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Abstract: In this paper we underline the importance of the parametric subregularity property of set-
valued mappings, defined with respect to fixed sets. We show that this property appears naturally for some
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concerning the preservation of metric subregularity at generalized compositions. Then we obtain, on purely
metric setting, several fixed point assertions for set-valued mappings in local and global frameworks.

Keywords: global regularity and subregularity - set-valued compositions - fixed point assertions

Mathematics Subject Classification (2010): 90C30 - 49J52 - 49J53

1 Introduction

This paper is devoted to the study of the subregularity properties of composition set-valued map-
pings, and continues the works of the authors [17], [18]. Also, our theoretical tour takes into account
recent developments in the regularity theory, where the interest to its global character received a
new impetus by the discovery of connections with the existence of fixed points for set-valued map-
pings made by Arutyunov in [3], [4], and continued by Dontchev and Frankowska in [13], [14], and
by Ioffe in [22], [23]. More precisely, it was made clear that all the results concerning fixed points
are deeply related to the following perturbation principle due to Mitlyutin (see [11] for the original
approach, and [28] for recent developments): if a global metrically regular single-valued mapping
is perturbed by a globally Lipschitz one, and the product of the regularity moduli is smaller than
one, their sum remains globally metrically regular. The importance of Milyutin’s global version
of Lyusternik-Graves Theorem, as well as parametric and with respect to fixed sets variants of
regularity properties of set-valued mappings has been recognized by many authors: see [11], [12],
[21], [8], [26], [9], [10]. It is quite natural to observe that this principle of Milyutin, when one
replaces the perturbation given by the sum by the one given by the distance, generates fixed-points
assertions with a purely metric character. Moreover, passing in the definitions of the regularity
notions from small neighborhoods of the points in the graphs to arbitrary fixed sets, while main-
taining the equivalence in the triplet of metric regularity, linear openness and Aubin continuity,
generates global conclusions and gives possibility to fully extend the Milyutin’s principle to the
case of the set-valued perturbations. The results are even more interesting as it turned out that
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the set-valued perturbations given by the sum do not conserve metric regularity in general (see [15,
Example 5E.6]).

The main results in [17], [18] concern regularity properties of composition mapping of the type
G o (F1, Fy)|(z) :== G(Fi(z), Fa(x)), where Fi : X =Y, F, : X = Z, G :Y xZ = W are
set-valued mappings acting between metric spaces. We observed that parametric regularities for
the set-valued mapping G, defined with respect to one of the variables, and for which the other
variable can be arbitrary taken from a certain set (in a sense we will make precise later) allow us
to formulate results in the line of the Milyutin’s principle. Nevertheless, some restrictions are in
force. Firstly, in order to speak about sum perturbations, the mapping G(y1,y2) := y1 + y2 is the
obvious candidate. This set-valued mapping obeys nice properties around the reference point: it is
linearly open with respect to y; uniformly in ¥», and Aubin continuous with respect to yo uniformly
in y;, both with moduli equal to 1. This was a crucial observation in the attempt to extend the
Milyutin’s result to composition mappings of the type presented before. As expected, one cannot
obtain the genuine regularity of Go(Fy, F3) in general. At this point, the reinterpretation of a result
of Ursescu (i.e., [29, Theorem 3]) provided a hint about a possible solution (see [16]). It turned out
that a certain type of linear openness for sum-type set-valued mappings does actually hold. This
type of openness concerns in some sense only the reference points (and not points around them)
and does not fall in the framework of previously introduced “at point” regularity notions, such as
metric subregularity and calmness. Starting from here, we observed that two triplets of “at point”
regularity can be introduced and studied, any of them with its own purpose (for more details about
this subject, the reader is referred to [2]). Commonly known as subregularity notions, it seems that
they play an important role in the theory of Milyutin’s perturbations.

Now, the form of the composition mapping G(Fi(z), F2(z)) is quite appealing in order to try to
find other possible cases where a regularity stability of Milyutin’s type holds, besides the situation
of the sum. The next natural candidate, taking into account the previous discussion, is the distance
function: G(y1,y2) := d(y1,y2). It was proved though that this mapping does not hold one of the
two essential assumptions satisfied by the sum and used in the main results from [17], [18]: it is not
open with respect to one variable uniformly in the other, in general. It happens in some important
particular cases, for instance on normed vector spaces, if the points 7; and 7, are different. Some
other situations when this useful property occurs, as well as extended discussions and examples,
are to be found in [18, Section 4].

The main novelty of this work consists in observing that, in fact, the distance function does
satisfy a weaker concept of metric subregularity with respect to one variable, as it will be made
precise later. Furthermore, also the mapping d(y, F'(z)) satisfies this property, provided F' is a
metrically regular set-valued mapping, which means that this metric subregularity notion is quite
natural in the context. Moreover, a slightly different composition mapping between the set-valued
mappings G, F} and F5 does satisfy a metric subregularity property, when one replaces the openness
of G with respect to one variable (and not satisfied by the distance function) by the mild one
concerning metric subregularity. Also, the conclusion of the main result will assert a different type
of subregularity (from the other subregularity triplet) when compared to the main results of [17],
[18]. This subtle difference will provide in fact the missing link with the theory of fixed points, as
we will make clear in the sequel. Moreover, it seems that the machinery works globally, i.e., with
respect to regularities defined on fixed sets, but with the possibility of extending to the whole space
by the convention that a ball with infinite radius becomes the entire space. Of course, this means
that we have to introduce and study some subregularity properties on fixed sets. In this way, besides
several technical details, the main result of this paper, which asserts the metric subregularity of the



composition mapping, fully captures the case of the metric extensions of the Milyutin’s theorem.
Moreover, we apply this result in order to derive several applications related to the existence and
the stability of fixed points under compositions. Our method is versatile enough for obtaining, in
both local and global cases, several estimates for the distances to sets of fixed points in input and
output spaces.

The paper is organized in the sequel into four sections, as follows. Section 2 contains the
concepts we deal with (known and new ones), the links between them, as well as the main examples
of mappings which satisfy global metric regularity conditions. Section 3 is fully dedicated to the
main result of the paper, whose main feature was described before. The last section concerns several
applications of the main result to the theory of the fixed points and the results we present here
emphasize the importance of subregularity with respect to fixed sets. In this area, our results are
related to very recent works in literature ([1], [7]).

2 Preliminaries

Let us introduce some basic notions used in the sequel. We will suppose that the involved spaces are
metric spaces, and we denote by B(z,r) and B(z,r) the open and the closed ball with center x and
radius r, respectively. We do not exclude the limit cases r = 0 and r = oo, in which situations we use
the conventions B(z,0) := {z} and B(z,00) = X.If x € X and A C X, define the distance from z to
Abyd(z, A) :=inf{d(z,a) | a € A}. As usual, we use the convention d(z, )) = co. The excess from a
set A to a set B is defined as e(A, B) := sup{d(a, B) | a € A} (with the convention e(), B) = 0), and
the Hausdorff distance between the sets A and B is h(A, B) := max {e(A, B),e(B, A)} . Moreover,
the distance between the sets A and B is given by d(A, B) := inf {d(a,b) | a € A, b€ B}.

For a multifunction (or, a set-valued mapping) F' : X = Y, denote by GrF := {(z,y) €
X XY |y € F(x)} its graph. The domain of F is the set of those © € X where F(z) # (. If
A C X, set F(A) = UF(w) The inverse set-valued mapping of F is F~! : Y = X given by

€A
FYy) ={r € X |y e F(x)}. When F is single-valued, we identify it with the corresponding
function.

For a set-valued mapping F' : X =% X, by Fix F' we mean, as usual, the set {z € X |z € F(z)}.
Given F} : X = Y and Fy : X =% Z, define the set-valued mapping (F1,F2) : X = Y x Z by
(Fl,FQ)({L‘) = Fl(ZL‘) X FQ(LB)

Finally, for a parametric multifunction F' : X x P =2 Y, we will use the notations: F,(-) := F(-,p)
and F,(-) := F(x,-).

We choose to use the following global regularity notions introduced and studied by Dontchev
and Frankowska in [14]. Furthermore, other global regularity concepts, slightly different from the
ones used here, were introduced and studied by Arutyunov and his coauthors in [3], [5], [7]. Even
more general properties, as y—regularity, or star y—regularity, were analyzed by Ioffe in [23]. For
extended discussions about the role and the importance of all these global regularities, as well as
for links between different concepts, the reader is referred to [3], [5], [14], [23].

Definition 2.1 (regularity on a set) Let X, Y be metric spaces, U, V' be nonempty subsets of
X and Y, respectively, and let F': X =Y be a multifunction.
(i) F is said to be open at linear rate (or linearly open) on U x V with constant L > 0 if

B(y,Lr)NV C F(B(zx,r)) (2.1)



for every r > 0 and every (z,y) € Gr FN[U x V].
(i) F is said to be Aubin continuous on U x V with constant L > 0 if

e(F(x)NV,F(u)) < Ld(x,u) (2.2)

for every x,u € U.
(iii) F is said to be metrically regular on U x V with constant L > 0 if

d(z, F~'(y)) < Ld(y, F(z) N V) (2-3)

for every (xz,y) € U x V.

If one takes the sets U and V' as neighborhoods of T € X and § € F(Z), respectively, the
previous notions cover the well-known local regularities around (7,7). One may easily observe
that in this case property (ii) reduces to the classical Aubin continuity around (Z,y), with the
same neighborhoods U and V. Concerning the metric regularity, as observed in [14, Proposition
1], (iii) reduces also to the classical metric regularity around (Z,y), but with possibly different
neighborhoods.

Moreover, a similar equivalence holds for the case of linear openness around (Z,%), whose
definition is considered here in the following usual form: there are a,e > 0 such that, for every
r € (0,¢) and every (z,y) € Gr F'N [B(7T,a) x B(y, )], one has B(y, Lr) C F(B(z,r)). Since we
weren’t able to find an explicit proof elsewhere, we sketch the proof for completeness.

Suppose (i) holds for U = B(z, 3), V = B(y,3). Take ¢ := 27 'L 1B and o := 2713. If r € (0, ¢)
and (z,y) € GrF N [B(Z,a) x B(y,a)], then B(y, Lr) C V, hence (2.1) reduces to the desired
inclusion. Conversely, if F' is linearly open around (Z,7), then chose U := B(Z, min {a,2_15})
and V := B(y, min {a,2*1L5}), and take arbitrary z € U, y € V and r > 0. If » € (0,¢), then
B(y,Lr) NV C B(y,Lr) C F(B(z,7)) by the openness property. If r > ¢, then B(Z,27'¢) C
B(z,e) C B(xz,r), hence

B(y,Lr) N B(5,27'Le) ¢ B(7,27 Le) € F(B(x,2 %)) ¢ F(B(z,7)).

Notice that in [5, Definition 2|, a slightly different concept of linear openness with respect to
sets is used, where (2.1) must be satisfied for every r > 0 such that B(z,r) C U, and y € F(z)
is not necessarily from V. Nevertheless, we choose to use the concepts from Definition 2.1, since
they look quite natural extensions of the classical local regularities, as explained before, and also
proved by the next result, which gives the (expected) equivalences between these notions (see [14,
Proposition 2]).

Proposition 2.2 Let F: X = Y be a multifunction, and U C X, V C Y be nonempty sets such
that
GrFn(UxV)#0.

Then F is linearly open on U x V with constant L iff F~1 is Aubin continuous on V x U with
constant L™ iff F is metrically regular on U x V with constant L™,

In the development of our results we need some regularity notions for mappings acting on
product spaces.



Definition 2.3 (regularity on a set with respect to one variable) Let X, Y, Z be metric
spaces, U, V. W be nonempty subsets of X, Y and Z, respectively, and F' : X XY = Z be a
multifunction.

(i) F is said to be linearly open with respect to z, uniformly iny on U x V x W with constant
L>0if foreveryxeU,yeV,zeW andr > 0,

B(z,Lr)NW C Fy(B(z,r)). (2.4)

(ii) F is said to be Aubin continuous with respect to x, uniformly iny on U x V. x W with
constant L > 0 if for every y € V, and every x,u € U,

e(Fy(x) N W, Fy(u)) < Ld(z,u). (2.5)

(iii) F is said to be metrically regular with respect to x, uniformly iny on U x V x W with
constant L > 0 if for everyy € V, z€ W and x € U,

d(z, F, ' (2)) < Ld(z, Fy(z) N W). (2.6)

Now we introduce the notions which will be studied and used to develop the main theoretical
ideas and applications in our work. In fact, this is also on the lines of the classical approach, where
the main around point regularities are weaken to at point regularities, which in turn proved to be
still very useful in many aspects, as optimization and control theory (see, for instance, [6], [19],
120], [24], [27]).

Definition 2.4 (subregularity on a set) Let X, Y be metric spaces and U, V' be nonempty sub-
sets of X and Y, respectively, T € U,y € V, and let F : X =Y be a multifunction.

(i) F is said to be linearly pseudo-open on U X V' for § with constant L > 0 if for every r >0
and every x € UN F~Y(B(y, Lr)NV),

y € F(B(z,r)). (2.7)

(ii) F is said to be calm on U x V' for T with constant L > 0 if for every x € U,
e(F(zx)NV,F(z)) < Ld(z,T). (2.8)
(iii) F is said to be metrically subregular on U XV fory with constant L > 0 if for every x € U,
d(z, F71(%)) < Ld(7, F(z) NV). (2.9)

Of course, it is not of surprise to have the usual triple equivalence of these notions, as the
next proposition shows. Nevertheless, remark that also in this case the sets are not changing, the
constants are fixed, and the proof is very natural.

Proposition 2.5 Let F : X = Y be a multifunction, U C X, 5 € V C Y. Then F is linearly
pseudo-open on U x V for § with constant L iff F~1 is calm on V x U for § with constant L™ iff
F is metrically subregular on U x V for 5 with constant L.

Proof. Suppose F is linearly pseudo-open on U x V for 7 with constant L, and prove that F'~! is
calm on V x U for § with constant L™!, i.e., for every y € V,

e(F Y (y)NU,F~'(7) < L d(y, 7).



Take y € V and z € F~!(y) N U. One may suppose that y # 7 (otherwise, the desired relation
trivially holds). Then for every 7 > 0, one has y € B(¥, Lr), where r := L~'d(y,y) + 7 > 0. By
the pseudo-openness property, ¥ € F(B(z,r)), hence there is u € B(z,r) such that u € F~1(y).
Therefore

d(z, F1(y)) < d(w,u) <r=L"ld(y,g) +7

and, by taking the supremum for € F~1(y)NU and making 7 — 0, one gets the desired calmness
property.

Suppose now that F~1 is calm on V x U for § with constant L~!, and prove that F is metrically
subregular on U x V for ¥ with constant L™!. Take z € U. If F(x) NV = (), the conclusion follows
by the convention d(7,()) = co. Choose now arbitrary y € F(x) NV. Then z € U N F~1(y), hence

d(z, F7' (7)) < e(F~'(y) NU, F~1(7) < L7'd(7,y).

The arbitrariness of y from F(z) NV allows us to take the infimum for all such y in the right-hand
side and finishes the proof of this implication.

Finally, suppose that F is metrically subregular on U x V for 7 with constant L~!, and prove that
F is linearly pseudo-open on U x V for 7 with constant L. Pick » > 0 and z € UNF~Y(B(y, Lr)NV).
Then there exists y € B(y, Lr) NV such that y € F(z). By the metric subregularity, it follows that

d(w, 1)) < L7Md(y, F(z) V) < L7Nd(G,y) <,
hence there is u € F~1(y) N B(x, ), which gives us the final conclusion. O

Finally, we make use of Definition 2.4 in order to introduce the subregularities on fixed sets
with respect to a variable. As shown by the examples after the definition, the fulfillment of these
concepts is very natural for some multifunctions which play a key role in the regularity theory on
metric spaces.

Definition 2.6 (subregularity on a set with respect to one variable) Let X, Y, Z be met-
ric spaces and U, V, W be nonempty subsets of X, Y and Z, respectively, T € U,z € W, and let
F: X xY = Z be a multifunction.

(i) F is said to be linearly pseudo-open with respect to x, uniformly iny on U x V x W forz
with constant L > 0 if for every y € V, every r > 0 and every x € U N Fjl(B(i, Lrynw),

z € Fy(B(z,r)). (2.10)

(i) F is said to be calm with respect to x, uniformly iny on U x V. x W for T with constant
L > 0 if for every y € V, and every x € U,

e(F,(z) "W, F,(%)) < Ld(z, 7). (2.11)

(iii) F is said to be metrically subregular with respect to x, uniformly iny on U X V. x W forz
with constant L > 0 if for every y € V, and every x € U,

d(z, F,'(2)) < Ld(z, Fy(z) N W). (2.12)

Notice that, changing the roles of z and y, one can define the subregularities with respect to y,
uniformly in z.



Once again, a triple equivalence holds as in Proposition 2.5. For a multifunction F': X xY == Z,
one defines the implicit multifunction I': Y x Z = X by

INy,z) ={reX|zeF(z,y)}.

Observe that, in fact, for every y € Y, I'y = (Fy)_1 .
These notions are linked by the next proposition.

Proposition 2.7 Let X, Y, Z be metric spaces, U, V, W be nonempty subsets of X, Y and Z,
respectively, z € W, and let F' : X XY = Z be a multifunction. Then F 1is linearly pseudo-open
with respect to x, uniformly in y on U X V X W for Z with constant L iff the multifunction T is
calm with respect to z uniformly iny on V. x W x U for Z with constant L' iff F is metrically
subregular with respect to x, uniformly iny on U x V. x W for Z with constant L~".

Proof. Fix arbitrarily y € V' and apply Proposition 2.5 for F,. O

Now we present the announced examples. Firstly, observe that [0, 00) is a metric space endowed
with the metric given by the modulus.

Proposition 2.8 Consider X,Y metric spaces, ) U xV C X xY, F: X =Y a multifunction
and (Z,y) € U x V. Suppose that F is metrically reqular on U x V with constant L > 0, and define
the multifunction G : X xY = [0,00) by

G(z,y) =d(y, F(x)NV). (2.13)

Then:

(i) G is metrically subregular with respect to x, uniformly iny on U x V x[0,00) for 0 with constant
Lt

(i1) G is Aubin continuous (even Lipschitz) with respect to y uniformly in x on U x V x [0, 00) with
constant 1.

Proof. Since (ii) is well-known, we will prove only (i). Moreover, using Proposition 2.7, we
will prove that G is linearly pseudo-open with respect to z, uniformly in y on U x V X [0,00)
for 0 with constant L~'. Take y € V, r > 0, and = € G ( (0, L71r)) N U. One can find then
w € B(0,L~r) = [0, L7'r) such that w = d(y, F(z )ﬂV) < L7'r. As (z,y) € U x V and F is
metrically regular on U x V, it follows that d(z, F~1(y)) < L-d(y, F(x)NV) < r. Hence, there exists
u € F~Y(y) such that d(z,u) < r. This implies that 0 = d(y, F(u) N V) = Gy(u) C Gy(B(z,r)),
which ends the proof. O

Taking F' as the identity mapping in the previous result, we obtain another useful consequence.

Proposition 2.9 Consider Y a metric space and G: Y XY = [0,00) given by

G(y,z) :=d(y, 2). (2.14)

Then:

(i) G is metrically subregular with respect to x, uniformly iny on'Y xY x[0,00) for 0 with constant
1;

(i1) G is Aubin continuous (even Lipschitz) with respect to z uniformly ony on'Y XY x [0, 00) with
constant 1.



Notice that, in contrast, the two multifunctions in the above examples do not satisfy the cor-
responding genuine openness property (see [18]), and this will be the main impetus for us in order
to develop a subregularity result under mild assumptions. The combination of these two points of
view will be crucial for the applications section.

3 Main results

Now, we prove a result concerning the preservation of subregularity at general compositions, which
will provide, when coupled with the previous two propositions, fixed point assertions with global
character.

Theorem 3.1 Let X,Y,Z, W be metric spaces, F1 : X =Y, 5 : X =2 Z and G:Y x Z =2 W be
multifunctions and (Z,7,z, W) € X XY X Zx W. Let R: X XY x Z =2 W be given by

I G(y) Z)v Zf (y) Z) € (F17F2)(x)
R(z,y,2) _{ 0, otherwise.

Suppose that there exists o € (0,00] such that the following assumptions are satisfied:

(i) Two of the multifunctions Fy, F, G have complete graphs, and the third one has closed
graph;

(ii) Fy is metrically reqular on B(T, ) X B(y, ) with constant L > 0

(iii) Fy has the Aubin property on B(Z,«a) x B(Z,a) with constant M > 0;

(iv) G is metrically subregular with respect to y uniformly in z on B(y,a) X B(Z,«) x B(w, «)
for w with constant C > 0;

(v) G has the Aubin property with respect to z uniformly in y on B(y,a) x B(Z,a) x B(w, «)
with constant D > 0;

(vi) LOMD < 1.
Then for every a,b,c,d > 0 such that

LC
d<0&, md+a<a, (31)
1— LCMD “  1-rLcMDp T
the multifunction R is metrically subreqular on [B(T,a) x B(y,b) x B(Z,c)] x B(w,d) for w with
L . .
constant T LCMD’ with respect to the metric

do((z,y, 2), (u,v,t)) = max{d(z,u), Ld(y,v), M~td(z, t)}

on X XY x Z.
Moreover, if a = 0o, then a, b, c,d can be taken also equal to oc.

Proof. Since G : Y x Z = W, as above, by ' : Z x W == Y we mean the implicit multifunction
given by
P(zw) = {y €Y |we Gly,2)}.

Because of assumption (iv), one has by Proposition 2.7 that I is calm with respect to w uniformly
in 2 on B(Z,a) x B(w,a) x B(¥y,a) for w with constant C 1. Tt follows by the assumptions made
that there is a > 0 such that:



1. for every (z,y) € B(Z,a) x B(y, ),

d(z, F; Y(y)) < Ld(y, Fi(z) N B(g, a)). (3.2)

[\)

. for every z,2’ € B(Z,a),

e(Fy(x) N B(z, ), Fa(z") < Md(z,2"). (3.3)

w

. for every z € B(Z,a), and every w € B(w, «),

e(I'(z,w) N B(g,«),I'(z,w)) < Cd(w,w). (3.4)
4. for every y € B(y, «), and every z,2' € B(z,a),
e(G(y, z) N B(w,a),G(y,2")) < Dd(z, 7). (3.5)

Take a, b, ¢, d satisfying (3.1). One can find ¢ > 0 sufficiently small such that

LCMD(1 + 4e) < 1,

LC(1+ 4e)
= LOMD{I+ag T e=® (36)
C(1+ 4e)
= LCMD+a) T =
LCM (1 + 4e)
d+c<a.

1— LCMD(1 + 4e)

Taking into account Proposition 2.5, we will prove that R is linearly pseudo-open on [B(T,a) X

1
B(y,b) x B(z,c)] x B(w,d) with constant c MD > 0 and with respect to the metric dy on
X xY x Z. For this, choose

1
(z,y,2) € [B(Z,a) x B(y,b) x B(Z,c)]NR~! <B <w, <LC - MD> r> N B(w, d)) :
We must prove that w € R(By((z,y,2),r)), where
Bo((z,y,2),7) := {(u,0,8) € X XY x Z | do((x,y, ), (u,v,1)) <7}
1
LC
(otherwise, the conclusion is trivial). Without loss of generality, one may choose p € (0,¢) such
that . .
w —F—— - MD — —MD |r. .
d(w’w)<<(1—|—4p)LC )7‘<(LC )7“ (3.7)

Define zg := z, yo 1=y, 20 := 2, wp := w. Using (3.4) with 29 = z € B(z,¢) C B(z,«a) and
wp =w € B(w,d) C B(w, a), one gets that

Take then w € B <w, ( — MD) r) N B(w, d) such that w € R(x,y, z) and suppose w # w

e(I'(z0, wo) N B(y, ), '(z0,w)) < C(1 + p)d(wo, w)



(where p > 0 is the one chosen before; notice that wy # W and yo € I'(z0, wp) N B(7, «)), so there
exists y1 € I'(20, w) such that

d(yo, y1) < C(1 + p)d(wo, @) < C(1 + p)d < C(1 + €)d. (3.8)

Therefore,

C(1 + 4e)
1— LCMD(1 + 4¢)

d(y1,7) < d(y1,%0) +d(yo,7) < C(1+e)d+b < d+b<a,

hence y; € B(7, ). Now, one can use (3.2) with xg = 2 € B(Z,a) C B(Z,«a), and y; € B(y, a) to
obtain that
d({L'(), Fl_l(yl)> < Ld(yh Fl(xO) n B(?7 Oé))

Because wy # W, there exists x1 € F} Y(y1) such that

d(z1,x0) < d(zo, Fy ' (11)) + pLCd(wo,w) < Ld(y1, Fi(x0) N B(F, @) + pLCd(wo, @)  (3.9)
< Ld(y1,y0) + pLCd(wo,w) < LC(1 + 2p)d(wo, w) < LC(1 + 2¢)d.

Consequently,

LC(1+ 4e)

- < _
d(z1,7) < d(x1,20) + d(20,7) < LC(142e)d +a < 1= LCMD(1 + %)

d+a < a,

and then z; € B(Z,«). Now, one can use (3.3) with 1,z € B(T, ) to get that
e(Fa(xo) N B(Z, ), Fa(x1)) < Md(z1,x0),
so there exists z; € Fy(x1) such that
d(z1,20) < d(zo, Fa(x1)) + pLCMd(wg, W)

< Md(x1,x0) + pLCMd(wo, w) < LCM (1 + 3p)d(wp, w) (3.10)
< LCM(1 + 3¢e)d.

In conclusion,

o LOM(+ 4)
1— LCMD(1 + 4e)

d(z1,2) < d(z1,20) + d(20,2) d+ ¢ < a.

Consequently, (y1,21) € (F1, F2)(z1) N [B(y, a) x B(z, a)].
Finally, one can use (3.5) to have that

e(G(y1,20) N B(w, @), G(y1,21)) < Dd(zo, 21).
Consequently, because w € G(y1, z9) N B(W, «), there exists wy € G(y1, 21) such that
d(w,wr) < d(w,G(y1,21)) + LCM Dpd(wo,w) < Dd(z1,20) + LCM D pd(wy, ). (3.11)
Then,

d(wy,w) < Dd(z1, 20) + pLC M Dd(wo,w) < M Dd(z1,x0) + 2pLCM Dd(wq, w)
< MD (Ld(y1,y0) + pLCd(wo,w)) + 2pLC M Dd(wq, W) (3.12)
< LCMD(l + 4p)d(w0,@) = Kd(wg,@),
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where K := LCMD(1+4p) < LCMD(1+ 4e) < 1.
Remark that w; € B(w, a). If w; = w, since

1
d(z1,2) < LC(1 4+ 2p)d(wo,w) < LC(1 + 2p) ((1—1—4p)LC - MD) r<r,

Ld(y1,y) < LC(1 + p)d(wo,w) < LC(1+ p) ( — MD> r <7,

(1+4p)LC

M~ Yd(z1,2) < M~LCM (1 + 3p)d(wo, W) < LC(1 + 3p) ( - MD) r<r,

1
(1+4p)LC
then w € R(x1,y1,21), with

do((z1,91,21), (z,y,2)) = max{d(wl,x),Ld(yl,y), M7d(z, 2 } <r.
Hence, w € R(By((x,y,z),r)) and the proof is finished. Suppose next that w; # w.

We intend to construct the sequences (), (yn), (2n), (wy,) such that, for n =0, 1,2, ..., one has
Yn+1 € D(2zn, W) N B(Y, «) is such that d(yn+1,yn) < C(1 + p)d(wy, W),

Tpi1 € F N (yna1) N B(Z, a) is such that d(z,.1, %) < Ld(Yni1,yn) + pLCd(wy,, W), (3.13)
Zn+1 € Fo(xpy1) N B(Z, «) is such that d(zp41,2n) < Md(Tpt1,2n) + pPLM Cd(wy,, W),

Wnt1 € G(Yn+1, 2nt1) N B(w, «) is such that d(wp4+1,W) < Dd(zn+1, 2n) + pLCM Dd(wy,, W).
Observe that, in view of (3.8), (3.9), (3.10), (3.11), for n = 0, all the assertions from the previous

formulae are satisfied. Suppose now that for n =0, 1,...,p — 1, the relations (3.13) hold.
Then, arguing similarly to (3.12), one gets that

d(w%E) < Kd(wpfla ) = Kpd(’wo, ) <a.
If w, = w, then W € R(zp, Yp, 2p). Also, combining the inequalities from (3.13), we have
p p—1
d(zp,x Z Tiy Ti—1) < LC’(l—l—Qp)Zd(wi,@)
=1 =0
=l 1— KP
< LC(1+4p)) _K'd(wo,w) < LC(1 + 4p) - d(wo, ) (3.14)
i=0 I-K
(1+4p)LC 1
—MD =
S 1_(114p)LCMD \(1+4p)LC e
p—1
Ld(yp,y) < LZd vir¥i-1) < LC(1+ p) Y _d(w;, ) (3.15)
i=1 =0
p—1
< LO(1+4p)) K'd(wo, ) <,
=0
p—1
M Yd(zp,z) < M~ 1Zd (2i,2i-1) < MT'LCM(1+ 3p)Y d(w;, ) (3.16)
=1 =0
p—1
< LC(1+4p)) K'd(wo, W) <.
=0
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Hence, (2, Yp, 2p) € Bo((z,y, 2),r) and the proof is finished. Suppose next that w,, # w.
Because wy, w € B(w,a), yp € I'(2p, wp) N B(Y, ), one can find, using again (3.4), yp41 €
I'(zp, w) such that

d(Yp+1,yp) < C(1 + p)d(wp, ). (3.17)
Also,
p+1 P
d(ypr1,90) < Y _d(yi,yio1) < C(1+p)) d(w;,w)
i=1 i=0
P 1— Kptl
< ’ w) < —
<c +p);K d(wp, W) < C(1+p)
C(1+4p) C(1+ 4e)
< d< d.
1— (1+4p)LCMD" =~ 1= (1+4e)LCMD
Consequently,

C(1+ 4e)
1— (1+4e)LCMD

d(yp-i-l?y) < d(yp-i—b yO) + d(y(),g) < d+b<a. (318)

Hence, yp+1 € B(Y, ). Then, one can use (3.2) for (xp, yp4+1) instead of (z,y) to have

d(.%'p, Fl_l(yp+1)) < L_ld(prrb Fl(xp) N B(ga OL))
Again, we are in the case W # w,, so there exists z,1 € Fy '(yp+1) such that

d(zpi1,2p) < d(xp, FT Hypr1)) + LCpd(wy, @) < Ld(ypi1, Fi(xp) N B(7, @) + LCpd(wy, W)

< Ld(Yp+1,Yp) + LCpd(wp, ). (3.19)
One has
p+1 P
d(xpr1,m0) < Y _d(wi,mi1) < LO(1+2p)> _d(w;, W)
i=1 i=0
LA 1 — Kgp+l
< t w) < 2p)  —
< LC(1 + 2@%}( d(wo, W) < LC(1+2p) - ——
LC(1+ 4p) Q< LC(1+ 4¢)
= 1—(1+4p)LCMD" ~ 1—(1+4e)LCMD""
hence

LC(1+ 4e)
1— (1+4e)LCMD

Hence, one can apply (3.3) for x4 1, x, instead of x, 2’ to get z,11 € Fo(xp+1) such that

d(p+1,T) < d(2pt1,70) + d(20,7) <

d+a <o (3.20)

d(zp+1, 2p) < Md(zpy1,2p) + pLMCd(wp, W). (3.21)
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So,

p+1 p
d(zp+1,20) < Zd ziyzi—1) < LCM (1 + 3,0)Zd(wi,ﬁ)
=1 =0
LA — Kptl
< LCM(1 K'd w) < LCM(1 —
< LOM( +3P)ZZ; (wo, W) < LCM(1+3p) - ——
LCM (1 + 4p) Q< LCM (1 + 4¢)
=1-(1+4p)LCMD" ~1— (1+4e)LCMD"
hence LOM(L+ 4
+
d(2p+1,2) < d(2pt+1,20) + d(20,2) < ( ?) d+c<a,

1— (1+4¢)LCMD

or zp+1 € B(Z,a). One may use (3.5) for zp, z,+1 instead of z, 2" to get wpi1 € G(Yp+1, 2p+1) such
that
d(wp41, W) < Dd(2p+1, 2p) + pLCM Dd(wy, ). (3.22)

Then d(wp41,W) < d(wp, W) < a. Remark also that wy11 € R(Tpt1, Yp+1, Zp+1)-

In this moment, we have completely finished the induction step, hence (3.13) holds for every
positive integer n.

We intend to prove next that the sequences (zy), (yn), (2n) satisfy the Cauchy condition. For
this, observe first that, for every n € N,

d(Wp41,W) < Dd(zn41, 2n) + pPLCM Dd(wy,, W) < M Dd(zp41,%n) + 2pLCM Dd(wy,, W) (3.23)
< MD (Ld(yns1,yn) + pLCd(wy,,W)) + 2pLCM Dd(wy,, W) < Kd(w,,w) < K" d(wo, ),

hence w, — W (because K < 1).
Also, for every p € N,

p
$n+p> wn Z Tn+iy Tpti— 1) (1 + 2,0 chd Wp+4i—1,W )
=1 =1

n

Kd(wo,@),

. K
<1+ 2p)LC’ZK”+Z_1d(wo,@) < (142e)LC- —
i=1

so, for n sufficiently large, d(zyp, ) can be made arbitrary small. Similar assertions hold for (yy,)
and (z,). Following assumption (i), suppose first that Gr F; and Gr F» are complete, and GrG is
closed. In this case, because (z, yn, 2n) € Gr(F1, F») for every n € N, that there exist (2/,y',2") €
Gr(F1, F») such that (xp,yn, 2n) — (2/,y,2'). Also, because GrG 3 (yn, 2n, wn) — (v, 2',w) and
Gr G is closed, we obtain that w € R(z’,4/, 2). Similar arguments give the same conclusion for the
other possible cases in assumption (i).

All that remains to prove is that

do((2',y', 7). (2,y,2)) <. (3.24)
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For this, taking into account (3.14) and (3.7), observe that for every n, one has

1— K™
d(z',z) < d(2', ) + d(xn, z0) < d(2',2,) + LC(1 + 2p) - e d(wo, )
LC(1 +2p) 1
<d(z, z, — MD
<A@ 20) + TG ) LOMD \ (T 5 4p)LC "
1+2p
— d(¢, z,,
(@', 2n) + 5 1,
2
=d(z',zp) + 7 — 1 +p4pr.
Similarly,
3
Ld(y,y) < Ld(y',yn) + Ld(yn, y0) < Ld(y ya) + 7 — —L—r,
1+4p
and
p

M_ld(z', z) < M_ld(z', Zn) + M_ld(zn, 20) < M_ld(z', Zn) + 1 —

1+4p
Since z, — x',y, — ¥ and 2, — 2/, for every n sufficiently large one has that d(z’,z,) —

2p P _ P
0, Ld(y', yn) — 0 and M~1d(2/, z,) —
1+4p7‘< , Ld(y', yn) 1+4pr< an (2, zn) 1
Notice that if « = 0o, as the inequalities satisfied by a, b, ¢, d and needed for the proof are given

by (3.6), all four constants can be taken equal to co. Observe that in that limit case the strict
inequalities in (3.6) can be replaced by the nonstrict counterparts. O

r < 0, hence (3.24) is proved.

Remark 3.2 Observe that, in case that Gr Fy, Gr Fy are complete and Gr G is closed, the previous
theorem could be stated by taking X,Y and Z as complete metric spaces and the graphs of Fi, Fo and
G to be closed. The completeness of W is not necessary in this case, as it was emphasized, for
instance, in [26] (in a particular framework). In the results in the next section, we shall remark as
well other particular situations when one can ensure the completeness assumptions actually needed
in the proof of Theorem 3.1.

4 Applications to fixed points

This section deals with applications of Theorem 3.1 to the fixed point theory. Our results emphasize
one of the main goals of this paper, namely to draw attention on the importance of subregularity
with respect to fixed sets introduced in Section 2. We point out that in the papers [17], [18] of
the authors, several results concerning the around point regularity and another type of at point
regularity of composition-type multifunctions were obtained. Nevertheless, the authors could not
tackle the fixed point assertions obtained in literature in the last years by means of their previous
results, except some local special cases. Now, in this paper, we fill the gap between the theoretical
line followed by the authors and the (global) fixed point assertions, exactly by the use of the
subregularity on a fixed set.

Theorem 4.1 Let X, Y be metric spaces, and Fy : X 3 Y, Fb : X =2 Y be multifunctions such
that the graph of one of them is complete, and the graph of the other one is closed. Suppose that
there exist « > 0 and T € X, y € F1(T) and Z € F5(T) such that the following assumptions are
satisfied:
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(i) F1 is metrically regular on B(T,a) x B(y,«) with constant L > 0,
(ii) Fy has the Aubin property on B(Z,«a) x B(zZ,a) with constant M > 0;
(iii) LM < 1;
(i) d(y,z) < g, where
«

1 L\’
2 max {17 I—LM> 1—LM}

Then Fix(Fy o F1) # 0. Moreover, there exists > 0 such that for every x € B(T,0), and every
y € B(,0),

Bi=

(4.1)

(e, Fix(Fy 0 1)) < = d(y, Fu(x) 1 BF,0)) +d(y, o) N BE0)]  (42)

and

d(y, Fix(Fy o F 1)) <
(y7 IX( 20 1 ))— ]._LM

[LMd(y, Fi(x) N B(y,0)) + d(y, F2(x) N B(z,0))] (4.3)

In case a = o0, the constant 0 can be taken as oo and then the conclusion holds for B(Z,0) = X

and B(y,0) = B(z,0) =Y.

Proof. Remark that, taking Y = Z, w := 0 € W := [0,00) and G the multifunction given
by (2.14), one has, using Propositions 2.9 and 2.7, that the assumptions (ii)-(vi) in Theorem 3.1
are satisfied. Concerning the assumption (i), one can inspect the corresponding part in the proof
of Theorem 3.1 concerning the convergence of the sequences (), (y,) and (z,) (the lines before
relation (3.24)) and observe that, since d(yn, z,) — W = 0, and one of the sequences (y,,) and (z,)
is convergent due to the completeness of Gr Fy or Gr F5, the other one is also convergent.

One chooses d := § and a, b, c € (0, %) such that b+ ¢ < g Then the inequalities

L
1 LM
1—LMd+b<a’ 1—LMd+C<a’

are satisfied for the chosen a, b, ¢, d.
Then, from Theorem 3.1, it follows that for every (2/,v',2') € B(Z,a) x B(y,b) x B(y,c),

do((z',y/,2), R71(0)) < d(0,R(2',y/,2") N[0, d)).

1-LM

Remark that
R70) = {(u,v,v) | v € Fi(u) N Fy(u)}.

Take 6 such that
0 < 6 < min{b, (M +2)"'¢,271d, (L +2) 'a}.

Then for arbitrary o’ € B(Z,a), v € B (y,0) N Fi(2') and 2’ € B (z, (M + 2)0) N F(z'), one has
d(y',2') <b+c+d(y,z) < B =d,

hence
0+ R(z',y/,2")N[0,d) =d(y, 2').
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Let us prove first that Fix(F, ' o F}) # (). For this, take arbitrary 3/ € B(7,6). Since (%,7) €
Gr FiN[B(Z,a) x B(y, a)], we know by Proposition 2.2 that F is linearly open on B(Z, a) x B(¥, @)
with constant L~!. It follows that

y' € B(y.0) = B(y, L™(L0)) N B(y, o) C F1(B(, L)),

hence there exists 2’ € B(z, L) C B(T,a) such that y' € Fy(z') N B(y,0). Moreover, by the Aubin
property of Fy, since zZ € F»(Z) N B(z,a), and T, 2’ € B(ZT, «), we have, for every € > 0 sufficiently
small such that LM6 + ¢ < 0, that there is 2’ € Fy(x) such that

d(z,2') < Md(Z,2")+e < LMO +¢ <0 < (M +2)0.
Since we found 2’ € B(Z,a), ¥’ € B (y,0) N Fi(2), 2’ € B(z,(M + 2)0) N Fy(z'), it follows that
d(0, R(z',y', 2" )N [0,d)) = d(v/,2') < .
Then for every € > 0, there is (u,v) € Gr F; N Gr F, such that

L

max {d(:c', u), Ld(y',v), M~ d(2/, U)} < T- LM

Ay, ') + e, (4.5)

hence
d(z', Fix(Fy ' o Fy)) < d(a',u) < 0.

It follows, in particular, that Fix(F, o Fy) # 0.
Take now arbitrarily « € B(Z,0) and y € B(y,0). As above, one has that

L
=1
d(z,Fix(Fy "o F1)) < 173 [d(y',y) + d(y, z’)] ,
for any v’ € B(y,0) N Fi(x), 2/ € B(y,0) N Fy(x) C B(y,(M + 2)0) N F5(x). Taking the infimum
for such v/, 2/, we have (4.2).

Moreover, we can prove as few lines before that since y € B(7, ) and F} is linearly open, there
is € B(7, L) such that y € Fy(Z). Hence, F; !(y) # 0. For arbitrary small &€ > 0 such that

(L+2)0+¢ <a,
MO+ MLO+ (M +1)e < (M +1)8,

take z” € Fy *(y) such that
d(z,2") < d(z, Fy ' (y)) + <.

Hence,

d(z", ) z)+d(z,T) <d(z,Z) +d(z,T) + e <

(3’3”, ,
z, )+ d(T,z) +d(z,Z) + e < LO+20 +¢ < a.

(

Using now the expression of the distance dy and the fact that " € B(Z,a) and y € Fy(z")NB(y,0),
it follows that

<d
<d

Ld(y, Fix(Fy o F 1) <
(y7 IX( 20 1 ))— 1—LM

dy,2"), V2" € Fy(a") N B(E, (M +2)0).
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Take arbitrary z € Fy(z) N B(%z,0). Since z,z” € B(Z, ), it follows by the Aubin property of
F; that there is 2’ € Fy(z") such that

d(z,2") < Md(z,2") +e < M [d(x,%) + €] + e < MLO+ MO + (M + 1)e < (M + 1)8,

hence 2z’ € B(z, (M + 2)0) N F(z"). We deduce that

d(y, Fix(Fy o Fy 1)) < +——-d(y, 2")
< [dly,2) + d(z, )]
< ﬁ [d(y, 2) + Md(z,2") + ¢]
< e [y, 2) + Md(a, F7 (@) + (M + 1)e]

Using the fact that z was arbitrarily chosen from Fy(x) N B(z,0), and since by the metric
regularity of F} one has that

d(z, Fy '(y)) < Ld(y, Fi(z) N B(7,«)) < Ld(y, Fi(z) N B(7,9)),

making € — 0, we finally get (4.3).
Obviously, when a = 0o, one may take a, b, ¢, d also oo, hence # can be considered oo. O

Remark 4.2 The previous result is related to Theorems 3.1 and 3.2 from [7], where under similar
(but different) assumptions and techniques of proof, the existence and stability of the sets of fixed
points is obtained. As in the mentioned work, our result Theorem 4.1 yields several important
conclusions in both local and global cases, as shown in the rest of this section.

In case one weakens the assumptions of Theorem 4.1, a partial conclusion still holds. Notice
that in Theorem 4.1 one can write the conclusion (4.2) even in a stronger form, starting from
relation (4.5). The proof is the same as above (with obvious modifications).

Theorem 4.3 Let X, Y be metric spaces, and Fy : X =3 Y, Fo : X =2 Y be multifunctions such
that the graph of one of them is complete, and the graph of the other one is closed. Suppose that
there exist a, L, M > 0 and (T,7,Z) € X XY XY such that the following assumptions are satisfied:
(i) F1 is metrically regular on B(Z,a) x B(y, «) with constant L > 0,
(ii) Fy has the Aubin property on B(Z,«a) x B(Z,a) with constant M > 0;
(iii) LM < 1;
(iv) d(g,z) < g, where B is given by (4.1).
Then there exist a,0 > 0 such that for every x € B(T,a),

d(z, Fix(Fy; ' o Fy)) < ﬁd(ﬂ (z) N B(y,0), F2(z) N B(z,0)).

In case a = o0, the constants a,0 can be taken as oo and then the conclusion holds for B(Z,a) = X

and B(y,0) = B(z,0) =Y.
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Remark that, in Theorem 4.3, one can ensure the nonemptiness of Fix(F;, 1o F1) only if both
Fi(z)NB(y,0) and Fa(x)NB(Z, ) are nonempty. For the particular case when ¥ = Z, one can derive
more precise conditions for the constants. The interested reader could easily notice the technical
details which are different with respect to Theorems 4.1 and 4.3.

Theorem 4.4 Let X,Y be metric spaces, and Fy : X =Y, Fy : X = Y be multifunctions such
that the graph of one of them is complete, and the graph of the other one is closed. Suppose that
there exist > 0 and (Z,y) € X XY such that the following assumptions are satisfied:

(i) F1 is metrically regular on B(Z,a) x B(y,«) with constant L > 0,

(ii) Fy has the Aubin property on B(Z,«a) x B(y, a) with constant M > 0;

(i) LM < 1.
Then for every a,b,c,d > 0 with

d < a, md+a<a,
1 LM
md+b<0{, md+0<a7

there exist 6 := min{b, c, g} such that for every x € B(ZT,a),

d(z, Fix(Fy ' o Fy)) < ﬁd(ﬂ(x) N B(7,0), Fy(x) N B(7,0)).

In case a = o0, the constants a,0 can be taken as oo and then the conclusion holds for B(T,a) = X
and B(y,0) =Y.

Remark 4.5 Observe that in Theorems 4.1, 4.3, 4.4, T is not a point from FiX(FQ_I o F1) and
this is in the line of several results obtained in [14, Theorem 6], [5, Theorem 2/, [7, Theorems 3.1,
3.2]. Moreover, Theorem 4.1 asserts the nonemptiness of the set of coincidence points under some
prescribed conditions on the constants, as it was done as well (in a different way) in [5], [7].

Remark 4.6 Other proofs of Theorems 4.1, 4.3, 4.4 could be done by the use of Proposition 2.8.
Consider the multifunction G : X x Y = [0,00) given by G(x,y) = d(y, Fi(z) N B(y,3)) where
B € (0, ) and remark that it has the properties needed in Theorem 3.1 on B(T, a) x B(¥, B) x [0, 00)
forw:=0¢e W :=[0,00) and C := L by Propositions 2.8 and 2.7. Take as Fy in Theorem 3.1 the
identity mapping. Of, course, it satisfies the assumption (ii) from Theorem 3.1 for L := 1. Now
one applies, as above, Theorem 8.1 and gets the desired conclusions.

Now, one can use Theorem 4.1 to deduce estimates for the excess and the Hausdorfl distance
between two sets of coincidence points in the case of global regularities, as shown in the next result.

Theorem 4.7 Let X,Y be metric spaces, F1,®1: X =Y, F5, ®5 : X 3 Y be multifunctions with
nonempty domains such that in the pairs (Gr Fy, Gr Fy) and (Gr ®1,Gr ®3), one of the graphs is
complete, and the other one is closed. Suppose that the following assumptions are satisfied:

(i) F1,®1 are metrically regular on X XY with constant L > 0;

(ii) Fo, ®o have the Aubin property on X x Y with constant M > 0;

(iii) LM < 1.
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Then

h(Fix(®5 0 1), Fix(Fy o F1)) < —2— sup [h(®1(2), Fi(2)) + h(®a(z), Fo(x))] (4.6

“1-LM zeX
and
h(Fix(®y o @Il), Fix(Fy o Ffl)) < 1 —1LM sgg [LMh(®1(x), Fi(z)) + h(P2(z), Fa(x))]. (4.7)

Proof. By Theorem 4.1, since the domains of the multifunctions are nonempty, we deduce that
Fix(®5 1o®,) and Fix(Fy 15 F}) are nonempty. Moreover, we have that for every z € X and y € Y,

e, Fix(Fy 0 F1)) < 1 d(y, F1(2)) + d(y, Fa(e)] (1)
and ]
d(y. Fix(Fy 0 Fi 1)) < ;=2 [LMd(y, Fi(2)) + d(y, ()] (19)

Taking (z,y) € Gr ®; N Gr 3, we have by (4.8) and by the inequalities

d(y, F1(z)) < e(®1(2), Fi(2)),
d(y, Fa(x)) < e(Pa(x), Fa(x))
that
e(Fix(®5 1 o ®1), Fix(Fy ' o F)) < . —LLM ig){; le(®i(z), Fi(x)) + e(Pa(z), Fo(x))] . (4.10)
Analogously,
e(Fix(®g 0 ®7Y), Fix(Fy 0 F{ 1)) < - _1LM sup [LMe(®q(z), Fi(z)) + e(Pa(x), Fa(z))].  (4.11)

By symmetry, one deduces (4.6) and (4.7). O

If X =Y, by taking in the previous result instead of F} and ®; the identity mapping on X, one
easily derive the next generalization of the Lim’s Lemma (see [25, Lemma 1], [1, Theorem 3]).

Corollary 4.8 (Lim’s Lemma) Let X be a complete metric space, T1,To : X = X be multifunc-
tions with closed graphs and nonempty domains, which have the the Aubin property on X x X with
constant M € (0,1). Then

e(Fix(T1), Fix(T)) < 1 —1M jgz e(Ti(x), Ta(x)). (4.12)
Consequently,
h(Fix(Ty), Fix(T?)) < . —lM Slel)g h(Ti(x), To(x)). (4.13)

Proof. Just take in Theorem 4.7 F} := ®; := Id (identity mapping), L := 1, Fy := Ty, &g := T5,
and use (4.10) to deduce (4.12). Observe that both relations (4.6) and (4.7) reduce to (4.13). O
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