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Abstract. In this work we consider the feature ranking problem where,
given a set of training instances, the task is to associate a score to the
features in order to assess their relevance. Feature ranking is a very
important tool for decision support systems, and may be used as an
auxiliary step of feature selection to reduce the high dimensionality of
real-world data. We focus on regression problems by assuming that the
process underlying the generated data can be approximated by a continuous function (for instance, a feedforward neural network). We formally
state the notion of relevance of a feature by introducing a minimum
zero-norm inversion problem of a neural network, which is a nonsmooth,
constrained optimization problem. We employ a concave approximation
of the zero-norm function and we define a smooth, global optimization
problem to be solved in order to assess the relevance of the features.
We present the new feature ranking method based on the solution of
instances of the global optimization problem depending on the available
training data. Computational experiments both on artificial and real
data sets are performed. The obtained results and the comparison with
existing methods show the effectiveness of the proposed feature ranking
method.

Keywords: Feature ranking; inversion of a neural network; concave
approximation of the zero-norm function; global optimization.
1. Introduction
In supervised machine learning a set of training instances is available,
where each instance is defined by a vector of features and a label. Classification and regression are learning techniques to build predictive models
using the available training data. In a classification task the labels belong
to a finite set, while in a regression task the labels are continuous.
Reducing the high dimensionality of real-world data has become increasingly important in machine learning and, in this context, feature selection
plays a crucial role. The problem of feature selection is that of determining a subset of features in such a way that the accuracy of the predictive
model built on the training data, containing only the selected features, is
maximal. The main benefits of feature selection are the improvement of the
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prediction performance, the reduction of memory requirements and of training and testing time, a better understanding of the phenomenon underlying
the generated data. This latter issue can be of great interest in important
fields such as medicine and biology. A valuable survey on feature selection
methods can be found in [10].
In this work we consider regression tasks (for the reasons explained in
Section 2) and we focus on the feature ranking problem which consists in
computing a score for each feature (a high score indicates that the feature
is highly “relevant”). For several applications (see, e.g., [1], [2], [7]), a ranking of the most relevant features can be a very important tool for decision
support systems. Indeed, feature ranking assesses the role of each feature in
the decision process and may help the decisor to investigate the relevance
of each feature. Feature ranking can be used as a preprocessing or an auxiliary step of feature selection and is not necessarily used to define learning
models.
The two main classes of feature ranking methods are the following:
-: Wrapper methods, which use a machine learning model as a black
box to score the individual features;
-: Filter methods, which use a scoring function of the features based
on general characteristics of the training data and independent of a
given learning algorithm.
In a wrapper approach, a ranking can be obtained, for instance, according
to goodness of fit, obtained by a given machine learning model, of individual features. Correlation criteria are often used in filter-based approaches.
In most of existing algorithms the features are processed individually for
computing the associated score. However, this can be a drawback since, as
pointed out in [10], “a variable that is completely useless by itself can provide a significant improvement when taken with others”. Therefore, we are
interested in developing a ranking method that assesses the relevance of the
features processing them simultaneously. The training data are used, first,
to build an analytical model of the process using all the features. Then,
the training set and the built mathematical model are employed together to
measure the “relevance” of the features. In both the two phases the original
features are considered simultaneously. We briefly present the approach that
leads to formally introduce a notion of relevance and to adopt sophisticated
nonlinear optimization tools.
Let us assume given the training set
T S = {(xp , y p ) : xp ∈ Rn , y p ∈ R, p = 1, . . . , P },
which can be viewed as a set of samples of an unknown function f : Rn → R.
We are interested in analyzing the “relevance” of the variables of the unknown, underlying function. To this aim, we define a machine learning
model F (., w) : Rn → R, say a neural network, approximating the function f , where w ∈ Rm is the vector of adjustable parameters determined by
the training process. Given a training pattern xp , a training label y q , with
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p 6= q, we can introduce the notion of relevance of a variable i w.r.t. the pair
(xp , y q ). Roughly speaking, we say that i is relevant if, starting from the
point xp and modifying the minimum number of components of xp , we determine an input x? , which yields the desired output y q , say F (x? , w) = y q ,
and is such that i is one of the modified components, say x?i 6= xpi . Whenever
a variable i is relevant, its score is increased, so that, by varying the pair
(xp , y q ) among the training data, we obtain the score of all the variables, and
hence, the features ranking. Note that the computation of the relevant features w.r.t. a given pair (xp , y q ) leads to tht minimum zero-norm inversion
problem of the neural network F (., w), which is a difficult nonsmooth optimization problem. Suitable modifications based on concave programming
are introduced to make the problem smooth, a standard penalty approach
is adopted to properly manage the nonlinear equalities, thus obtaining a
smooth global optimization problem with “simple” box constraints (associated to the input data).
The attempt of the paper is that of providing a feature ranking technique
starting from a formal notion of relevance of a variable. We remark that
there are several definitions in the literature for what it means for features
to be relevant (see, e.g., [4], [22]). The peculiarity of our approach is to
formally state the notion in terms of a well-defined optimization problem
involving both the mathematical model underlying the data and the training instances. The paper is organized as follows. In Section 2 the notion of
relevant feature is introduced. It involves the problem of inverting a feedforward neural network and, in particular, we consider the inversion nearest
(according to the zero-norm) to the reference point. In Section 3 we recall
a known approach for transforming a zero-norm minimizing problem into a
smooth, concave optimization problem. The new feature ranking method,
involving the solution of smooth, global optimization problems, is presented
in Section 4. The results of computational experiments and the comparison
with existing algorithms are shown in Section 5.
2. Relevant features and inversion of a neural network
A Feedforward Neural Network (FNN) is a nonlinear mapping from the
input space to the output space. A FNN consists of the input layer, one
(for simplicity) hidden layer, and the output layer. The dimension of the
input and output layers is fixed and depends on the considered input-output
relationship. The number of hidden units and the weights connecting the
layers are determined by the training process involving the minimization
of an error function on the training data. The most popular FNNs are
the Multi-Layer Perceptron (MLP) and the Radial Basis Function (RBF)
networks, which differ in the activation function of the hidden units. Let
x ∈ Rn be the input of a FNN, w ∈ Rm be the adjustable parameters
determined by the training process. A trained FNN can be viewed as a
forward mapping y = F (x; w), where F : Rn → R (for sake of simpilicity we
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consider one dimensional outputs) is a continuously differentiable function.
FNNs are universal approximators, i.e., they are capable of approximating
any continuous function on a compact set [18]. We want to exploit this
important theoretical property of FNNs and for this reason we focus on
regression problems.
The problem of inverting a FNN consist in determining an input x̄ which
yields a desired output ȳ. The inverse problem is an ill-posed problem since
the inverse mapping is usually a one-to-many mapping.
Following [15], the problem of inverting a trained FNN can be formulated
as follows:
minx f (x)
(1)

s.t.

F (x; w) − ȳ = 0
l ≤ x ≤ u,

where l, u ∈ Rn are the lower and upper bounds on the variables, f : Rn →
R is the objective function defining the kind of inversion we are going to
compute. For instance, taking f (x) = kx−ck2 , where c ∈ Rn is the reference
point, a solution of (1) is the inversion nearest to the reference point.
We consider here the following formulation
minx f (x) = kx − ck0
(2)

s.t.

F (x; w) − ȳ = 0
l ≤ x ≤ u,

where k · k0 is the zero-norm, i.e., kzk0 = card{i : zi 6= 0, i = 1, . . . , n},
c ∈ Rn is the reference point.
Let X ? be the set of solutions of (2). We say that a feature i ∈ {1, . . . , n}
is relevant w.r.t. the input-output pair (c, ȳ) if there exists a vector x? ∈ X ?
such that x?i − c?i 6= 0.
In practice, we may expect to determine a finite subset X̃ ⊂ X ? and to
define, for each feature i, the set
n
o
X̃i = x ∈ X̃ : xi − ci 6= 0 ,
to be used for computing a score ri (c, ȳ), which can be viewed as a measure
of the relevance of the feature i with respect to the pair (c, ȳ). For instance,
ri (c, ȳ) could be the cardinality of the set X̃i . As we will see in the next
section, by varying the pair (c, ȳ) and by computing the corresponding scores
ri (c, ȳ), for i = 1, . . . , N , we can perform an overall ranking of the features.
Finally, we observe that, from an optimization point of view, problem (2)
presents the following difficulties:
(i): the objective function is discontinuous;
(ii): there is a highly nonlinear constraint.
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Concerning point (i), we will adopt a concave-optimization based approach
[16], [19]. As regards point (ii), the constraint will be handled by adding a
quadratic penalty term to the objective function related to the violation of
the constraint.
3. Concave programming for minimizing the zero norm
In this section, we recall an approach for transforming a zero-norm minimization problem, which is nonsmooth, into an equivalent (in some cases)
smooth concave optimization problem. Let us consider the problem
minx∈Rn kxk0
x∈S

(3)

where S ⊂ Rn .
In order to illustrate the idea underlying the concave approach, we observe
that the objective function of problem (3) can be written as follows:
minx∈Rn
(4)

n
X

s(|xi |)

i=1

x ∈ S.
R+

where s : R →
is the step function such that s(t) = 1 for t > 0 and
s(t) = 0 for t = 0. The approach was originally proposed in [16] and is based
on the idea of replacing the discontinuous step function by a continuously
differentiable concave function 1−e−αt , with α > 0, thus obtaining a problem
of the form
Pn
min
i=1 (1 − exp (−αzi ))
x,z

(5)

−zi ≤ xi ≤ zi

i = 1, . . . , n

x ∈ S,
It has been shown in [16] that, by assuming that S is a polyhedral set, the
approximating problem (5) is equivalent to the given nonsmooth problem
(4), that is, for α sufficiently large, there exists a solution of (5) which yields
a solution of the original problem (4). A similar concave optimizationbased approach has been proposed in [24], where the idea is that of using
other smooth functions to approximate the step function. We remark that
the formal equivalence between a smooth concave problem of the form (5)
with the original zero norm problem (3) has been proved under suitable
assumptions on the feasible set S. These assumptions are not satisfied by
the feasible set of problem (2). However, we will adopt in the sequel the
concave-based approach just described as heuristic to manage the zero-norm
function in problem (2).
Finally, we remark that the nature of the features influences the structure
of the feasible set S. In particular, if a feature is discrete or categorical, the

6

LUCA BRAVI, VERONICA PICCIALLI AND MARCO SCIANDRONE

problem becomes more complicated, and the solution algorithm needs to
tackle the integer nature of some variables. For this reason, in this paper we
consider only continuous features, and leave the handling of discrete features
as subject of future work.
4. The feature ranking method
In order to solve problem (2), we relax the constraint on the desired
output value and introduce a penalization term in the objective function,
and substitute the zero-norm with a concave function as described in the
preceding section, getting the following global optimization problem:
Pn
2
1
min
i=1 (1 − exp (−αzi )) + 2 C (F (x; w) − ȳ)
x,z

(6)

−zi ≤ xi − ci ≤ zi ,

i = 1, . . . , n

l ≤ x ≤ u,
Problem (6) is a nonconvex global optimization problem. Let X ? be the
finite set of putative global minima found by a global minimization algorithm.
Note that, in general, we can not guarantee that a global solution of (6) is
neither a feasible point nor a solution of (2). We consider the subset of
quasi-feasible minima, that is, the set X̂ ⊆ X ? such that
(7)

|F (x? ; w) − ȳ| ≤ 

∀x? ∈ X̂,

where  > 0 is a given tolerance parameter. Then, we introduce the set
X̃ ⊂ X̂ of feasible zero-norm minima defined as


?
(8)
X̃ = x ∈ arg min kx − ck0 .
x∈X̂

Finally, for each feature i, we define the set X̃i of minima reached by feature
i, that is
n
o
(9)
X̃i = x ∈ X̃ : xi − ci 6= 0 ,
and we compute the score
(10)

ri (c, ȳ) = |X̃i |.

In order to get the overall ranking of the features we vary the input-output
pair (c, ȳ). In particular, we choose input-output pairs (xp , y q ) from the
training set with p 6= q.
This choice ensures that we are selecting output values that are “reachable”, that is, by assuming that the model F (x; w) is reliable, there exists
at least one quasi-feasible point, i.e., the point xq , such that
|F (xq ; w) − y q | ≤ .
Below we report a summary of the Concave-Optimization BASed (COBAS)
algorithm.
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:
S0: Set ri = 0 for i = 1, . . . , n.
S1 : Select randomly M pairs (xp , y q ) with p 6= q and p, q ∈ {1, . . . , P }.
For each pair (p, q):
: Set c = xp and ȳ = y q in problem (6), compute the set X ? of
putative global minima by a global minimization algorithm;
: Define the set X̂ of quasi-feasible minima by (7), and the set X̃
of feasible zero-norm minima by (8).
: For each feature i ∈ {1, . . . , n}, let X̃i the set of minima reached
by feature i defined by (9), compute ri (xp , y q ) by (10), and set
ri = ri + ri (xp , y q ).
S2: Build the ranking by ordering the feature with respect to the numbers ri , i = 1, . . . , n.
5. Computational experiments
In this section we experimentally evaluate the performance of the proposed ranking method. We consider both artificial and real datasets inherited from the literature. The experiments on artificial data sets allow us to
assess the effectiveness of the method in detecting the features correlated
with the output. The results on real data sets are used to evaluate the
quality of the ranking provided by the proposed method.
5.1. Implementation details. Concerning the machine learning model
F (x; w), in all the experiments we adopt a RBF network with inverse multiquadric as activation function. More specifically, the neural network model
is
h
X
−1/2
F (x; w) =
λi kx − vi k2 + σ 2
,
i=1

here h is the number of hidden neurons, λi ∈ R, vi ∈ Rn , with i = 1, . . . , h,
define the vector w ∈ R(1+n)h of adjustable parameters, and σ 2 = 0.1.
The training of the RBF network has been formulated as the problem of
minimizing a standard least-squares error function that measures the error
on the outputs, in correspondence to a given set of training pairs. The
training has been performed by a gradient-based batch strategy with early
stopping, and the number h of hidden neurons has been determined by a
cross validation technique [3].
The parameters of COBAS algorithm have been chosen as follows: the
number M of randomly selected training pairs has been set equal to 500;
the parameter  defining quasi-feasible minima (see (7)) has been set equal
to 10−4 . As global optimization algorithm applied to problem (6) we have
employed a multistart algorithm using 1000 starting points, and MINOS
5.51 [17] as local solver.
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5.2. Results on synthetic data. Five synthetic data sets have been used
to analyse the performances of the proposed method to detect the features
correlated with the output. The data sets have been generated as follows.
Given the interval [−a, a]n , we sampled P training points x ∈ Rn randomly
drawn from the uniform distribution. The output labels are computed using
a regression function f (x) that depends nonlinearly only on some variables
xj , with j ∈ J ⊂ {1, . . . , n}. The analytic expression of the considered
functions are the following
(11)

f1 (x) = (x41 − x21 ) · (3 + x2 )

(12)

f2 (x) = 2(x31 − x1 ) · (2x2 − 1)(x2 + 1) + (x32 − x2 + 3)

(13)

f3 (x) = −2(2x21 − 1) · (x2 ) · e−x1 −x2

(14)

f4 (x) = x1 + (x2 > 0.5)(x3 > 0.5)

(15)

f5 (x) = 10 sin(x1 )x2 + 20(x3 − 0.5)2 + 10x4 + 5x5

2

2

Concerning function f4 , the term (xi > 0.5) is equal to 1 when xi > 0.5 and
is equal to 0 otherwise. The interval [−a, a]n is [−3, +3] for f1 , f2 , [−1, +1]
for f3 , and [0, 1] for f4 , f5 . Functions (11), (12) and (13) were originally
proposed in [21], while functions (14) and (15) draw inspiration from the
ones used in [9].
We performed several tests by varying both the number n ∈ {6, 15} of features and the number P ∈ {100, 200, 500, 1000} of available training samples
used to build the RBF network.
Let Rt be the number of features correlated with the output (relevant
features), and let It be the number of features uncorrelated with the output
(irrelevant features). A feature is selected by the method as relevant feature
provided that its score is in the first Rt positions, otherwise the feature is
selected as irrelevant feature. We indicate by Rs and Is the number of true
relevant features and the number of true irrelevant features, respectively,
selected by the method as relevant features. We adopted the following performance index (defined in [5]):


Is
Rs
(16)
Suc. =
−α
× 100
Rt
It
This index is a measure that attempts to reward the selection of relevant
features and to penalize the inclusion of irrelevant ones. The parameter
α weights the penalties of choosing an irrelevant features and missing a
relevant one, and is defined as min{ 12 , RItt }. If all the relevant features are
ranked before irrelevant features the index of success is 100.
To compare our method with current techniques, we consider the implementation of the feature ranking method RReliefF ([20]) that is available
through the package AttributeSelection of the software WEKA ([11]). The
obtained results are reported in Tables (1-5) and, for each test, averages are
taken over ten different training sets.
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n. training data
100
200
500
1000

COBAS RReliefF
6 features
100.000
98.462
100.000
97.500
100.000 100.000
100.000 100.000

COBAS RReliefF
15 features
97.500
93.846
100.000
79.231
100.000
97.692
100.000 100.000

Table 1. Comparison on function f1

n. training data
100
200
500
1000

COBAS RReliefF
6 features
95.000
95.000
100.000
97.500
100.000 100.000
100.000 100.000

COBAS RReliefF
15 features
82.308
97.692
94.615
96.923
100.000 100.000
100.000 100.000

Table 2. Comparison on function f2

n. training data
100
200
500
1000

COBAS RReliefF
6 features
100.000 100.000
100.000 100.000
100.000 100.000
100.000 100.000

COBAS RReliefF
15 features
43.846
100.000
86.923
100.000
100.000 100.000
100.000 100.000

Table 3. Comparison on function f3

n. training data
100
200
500
1000

COBAS RReliefF
6 features
100.000 100.000
100.000 100.000
100.000 100.000
100.000 100.000

COBAS RReliefF
15 features
100.000
95.833
100.000 100.000
100.000 100.000
100.000 100.000

Table 4. Comparison on function f4

From the results reported in Tables (1-5) we get that COBAS algorithm
is competitive with RReliefF algorithm in distinguishing relevant and irrelevant features. The results of Tables 2 and 3 (and other results not here
reported) show that COBAS algorithm needs a sufficient number of training
samples to have a reliable analytical model, and this represents a fundamental issue for the proposed feature ranking strategy.
This can be observed, for instance, in the columns corresponding to n = 15
features of Tables 2 and 3, where the performance index Suc. relative to
COBAS increases with the number of training samples.
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n. training data
100
200
500
1000

COBAS RReliefF
6 features
100.000 100.000
100.000 100.000
100.000 100.000
100.000 100.000

COBAS RReliefF
15 features
100.000
85.000
100.000
88.000
100.000 100.000
100.000 100.000

Table 5. Comparison on function f5
Data set name
Poland
diabetes
Santa Fe laser
abalone
housing
cpusmall

N. of training data
1370
442
10081
4177
506
8192

N. of features
30
10
12
8
13
12

Table 6. Information on real datasets
5.3. Results on real datasets. For our experiments we have considered
the following datasets
(1) Poland electricity load dataset ([13, 14])
(2) diabetes dataset ([8])
(3) Santa Fe laser dataset ([12, 23])
(4) housing dataset
(5) abalone dataset
(6) cpusmall dataset.
The last three data sets have been downloaded from http://www.csie.
ntu.edu.tw/~cjlin/libsvmtools/datasets. The first three data sets are
the ones used in [9], with the exception of the anthrokids data set that for
confidentiality reasons could not be made available. We note that in case
of Poland and Santa-Fe, the datasets that are available for download are
a bit different: those are the raw time series. The datasets we use were
converted in [9] into regression datasets by using the last q values (q = 30
for Poland and q = 12 for Santa Fe) as features to predict the current value.
Information about the data sets are reported in Table 6. The quality of the
feature rankings obtained by the compared methods can be evaluated using
a nonlinear regressor with growing number of most important features. For
each ranking method we evaluate the prediction accuracy on the test set as
a function of the best features. Therefore, for every dataset a total of 70%
of examples are used for training and 30% of examples for testing. This
splitting has been randomly performed 10 times. As nonlinear regressor we
have employed Support Vector Machines with Gaussian kernel and we have
used the LIBSVM package [6]. The SVM parameters have been selected by
the grid search tool provided by LIBSVM.
COBAS Algorithm has been compared again with RReliefF in terms of
feature subsets and test error (averaged on ten instances randomly generated) using all the six data sets. Moreover it has been compared with
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Figure 1. Results for the Poland dataset: mean square error for COBAS, RReliefF and ELM-FS.
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Figure 2. Results for the diabetes dataset: mean square
error for COBAS, RReliefF and ELM-FS.
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Figure 3. Results for the Santa Fe laser dataset: mean
square error for COBAS, RReliefF and ELM-FS.
ELM-FS [9], which is a feature selection method, for the first three data
sets. The code of ELM-FS is not available, so that we can perform the
comparison only on the datasets used in [9], and we can not run the method
on the other datasets. The results are plotted in figures (1-6), where we
report the mean square error on the test set obtained by feature subsets
with increasing sizes. For COBAS and RReliefF, the feature subsets are automatically defined by the overall ranking provided by the method, whereas
for ELM-FS we use the subsets of selected features reported in [9].
From
Figures (1-6), with the exception of Fig. 2, we can observe that COBAS
either outperforms or is competitive with both ELM-FS and RReliefF, and
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Figure 4. Results for the abalone dataset: mean square
error for COBAS and RReliefF.
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Figure 5. Results for the housing dataset: mean square
error for COBAS and RReliefF.
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Figure 6. Results for the cpusmall dataset: mean square
error for COBAS and RReliefF.
this shows the validity of the proposed feature ranking method. The bad
performance on the diabetes dataset are due to the “low” quality of the
available training data that leads to a poor fitting model. The low quality
of the available data is confirmed by the fact that, as shown in Fig. 2, the
test error of the nonlinear SVM regressor is of the order of 10−2 , whereas
the test error on the other data sets is at most of the order of 10−3 .
In conclusion, the numerical results show the effectiveness of the proposed
feature ranking method, provided that the available data permit to build a
good-fitting model.
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