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decay

The traditional Markowitz MVO approach is based on a single-
period model. Single period models do not utilize any data or
decisions beyond the rebalancing time horizon with the result that
their policies are myopic in nature. For long-term investors, multi-
period optimization offers the opportunity to make wait-and-see
policy decisions by including approximate forecasts and long-term
policy decisions beyond the rebalancing time horizon. We consider
portfolio optimization with a composite alpha signal that is com-
posed of a short-term and a long-term alpha signal. The short-term
alpha better predicts returns at the end of the rebalancing period
but it decays quickly, i.e., it has less memory of its previous values.
On the other hand, the long-term alpha has less predictive power
than the short-term alpha but it decays slowly. We develop a simple
two stage multi-period model that incorporates this alpha model to
construct the optimal portfolio at the end of the rebalancing pe-
riod. We compare this model with the traditional single-period
MVO model on a simulated example from Israelov & Katz [12] and
also a large strategy with realistic constraints and show that the
multi-period model tends to generate portfolios that are likely to
have a better realized performance.
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1 Introduction

The traditional Markowitz MVO approach is based on a single-period setting that limits its
applicability to long-term investors with liabilities and goals at different times in the future.
Single-period optimization does not use any data and decisions beyond the rebalancing time
horizon with the result that its policies are myopic in nature. More importantly, single-
period optimization does not account for the fact that a decision made in a rebalancing
today affects decisions made in future rebalancings. This is a drawback even if the rebal-
ancing is done periodically in light of new information. A multi-period model has several
stages with the first stage representing the current rebalancing and stages two and beyond
representing future rebalancings. The model allows the simultaneous rebalancing of a single
portfolio across different periods (extending beyond the rebalancing time horizon) in a single
optimization problem. Each stage in the model has its own data forecasts, objectives, and
policy decisions and the stages in successive periods are coupled together. In most cases,
we are only interested in the first-stage solution since the solution to the remaining stages
can be updated as new information becomes available. The first-stage solution to the multi-
period model incorporates a wait-and-see feature, since it is aware of future decisions and
data forecasts through the other stages in the model.

One issue with multi-period models is that they require forecast information beyond the
rebalancing time horizon that is subject to greater uncertainty. A second issue is that the
resulting model is complex and requires greater solution time. Despite these issues, multi-
period models have generated a lot of interest in the financial community since they attempt
to model the future dynamics of the portfolio taking into account data and decisions beyond
the rebalancing time horizon. This leads to better solutions implemented today than would
be possible with a myopic single-period model.

Multi-period models have found several applications in finance. The following list is by
no means exhaustive.

1. Trade scheduling: This is a common problem that is handled by large sell-side firms
and investment banks. A trade scheduling problem aims to get from an initial portfolio
to a target portfolio in stages while trading off the risk and market-impact across all
these stages. The risk term in the objective forces the trading to happen quickly (move
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slowly and the market will move you!). The market-impact term in the objective slows
down the trading to avoid the market prices moving in an unfavorable fashion (move
quickly and you will move the market!). One must consider implementation shortfall,
which is defined as the difference between the prevailing portfolio price and the effective
execution price for the proposed trade schedule. In a seminal paper, Almgren & Chriss
[1] minimize the first two moments of implementation shortfall in a Markowitz mean-
variance framework to determine the optimal trade schedule. They show that the first
moment of the implementation shortfall models the market-impact and the second
moment of implementation shortfall models risk. A similar model is also considered
in Grinold & Kahn [10]. Multi-period models that only trade-off market-impact and
time varying alpha are considered in Bertsimas & Lo [4]. The market-impact is usually
a non-linear power function (quadratic, three-halves, five-thirds) of the transactions
(see Almgren et al. [2] for more details). Almgren & Chriss consider a quadratic
market-impact model and do not include realistic constraints (such as long-only) for
the different stages in their multi-period model. Consequently, their model resembles
the classical LQR problem from optimal control and they are able to derive a closed-
form solution for their model by solving an algebraic Riccati equation.

2. Transition management and dynamic benchmark tracking: This is a passive
management framework where the aim is to track a benchmark or target portfolio
closely over time while minimizing the tracking error and market-impact across several
stages. Some of the stages can also include potential cash flows and portfolio injections.
This is a common problem faced by large ETF providers who receive cash inflows and
portfolios from investors over time and need to track a dynamic index closely. Blake
et al. [5] provide a good overview of multi-period optimization models in this area.

3. Tax-optimization: Taxes are special transaction cost models that penalize sales.
Moreover, short-term gains are taxed at a substantially larger rate than long-term
gains. Multi-period models can be used to delay the sale of assets in the portfolio in
order to take advantage of the long-term rates. The multi-period tax optimization is
especially challenging since the tax liability is a function of both the current share price
as well as the prevailing price when the asset was purchased. Multi-period portfolio
taxes models are considered in DeMiguel & Uppal [6] and more recently in Haugh et
al. [11].

4. Alpha-decay: This is the application that we consider in this paper. In a typi-
cal portfolio application, the composite alpha signal is a composition of signals with
different strengths and decay rates. Usually, the signals that carry more informa-
tion decay quickly. In an influential paper, Garleanu & Pedersen [7] consider an un-
constrained infinite-dimensional multi-period model that trades off risk, return, and
quadratic market-impact. This model provides an opportunity to trade-off the strength
of the fast decaying signals and the persistence (memory) of the slow decaying signals.
Garleanu & Pedersen construct an optimal policy for their model using dynamic pro-
gramming. We discuss their model in some detail in Section 3.
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We consider a simple variant of the alpha-decay use case in this paper. The investor has
an alpha that is composed of two signals: (a) a short-term signal that better predicts the
returns at the end of the rebalancing time horizon but decays quickly, i.e., the signal in the
next rebalancing period is very different to the one in the current period, and (b) a long-term
signal that has more memory, i.e., the signal in the next rebalancing period is similar to the
one in the current period but is poorer at predicting the realized returns at the end of the
rebalancing period than the short-term signal. A short-term investor who only chases the
short-term signal would incur high turnover as he rebalances his portfolio over time. This will
eat into his returns. The long-term investor who only chases the long-term signal is giving up
the valuable alpha in the short-term signal. So the dilemma faced by the investor is this: How
do I trade-off the strength of the short-term signal and the slow-decay of the long-term signal
while satisfying all my other mandates? We consider a simple two-stage multi-period model
that is embedded in a rolling-horizon backtester to address this question. The backtester
solves a two-stage multi-period model in each period and returns the first-stage portfolio as
the final holdings. These holdings are then rolled-forward using the actual realized returns
and a new two-stage multi-period model is solved in the next period and so on. To avoid
any confusion, we will use periods to represent the different time periods (iterations) in the
backtest and stages to represent the different rebalancings in a point-in-time multi-period
model. Our model is inspired by the work in Garleanu & Pedersen [7] but we also consider
realistic portfolio constraints in each stage of the model. We must emphasize that one needs
an optimizer to solve a multi-period model with realistic constraints. The model no longer
admits a closed form solution and also specialized approaches such as dynamic programming
no longer apply.

There has been a lot of other work in the alpha-decay case. Israelov and Katz [12] develop
an interesting informed trading heuristic that uses uses the short-term alpha signal to time
the portfolio’s trades; specifically, they continue with a trade only if both short-term and
the long-term components of the composite alpha signal agree on the direction of the trade
and otherwise cancel it. They test their heuristic on a realistic example and a simulated
example with promising results. Grinold [8, 9], Qian et al. [13], and Sneddon [14] each solve
a static auxiliary problem that trades-off signal strength and time decay to determine the
signal weights. These weights are then used in a single-period model to generate the portfolio
holdings.

This paper is organized as follows: Section 2 introduces multi-period portfolio models.
Section 3 gives a brief overview of the Garleanu-Pedersen model that is the inspiration for
our work. Section 4 presents our rolling-horizon two-stage multi-period algorithm for the
two alpha problem. Section 5 compares the performance of our multi-period algorithm
with a single-period backtester on a simulated example that is taken from Israelov & Katz
[12]. Section 6 presents our computational experiences with the multi-period algorithm on
a large strategy with realistic constraints. Section 7 presents our conclusions. The technical
appendix gives the mathematical details of some of our main results.
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2 Multi-period models
Consider the following two-stage multi-period model

max  (a!)Tw! — 6TC(Aw!) — y(wH)TSw! + E [02]" w? — 6TC(Aw?) — v(w?) T Su?

st w? = (1+r)w' + Aw?,
w! = w4+ Awl, (1)
w! € Cl,
w2 S CQ

that trades off risk, return, and transaction costs across two stages. The variables w! and
w? represent the final holdings of the portfolio and Aw' and Aw? represent the trades made
in the first and second stages of the model, respectively. The initial holdings w® are known.
The first set of equations describe the final holdings of the portfolio in the second stage as
the rolled-forward holdings from the first stage plus the trades made in the second stage.
Note that these equations actually couple stages one and two. The third and the fourth
set of equations represent the constraints that the portfolio must satisfy in the first and
second stages of the model. We will hereafter refer to these set of constraints as independent
constraints since they only involve the holding and the trade variables of a stage.
The inputs to the multi-period model include:

1. w® - the initial portfolio holdings vector.
2. o' - the alpha vector for the first stage.

3. E[a?] - the expected alpha vector for the second stage. The expected alpha depends
on the choice of our alpha uncertainty model and we present some details when we
consider our two alpha model in Section 4.

4. TC(Aw') and TC(Aw?) that represent the transaction cost (TC) models for the first
and second stages, respectively. Each TC model is associated with a coefficient d in
the objective function.

5. The risk model X and the risk aversion coefficient . For simplicity, we will assume
that both stages use the same risk model and risk aversion coefficient.

6. The estimate r for the roll-forward returns. The portfolios generated by the multi-
period optimization are sensitive to this choice!

7. The independent constraints in the first and second stages.

The first stage of the multi-period model represents the current rebalancing that the investor
is interested in. The length of this stage corresponds to the rebalancing time horizon that
the investor would consider in a single-period setting. The investor knows that she will
be rebalancing their portfolio in the future and the second stage of the multi-period model
represents this future rebalancing with its own data estimates and decisions. Note that the
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decisions made in the second stage are a function of the decisions made in the first stage and
the data for the second stage. The objective terms in the second stage of the multi-period
model are usually discounted in practice as they represent rebalancings that are farther out
in time. Note that w? really represents the expected second stage portfolio holdings since
the alpha for this stage is not known precisely. We are especially interested in the first-stage
holdings w' since the holdings from the second stage can be updated as more information
becomes available. We want to know how the data and the decisions in the second stage of
the model help us make informed decisions in the first stage. Finally, we must emphasize
that it is hard to come with good roll-forward estimates for the multi-period model and we
will assume that » = 0 throughout this paper.

3 The Garleanu-Pedersen model

We briefly describe the Garleanu-Pedersen multi-period portfolio model [7] that incorporates
alpha-decay in this section. Consider a composite alpha signal over n assets that is composed
of k factors with varying decay rates. The composite alpha in stage j of the multi-period
model is given by

o = B ¢
where the factors evolve as
o= I-9)f " +6 (3)

where ® is a diagonal matrix of factor decay-rates and €’ is a random variable with zero mean
and finite variance. Garleanu and Pedersen consider the following unconstrained infinite

dimensional multi-period portfolio problem to determine the trades (w!, w?,...,)
)
max  E, (Z —3 (Awt)T S (Aw') + ((at)th — % (wt)T )Y (wt)>> (4)
wlw?,... 7

that trades off the present value of all the future excess expected return (alpha), risk, re-
turn, and transaction costs. ' The expectation is taken over the random af. The risk is
represented by the variance of the portfolio returns, where ¥ is the asset covariance matrix.
The transaction costs are modeled by a quadratic function with the costs proportional to
risk. This assumption enables us to derive a simple closed form solution for the model. The
positive scalars v, ¢ represent the risk and TC aversion parameters, respectively. Using the
law of total expectation, we can write the objective function in (4) as

E (OBJl + (Ecv2|oz1 (OBJ2 + (Ea3|a1,a2 (OBJ3 +. +))))) <5)
where 5
OBY - -2 (Aw)" 5 (Aw) + (of)Tw’ — % (w’)" 53 (w)

'We are neglecting the discount term in the Garleanu-Pedersen model to simplify the exposition.
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is the objective function in stage j. The outer expectation F,: in (5) is the expectation over
the random o', the inner expectation E,z2, is the conditional expectation of o® with o'
known, and E,3j41 42 is the conditional expectation of a? with o' and o? both known and
SO on.

The Markowitz portfolio at stage j that only trades off risk and return during this period
is given by

MV = () 1B (6)
Consider an investor who performs the following single-period optimization

max (of)Tw! — 3 ()" 8 (w)) — § (Aw))" S (Aw) (7)
in stage j with initial holdings w’~! where Aw’ = (w’ — w’™!). The optimal single-period
portfolio for this investor is given by

)

o= AV AV} 8
By (®)

Garleanu & Pedersen [7] use dynamic programming to derive an expression for the portfolio
holdings in the different stages. They show that the optimal portfolio at stage j is

wl = (1 — %) w ™!+ %TARj (9)
where
2 _
. = VY ;75 g (10)
is a positive scalar and
_ i -
—
(%)
gl
TAR! = (%) 'B : (11)
f
i
()
L v i

is the target portfolio that trades off risk and return. Comparing (8) and (9), we see that the
optimal multi-period portfolio uses the target portfolio instead of the Markowitz portfolio at
stage j. Moreover, the target portfolio is basically the Markowitz portfolio with each factor
scaled down by its decay rate.
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4 Two alpha multi-period model

We apply the two-stage multi-period model that we introduced in Section 2 to the two alpha
case in this section. The composite alpha signal in the model is constructed from (a) a strong
and rapidly decaying short-term signal, and (b) a weak and persistent long-term signal.

We embed this multi-period model in a rolling-horizon backtester. Our model resem-
bles the model predictive approach (see Chapter 6 in Bertsekas [3]) to solving stochastic
multi-stage problems where one (a) solves a sequence of deterministic two-stage multi-period
models conditional on the available information, (b) implements only the first-stage solu-
tion, (c) refines the second-stage solution with new information as it becomes available.
One can show that the multi-stage rolling-horizon backtester generates the same trades as
the dynamic programming approach of Garleanu-Pedersen for the unconstrained case with
quadratic transaction costs and the same number of stages. On the other hand, the rolling-
backtester can incorporate realistic constraints and different transaction cost models (linear,
piecewise-linear, three-halves) in the multi-period model, where closed-form solutions are not
available and dynamic programming is no longer a viable approach. We must also emphasize
that our rolling-horizon model is a heuristic approach to solving the stochastic multi-stage
model with realistic constraints. It is however known to generate good solutions in practice
(see Bertsekas [3]).

The alpha signal in stage j of the multi-period model at time ¢ is given by

bl = Mal+ Mo (12)

where of, a! are the short-term and long-term alpha signals and A\, )\{ are their associated
weights. Furthermore the signal follow a first-order autoregressive process given by

yp— J—1 J
Qg = 050 X + €
ool + €,

o = (13)
where 0,0, € (0,1) denote the short-term and long-term autocorrelations and €’ and €/
denote random short-term and long-term innovations with zero mean and finite variance.
Note that (13) resembles the Garleanu-Pedersen alpha-decay model, where we assume that
the uncertainty is baked into the signals themselves. The autocorrelations measure how close
today’s signal is to yesterday’s signal while the innovations represent the new information
flowing into the signals in each period. We have Ay > )\; since the short-term signal better
predicts the immediate returns, i.e., the returns at the end of the previous period. On the
other hand, we have o, < 0, since the long-term signal has more memory. From (13), we
can compute the conditional expected alpha in the next period given the current alpha as

Elaflel™] = o.ai™,

£ - 5 14
Eloflo™] = ow0f . (14

We are now ready to present our multi-period backtester.

Multi-period backtester
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1. Start the algorithm with a set of initial holdings w®. Estimate the short-term and

long-term alpha weights Ay, A;, the risk and TC aversion parameters 7, d, and the risk
model . We will assume a quadratic TC model that is proportional to the risk and
that the alpha weights, risk and TC aversion parameters, and risk model are fixed over
time.

2. For period ¢, estimate the short-term alpha o and the long-term alpha af.

3. Solve the following two-stage multi-period model

2

max E [a"]" w — % (w/)" 2 () - 5 (W = w 'S (W —w ) (15)
wl,w =
where w° is known and
Ela™] = Aol + Nal, (16)
Ela"?] = o)l + oot

at the beginning of period t. We use (14) to derive the expression of the expected
second stage alpha in the multi-period model. We hold the first-stage holding w!
throughout period ¢.

4. Calculate the net return in period ¢ as the realized portfolio return minus transaction
costs.

5. Set t = t+1, the initial holding for the next period to be w' rolled-forward, and return
to Step 2.

A few comments are now in order:

1. We only implement the first-stage decision of the two period model. We are not
interested in the second-stage decision as it can be refined as more information becomes
available in the future. As we show below, the second-stage in the multi-period model
induces a wait-and-see feature in the first-stage decision.

2. We show in the Technical Appendix that the first stage solution for (15) is

w! = Pow®

Initial portfolio

oo
-1 s t
+ in ((1 + 5+7> )\sas>/

TV
ST Signal strength component

5
£ oyt ((1+ 5:17) )\Zaf)

TV
LT Time-decay component

(17)
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where s
8
Y a2, s
(y+0)" + 0y
This shows that the first stage solution is a non-negative combination of three portfo-
lios:

(a) Initial portfolio - to reduce transaction costs.

(b) Signal strength component - this component is the sum of the Markowitz portfolios
for the short-term signal (trading-off risk and short-term return) over the two
stages. It emphasizes the better predictive power of the short-term signal.

(c) Time-decay component - this component is the sum of the Markowitz portfolios
for the long-term signal (trading-off risk and long-term return) over the two stages.
It emphasizes the slow decay of the long-term signal.

3. We compare our multi-period backtester with a single-period backtester. The single-
period backtester follows all the steps of the rolling multi-period algorithm except
that it uses different weights on the short-term and long-term signals, a different TC
aversion parameter, and solves the following single-period model

_ - )
max ()\S(szg + Alaf)Tw — %wTEw —3 (w — wO)T by (w — wo) (18)
in Step 3 of the algorithm. One can easily show that the solution to this model in
period t is
W = _Lwo + 37" (Asal + Nef) (19)
5_'_,)/ s$"s l

4. Comparing (17) and (18), we show in the Technical Appendix that one can recover
the first-stage solution of the multi-period algorithm in a single-period backtesting
framework if we choose the single-period TC aversion and short-term and long-term

weights as
v+0 5,
v+ 20

A = Y (v+9) (1 + 5?_57) As, (20)

j=g
|

— . —= 0'15
A= ¢ (v+9) (1+5+7) A

For these choice of parameters the single-period backtester is equivalent to the multi-
period algorithm. As we show in the Technical Appendix, the single-period backtester
has to increase the weight on the long-term signal in order to recover the multi-period
solution.
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The interesting question is what happens to the first stage solution when one adds infinitely
many stages to the model in (15). When the number of stages is very large, we can use the
Garleanu-Pedersen result to show that the first stage solution at time ¢ converges to

A A
1 1_2) 0, &yt : t : ! 21
v ( 5T Tral-on T T al o™ (21)
where
= Vrtdp—y
5 :

Comparing this expression with (18), one can show that the single-period backtester is
equivalent to the multi-period algorithm with infinitely many stages by choosing

- 20-9)s

adg
d(y+a(l—oy))’

- (]J)\l
 d(y+a(l—ay)

Given that one can replicate the multi-period setting in a single-period framework, why
should one be interested in a multi-period portfolio model? The answer is that the equiv-
alence between the multi-period and single-period setups holds only under limited settings.
Some settings may require changing more single-period data parameters and there are several
cases where the equivalence breaks down.

1. Consider a two period model where one maximizes the two-term alpha subject to
constraints that impose upper bounds on risk and TC in the two stages. In this case,
one can use the duality theory of convex optimization (see the Technical Appendix for
details) to rewrite this problem as (15) where v and ¢ are the optimal duals to the risk
and TC constraints. These duals will vary over time and so an equivalent single-period
framework would have to dynamically change the TC aversion and more importantly
the short-term and long-term signal weights over time.

2. If the strategy contains realistic long-only constraints or combinatorial constraints such
as cardinality and threshold constraints, then it is impossible to find a set of single-
period parameters for which the single-period backtester is equivalent to the rolling
multi-period algorithm.

We would like to reiterate that multi-period optimization allows the investor to naturally
trade-off signal strength and decay in one consolidated optimization problem. The signal
weights in the first stage of the model can be chosen entirely on signal strength. These
weights are appropriately down-weighted in the later stages of the model based on the signal
decay; the short-term signal weight in each of these stages gets downweighted more than the
corresponding long-term signal weight.
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5 Single period vs Multiperiod: Simulated results

This section describes the simulation that we used to compare the multi-period and single-
period algorithms. We use the methodology from the simulated example in the Israelov-Katz
paper [12] to generate the short-term and the long-term alphas. Both backtests are run over
T = 10,000 periods with a portfolio universe of 10 assets. We briefly describe the alpha
generation process and refer the reader to [12] for more details.

1. The realized returns are simulated from a normal distribution with zero mean, 20
percent annualized volatility, and 0.5 correlation between the assets.

2. The short-term and long-term alphas are generated from two independent exponen-
tially weighted moving averages (EWMA) (with appropriate half-lives) of the realized
returns plus noise. The EWMA construction proceeds backwards in time so that the
alphas can explain future returns. The short-term and long-term alphas describe a
first-order autoregressive AR(1) process

2 4
OLZ = 5062 + Ei,
(23)
260
af = —al7t 4 €,
with autocorrelations o, = % and o = g%), respectively.

3. The short-term and long-term alphas are then converted into z-scores (cross-sectionally
across the 10 assets).

The short-term alpha is designed to forecast returns over a short-time horizon; over this
short horizon it forecasts returns better than the long-term alpha. However, the short-alpha
signal decays quickly; the daily decay rate is % for the 10 assets. The long-term alpha signal
is designed to forecast returns over a longer time horizon with a decay rate of Tél' Figure 1
plots the autocorrelations (250 time lags) of the fast and the slow moving alphas for asset
1. This plot shows the fast (slow) decay of the short-term (long-term) alpha signals. The
autocorrelation plots for the remaining nine assets are similar.

Consider the Information Coefficient (IC) (see Qian et al. [13]) of the short-term and the
long-term alpha signals which at ¢ is defined as the correlation between the alpha signal at
the start of period ¢ and the realized returns at the end of period ¢. Similarly, we define the
lagged IC as the correlation between the alpha signal at the beginning of period ¢ and the
realized returns at a future period say t+1 where [ > 0. The IC measures the strength of the
alpha-signal in predicting returns, while the lagged IC measures how this predictive power
decays over time. Define the IR of an alpha signal as the annualized ratio of the mean IC
to the standard deviation of IC. Table 1 presents the IRs for the short-term and long-term
alphas with time lags of 0,...,6. The IR of the short-term alpha for a lag of 0 is 1.46, that
is twice that of the long-term alpha. This shows that the short-term alpha better predicts
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Figure 1: Short-term and long-term alpha autocorrelations

’ Signal | Information ratio ‘
0 1 2 3 4 5 6
ST-Alpha | 1.46 | 0.826 | 0.441 | 0.291 | 0.322 | 0.221 | -0.145
LT-Alpha | 0.73 | 0.73 | 0.73 | 0.73 | 0.73 | 0.73 | 0.73

Table 1: IRs of the alpha signals with different time lags
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immediate returns. On the other hand, the predictive power of the short-term alpha falls
quickly as we increase the number of lags. With a lag of more than 7 periods, the predictive
power of the short-term alpha drops to zero. The long-term alpha, however, retains most of
its predictive ability as one increases the number of lags.

We now describe the multi-period and the single-period backtest setups on this two-alpha
model. The multi-period backtester solves a two stage model in each period.

1. Generate 100 different time series of returns and alphas using the EWMA construction
in equation (23) with different seeds.

2. For each seed, we run the multi-period and single-period backtests with 10 assets
covering 10000 periods where one solves the following model in each period.

e Maximize two-term alpha with the long-term weights varying from 10 — 100%.
For the multi-period model, the short-term and long-term alphas in the second
stage are down-weighted by their autocorrelations as described in equation (15).

e Dollar-neutral and risk bound of 10%. These constraints are applied to both
stages of the multi-period model.

e We run two cases:

— Case 1 has a % market-impact term in the objective, this market-impact term

is applied to both stages of the multi-period model

— Case 2 has a round-trip turnover constraint that is applied to both stages of
the multi-period model. Moreover, in Case 2, we also fix the leverage of the
dollar-neutral portfolio to the reference size, i.e., the long and the short sides
of the portfolio sum up to the reference size of the portfolio.

e Fix the weight on the market-impact term in Case 1 and the round-trip turnover
bound in Case 2.

Note that we run a frontier using the single-period and multi-period approaches by varying
the relative weights on the short-term and the long-term signals. The upper exhibit of Figure
2 presents a scatter plot of the maximum Sharpe ratios obtained using the two approaches
with the MI objective (Case 1) for the 100 seeds. Note that for each seed, the maximum
Sharpe ratio is the best Sharpe ratio obtained over the signal weight frontier, where we vary
the weight on the long-term signal from 10 — 100%. We have also included the 45 degree
line as a reference in this exhibit. All dots above the 45 degree line represent scenarios
where the multi-period setup returned better maximum Sharpe ratios than the single-period
setup. By comparing the best Sharpe ratio of both approaches across the frontier, we want
to see whether we can recover the multi-period solution in a single-period setting. We see
that most of the dots are clustered across the 45 degree line indicating that both frontier
backtests produce similar maximum Sharpe ratios. This is not surprising given that the
model in Case 1 is very close to the unconstrained models that we considered in Section
4. There we made the case that it is possible to recover the multi-period solution in a
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Figure 2: SPO vs MPO: Case 1 - Market Impact Objective
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single-period framework by appropriately changing some of the parameters in the single-
period model - notably the weight on the short-term and the long-term signals. Loosely
speaking we can interpret the result in the upper exhibit of Figure 2 as follows: In a simple
strategy, if a portfolio manager is good at picking the alpha weights, then they can recover
the performance of multi-period backtest in a single-period setting. The lower exhibit of
Figure 2 presents a scatter plot of the average Sharpe ratios obtained using the single-period
and multi-period frontier backtests with the MI objective (Case 1) for the 100 seeds. This
plot tells a different story; most of the dots are above and some are well above the 45 degree
reference line indicating that the multi-period backtester is able to deliver better Sharpe
ratios on average. Loosely speaking we can interpret these results as follows: If a portfolio
manager is average at picking the alpha weights, then the multi-period setting with its in-
built alpha-decay feature is more likely to deliver a better realized performance. The upper
exhibit of Figure 3 presents a scatter plot of the maximum Sharpe ratios obtained using the
single-period and multi-period frontier backtests with the turnover constraint and enforcing
leverage (Case 2) for the 100 seeds. About 70% of the dots are above the 45 degree line
indicating the multi-period backtester has a better realized performance when more realistic
and complicated combinatorial constraints are present in the model. In this case, it is more
difficult to achieve the multi-period performance in a single-period setting by just varying
the weights on the alpha signals. The lower exhibit of Figure 3 presents a scatter plot of
the average Sharpe ratios obtained using the two approaches for Case 2 over the 100 seeds.
Almost all the dots are above the 45 degree line. Moreover, a greater proportion of these
dots are above the 45 degree line than in the lower exhibit of Figure 2 indicating that on
average the multi-period backtester is more likely to deliver a better Sharpe ratio with a
more complicated strategy.

6 Single period vs Multiperiod: Realistic backtests

This section describes the realistic backtest that we used to compare the multi-period and
single-period algorithms. The short-term and the long-term alphas are obtained from two
independent exponentially weighted moving averages (with a half-life of 0.3 months for the
short-term signal and 6 months for the long-term signal) of the 24 month forward-looking
S&P 500 realized returns plus noise. They are then standardized to z-scores. We generate 30
different series of the short-term and long-term signals by varying the noise. Table 2 presents

’ Signal | Information ratio ‘
0 1 2 3

ST-Alpha | 1.81 | 0.30 | -0.06 | 0.11
LT-Alpha | 1.24 | 1.15 | 0.94 | 0.82

Table 2: IRs of the alpha signals with different time lags

the IRs of the alpha signals with different time lags (each lag corresponds to a month).
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Figure 3: SPO vs MPO: Case 2 - Turnover constraint and forcing leverage
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The short-term signal better predicts the immediate returns than the long-term signal but
its predictive power decays rapidly as we increase the number of lags. In particular, the
short-term alpha loses its predictive power within two months. The autocorrelations for the
short-term and long-term signals are 0.1 and 0.9, respectively.

We now run the following backtest with the single-period and multi-period algorithms:

1. Monthly backtest run from January 1997 to January 2012.

2. Maximize two-term alpha with the long-term weights varying from 10 — 100%.

3. Our investment universe includes all the assets in the S&P 500.

4. Portfolio is long-only and fully-invested.

5. Tracking error of 3% with respect to the S&P 500.

6. Turnover limit of 10%.

7. Limit absolute asset trades to 5% of the asset’s 20-day ADV.

8. Use 10 bps for buys/sells when computing the net realized returns in each period.
Our multi-period backtester has the following features:

1. It solves a two stage multi-period model in each rebalancing.

2. The short-term and long-term alphas are down-weighted by their autocorrelations in
the second period. More specifically, the short-term signal weight in the second period
is 0.1 times its weight in the first period. The long-term signal weight in the second
period is 0.9 times its weight in the first period.

3. The multi-period model has a copy of the realistic constraints in both stages.
4. We continue to assume that the roll-forward return estimates are zero.

The upper exhibit of Figure 4 presents a scatter plot of the maximum single-period and
multi-period Sharpe ratios for the 30 seeds. About 53% of the dots lie above the 45 degree
reference line showing that the multi-period backtester performs slightly better than the
single-period backtester over these 30 seeds. The lower exhibit of Figure 4 presents a scatter
plot of the mean Sharpe ratios for the 30 seeds. About 96% of the dots are now above the 45
degree line. This shows that the multi-period backtester performs better much better than
the single-period backtester when the portfolio manager is ”average” at picking the signal
weights.
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Figure 4: SPO vs MPO: Realistic setup
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7 Conclusions

We consider a portfolio construction model with a composite alpha signal that is composed
of a short-term and a long-term alpha signal. This is a classical problem in investing and
alpha signals that can be classified as short-term or long-term are already part of the arsenal
of most quantitative researchers. We develop a simple two-stage multi-period model that
incorporates such an alpha model and generates a more informed first-stage decision with the
available information. The first-stage decision also incorporates a wait-and-see feature since
this decision is aware of data and decisions beyond the rebalancing time horizon through
the second stage in the multi-period model. We embed the two-stage multi-period model in
a rolling-horizon backtester and compare this algorithm with the traditional single-period
backtester on a simulated example from Israelov & Katz [12] and also a sizable, more realistic
strategy. We show that the multi-period algorithm generates portfolios with a better realized
performance in both sets of experiments.

It is clear that the multi-period algorithm implicitly favors the long-term signal in the
optimization and one can attempt to reproduce this in the single-period backtester by as-
signing more weight to the long-term signal. This is why we generated frontiers for the
single-period and multi-period approaches by varying the relative weights on the short-term
and the long-term signals. By comparing the best (over the frontier) Sharpe ratio of each
approach, one can see how close one can get to the multi-period portfolio performance by
using the single-period approach. We observe that with the more complex, more constrained
strategies, even the best Sharpe ratio with the single-period model is generally not that
close to the best Sharpe ratio obtained via the multi-period model. This indicates that one
cannot recover the multi-period portfolios by choosing a fixed adjustment (through time)
to the signal weights in the single-period approach. One can still hope for a time varying
adjustment of the single-period signal weights that would allow a single-period model achieve
the benefits of the multi-period approach. However, the complexity of finding such weight
adjustments in realistic strategies makes this impractical.

We also used a scaled version of the short-term alpha as an estimate for the roll-forward
returns. We found that the performance of the multi-period approach was (a) similar to the
zero roll-forward estimate case that we reported in the paper, and (b) was not very sensitive
to the choice of these roll-forward returns. We also performed an additional experiment,
where we use the true forward looking returns in the roll-forward estimate, but we did NOT
use those true returns in the alpha estimates. In this case, we found that the performance of
the multi-period approach drastically improved. Obviously, this is not of practical use but
we do think that coming up with good roll-forward estimates that improve the performance
of the multi-period algorithm is a worthy topic for future investigation.

To summarize, multi-period optimization allows the investor to naturally trade-off signal
strength and decay in one consolidated optimization problem. The signal weights in the first
stage of the model can be chosen entirely on signal strength. These weights are appropriately
down-weighted in the later stages of the model based on the signal decay; the short-term
signal weight in each of these stages gets down-weighted more than the corresponding long-
term signal weight. An optimizer is necessary to solve the multi-period model with realistic
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constraints and our computational experience indicates that the solution time taken by the
rolling-horizon two stage multi-period algorithm is comparable to a single-period backtester
in practice.
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Technical Appendix: Recovering the first-stage MPO solu-
tion in an SPO framework

We compare simple unconstrained two-stage multi-period (MPO) and single-period (SPO)
models that trade off risk, return, and transaction costs. The alpha signal for the two models
are constructed from short-term and long-term alpha signals.

We assume that the alpha signal for the two models has two components:

1. A strong but fast decaying alpha signal a.
2. A weak but slowly decaying alpha signal o;.

To obtain analytic solutions, we consider a quadratic transaction cost model

TC(Aw) = = (Aw)" AAw, (24)

1

2

with A = 0%, where X is the covariance matrix that defines risk. These assumptions greatly

simplify the expressions for the optimal SPO and MPO portfolios in the following discussions.
Consider the following two-stage MPO model

max (al)Twl +E [aQ}TwZ — Z (% (wk)T Yw — g (Awk)T EAwk> (25)

2
wl w2
k=1

with Aw? = w? — w! and Aw! = w! — w® where " is known. The alphas for the two stages
are given by

o = )\sas + )\lalv

E [OéQ] = O A\sQ5 + O Ny (26)

where A\, \; represent the weights of the short-term and long-term signals and o, o; represent
the short-term and long-term autocorrelations. We will assume that

1. As > A since the short-term signal better explains the realized returns at the end of
the rebalancing period.

2. 05 < o since the long-term signal decays more slowly.

The optimality conditions for (25) are

E[a?] —yXw? — §ZAw? = 0,

al — yXw! — X Aw! +iZAw? = 0.

The first equation in (27) gives
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Substituting this expression for w? in the second equation in (27) in turn and simplifying,
we have

w' = aX'al + adw’ + QLZ_IE (o] (29)
o+
where
vY+9
—_— 30
“ (v+6)2+ v (30)
and
1 1oy
MVt = ¥ a,
v

1
= -y (N + Asas)
v

(31)
E[MV?] = %ElE [0?]

1
= -yt (Ul)\lOél + CTS)\SOéS)
f)/

are the first and second stage Markowitz portfolios.
This shows that the optimal first-stage MPO portfolio is a non-negative combination of
three portfolios:

1. Initial portfolio (to reduce transaction costs).

2. Markowitz portfolio from the first stage that heavily weights the short-term alpha since
this alpha has better predictive power (signal strength component).

3. The expected Markowitz portfolio from the second stage that overweights the long-term
alpha since this component decays more slowly (alpha-decay component).

We are interested in constructing the first-stage multi-period solution in a SPO model by
only changing:

1. The weight 6 > 0 on the transaction cost term.

2. The weights A\; > 0 on the short-term signal and A; > 0 on the long-term signal in the
composite alpha.

Consider the SPO model

max ((a)Tw — % (w)" Ew) — g (Aw)" SAw (32)

w
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where Aw = w — w® with w® known and the alpha signal is given by
a = /\_SOZS + Xloq. (33)

Note that the SPO model uses the same risk model and risk aversion parameter as the MPO
model. It can be easily shown that the optimal solution is given by

Y 1 g 0
w = —MV " + —w 34
SPO 5+ 5+ (34)
where
1
VMVE = =27 lat,
v

(35)

_ %2—1 (Mol + Nal)

is the unconstrained Markowitz portfolio that only trades off risk and return.
This shows that the SPO optimal portfolio is a convex combination of two portfolios:

1. Initial portfolio (to reduce transaction costs).

2. Markowitz portfolio that heavily weights the short-term alpha since this alpha has
better predictive power.

We want to choose 0, Ay, and \; so that we recover the optimal first-stage MPO portfolio
(29) in the SPO solution (34).
Equating (29) and (34) and simplifying, we have

5 - (y+0)6
(v +29)
N = a(y+9) (1 + ;jri) Ass (36)

T = 0l5
A= a(y+9) (1+5+7> Al

where the scalar a is given in (10). These are the values of the SPO parameters that help
one recover the first-stage optimal MPO solution in the SPO setting.

Note that
fo )
Xs o 1+5+’}/ )\s
DY RN Y
0+
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since 0; > 0,. This indicates that the SPO model has to increase the weight on the long-term
signal in order to capture its slow time decay.
Now consider the following MPO model

2
T T vy T
glli))g (041) w'+ E [oﬂ w? — 321 5 (wk) Qu”
s.t. % (Awl)T Y (Aw') < g, (37)
1 T
3 (Awg) by (sz) < K

where the transaction costs are modeled as constraints.
Using the duality theory of convex optimization, this problem can be equivalently written
as

_a

L (aw) s (Au) - 2

2
max (al)Twl + E [oz2]T w? — Z % (wk)T QuF 5 (Aw2)T by (AwZ)

wl w?
’ k=1

where 07 and 05 are the optimal dual variables for the two TC constraints. We can also
use the procedure described earlier to determine the SPO parameters needed to recover the
optimal first-stage MPO portfolio. Note that the procedure needs to be reworked a bit since
07 and o5 are different.

Moreover, if one were to embed the SPO and the MPO models in a backtest, then
one would need to modify the TC aversion and the weights on the short-term and long-
term signals in the SPO model during each period of the backtest in order to consistently
reproduce the optimal first-stage MPO portfolio.
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