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Abstract

In this paper we present two inexact proximal point algorithms to solve minimization
problems for quasiconvex objective functions on Hadamard manifolds. We prove that under
natural assumptions the sequence generated by the algorithms are well defined and converge
to critical points of the problem. We also present an application of the method to demand
theory in economy.
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1 Introduction

Many of the algorithms for solving optimization problems have been generalized from linear
spaces (Euclidean, Hilbert, Banach) to differentiable manifolds, in particular in the context of
Riemannian manifolds, see for example Udriste [46], Rapcsák[40], Németh [32], Da Cruz Neto
et al.[18], Chong Li [14], Bento [11], Ferreira and Oliveira [25].

In this paper we are interested in solving optimization problems on Hadamard manifolds,
that is, we consider the following problem

min
x∈M

f(x), (1.1)

where M is a Hadamard manifold, which is a complete simply connected riemannian manifold
with non positive sectional curvature, and f : M → IR ∪ {+∞} is a lower semicontinuous
proper function. This class of manifolds is a natural motivation to study more general spaces
of nonpositive curvature such as, for instance, CAT(0) (geodesic metric spaces) introduced
by Alexandrov, see [3] and [9]. For a further motivation in continuous optimization see the
introduction of Papa Quiroz and Oliveira, [36].



One of the most popular and studied methods by the optimization community is the proxi-
mal point algorithm. This method has been introduced, in the setting of Riemannian geometry,
by Ferreira and Oliveira[25], when f is a convex function on a Hadamard manifold, which is
described by:

xk := argminx∈M

{
f(x) +

λk
2
d2(x, xk−1)

}
, k = 1, 2, . . . (1.2)

where x0 is an arbitrary start point, λk is a positive parameter and d is a riemannian distance de-
fined onM . The authors proved that, for each k ∈ IN , the function f(·)+λk

2 d
2(·, xk−1) : M → IR

is 1-coercive and the sequence {xk} is well defined, with xk being uniquely determined. Fur-
thermore, assuming

∑+∞
k=0

1
λk

= +∞ and that f has a minimizer, they proved that the sequence

{f(xk)} converges to the minimum value and the sequence {xk} converges to a minimizer point.
In order to extend the range of applications of the problem (1.1), Papa Quiroz and Oliveira[35]

considered the iteration (1.2) when f is quasiconvex on Hadamard manifolds, and they proved
convergence to an optimal solution of the problem when the parameter λk converges to zero.
Furthermore, they generalized the proximal point method using Bregman distances on Hadamard
manifolds.

Other contribution in this framework was done by Bento et al.[13], these researchers pre-
sented the proximal point method for a special class of nonconvex function. They proved, under
some additional assumptions, the convergence to a minimum of the problem (1.1) whenever each
accumulation point of the generated sequence satisfies certain conditions. Local convergence
analysis of the proximal point method for this special class of nonconvex function is presented
in Bento et al.[12]. Moreover, when in (1.1), f satisfies a Kurdyka-Lojasiewicz inequality, mo-
tivated from the work of Attouch[4, 5], the proximal point algorithm has been extending by
Papa Quiroz and Oliveira[33] and Da Cruz Neto et al[19] in the setting of riemannian geometry.
This inequality has been introduced by Kurdyka[28] for a o-minimal structure in IRn.

The proximal point method has also been extended on Hadamard manifolds to obtain finite
convergence, find singularities and solve variational inequality problems. Indeed, Bento and
Cruz Neto[11], proved that the sequence generated by the proximal point method associated to
the problem (1.1) has finite termination when the objective function is convex and the solution
set of this problem is a set of weak sharp minimizers. For finding a singularity of a multivalued
vector field and solving variational inequality problems for monotone operators see the works
of [2, 20, 29, 43] and references therein. Under weaker assumptions than monotonicity, Tang et
al.[42] showed that the sequence generated by the proximal point algorithm for pseudomonotone
vector fields is well defined and proved that this sequence converges to a solution of variational
inequality, whenever it exists.

In recent years, also applications of that method to solve optimization problems on Riema-
nnian manifolds have been studied. For instance, da Cruz Neto et al.[19] showed that if the set
of constraints of a given problem is a Riemannian manifold of non positive curvature and the
objective function is lower semicontinuous and satisfies the Kurdyka-Lojasiewicz property, then
the alternating proximal algorithm is naturally extended to solve that class of problems. The
authors proved that the sequence generated by the proximal point algorithm is well defined
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and converges to an inertial Nash equilibrium under mild assumptions about the objective
function. Worthwhile to mention that Nash equilibrium problems and its generalizations have
become increasingly popular among academics and practitioners. Classical applications of Nash
equilibrium include computer science, telecommunications, energy markets, and many others,
see [24] for a recent survey.

Another topic for applications is in economy where demand theory is one of the core theories
of microeconomy. It aims to answer basic questions about preferences of economic agents
(companies, governments, states, etc.) and how demand is impacted by income levels and
satisfaction (utility). Based on the perceived utility of goods and services by agents, markets
adjust the supply available and the prices charged. Indeed, mathematical models in economic
theory of decision consist of optimal choice of economic agents into all possible alternatives to
choose, see Section 6 of this paper.

From the computational point of view, note that when f is a nonconvex function, iteration
(1.2) could be a as hard subproblem as original problem to solving. Based on this idea in the
quasiconvex framework, Papa Quiroz and Oliveira[36], instead of considering iteration (1.2),
proposed the following iteration

0 ∈ ∂(f(·) + (λk/2)d2(·, xk−1))(xk), (1.3)

where ∂ = ∂F is the regular subdifferential on Hadamard manifolds. They proved full conver-
gence of the sequence to a generalized critial point of f . Besides, Papa Quiroz and Oliveira[34]
also considered iteration (1.3), when ∂ = ∂C is the Clarke subdifferential on M , for solving
quasiconvex locally Lipschitz optimization problem, and they proved that the sequence {xk}
given by (1.3) there exists and converges to a critical point of f.

With the objective to construct implementable proximal point algorithms for quasiconvex
functions we are interested in this paper for introducing two inexact algorithms. We emphasize
three features of the proposed algorithms:

• It is generally difficult to find an exact value for xk given by (1.3). Thus, (1.3) should be
solved approximately. A way to obtain this goal is to replace (1.3) by

εk ∈ λk∂f(xk)− exp−1
xk
xk−1; (1.4)

where ∂ is an abstract subdifferential, defined in Section 3, which can recover a large class
of subdifferencial already studied.

• To solve the minimization problem (1.1), it is desirable that the sequence {f(xk)} is
decreasing. To obtain this property we impose the following criterion:

d(expxkε
k, xk−1) ≤ max{‖εk‖, d(xk, xk−1)}. (1.5)

This condition may be considered as a generalization of the proximal point algorithm for
quasiconvex function in euclidean spaces studied by Papa Quiroz et al.[37].
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• The first inexact algorithm is based on the conditions:

+∞∑
k=1

‖εk‖ < +∞ and

+∞∑
k=1

|〈εk, exp−1
z xk〉| < +∞,

∀ z ∈ U, where U is certain nonempty set which contains the optimal solutions set. These
criterion are motivate from the work of Eckstein [23] to solve singularity of monotone
operators and Papa Quiroz and Oliveira [37] to solve quasiconvex minimization problems.
With the above conditions we obtain that the sequence {xk} is Quasi-Fejér convergent to
U.

The Second inexact algorithm consider the conditions:

‖εk‖ ≤ ηkd(xk, xk−1) and

+∞∑
k=1

η2
k < +∞,

which have been recently studied by Tang and Huang [43] for maximal monotone vec-
tor fields on Hadamard manifolds. The authors proved the convergence, see [43], and
the superlinear rate of convergence,[44], of the iterations to a singularity of a monotone
operator. In this work we extend the above convergence result for the quasiconvex case.

The paper is organized as follows: Section 2, we recall some definitions and results about
Riemannian geometry and quasiconvex analysis. In Section 3, we will introduce the definition
of abstract subdifferential on Riemannian manifolds, studed by Aussel [7] in Banch spaces. We
also show that this subdifferential definition to allow to recover a large class of subdifferential,
which it will be studied in this section. In Section 4, we define the general inexact algorithm
for solving quasiconvex minimization problems, we will show its well-definedness and develop
of the preliminar convergence analysis. In section 5, we introduz the two inexact algorithms
an we prove the convergence of the method. In Section 6, we give an application to demand
theory on Hadamard manifolds and in Section 7 we discuss the globally and locally strongly
convexity of the objective function of the subproblems.

2 Some Basic Facts on Metric Spaces and Riemannian Mani-
folds

In this section we recall some fundamental properties and notation on Riemannian mani-
folds. Those basic facts can be seen, for example, in do Carmo [22], Sakai [41], Udriste [46] and
Rapcsák [40].

Let M be a differential manifold with finite dimension n. We denote by TxM the tangent

space of M at x and TM =
⋃
x∈M TxM . TxM is a linear space and has the same dimension of

M . Because we restrict ourselves to real manifolds, TxM is isomorphic to IRn. If M is endowed
with a Riemannian metric g, then M is a Riemannian manifold and we denote it by (M,G)
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or only by M when no confusion can arise, where G denotes the matrix representation of the
metric g. The inner product of two vectors u, v ∈ TxM is written as 〈u, v〉x := gx(u, v), where

gx is the metrics at point x. The norm of a vector v ∈ TxM is set by ||v||x := 〈v, v〉1/2x . If
there is no confusion we denote 〈, 〉 = 〈, 〉x and ||.|| = ||.||x. The metrics can be used to define
the length of a piecewise smooth curve α : [t0, t1]→M joining α(t0) = p′ to α(t1) = p through
L(α) =

∫ t1
t0
‖α′(t)‖α(t)dt. Minimizing this length functional over the set of all curves we obtain

a Riemannian distance d(p′, p) which induces the original topology on M .
Given two vector fields V and W in M , the covariant derivative of W in the direction V is

denoted by ∇VW . In this paper ∇ is the Levi-Civita connection associated to (M,G). This
connection defines an unique covariant derivative D/dt, where, for each vector field V , along
a smooth curve α : [t0, t1] → M , another vector field is obtained, denoted by DV/dt. The
parallel transport along α from α(t0) to α(t1), denoted by Pα,t0,t1 , is an application Pα,t0,t1 :
Tα(t0)M → Tα(t1)M defined by Pα,t0,t1(v) = V (t1) where V is the unique vector field along α
so that DV/dt = 0 and V (t0) = v. Since ∇ is a Riemannian connection, Pα,t0,t1 is a linear
isometry, furthermore P−1

α,t0,t1
= Pα,t1,t0 and Pα,t0,t1 = Pα,t,t1Pα,t0,t, for all t ∈ [t0, t1]. A curve

γ : I →M is called a geodesic if Dγ′/dt = 0.
A Riemannian manifold is complete if its geodesics are defined for any value of t ∈ IR. Let

x ∈M , the exponential map expx : TxM →M is defined expx(v) = γ(1, x, v), for each x ∈M .
If M is complete, then expx is defined for all v ∈ TxM. Besides, there is a minimal geodesic (its
length is equal to the distance between the extremes).

Given the vector fields X,Y, Z on M, we denote by R the curvature tensor defined by
R(X,Y )Z = ∇Y∇XZ − ∇X∇Y Z + ∇[X,Y ]Z, where [X,Y ] := XY − Y X is the Lie bracket.
Now, the sectional curvature as regards X and Y is defined by

K(X,Y ) =
〈R(X,Y )Y,X〉

‖X‖2‖Y ‖2 − 〈X,Y 〉2
.

Given an extended real valued function f : M → IR ∪ {+∞} we denote its domain by
domf := {x ∈M : f(x) < +∞} and its epigraph by epif := {(x, β) ∈M × IR : f(x) ≤ β}. f is
said to be proper if domf 6= ∅ and ∀x ∈ domf we have f(x) > −∞. f is a lower semicontinuous
function if epif is a closed subset of M × IR.

A function f : M → IR ∪ {+∞} is convex on M iff for any geodesic γ : IR → M , the
composition f ◦ γ : IR → IR ∪ {+∞} is convex. The gradient of a differentiable function
f : M → IR, gradf , is a vector field on M defined by df(X) = 〈gradf,X〉 = X(f), where X is
also a vector field on M . Let f : M → IR ∪ {+∞} be a convex function, x ∈ M and a vector
v ∈ TxM . The directional derivative of f at x ∈M in the direction of a vector v is defined by

f ′(x, v) = lim
t→0+

f(γ(t))− f(x)

t
, (2.6)

where γ : IR→M is a geodesic such that γ(0) = x and γ′(0) = v.
Given x ∈ M, a vector s ∈ TxM is said to be a subgradient of a convex function f at x iff

for any geodesic γ : IR→M with γ(0) = x,

(f ◦ γ)(t) ≥ f(x) + t〈s, γ′(0)〉.
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The set of all subgradients of f at x, ∂FMf(x), is called the Fenchel-Moreau subdifferential of
f at x.

Let f : M → IR ∪ {+∞} to be a convex proper function, which is continuous at a point x
where f is finite. It holds that

f ′(x, v) = max
s∈∂f(x)

〈s, v〉, (2.7)

for all v ∈ TxM . This proof can be found in Proposition 3.2 of da Cruz Neto et al. [20].
Let f be a proper function f , it is called quasiconvex if for all x, y ∈ M , t ∈ [0, 1], it holds

that
f(γ(t)) ≤ max{f(x), f(y)},

for the geodesic γ : [0, 1]→ IR, so that γ(0) = x and γ(1) = y.

Complete simply-connected Riemannian manifolds with nonpositive curvature are called
Hadamard manifolds. Some examples of Hadamard manifolds may be find in Section 4 of Papa
Quiroz and Oliveira [36].

Theorem 2.1 Let M be a Hadamard manifold. Then M is diffeomorphic to the Euclidian space
IRn, n = dimM. More precisely, at any point x ∈M, the exponential mapping expx : TxM →M
is a global diffeomorphism.

Proof. See Sakai, [41], Theorem 4.1, page 221.

A consequence of the preceding theorem is that Hadamard manifolds have the property of
uniqueness of geodesic between any two points. Another useful property is the following: let
[x, y, z] be a geodesic triangle, which consists of vertices and the geodesics joining them. We
have:

Theorem 2.2 Given a geodesic triangle [x, y, z] in a Hadamard manifold, it holds that:

d2(x, z) + d2(z, y)− 2〈exp−1
z x, exp−1

z y〉 ≤ d2(x, y),

where exp−1
z denotes the inverse of expz .

Proof. See Sakai, [41], Proposition 4.5, page 223.

Theorem 2.3 Let M be a Hadamard manifold and let y be a fixed point. Then, the function
g(x) = d2(x, y) is strictly convex and grad g(x) = −2 exp−1

x y.

Proof. See Ferreira and Oliveira, [25], Proposition II.8.3.

Proposition 2.1 Take x ∈M . The map d2(·, x)/2 is strongly convex.
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Proof. See Da Cruz Neto et al. [21].

Let (M,d) be a complete metric space with metric d. We recall some fundamental results
on Quasi-Fejér convergence, which it will be an useful tool to prove convergence result of the
first proposed algorithm.

Definition 2.1 A sequence {yk} in (M,d) is said to be Quasi-Fejér convergent to a set W ⊂M
if, for every w ∈W , there exists a non-negative, summable sequence {δk} ⊂ IR such that

d2(yk+1, w) ≤ d2(yk, w) + δk

The next proposition is well-known and it shows the main properties of Quasi-Fejér convergence
theory on Hadamard manifolds.

Proposition 2.2 Let {yk} be a sequence in (M,d). If {yk} is Quasi-Fejér convergent to a
non-empty set W ⊂M , then {yk} is bounded. If furthermore, an accumulation point y of {yk}
belongs to W , then limk→∞ y

k = y.

3 An Abstract Subdifferential on Hadamard Manifolds

In order to solve nonsmooth and non convex optimization poblems in vectorial spaces, it
has been generalized several concepts of subgradient and subdifferential in different way, as
a consequence, there exists various subdifferential for non convex functions such as Fréchet,
Clarke, Clarke-Rockafellar, Hadamard, Dinni, abstract subdifferential, between others, see for
example Ioffe [27], Correa et. al [17], Thibault and Zagrodny [45], Clarke [15, 16], Aussel et
al.[7], Rockafellar [39] and references therein.

In this section, we extend the definition of abstract subdifferential from Banach spaces,
introduced by Aussel et al.[7], to Hadamard manifolds which will be used along the paper. We
will note that the extension to Riemannian manifold is natural due that does not require any
assumption about the sectional curvature.

Definition 3.1 We call abstract subdifferential, denoted by ∂, any operator which associates
a subset ∂f(x) of TxM to any lower semicontinuous function f : M → IR ∪ {+∞} and any
x ∈M , satisfying the following properties:

a. If f is convex, then ∂f(x) = {g ∈ TxM | 〈g, exp−1
x z〉+ f(x) ≤ f(z), ∀ z ∈M};

b. 0 ∈ ∂f(x), if x ∈M is a local minimum of f ;

c. ∂(f + g)(x) ⊂ ∂f(x) + ∂g(x), whenever g : M → IR ∪ {+∞} is a convex continuous
function which is ∂-differentiable at x ∈M.

Here, g is ∂-differentiable at x means that both ∂g(x) and ∂(−g)(x) are nonempty. We say that
a function f is ∂-subdifferentiable at x when ∂f(x) is nonempty.
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Due to Clarke-Rockafellar and upper Dinni subdifferential are the biggest subset among
the classical subdifferentials, see Aussel et al.[7], in this paper we restrict our attention to the
following subdifferentials:

i). The Clarke-Rockafellar derivative at x ∈M in the direction v ∈ TxM is given by

f↑(x, v) = sup
ε>0

lim sup

u
f→x

t↘0

inf
d∈Bε(v)

f(exput(Dexpx)exp−1
x ud)− f(u)

t
,

where (Dexpx)exp−1
x u is the differential of the exponential function, expx, at exp−1

x u,
Bε(v) = {d ∈ TxM : ‖d − v‖ < ε}, t ↘ 0 indicates the fact that t > 0 and t → 0, and

u
f→ x means that both u→ x and f(u)→ f(x).

ii). The upper Dinni derivative at x ∈M in the direction v ∈ TxM is defined by

fD
+

(x, v) = lim sup
t↘0

f(expx(tv))− f(x)

t
.

Associated with the Clarke-Rockafellar and upper Dinni derivative are the following set-valued
mappings given by

∂CRf(x) =
{
s ∈ TxM | 〈s, v〉 ≤ f↑(x, v), ∀ v ∈ TxM

}
∂D

+
f(x) =

{
s ∈ TxM | 〈s, v〉 ≤ fD

+
(x, v), ∀ v ∈ TxM

}
;

called the Clarke-Rockafellar and upper Dinni subdifferential mapping, respectively.

Besides ∂CR and ∂D
+

, one can define others subdifferential such as the Clarke and Fréchet
subdifferential. We recall that the Clarke subdifferential at the point a ∈M is the set

∂Cf(x) = {s ∈ TxM | 〈s, v〉 ≤ f◦(x, v), ∀ v ∈ TxM},

where

f◦(x, v) = lim sup
u→x
t↘0

f(exput(Dexpx)exp−1
x uv)− f(u)

t
.

Another useful subdifferential is the Fréchet ones, which will be denoted by ∂F . We say that
s ∈ ∂F f(x) if for all y ∈M we have

f(y) ≥ f(x) + 〈s, exp−1
x y〉+ o(d(x, y)),

where

lim
y→x
y 6=x

o(d(x, y))

d(x, y)
= 0.

In this paper we also use the following (limiting) subdifferential concept of f at x ∈ M ,
which is defined by

∂Limf(x) := {s ∈ TxM | ∃xk → x, f(xk)→ f(x),∃ sk ∈ ∂f(xk) : Pγk,0,1s
k → s},

8



4 Definition of the problem and the Algorithm.

Let M be a Hadamard manifold. We are interested in solving the problem:

min
x∈M

f(x) (4.8)

where f : M → IR ∪ {+∞} is an extended real-valued function which satisfies the following
assumption:

(H1) f is a proper, bounded from below and lower semicontinuous quasiconvex function.

4.1 Algorithm

The proximal point algorithm to solve the problem (4.8), given an arbitrary initial point
x0 ∈M, generates a sequence {xk}, given by

xk+1 ∈ arg min
x∈M

{
f(x) +

1

2λk
d2(x, xk)

}
, (4.9)

where d the intrinsic Riemannian distance and {λk} is a sequence of positive numbers. The
convergence of the algorithm under inexact computation of the iterates, that is, when (4.9) is
replaced by

εk ∈ λk∂f(xk)− exp−1
xk
xk−1; (4.10)

comes up for at least two reasons: first of all, it is generally difficult to find an exact value for
xk given by (4.9); second, it is clearly inefficient to spend too much effort in the computation
of a given iterate xk when only the limit of the sequence has the desired properties.

On the other hand, the proximal algorithm, for the convex case, as many minimizing algo-
rithms to solve (4.8) has the property to generate a minimizing sequence, that is, a sequence
{xk} such that {f(xk)} is decreasing. One way to ensure such a property for the quasiconvex
case, is to focus on a result for quasiconvex functions, see Lemma 4.2,

If there exists gk ∈ ∂f(xk) : 〈gk, exp−1
xk
xk−1〉 > 0 =⇒ f(xk) ≤ f(xk−1).

Indeed, from (4.10) we have 〈εk + exp−1
xk
xk−1, exp−1

xk
xk−1〉 > 0. It implies that

〈εk, exp−1
xk
xk−1〉 > −d(xk−1, xk).

Therefore, a sufficient condition to obtain f(xk) ≤ f(xk−1) is given by

〈εk, exp−1
xk
xk−1〉 ≥ 0;

that is, 0 ≤ ‖εk‖d(xk, xk−1) cosα, where α is the angle between vectors ek and exp−1
xk
xk−1.

Then xk is surely better than xk−1 whenever α is an acute angle.
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If we consider the triangle [xk−1, xk, expxkε
k], shown in the figure 1, it is easy to see that α

will be acute if the side opposite to it is not the largest one, or equivalently, it is suffice have
the following criterion:

d(expxkε
k, xk−1) ≤ max{‖εk‖, d(xk, xk−1)}. (4.11)

Considering (4.10) and (4.11) we will present an inexact proximal point algorithm on
Hadamard manifolds to solve the problem (4.8), which we will denote by HMIP algorithm.

HMIP Algorithm.

Initialization: Take x0 ∈M . Set k = 0.

Iterative step: Given xk−1 ∈M , find xk ∈M and εk ∈ TxkM such that

εk ∈ λk∂f(xk)− exp−1
xk
xk−1 (4.12)

where
d(expxkε

k, xk−1) ≤ max
{
||εk||, d(xk, xk−1)

}
. (4.13)

Stopping rule: If xk−1 = xk or 0 ∈ ∂f(xk). Otherwise, k+ 1← k and go to Iterative step.

Figure 1: geodesic triangle [xk−1, xk, expkxε
k]. Iterates of the HMIP algorithm on the Hadamard manifolds.

Remark 4.1 From the HMIP Algorithm we have

1. If xk = xk+1, it follows that εk ∈ λk∂f(xk), which implies that xk is an approximate
solution of a critical point whenever εk

λk
is small enough.
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2. If M = IRn, then (4.12) and (4.13) reduce, respectively, to

εk ∈ λk∂f(xk) + xk − xk−1,

and
‖xk−1 − xk − εk‖ ≤ max{‖εk‖, ‖xk − xk−1‖}

Then, the HMIP Algorithm extends the inexact proximal point algorithm proposed by Papa
Quiroz et al. [37] from IRn to Hadamard manifolds.

3. If εk = 0 in (4.12) for every k ≥ 0, we get

1

λk
exp−1

xk
xk−1 ∈ ∂f(xk).

Thus, if f is convex and εk = 0 then the HMIP Algorithm reduces to the proximal point
algorithm on Hadamard manifolds studied by Ferreira and Oliveira [25].

Theorem 4.1 Let M be a Hadamard manifold. If f : M → {+∞} is a proper, lower bounded
and lower semicontinuous function. Then, the sequence {xk}, generated by the proximal method
is well defined.

Proof. As d2(·, xk−1) is coercive then there exists a minimum z̃ ∈M of f(·) + 1
2λk

d2(·, xk−1).
From Definition 3.1, items a and b, we obtain

0 ∈ ∂

(
f(·) +

1

2λk
d2(·, xk−1)

)
(z̃).

⊂ λk∂f(z̃)− exp−1
z̃ xk−1, .

where the last expression is obtained by the fact that d2(·, xk−1) is a convex continuous function
which is also ∂-differentiable at z̃ ∈ M . Thus, considering ek = 0, such a minimizer z̃ satisfies
(4.12) and (4.13) and can be taken as xk. Thus, we conclude the existence of iterates xk and
ek satisfying the expressions (4.12) and (4.13).

The following two results are used to show that HMIP Algorithm is a descent method.

Lemma 4.1 Let M be a Hadamard manifold. Suposse equation (4.13) holds. Then

〈εk, exp−1
xk
xk−1〉 ≥ 0.

Proof. Taking z = xk, x = expxkε
k and y = xk−1 in Theorem 2.2 that

d2(expxkε
k, xk) + d2(xk, xk−1)− d2(expxkε

k, xk−1) ≤ 2〈εk, exp−1
xk
xk−1〉.

Therefore, the result follows from (4.13).

Next, using the same arguments as in Theorem 2.1 by Aussel[8], we show a property of l.s.c.
quasiconvex function on Hadamard manifolds. This result will play a central role in the sequel.
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Lemma 4.2 Let M be a Hadamard manifold. Suposse that f : M → IR ∪ {+∞} satisfies the
assumption (H1) and there exists g ∈ ∂f(x) such that 〈g, exp−1

x z〉 > 0. Then it holds that

i. If ∂f ⊂ ∂CRf and assuming f to be continuous, then f(x) ≤ f(z).

ii. If ∂f ⊂ ∂D+
f , then f(x) < f(z).

Proof. i. Case ∂f ⊂ ∂CRf . Let x, z ∈ M and g ∈ ∂f(x) such that 0 < 〈g, exp−1
x z〉 ≤

f↑(x, exp−1
x z). Then, there exists ε′ > 0 such that

0 < inf
η>0

sup
d(u,x)+t+|f(u)−f(x)|<η

inf
d∈Bε′ (exp−1

x z)

f(exput(D expx)exp−1
x ud)− f(u)

t
.

Hence, for all η > 0 there exists u(η) ∈ M and t(η) ∈ IR++ such that d(u(η), x) + t(η) +
|f(u(η))− f(x)| < η for all d ∈ Bε′(exp−1

x z) we obtain

0 <
f(expu(η)t(η)(D expx)exp−1

x u(η)d)− f(u(η))

t(η)
.

Taking η = 1/k, from the infimum property, there exists sequences {uk} ∈M and {tk} ∈ IR++

so that d(uk, x) + tk + |f(uk)− f(x)| < 1/k and

f(expukt
k(D expx)exp−1

x uk(exp−1
x z)) > f(uk). (4.14)

Denote rk = (Dexpx)exp−1
x uk (exp−1

x z), which yields

lim
k→+∞

rk = (D expx)0(exp−1
x z) = (exp−1

x z) (4.15)

Let α : [0, 1] → M be the minimizing geodesic such that α(0) = uk and α′(0) = rk. Thus,
expression (4.14) can be written as

f(uk) < f(α(uk, 1, tkrk)) = f(α(uk, tk, rk)), (4.16)

where the last equality is obtained by the well known homogeneity property for geodesics.

On the other hand, since tk < 1, it follows that 0 < tk < 1/k − d(uk, x) < 1, and hence,
using the quasiconvexity of f ,

max
{
f(α(uk, 0, rk), f(α(uk, 1, rk))

}
≥ f(α(uk, tk, rk))

> f(uk),

where the last inequality is obtained by (4.16). Since f(α(uk, 0, rk) = f(uk), we have that
f(α(uk, 1, rk) > f(uk). Assuming continuity, the claim follows taking limit for k → +∞ and
considering expression (4.15). This completes the proof of i..
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ii. Case ∂f ⊂ ∂D
+

. The proof is very simple. Indeed, if x, z ∈M and g ∈ TxM such that
0 < 〈g, exp−1

x z〉 ≤ fD+(x, exp−1
x z). Hence, there exists t̄ ∈]0, 1[ such that

f(x) < f(expx(t̄exp−1
x z)). (4.17)

Let
γ(t) = expx(texp−1

x z) = γ(1, x, texp−1
x z) = γ(t, x, exp−1

x z),

where the last equality is due to the homogeneous property of the geodesic γ, see [22, Lemma
2.6]. Thus γ(0) = x and γ(1) = z, then from the quasiconvexity of f and as t̄ ∈]0, 1[ we have

f(expx(t̄exp−1
x z)) = f(γ(t̄)) ≤ max{f(x), f(z)}

From (5.29) we conclude that, f(x) < f(z).

Using the same ideas of Aussel[8] we consider the following assumption:

(H2)
(
∂ ⊂ ∂D+

)
or
(
∂ ⊂ ∂CR and f is continuous in M.

)
Next we can state the assertion that HMIP Algorithm is a descent method.

Proposition 4.1 Suppose that assumptions (H1) and (H2) are satisfied and let {xk} be the
sequence given by the HMIP algorithm (4.12)-(4.13), then

a. If ∂ ⊂ ∂CR then f(xk) ≤ f(xk−1)

b. If ∂ ⊂ ∂D+
then f(xk) < f(xk−1)

thus, we have that {f(xk)} is nonincreasing (decreasing in the case b) and converges.

Proof. From (4.12) and Theorem 2.3, there exists gk ∈ ∂f(xk) such that

εk = λkg
k − exp−1

xk
xk−1 (4.18)

= λkg
k + grad

1

2
d2(·, xk−1)(xk). (4.19)

On the other hand, due to Proposition 2.1, d2(·, xk−1) is strongly convex and consequently

gradd
2

2 (·, xk−1) is strongly monotone and because xk 6= xk−1 we have

〈Pxk,xk−1grad
d2

2
(·, xk−1)(xk)− grad

d2

2
(., xk−1)(xk−1), exp−1

xk−1x
k〉 > 0, (4.20)

where Px,y is the parallel transport of x to y along the (minimal) geodesic.

As gradd
2

2 (., y)(y) = 0, Px,yexp−1
x y = −exp−1

y x and due to the isometric property of the parallel
transport Px,y, (4.20) yields

〈grad
d2

2
(·, xk−1)(xk), exp−1

xk
xk−1〉 < 0. (4.21)
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Combining (4.21) and (4.19), we obtain

〈εk − λkgk, exp−1
xk
xk−1〉 < 0,

and consequently,

〈gk, exp−1
xk
xk−1〉 > 1

λk
〈εk, exp−1

xk
xk−1〉.

Applying now Lemma 4.1 gives
〈gk, exp−1

xk
xk−1〉 > 0.

Thus, the result follows from Lemma 4.2.

Now, define

U :=

{
x ∈M | f(x) ≤ inf

k
f(xk)

}
.

Note that, if U = ∅ then for all x ∈ M it follows that f(x) > infk f(xk) ≥ infx∈M f(x), and
consequently, it is clear that limk→∞ f(xk) = infx∈IN f(xk) = infx∈M f(x).

From now on we suppose that U is nonempty.

5 Some Variants of the PPA Algorithm

In this section, we present and analyze two variants of the HMIP algorithm based on two
error criteria, which ensures that, under certain assumptions about error tolerance, convergence
results for both algorithms are guaranteed.

5.1 HMIP1 Algorithm and Convergence Results

We now state an algorithm for solving (4.8), denoted by HMIP1, motivated from the work of
Eckstein [23]. Among the features of this algorithm, Quasi-Fejér convergence theory plays a
crucial role in the proof of its convergence results.

HMIP1 Algorithm.

Considering the Initialization of the HMIP Algorithm. Let {xk} and {εk} be sequences gene-
rated by (4.12)-(4.13) such that

(B1)
∑+∞

k=1 ‖εk‖ < +∞.

(B2)
∑+∞

k=1 |〈εk, exp−1
z xk〉| < +∞, ∀ z ∈ U.

Remark 5.1 According to assumption (B1), it is important to observe that there is a certain
leeway in choosing εk. In fact, this assumptions was also considered natural in the classical
inexact proximal point, see Rockafellar [38]. (B2) is a theoretical condition which induces us to
think that iterates is closer to the set U whenever ones progress.
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The following result is used to show that sequences {xk}, generated by MHIP1 Algorithm,
is bounded.

Proposition 5.1 If all the assumptions of the problem: (H1) and (H2) are satisfied, then

d2(x, xk) ≤ d2(x, xk−1)− d2(xk−1, xk)− 2〈εk, exp−1
xk
x〉, ∀ x ∈ U.

Proof. We consider two cases:

i. If ∂f ⊂ ∂CRf. Let x ∈ U . Since that U ⊂ Uk := {x ∈ M : f(x) ≤ f(xk)} and
int(Uk) = {x ∈ M : f(x) < f(xk)} is nonempty (because 0 /∈ ∂f(xk), then xk is not
a minimum of f which implies that infx∈Mf(x) < f(xk)) there exists {xl} ⊂ M with
f(xl) < f(xk) such that xl → x. It follows from Lemma 4.2 and (4.18) that

〈εk, exp−1
xk
xl〉 ≤ −〈exp−1

xk
xk−1, exp−1

xk
xl〉 (5.22)

Taking z = xk, x = xk−1 and y = xl in Theorem 2.2, we obtain

−2〈exp−1
xk
xk−1, exp−1

xk
xl〉 ≤ d2(xk−1, xl)− d2(xk−1, xk)− d2(xk, xl). (5.23)

Combining (5.22) and (5.23), we get

2〈εk, exp−1
xk
xl〉 ≤ d2(xk−1, xl)− d2(xk−1, xk)− d2(xk, xl).

Therefore, the result follows taking the limit as l→ +∞

ii. If ∂f ⊂ ∂D+
f. Let x ∈ U, then f(x) ≤ f(xk), It follows from Lemma 4.2 and (4.18) that

〈εk, exp−1
xk
x〉 ≤ −〈exp−1

xk
xk−1, exp−1

xk
x〉 (5.24)

Taking z = xk, x = xk−1 and y = x in Theorem 2.2, we obtain

−2〈exp−1
xk
xk−1, exp−1

xk
x〉 ≤ d2(xk−1, x)− d2(xk−1, xk)− d2(xk, x). (5.25)

Combining (5.24) and (5.25), we get

2〈εk, expxkx〉 ≤ d2(xk−1, x)− d2(xk−1, xk)− d2(xk, x).

The convergence analysis of HMIP1 algorithm will be greatly simplified by the following results.

Lemma 5.1 Let {xk} and {εk} be sequences generated by HMIP1 Algorithm . Assume that
assumptions (H1), (H2) and (B2) are satisfied. Then it holds that

(i) The sequence {xk} is bounded;
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(ii) For all x ∈ U , the sequence {d(xk, x)} is convergent;

(iii) limk→∞ d(xk, xk−1) = 0;

(iv) If xkj → x̄ then limk→∞ x
kj−1 → x̄.

Proof. In order to prove the boundedness of {xk}, we will show that the sequence {xk}
is Quasi-Fejér convergent to U , in that case the result follow from Proposition 2.2. Indeed,
Proposition 5.1 implies that

d2(x, xk) ≤ d2(x, xk−1) + δk, ∀x ∈ U

where δk = 2|〈εk, exp−1
xk
x〉|. Since assumption (B2) is satisfied, it follows that {xk} is a Quasi-

Fejér convergent sequence and thus, as pointed out before, {xk} is bounded.
(ii): By Proposition 5.1, d(x, xk) ≤ d(x, xk−1). Then, {d(x, xk}) is a bounded below non-
decreasing sequence and hence convergent.
(iii): Once again, using Proposition 5.1, we have 0 ≤ d2(xk−1, xk) ≤ d2(x, xk−1) − d2(x, xk).
Upon taking the limit as k → +∞ which, together with (ii), we conclude that
limk→+∞ d(xk−1, xk) = 0.
(iv): From the “triangle inequality property”, we have that

d(xkj−1, x̄) ≤ d(xkj−1, xkj ) + d(xkj , x̄).

As the right-hand side converges by (iii) and from the hypothesis, we obtain the claim.

We are now ready to prove the two main results of this section.

Theorem 5.1 Let {xk} and {εk} be sequences generated by HMIP1 Algorithm . Considering
the assumptions (H1), (H2) and (B1), (B2). Then, the sequence generated by this ones, {xk},
converges to a point of U .

Proof. This proof is rather similar to the proof of Theorem 4.3 by Papa Quiroz and Oliveira
[36].

Theorem 5.2 Let {xk} and {εk} be sequences generated by HMIP1 Algorithm . Considering
the assumptions (H1), (H2) and (B1), (B2) with λ̃ such that λ̃ < λk and f be a continuous
function on dom(f), then {xk} converges to some x̄ with 0 ∈ ∂Limf(x̄).

Proof. As direct consequence of Theorem 5.1, there exists a point x̄ ∈ U such that xk → x̄.
Since that f is continuous, we have f(xk)→ f(x̄). From (4.18), Let gk ∈ ∂f(xk) such that

gk =
1

λk
(εk + exp−1

xk
xk−1).

It remains to show that Pψk,0,1gk converges to 0, for the geodesic ψk joining xk to x̄. Indeed, by
assumption (B1), the continuity of exp−1

xk
(·) and since the operator Pψk,0,1 is linear, consequently

continuous, we have

lim
k→∞

Pψk,0,1(εk + exp−1
xk
xk−1) = lim

k→∞
Pψk,0,1ε

k + lim
k→∞

Pψk,0,1exp−1
xk
xk−1 = 0 + 0,
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The claim therefore follows from the boundedness of 1/λk.

Theorem 5.3 Let {xk} and {εk} be sequences generated by HMIP1 Algorithm . If the assump-
tions (H1)-(H2), (B1) and (B2) are satisfied with λ̃ such that λ̃ < λk and f is locally Lipschitz,
then {xk} converges to some x̄ with 0 ∈ ∂of(x̄).

Proof. From (4.18), (1/λk)(εk + expxk x
k−1) ∈ ∂◦f(xk), so

f◦(xk, v) ≥ (1/λk)〈εk + expxk x
k−1, v〉, ∀v ∈ TxkM.

Let x̄ be the limit of {xk}, and v̄ ∈ Tx̄M, then

f◦(xk, vk) ≥ (1/λk)〈εk + expxk x
k−1, vk〉,

where vk = D(expx̄)exp−1
x̄ xk v̄. Taking lim sup in the above inequality and using Proposition 4.1

of [13] we obtain that
f◦(x̄, v̄) ≥ lim sup

k→+∞
f◦(xk, vk) ≥ 0

It follows that 0 ∈ ∂◦f(x̄).

5.2 Algorithm HMIP2 and Convergence Results

We now state a class of HMIP for solving (4.8). It is worth mentioning that the convergence
results of the below algorithm do not really need Quasi- Fejér convegence theory, as in the
previous HMIP1 Algorithm.

Algorithm HMIP2

Considering the Initialization of the HMIP Algorithm. Let {xk} and {εk} be sequences gen-
erated by (4.12)-(4.13) such that

(C1) ‖εk‖ ≤ ηkd(xk, xk−1).

(C2)
∑+∞

k=1 η
2
k < +∞.

Remark 5.2 At first sight, this algorithm seems computational more practical and many im-
plementable when compared to the HMIP1 Algorithm, since knowledge of vectors of U is not
required.

Lemma 5.2 If all the assumptions of the problem: (H1)-(H2), (C1) and (C2) are satisfied,
then there exists an integer k0 ≥ 0 such that for all k ≥ k0 we have

d2(xk, x) ≤
(

1 +
2η2
k

1− 2η2
k

)
d2(xk−1, x)− 1

2
d2(xk, xk−1), ∀ ∈ x ∈ U (5.26)

Furthermore, {xk} is a bounded sequence and limk→+∞ d(xk, xk−1) = 0.
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Proof. The proof is obtained using an argument quite similar to the one used in Lemma 3.2
by Tang and Huang [43]. Indeed, for ηk > 0 and since ηk converges to 0, there exists k0 ≥ 0
such that for all k ≥ k0, 1− 2η2

k > 0. Hence expression (5.26) can be easily obtained.

To prove that {xk} is a bounded sequence, we can use the recurrence inequality given by
(5.26). Thus,

d2(xk, x) ≤
k∏

i=k0

(
1 +

2η2
i

1− 2η2
i

)
d2(xk0 , x). (5.27)

Since {η2
k} is a convergent sequence, for all ε > 0 there exists k̃0 so that η2

k < ε, for k ≥ k̃0.
Namely, for all k̃0 > k0 we get

0 < 1− 2ε < 1− 2η2
k < 1.

Thus, for all ε < 1/2 we have

2η2
k

1− 2η2
k

<
2η2
k

1− 2ε
, ∀ k > k0. (5.28)

Summing up inequality (5.28) and considering (C2),

+∞∑
k=1

2η2
k

1− 2η2
k

< +∞. (5.29)

On the other hand, from inequality of arithmetic and geometric means, we obtain that

n∏
k=k0

(
1 +

2η2
k

1− 2η2
k

)
≤

 1

n− k0 + 1

n∑
k=k0

(
1 +

2η2
k

1− 2η2
k

)n−k0+1

=

1 +
1

n− k0 + 1

n∑
k=k0

2η2
k

1− 2η2
k

n−k0+1

.

Taking limit, as n→ +∞, we have

lim
n→+∞

n∏
k=k0

(
1 +

2η2
k

1− 2η2
k

)
≤ e

∑n
k=k0

2η2
k

1−2η2
k ,

which, together with (5.29), gives
∏+∞
k=k0

(
1 +

2η2
k

1−2η2
k

)
< +∞. Therefore, By (5.27), we conclude

that {xk} is bounded.
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Finally, it is easy to check the last result. Summing up (5.26), we have for all k ≥ k0

1

2

n∑
k=k0

d2(xk+1, xk) ≤
n∑

k=k0

(d2(xk, x)− d2(xk+1, x)) +
n∑

k=k0

2η2
k

1− 2η2
k

d2(xk, x)

≤ d2(xk0 , x)− d2(xn, x) + max
n≥k≥k0

{d2(xk, x)}
n∑

k=k0

2η2
k

1− 2η2
k

.

Hence note that since {xk} is a bounded sequence, we have that d(xk, x) is one for all k ≥
0. Therefore, taking limit as n → +∞ and considering expression (5.29), we conclude that
d(xk+1, xk) converges to 0.

Theorem 5.4 Let {xk} and {εk} be sequences generated by HMIP2 Algorithm . If all the
assumptions of the problem: (H1)-(H2), (C1) and (C2) are satisfied with λ̃ such that λ̃ < λk
and f be a continuous function, then {xk} converges to some x̄ with 0 ∈ ∂Limf(x̄).

Proof. The proof is rather similar to the one of Theorem 5.2 combined with Theorem 3.1 by
Tang and Huang [43]

Theorem 5.5 Let {xk} and {εk} be sequences generated by the HMIP2 Algorithm . If the
assumptions (H1)-(H2), (C1) and (C2) are satisfied with λ̃ such that λ̃ < λk and f is a locally
Lipschitz function, then {xk} converges to some x̄ with 0 ∈ ∂of(x̄).

Proof. Simmilar to Theorem 5.3.

6 Application to demand theory

In demand theory, there are three elements which characterize the decision problem of the
agent:

i. Set of choice, denoted by X ⊂M which represents the universe of alternatives.

ii. Valuation criteria, which studies how agents evaluate different alternatives that are offe-
red. This criterion is defined by a reflexive and transitive binary relation, -, economically
interpreted as “it is at least as preferable”, which reflect their preferences over the set of
choice X. In economics this is called preference relation.

iii. Set of constraints on X, denoted by C. It defines the set of opportunities on which the
agent can effectively choose.

Given the choice set X, we say that µ : X → IR is a utility function representing - if for
all x, y ∈ X we have

y - x, ⇐⇒ µ (y) ≤ µ (x) .
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Note that the utility function is not always available. Indeed, define on the set X = M = IR2

the lexicographical relation:

For x = (x1, x2), y = (y1, y2) ∈ IR2, x � y ⇐⇒ x1 > y1 or (x1 = y1 and x2 ≥ y2) .

Fortunately a large class of preferences -, under certain conditions on X, can be represented
by a utility function µ. See Mas Colell et al.[31, Proposition 3.c.1] for the Euclidean case. If a
preference relation - is represented by a utility function µ, then the problem of choosing the
best alternative is equivalent to solving the maximization problem:

(P ) max{µ (x) : x ∈ C ⊂ X}.

A particular type of utility function is the quasi-concave one defined on the convex set X,
ie, µ satisfies:

µ(γ(t)) ≥ min{µ(x), µ(y)}, for all x, y ∈ X and λ ∈ [0, 1],

and for all geodesic γ : [0, 1] −→M such that γ(0) = x and γ(1) = y.

It can be proven that this function is intimately related to the convexity hypothesis of the
preference, ie, - is convex if given x, y ∈ X with x - y and x - z in X and 0 ≤ α ≤ 1 then

x - γ(t).

for all geodesic curve γ : [0, 1] −→M , such that γ(0) = z and γ(1) = y.

In economic terms, this definition is interpreted as a natural tendency of the agent to
diversify its choice among all best, that is, if z and y are two alternatives at least as preferable
than x, then it is natural to think that the convex combination of y and z, γ(α), for all α ∈ [0, 1],
remains at least as preferable that x. Thus, if the hypothesis of diversification of the choice is
taken and X and C are (geodesically) convex, then the optimization problem (P ) has a quasi-
concave objective function. Finally, defining f(x) = −µ(x), we obtain the following quasiconvex
minimization problem:

(P ′) min{f(x) : x ∈ C ⊂ X}.

On the other hand, Attouch and Soubeyran [6] stablished a procedure for finding, using an
algorithm which is a mixture between local search and proximal algorithms, minimal points of
f in a dynamical decision model. In the Riemannian framework, the proximal regularization
term d2(x, xk) caracterizes the “cost to change”, where the agent (taken in a broad sense) has
to explore and learn in order to find a satisfactory action.

For simplicity, assume that C = X = M and consider that, at each step, the agent explores
a set E(x, ε(x)) ⊂M around x, where ε(x) is a control parameter which measures the intensity
of the exploration effort. Given xk−1 ∈M , ε(xk−1) = εk > 0, k ∈ IN , a set E(xk−1, εk) around
xk−1 (it may preferably be a ball in which the function f(·) + 1

2λk
d2(·, xk−1) is strongly convex)

such that we can find a point xk where a transition from xk−1 to xk on M is acceptable if the
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estimated advantages f(xk−1)−f(xk) from xk−1 to xk are higher than some parameter positive
1
λk

of the estimated “cost to move” d2(xk−1, xk). This defines the following worthwhile-to-move
relation

f(xk−1)− f(xk) ≥ 1

2λk
d2(xk, xk−1). (6.30)

In this context, the agent considers maximizing his net gain −λk
2 d

2(x, xk−1)−f(x)(the gain
which is attached to x minus the cost to move from xk−1 to x) over the exploration E(xk−1, εk).
It is described as follows:

xk ∈ argmaxx∈E(xk−1,εk)

{
−f(x)− λk

2
d2(x, xk−1)

}
.

Observe that equation (6.30) can be obtained from the exact version of proximal point
algorithm. Indeed, if we assume that the function x 7→ f(x) + λk

2 d
2(x, xk−1) is strongly convex

on some ball B(xk−1, εk) ∈M around xk−1 , then

xk ∈ argminx∈B(xk−1,εk)

{
f(x) +

λk
2
d2(x, xk−1)

}
.

It means that, for all x ∈ B(xk−1, εk), we have

f(xk) +
λk
2
d2(xk, xk−1) ≤ f(x) +

λk
2
d2(x, xk−1).

By taking x = xk−1 it holds (6.30). Therefore, the proximal point algorithm can be interpreted
as a especial case of a “whorthwhile-to-move problem on dynamical decision model”.

7 On the Strongly Convexity of the Subproblems

The computational effort in applying the proximal point method is the solution, in each
iteration, of the subproblems

min

{
f(x) +

1

2λk
d2(x, xk−1) : x ∈M

}
. (7.31)

When f is convex, the regularized function fk := f(.)+ 1
2λk

d2(., xk−1) is strongly convex and thus
(7.31) can be solvable efficiently. On the other hand, when f is not convex generally the function
fk is not convex and we may obtain that (7.31) may be as hard to solve globally as the original
one due to the existence of multiple isolated local minimizer. Considering this problem Papa
Quiroz and Oliveira, [36], have been introduced the following iteration 0 ∈ ∂fk(.) which is a local
condition to local minimizer, local maximizer or saddle point. Also, in Section 5 of this paper we
present two inexact proximal point method based on the iteration εk ∈ λk∂f(xk)− exp−1

xk
xk−1.

A natural question is to known when fk is strongly or locally strongly convex. In this section
we give a sufficient condition on the function f which is related to the concept of locally weakly
monotone vector field.
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Definition 7.1 Let f : M → IR ∪ {+∞} be a proper lower semicontinuous function. The
operator ∂f is called locally weakly monotone if for each x ∈ dom(∂f) there exists εx and
ρx > 0 such that for all z, y ∈ B(x, εx) we have〈

Pγu− v, exp−1
y z

〉
≥ −ρxd(z, y)2. (7.32)

for all u ∈ ∂f(z), and for all v ∈ ∂f(y), where Pγ is the parallel transport from z to y.
The operator ∂f is called weakly monotone if εx = +∞.

Lemma 7.1 Let f : M → IR∪ {+∞} be a proper lower semicontinuous function, dom(∂◦f) 6=
∅. Given an arbitrary point y ∈M, if ∂◦f is a (locally) weakly monotone operator with constant
ρ > 0, and βk is a positive number satisfying

βk ≥ β > ρ,

then F (.) := ∂◦f(.) + βkgrad1
2d

2(·, y) is locally strongly monotone, that is, f(.) + βk
1
2d

2(., y) is
(locally) strongly convex with constant β − ρ.

proof. It is immediate.

Lemma 7.2 Let f : IRn → IR∪{+∞} be a proper locally Lipschitz function, if ∂◦f is (locally)
Lipschitz then it is (locally) weakly monotone.

Proof. It is immediate.

Remark 7.1 The above result guarantees that if the gradient of f is a Lipschitz function then
fk := f(.) + 1

2λk
d2(., y) is strongly convex for each y ∈M .

8 Conclusion and Future Works

In this paper we introduce two inexact proximal point methods to solve the problem (1.1)
when the objective function is quasiconvex using an abstract general subdiffefrential approach
which includes Clarke-Rockafellar and Frechet Subdifferentials. It is also important to mention
that the second inexact version of our algorithm, denoted by HMIP2, was studed by Tang
and Huang [43] for monotone vector fields in Hadamard manifolds. Consequently, that work is
extended for quasiconvex optimization problems, particularly in euclidean spaces.

We establish that the sequence generated by the algorithm is well-defined and it converges
to a critical point of the function when the parameter λk satisfies λ̄ < λk, for some λ̄ > 0 .

We apply the results of this paper to introduce a method to solve a worthwhile to change
exploration-exploitation model of Attouch and Soubeyran[6] for the quasiconvex case.

It is analyzed some conditions on the function to obtain the strong convexity of the sub-
problems.

On the other hand, results and properties of convegence rate of the inexact proximal point
method for quasiconvex functions on Hadamard manifolds is being done by the authors in [10].

A future work may be, based on the paper of Chong Li and Yao Jen-Ching[14], the extension
of the proximal method to the quasiconvex case on arbitrary Riemannian manifolds.
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