,u}∈δ(v)

q(v,u)(ev, eu, fv, fu) ≤ Qmax
v ∀v ∈ V (G) (34e)

p2
(v,u)(ev, eu, fv, fu) + q2

(v,u)(ev, eu, fv, fu) ≤ Umax
{u,v} ∀{v, u} ∈ E(G) (34f)

p2
(u,v)(ev, eu, fv, fu) + q2

(u,v)(ev, eu, fv, fu) ≤ Umax
{u,v} ∀{v, u} ∈ E(G). (34g)

In particular settings one may define variations of AC-OPF as stated here, however always having
the general structure of quadratic constraints restricted to neighborhoods of vertices. The structure
of the quadratics is specific but several variants exist; for the purposes of this paper the above
generic structure will suffice. We will use the following notation: given a vector (e, f, g) of variables
for AC-OPF, its objective value is denoted by C0(e, f, g).

In fact, AC-OPF can be equivalently represented as a graphical quadratic optimization problem.
To attain this representation for v ∈ V (G) we define the index set J(v) to be used in (21) to include
the variables γv, ev and fv as well as an additional variable kv. We also add to the constraints in
(34) the constraint

kv = Cv(γv)

(for each v) and replace the objective function with

min
∑

k∈V (G)

kv.

In the resulting formulation each constraint is of the form (21b), with quadratic polynomials. After
after appropriate scaling and translation of variables we also obtain (21c).

AC-OPF problems have recently gathered increased attention, because viewed as QCQPs (quadrat-
ically constrained quadratic programs) their SDP relaxation can prove quite tight. See [38] and for
additional background, [44]. A broader topic concerns the existence of low-rank solutions to SDP
relaxations of QCQPs under special cases, for example in the case that the sparsity pattern corre-
sponds to a tree. See [15], [49]. An alternative approach to AC-OPF is described in [45]. For a
recent, brief survey see [9].

On large-scale realistic examples the semidefinite relaxation of AC-OPF problems can prove quite
challenging and general-purpose solvers may fail to converge. However, many practical instances of
AC-OPF are on graphs G with small tree-width; this provides a vehicle for efficient implementation
of the semidefinite programming algorithm under which the SDP relaxation of (34) can in fact be
solved in large examples in reasonable CPU time. This observation which draws from fundamental
ideas in convex optimization (see e.g. [53], [36]) has been used to develop effective implementations
of SDP solvers for AC-OPF problems. See [29], [43], [40]. This approach can even be extended to
(partially developed) higher-moment relaxations of AC-OPF [41].

On the negative side, we are not aware of any results that prove a guaranteed approximation
bound for the SDP relaxation of (34). One can produce small examples where the lower bound
proved by the SDP relaxation is weak [17], [42].
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As a result of these developments, one wonders whether AC-OPF itself (and not just a relaxation)
can be efficiently solved or approximated when the graph G has small tree-width. As a corollary of
Theorem 40, we obtain:

Theorem 43 Suppose we have an instance I of AC-OPF on a graph G with n nodes and maximum
degree ∆, equipped with a tree-decomposition of width ω. Let 0 < ε < 1/2. Then there is a linear
program

LP4(I) : min{ĉT y : Ay ≥ b}

with the following properties

(a) The number of variables and constraints is O(εO(−ω) n∆ log ε−1).

(b) Given any feasible solution (e, f, γ) to I, there is a feasible solution y to LP4(I) with ĉT y ≤
C0(γ) + n ε

∆ .

(c) Given an optimal solution y∗ to LP4(I), we can construct a vector (e∗, f∗, γ∗) such that:

C0(e∗, f∗, γ∗) = ĉT y∗, and (35a)

(e∗, f∗, γ∗)∗ is scaled-ε-feasible for each constraint of AC-OPF. (35b)

4.1.1 Discussion

The complexity of the approximation algorithm implicit in Theorem 43 is, as discussed above, not
polynomial because of the dependence on ε−1 in the number of variables and constraints. In fact,
AC-OPF is known to be NP-hard on trees.

However, this hardness result does not imply that our result is best possible, because AC-OPF is
(only) weakly NP-hard on trees. In a sense, our linear program formulation provides a pseudopoly-
nomial formulation that outputs an approximately feasible, approximately optimal solution. But in
the spirit of combinatorial optimization problems one would wonder if there is a linear programming
formulation with attributes (a) but with stronger guarantees than (c), in particular, one that guar-
antees optimality and feasibility and errors that do not depend on the norm of the objective and
constraints. We comment on this point below.

On the other hand, Theorem 43 is in a sense tight because AC-OPF is strongly NP-hard on
general graphs [50]. This makes it unlikely that a pseudopolynomial-complexity algorithm exists for
AC-OPF on general graphs attaining approximation guarantees of the form (35).

As was the case for PO problems, similar remarks concerning “exactness” of solutions apply.
In general, in finite time we can in general only guarantee approximate feasibility and optimality.
Concerning the quality of the our feasibility error in (35b) we note that in practical applications
the quantities Mmin

v ,Mmax
v are typically chosen (very) close to 1.0, and that the coefficients in

the quadratics p(v,u) and q(v,u) are, typically, also relatively small values. Thus our guarantee of
scaled-ε-feasibility is tantamount to O(ε) additive feasibility error for each constraint.
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