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Abstract

In this paper, we propose a new step size rule to accelerate Yan et al.’s self-adaptive
projection method. Under the new step size strategy, the superiority of modified projection
method is verified through theory to numerical experiments.
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1 Introduction

This paper concerns the so-called variational inequalities (VI(F,Ω)): Find u∗ ∈ Ω such that

F (u∗)T (u− u∗) ≥ 0, ∀u ∈ Ω, (1)

where Ω is a nonempty closed convex subset of Rn, and F is a mapping from Rn into itself.
A benchmark solver for (1) is the following projection-type method, proposed by Gold-

stein,Levitin and Polyak [1, 2], and further studied extensively in [4, 5]:

uk+1 = PΩ[u
k − βkF (uk)], (2)

where PΩ(·) is the projection from Rn onto Ω. The projection method maintains the global
convergence under strong condition that the mapping F is strongly monotone and Lipschitz
continuous. In fact, the estimation of the lipschitz constant L and strongly monotone parameter
α are difficult and expensive. To overcome the shortcomings, Korpelevich [3] proposed the
extragradient method which can be viewed as a prediction-correction method, i.e.,

ũk = PΩ[u
k − βkF (uk)] (3)

uk+1 = PΩ[u
k − βkF (ũk)] (4)
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Under the assumption that F is monotone and Lipschitz continuous, the extragradient method
converges globally with appropriate βk.

Recently, some researchers have investigated numerous modified projection and extragradient-
type methods for solving (1). Most of these methods were committed to improve the efficiency
by changing the step size parameters under some appropriate strategies and removing the Lip-
schitz constant with line search technique. Among them, the modified extragradient method
proposed by He and Liao [6] adopted the following iterative scheme:

Algorithm 1.1. For given xk ∈ Rn and βk > 0, the next iterative point is generated by

uk+1 = PΩ[u
k − γαkg(u

k, βk)] 0 < γ < 2, (5)

where

e(uk, βk) = uk − PΩ[u
k − βkF (uk)], (6)

g(uk, βk) = e(uk, βk)− β[F (uk)− F (uk − e(uk, βk))], (7)

αk =
e(uk, βk)

T g(uk, βk)

∥g(uk, βk)∥2
. (8)

The convergence of this method can be guaranteed under monotone F and appropriate βk.
However, the direction g(uk, βk) tends to zero when uk approaches the solution u∗. In view of
this, Yan et al. [14] described a modifed extra-gradient-type method as follows:

Algorithm 1.2. For given xk ∈ Rn and βk > 0, the new iterative point is obtained through

uk+1 = PΩ[u
k − γαkd(u

k, βk)], (9)

where

d(uk, βk) = e(uk, βk) + βkF (uk − e(uk, βk)), (10)

αk = min
{
(1− βk

4τ
,

g(uk, βk)
T e(uk, βk)

∥g(uk), βk)∥2 + 2e(uk, βk)T g(uk, βk)

}
, (11)

the method maintains global convergence under the condition that F is co-coercive.
Inspired by the optimal step size strategy adopted by Li and Yuan [15], a new step size is

proposed in this paper, which can be viewed as a combination of Li and Yuan’s manipulation
idea of step size and descending direction presented by Yan et al. [14].

This paper is organized as follows. In the next section, some preliminaries are given. In
section 3, the details of the new step size together with its global convergence are presented.
The numerical experiments are carried out in Section 4. Finally, conclusions are summarized in
the last section.

2 Preliminaries

In this section, some definitions and results from the literature are presented which are used
throughout the paper.
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Lemma 2.1 ([11]) Let Ω ⊂ Rn be a convex closed set, then it holds that

(1) (υ − PΩ(υ))
T (u− PΩ(υ)) ≤ 0, ∀u ∈ Ω, υ ∈ Rn, (12)

(2) ∥u− PΩ(υ)∥2 ≤ ∥u− υ∥2 − ∥υ − PΩ(υ)∥2, ∀u ∈ Ω, υ ∈ Rn, (13)

(3) ∥PΩ(u)− PΩ(υ)∥2 ≤ (u− υ)T (PΩ(u)− PΩ(υ)), ∀u, υ ∈ Rn. (14)

Lemma 2.2 ([17]) Assuming β > 0, u∗ is a solution of V I(F,Ω) if and only if

u∗ = PΩ[u
∗ − βF (u∗)]. (15)

From Lemma 2.2, it is evident that solving V I(F,Ω) is equivalent to finding a zero point of the
residual function

e(u, β) := u− PΩ[u− βF (u)]. (16)

Lemma 2.3 ([12, 13, 14]) For all u ∈ Rn and 0 < β1 ≤ β2, it follows that

∥e(u, β1)∥ ≤ ∥e(u, β2)∥, (17)

and
∥e(u, β1)∥

β1
≥ ∥e(u, β2)∥

β2
. (18)

3 Algorithms and convergence analysis

The proposed algorithm is as follows.
Algorithm 3.1.(A new self-adaptive projection method)
Step 0. Give ε > 0, choose u0 ∈ Ω, µ ∈ (0, 1), β0 = ρ = 1, τ, L ∈ (0, 1), and γ ∈ (0, 2). Set
k := 0.
Step 1. Compute e(uk, βk) by (6). If ∥e(uk, βk)∥ < ε, stop; otherwise go to step 2.
Step 2. Find the smallest nonnegative integer mk, βk = ρµmk such that

βk∥F (uk)− F (uk − e(uk, βk))∥ ≤ L∥e(uk, βk)∥. (19)

Step 3. Calculate

αk =
g(uk, βk)

T e(uk, βk) + (1− βk
4τ )∥e(u

k, βk)∥2

∥g(uk, βk) + e(uk, βk)∥2
(Improvement part)

where g(uk, βk) is defined by (7).
Step 4. Compute

uk+1 = PΩ[u
k − γαkd(u

k, βk)] (20)

where d(uk, βk) is defined by (10).
Step 5. If βk∥F (uk) − F (uk − e(uk, βk))∥ ≤ 0.4∥e(uk, βk)∥, then ρ = βk/0.7; else ρ = βk. Set
k := k + 1; go to step 1.
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Remark 3.1 It is clear that Algorithm 3.1 and Algorithm 1.2 are almost the same and just
distinguish different step size in each iteration.

Lemma 3.2 ([10]) If ∥e(u, 1)∥ ̸= 0, then there exist 0 < L < 1 and β̃ > 0, such that

β∥F (u)− F (u− e(u, β))∥ ≤ L∥e(u, β)∥ ∀0 < β ≤ β̃. (21)

For convenience, uk, αk, βk is represented by u, α, β in this section, respectively.

Lemma 3.3 ([9]) Under the assumption (21), we have

e(u, β)T g(u, β)) ≥ (1− L)∥e(u, β)∥2, (22)

e(u, β)T g(u, β)) ≥ 1

2
∥g(u, β)∥2. (23)

Lemma 3.4 Assume the condition (21) are met, we have

α∗∗ ≥ 1− L

5− 4L
> 0 (24)

where

α∗∗ =
g(u, β)T e(u, β) + (1− β

4τ )∥e(u, β)∥
2

∥g(u, β) + e(u, β)∥2
. (25)

Proof: Utilizing (22) and (23), we get

α∗∗ =
g(u, β)T e(u, β) + (1− β

4τ )∥e(u, β)∥
2

∥g(u, β) + e(u, β)∥2

≥ g(u, β)T e(u, β)

∥g(u, β)∥2 + ∥e(u, β)∥2 + 2g(u, β)T e(u, β)

≥ 1− L

5− 4L
> 0.

This completes the proof.

From Lemma 3.4, it holds that new step size is bounded away from zero.

Lemma 3.5 ([14]) Denote u(α) = PΩ(u−αd(u, β)), let u∗ be a solution of problem (1), under
the assumption F (·) is co-coercive with modulus µ > 0, i.e.,

(v − u)T (F (u)− F (v)) ≥ µ∥u− v∥2 ∀u, v ∈ Ω, (26)

then we get

Θ(α) ≥ Υ(α) (27)

where

Θ(α) := ∥u− u∗∥2 − ∥u(α)− u∗∥2, (28)

Υ(α) := Ψ(α) + α[2(1− β

4τ
)− α]∥e(u, β)∥2, (29)

Ψ(α) := 2αd(u, β)T e(u, β)− α2[∥d(u, β)∥2 + 2d(u, β)T e(u, β)]. (30)
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Remark 3.6 As can be seen from formulas (11) and (30), Yan et al.’s step size is based on the
manipulation of Ψ(α) by reaching its maximum with respect to α. Intuitively, Θ(α) represents
the progress in each iteration. It is more efficient to manipulate Υ(α) rather than maximizing
Ψ(α) because Υ(α) is a direct lower bound of Θ(α).

The following lemmas indicate that in each iterative step, we may expect Algorithm 3.1 with
new step size derived from maximizing Υ(α) to get more progress than Algorithm 1.2.

Lemma 3.7 ([14]) Let βu is upper bound of β. Then, there exists a constant C0 > 0, such
that

Υ(α∗) ≥ C0∥e(u, β)∥2, (31)

where

α∗ = min
{
(1− β

4τ
,

g(u, β)T e(u, β)

∥g(u), β)∥2 + 2e(u, β)T g(u, β)

}
. (32)

Lemma 3.8 Let ρu is upper bound of ρ. Then, there exists a constant C0 > 0, satisfying

Θ(α∗∗) ≥ Υ(α∗∗) ≥ Υ(α∗) ≥ C0∥e(u, β∥2. (33)

where α∗ and α∗∗ is defined in (32) and (25), respectively.

Proof: Since Υ(α) is a quadratic function with respect to α, from (29) and ∂Υ(α)
∂α = 0 we get

α =
g(u, β)T e(u, β) + (1− β

4τ )∥e(u, β)∥
2

∥g(u, β) + e(u, β)∥2
. (34)

Therefore, we get Υ(α∗∗) ≥ Υ(α∗), and by Lemma 3.5 and Lemma 3.7, we have

Θ(α∗∗) ≥ Υ(α∗∗) ≥ Υ(α∗) ≥ C0∥e(u, β)∥2.

This completes the proof.

In the following, we analyze the convergence of our method.

Theorem 3.9 Suppose F (·) is co-coercive on Ω, and the solution set Ω∗ is nonempty, then the
sequence {uk} generated by the Algorithm 3.1 converges to a solution point u∗.

Proof: From (28), we conclude that (33) is equivalent to

∥uk+1 − u∗∥2 ≤ ∥uk − u∗∥2 − C0∥e(uk, βk)∥2. (35)

It follows from (35) that

C0

∞∑
k=0

∥e(uk, βk)∥2 ≤ ∥u0 − u∗∥2. (36)
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Thus we have

lim
k→∞

e(uk, βk) = 0. (37)

Since βk ≥ βmin, it follows from (17) that

lim
k→∞

e(uk, βmin) = 0. (38)

Since {uk} is bounded, it has at least one cluster point. Let u∗ be a cluster point of uk and
{ukj} is the subsequence converging to u∗. Because e(uk, βmin) is continuous, then

e(u∗, βmin) = lim
j→∞

e(ukj , βmin) = 0. (39)

Then, if follows from Lemma 2.2 that u∗ is a solution of V I(F,Ω).

4 Numerical experiments

We implement Algorithm 3.1 in Matlab 7.1 and run on a Lenovo ThinkPad T61 PC, and also
test Algorithm 1.2 [14] for comparison of their performance.

To generate a set of test instances we proceeded as follows: we set F (u) = D(u) +Mu+ q,
where D(u) and Mu + q are the nonlinear part and the linear part of F (u), respectively. We
form the linear part Mu + q similarly as in [9]l . The matrix M = ATA + B, where A is an
n×n matrix whose entries are randomly generated in the interval (−5, 5) and a skew-symmetric
matrix B is generated in the same way. The vector q is generated from a uniform distribution
in the interval (−500, 500) or (−500, 0). In D(u), the nonlinear part of F (u), the components
are Dj(u) = aj × arctan(uj) and aj is a random variable in (0, 1). In all tests, we choose
γ = 1.8, L = 0.8, µ = 0.7, and τ = 0.9, ε = 10−6. We report the numbers of iteration and the
CPU-time for various problem sizes in Tables 1 and 2.

It can be seen that the proposed method can outperform yan et al.’s method dramatically.
This can be evidenced by the results in Tables 1 and 2. For example, the number of iterations in
Algorithm 3.1 is about 49.8% of that in Algorithm 1.2 in average. The CPU time in Algorithm
3.1 is about 50.3% of that in Algorithm 1.2 in average.

5 Concluding remarks

In this paper, a modified extra-gradient method under new step size for solving a class of co-
coercive monotone variational inequalities is proposed on the basis of the algorithm in [14]. In
theory, it can be proved that new step size make more progress than step size adopted in [14].
On numerical experiments, the algorithm with new step size can outperform the algorithm in
[14].
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Table 1: The numerical results for q ∈ (−500, 0).
n Algorithm 1.2 Algorithm 3.1

No. It. CPU (s) No. It. CPU (s)

100 420 0.035 135 0.018
200 680 0.155 194 0.037
300 548 0.237 187 0.191
400 673 0.525 199 0.438
500 741 1.164 214 0.857
600 722 2.202 207 0.974
700 733 3.297 201 1.243
800 688 4.635 204 2.079
1000 791 7.653 258 3.926
2000 963 51.728 299 26.694

Table 2: The numerical results for q ∈ (−500, 500).
n Algorithm 1.2 Algorithm 3.1

No. It. CPU (s) No. It. CPU (s)

100 195 0.014 98 0.006
200 264 0.055 134 0.021
300 297 0.112 153 0.049
400 298 0.202 152 0.095
500 348 0.445 171 0.215
600 289 0.807 151 0.400
700 337 1.399 174 0.701
800 283 1.700 140 0.917
1000 321 2.675 164 1.430
2000 425 19.710 220 10.052
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