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Abstract—Two new penalty methods for sparse reconstruction
are proposed based on two types of difference of convex functions
(DC for short) programming in which the DC objective functions
are the difference of l1 and lσq norms and the difference of
l1 and lr norms with r > 1. By introducing a generalized q-
term shrinkage operator upon the special structure of lσq norm,
we design a proximal gradient algorithm for handling the DC
l1-lσq model. And by employing the majorization scheme, we
develop a majorized penalty algorithm for the DC l1-lr model.
The convergence results of our new algorithms are presented
as well. Extensive simulation results show that these two new
algorithms offer improved signal recovery performance and
require reduced computational effort relative to state-of-the-art
l1 and lp (p ∈ (0, 1))models.

Index Terms—compressed sensing, difference of convex norms,
penalty method, majorization algorithm, q-term shrinkage oper-
ator

I. INTRODUCTION

THE sparse optimization is an essential problem for com-
pressive sensing, signal processing, and image processing

and reconstruction. The purpose of sparse optimization is to
find a sparse solution with least nonzero components con-
strained by a linear system, i.e., the so-called l0 minimization
problem formulated as

(l0) min
x∈Rn

{
‖x‖0 : Ax = b

}
. (1)

Here the l0 norm ‖x‖0 counts the number of nonzeros. Due to
the nonconvexity and noncontinuity of the l0 norm, problem
(l0) is generally NP-hard [28]. How to approximately solve
it with a “good” enough sparse solution in decent time is
becoming more and more important. A remarkable strategy
is the basis pursuit approach which replaces l0 norm with l1
norm (see, e.g. [11]–[14])

(l1) min
x∈Rn

{
‖x‖1 : Ax = b

}
. (2)

Benefiting from the restricted isometry properties proposed
by Candès and Tao [5], the l1 relaxation model allows us to
exactly recovery l0 problem via a convex linear program with
high probability for Gaussian measurements [5]–[7]. Another
famous relaxation strategy that lies between the minimizations
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(l0) and (l1) is to employ the lp (0 < p < 1) norm as the
surrogate for l0 norm [17]:

(lp) min
x∈Rn

{
‖x‖p : Ax = b

}
. (3)

The special properties of lp norm itself ensure that minimiz-
ing lp outperforms minimizing l1 for sparse solution under
weaker restricted isometry property and fewer measurements
for smaller p [8]–[10]. A great deal of research has been
conducted into l1 and lp problems including all kinds of
variants and related algorithms, as you can see in [3] and
references therein. Comparing to the convex l1 relaxation,
the non-convex problem (lp) is generally more difficult to
handle. However, it was shown in [25] that the potential
reduction method can solve this special non-convex problem
in polynomial time with arbitrarily given accuracy.

Besides the lp norm surrogate for the l0 norm, other forms of
non-convex sparsity inducing penalty functions are emerging
in recent literature and have received considerable attentions.
Most recently, the majority of such sparsity inducing functions
are unified as the notion of DC programming in [19], including
log-sum [4], smoothly clipped absolute deviation (SCAD)
[15], atan [26], minimax concave penalty [31], and capped-l1
penalty [20] [32] [33]. Generally, DC programming problem
can be solved through a primal-dual convex relaxations algo-
rithm which is famous in the literature of DC Programming
[24]. Such general iterative framework is usually not practical
for large-scale problems. Other algorithms appeared as for
solving application problems of DC programming in the area
of finance and insurance, data analysis, machine learning as
well as signal processing. For details, we refer to [1], [18],
[23], [27] and [29]. However, among the above mentioned DC
programming approaches for sparse reconstruction, most of
them are mainly preserving the separability properties of both
l0 and l1 norms and thus considering the approximated objec-
tive functions that can be expressed as

∑
(g(|xi|)− h(|xi|)).

Unlike the separable sparsity inducing functions involved
in the aforementioned DC programming for problem (l0),
we establish two specific types of DC programming with
un-separable objective functions, which are in the form of
difference functions between l1 norm and some “l]” norm. By
introducing a new notion “lσq

” denoting the sum of q largest
elements of a vector in magnitude (i.e., the l1 norm of q-term
best approximation of a vector), the above “l]” norm is hereby
in this paper taken as lσq

norm or the classical lr norm with
r > 1. Obviously lσq and lr (r > 1) are regular convex norms.
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The corresponding DC programs are as follows:

(Pσq
) min

x∈Rn

{
‖x‖1 − ε‖x‖σq

: Ax = b
}
, (4)

and
(Pr) min

x∈Rn

{
‖x‖1 − ε‖x‖r : Ax = b

}
, (5)

where ε ∈ (0, 1], ‖x‖σq
is defined as the sum of the q largest

elements of x in magnitude (default ‖x‖σq
= 0 if q = 0),

q ∈ {1, · · · , n} and r > 1. Apparently, for problem (Pσq ),
if q = 0, this problem is exactly problem (l1); if q = 1, this
corresponding problem is to minimize the DC function of l1
norm and l∞ norm by the factor ε. And for problem (Pr), if
r = 2 and ε = 1, it comes to the case studied in the recent
work [30].

In this paper, we will study the aforementioned two types
of DC programs both from graph comparisons and theoretical
analysis. Additionally, two iterative algorithms for solving
problems (Pσq

) and (Pr) as well as the convergence results
will be established. Especially, for choices of q in model (Pσq

),
we will take a scheme of “double” continuation and warm
start skills along with the reduction process of penalty factors.
Such strategy is proved to be with high efficiency by simulated
tests. Moreover, the computational results demonstrate that
both of the DC approaches of l1-εlσq

model and l1-εlr model
are efficient and competitive in the aspects of sparsity and
accuracy compared to l1 model and lp model. Especially for
noise free case, model (Pσq ) (even with q = 1) can always
receive perfect recovery with almost 100% success rate as well
as model (Pr). And for noisy case, our models can return
sparse solutions with much smaller noise error ‖Ax− b‖2 and
exactness error ‖x − xorig‖∞ than l1 model and lp model.
Owing to the higher accuracy and less computing cost, our
models can be successfully applied to imaging reconstruction
and signal recovery.

The organization of this paper is as follows. In Section II we
introduce the model of (Pσq

) by giving the recovery analysis
and presenting a proximal gradient algorithm framework with
generalized q-term shrinkage operator in each subproblem
(PGGS) including its convergence result. In Section III, we
give a straightforward idea of how (Pr) model works by
setting up a new bound theory about l1 norm and lr norm
with r > 1, and then we propose a majorization algorithm
framework and establish the convergence analysis. Computa-
tional results are reported in Section IV in three parts: (Pσq

)
models with different integers q; (Pr) models with different
values of r > 1; Overall comparison with existing methods
of l1 model and lp model (0 < p < 1). Conclusions will be
drawn in Section V and selected proofs will be stated in the
last section.

II. DIFFERENCE OF l1 AND lσq
NORMS

The DC programming (Pσq ) will be considered in this
section. Similar to l1 norm, l2 norm, etc., we adopt the notation
lσq

to denote the norm ‖x‖σq
which is defined as in (4). After

studying on exact recovery, we design an iterative shrinkage
algorithm involved a generalized q-term shrinkage operator

based on proximal gradient algorithm framework, where the
q-term shrinkage operator utilizes the special structure of lσq

norm.

A. Exact recovery analysis

The effectiveness of the relaxation model (Pσq ) for the
original problem (l0) will be analyzed in this subsection.
Firstly, we consider the case of q = 1. In this case, problem
(Pσq

) is reduced to

(Pσ1
) min

x∈Rn

{
‖x‖1 − ε‖x‖∞ : Ax = b

}
, ε ∈ (0, 1]. (6)

To illustrate how possibly model (Pσq
) works better than

model (l1), we first draw the unit balls of ‖x‖1 and ‖x‖1 −
ε‖x‖∞ in two-dimensional case as shown in Figure 1.

Fig. 1. Level sets: l1 v.s. lσ1

Actually, it is not difficult to verify that for general
n−dimensional vector space, ‖x‖1 − ε‖x‖∞ is the union
of n numbers of bounded level sets of weighted l1 norm:
(1−ε)|x1|+|x2|+· · ·+|xn|, · · · , |x1|+|x2|+· · ·+(1−ε)|xn|.
This also implies that problem (Pσ1

) can be decomposed into
n numbers of l1 problems. The following example shows that
with some special data sets (A, b), (Pσ1) can exactly and
uniquely recover problem (l0) while (l1) can not.

Example 2.1: A =

[
3 0 1
0 3 1

]
, b =

[
1
1

]
, r > 2.

(l0) : optimal solution x(0) = (0, 0, 1)T , ‖x(0)‖0 = 1

(P1) : optimal solution x(1) = ( 1
3
, 1
3
, 0)T , ‖x(1)‖0 = 2

(Pσ1) : optimal solution x(∼) = (0, 0, 1)T if ε ∈ ( 1
2
, 1).

Motivated by the above example, we can find a class of data
sets that allows for the exact recovery of problem (Pσ1

) but
not of (l1).

Theorem 2.2: Let (A, b) ∈ Rm×(m+1) × Rm, rank(A) =
m. If A = (B,N) with invertible B ∈ Rm×m and N ∈ Rm
satisfying

(B−1N)i
(B−1b)i

=
1

k
, ‖B−1N‖1 < 1, k 6= 0,

and
(B−1b)i 6= 0, (B−1N)i 6= 0, i = 1 · · ·m,

then for any

1 ≥ ε > 1− ‖B−1N‖1
1− ‖B−1N‖∞

, (7)

problem (Pσ1) exactly and uniquely solves (l0) but problem
P1 can not.

Secondly, we will further consider the general case of
integer q. we will show a clear fact with exact recovery equiv-
alence between problem (l0) and (Pσq ) for general integer q.
Motivated by the idea of difference of l1 and l∞ approach, it
is natural to further consider minimizing difference of l1 and
lσq

in order to get more sparser solution for l0 problem. To
demonstrate this, let us take a look at the following graphs of
‖x‖1−‖x‖σ1 and ‖x‖1−‖x‖σ2 in three dimensions as shown
in Figures 2 and 3.
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Fig. 2. n = 3, ‖x‖1 − ‖x‖σ1 ≤ 0.6

Fig. 3. n = 3, ‖x‖1 − ‖x‖σ2 ≤ 0.2

The exact recovery result is presented in the following
theorem.

Theorem 2.3: Let ε = 1. Assume that x0 is the unique
solution of (l0), and |supp(x0)| = q. Then problem (Pσq )
uniquely and exactly recovers x0.

Proof: Since |supp(x0)| = q, ‖x0‖1=‖x0‖σq . For any x
satisfying Ax = b, we have

‖x‖1 − ‖x‖σq ≥ 0 = ‖x0‖1 − ‖x0‖σq .

This means x0 is a solution of (Pσq
). Moreover, if there exists

some distinct x1 6= x0 that also solves (Pσq
), then we have

‖x1‖1 − ‖x1‖σq = ‖x0‖1 − ‖x0‖σq = 0,

which implies ‖x1‖0 ≤ q. Therefore, x1 is also an optimal
solution to (l0). This contradicts the assumption. Thus, x0 is
the unique solution of problem (Pσq ).

Actually, in practical computation, such assumptions of ε =
1 or q = |supp(x0)| can be relaxed to a smaller value due to
the computational results in Section IV.

B. Algorithm framework and convergence result

Let us consider the least squares regularization for problem
(4) as follows:

min
x

f1(x) :=
1

2
‖Ax− b‖2 + µ(‖x‖1 − ε‖x‖σq ), (8)

where µ > 0, ε ∈ (0, 1). Notice that the restriction on ε
guarantees that f1(x) ≥ 0 for all x. To solve (8), we consider
the following standard proximal gradient algorithm:

1. Start: Let x0 be given. Set L > λmax(A
TA) with λmax the

maximal eigenvalue.
2. For t = 0, 1, . . ., find

xt+1 ∈ Argmin
x

{
〈AT (Axt − b), x− xt〉

+
L

2
‖x− xt‖2 + µ(‖x‖1 − ε‖x‖σq )

}
. (9)

Note that subproblem (9) can equivalently formulated as

min
x

{
L

2

∥∥∥∥x− (xt − 1

L
AT (Axt − b)

)∥∥∥∥2 + µ(‖x‖1 − ε‖x‖σq )

}
.

Thus, it suffices to consider the solutions to the following
optimization problem

min
x

1

2
‖x− y‖2 + λ1‖x‖1 − λ2‖x‖σq , (10)

with a given vector y and positive numbers λ1 > λ2 > 0.
An explicit solution of this problem is given in the following
proposition.

Proposition 2.4: Let {i1, . . . , in} be indices such that

|yi1 | ≥ |yi2 | ≥ |yi3 | ≥ · · · ≥ |yin |.

Then x∗ := φ(y) with

x∗i =

{
sign(yi)max{|yi| − (λ1 − λ2), 0} if i = i1, i2, . . . , iq,

sign(yi)max{|yi| − λ1, 0} otherwise.
(11)

is a solution to (10).

The operator φ as defined in Proposition 2.4 is actually a
generalized version of shrinkage function, and hence we call
it the generalized q-term shrinkage operator. Subsequently,
we briefly call the following summarized Proximal Gradient
algorithm with this generalized q-term Shrinkage operator as
PGGS.

PGGS algorithm:
1. Start: Let x0 be given. Set L > λmax(ATA).
2. For t = 0, 1, . . .,

yt+1 =

(
xt −

1

L
AT (Axt − b)

)
,

Sort yt+1 as |yi1 | ≥ |yi2 | ≥ |yi3 | ≥ · · · ≥ |yin |,

xt+1 =

{
sign(yi) max{|yi| − µ(1− ε), 0} if i = il,

sign(yi) max{|yi| − µ, 0} otherwise.

(where l = 1, · · · , q)

End (for)

We establish the convergence result for PGGS as follows.
Theorem 2.5: The sequence {xt} generated by the above

PGGS algorithm converges to a stationary point of problem
(8).

C. Choice of q: continuation skill
Similar to the frequently used continuation scheme for

parameter µ which is run from a cold start, we start with a
large value of µ and then decrease µ until the desired value is
reached. At each value, the solution obtained with the previous
values is used as current initialization. Here, for choice of q,
we also take a continuation scheme as µ’s changing:

1. Initialize q0 = 1, µ = µ0.
2. For i = 0, · · · , l, solving (Pσq ) with µ = µi, let x(i) be the

optimal solution. Set qi+1 to be the estimated value from the
sparsity of previous solution x(i):
qi+1 = size(find(abs(x(i)) > Tolq)), T olq > 0 is given.

This is kind of “double” continuation scheme both for q
and µ. The computational results in Section IV-C will show
the efficiency of such a strategy.

III. DIFFERENCE OF l1 AND lr NORMS (r > 1)

A natural question follows the above idea that using dif-
ference of two norms to approximate l0 norm, which is, how
would it be if we extend to a general form: difference of l1
norm and lr norm with r > 1 ? It is known that

1 ≤ ‖x‖1
‖x‖2

≤
√
‖x‖0, ∀x ∈ Rn, x 6= 0.

Roughly speaking, the ratio of ‖ · ‖1 and ‖ · ‖2 is small for
sparse vectors that have many zero (or near-zero) elements. In
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general, by Hölder inequality,

1 ≤ ‖x‖1
‖x‖r

≤ ‖x‖1−
1
r

0 , ∀x ∈ Rn, x 6= 0.

If r decreases to 1, then the right hand side ‖x‖1−
1
r

0 decreases
to 1 too, which means the fraction ‖x‖1‖x‖r is bounded tighter by
‖x‖0 while r close to one. Thus, minimizing the difference
between ‖ · ‖1 and ‖ · ‖r is a natural way to obtain a sparse
solution as possible as it could.

This also can be observed throughout the following com-
parison between graphs for ‖x‖1−‖x‖r with different values
of r (r > 1) and ‖x‖p (0 < p < 1), from which we can get
some straightforward idea that ‖x‖1 − ‖x‖r relatively better
approximates to the cardinality function ‖x‖0.
Fig. 4. Comparison between lp and DC l1-lr

A. Bound theory for difference of l1 and lr norms (r > 1)

Motivated by the most recent bound result on l1 norm and
lp pseudo-norm (0 < p < 1) of Lemma II.2 in [34], it is not
difficult to establish the following bound result on l1 norm and
lr norm (r > 1).

Theorem 3.1: For r > 1 and 0 6= x ∈ Rn with k = ‖x‖0.
Let ‖x‖−∞ := min{|xi| > 0}. We have

k1−
1
r ≥ ‖x‖1
‖x‖r

≥ k1− 1
r − τrk(‖x‖∞ − ‖x‖−∞)

‖x‖r
, (12)

where

τr := r
r

1−r − r
1

1−r . (13)

Moreover, τr is a non-increasing and convex function of r ∈
(1,+∞) with

τ1 := lim
r→1+

τr = 0, τ∞ := lim
r→+∞

τr = 1.

We present the graph of function τr in the following figure.

Fig. 5. Graph of function τr respects to r ∈ (1, 20]

Remark 3.2: Theorem 3.1 gives us a good explanation
about the relationship between ‖x‖1‖x‖r and ‖x‖0. It is consistent
with the fact as demonstrated in the above figure that the closer
of r to 1 the better approximation of ‖x‖1 − ‖x‖r to ‖x‖0.

B. Algorithm framework

We will propose a majorized penalty algorithm for solving
the following least-squares variant of (5):

min
x∈Rn

f2(x) :=
{1

2
‖Ax− b‖22 + µ(‖x‖1 − ε‖x‖r)

}
, µ > 0,

(14)
where A ∈ Rm×n, b ∈ Rm, µ > 0, 1 > ε > 0. Note that
the restriction on ε guarantees that f2(x) ≥ 0 for all x. We
describe an algorithm for solving (14), based on the majorized
penalty approach introduced in [18]. We start by constructing
a majorization of f2. Let L := λmax(ATA). Then for any x,
y ∈ Rn, we have
1

2
‖Ax−b‖22 ≤

1

2
‖Ay−b‖22+〈AT (Ay−b), x−y〉+L

2
‖x−y‖22.

Moreover, using convexity of norm ‖x‖r, we see that for any
x, y ∈ Rn,

‖x‖r ≥ ‖y‖r + 〈g(y), x− y〉, g(y) ∈ ∂‖y‖r,

where

[g(y)]i =

{
sign(yi)|yi|r−1

‖y‖r−1
r

if y 6= 0,

0 otherwise,

Hence, if we define

F (x, y) :=
1

2
‖Ay − b‖22 + 〈AT (Ay − b), x− y〉+

L

2
‖x− y‖22

+ µ(‖x‖1 − ε‖y‖r − ε〈g(y), x− y〉),

then for any x, y ∈ Rn, we have

F (x, y) ≥ f2(x) and F (y, y) = f2(y),

which means that F is a majorization of f2. Using this ma-
jorization function, we next describe the majorization approach
for solving (14).

Starting with an initial iterate x0, the majorized penalty
approach updates xt by solving

xt+1 = arg min
x

F (x, xt). (15)

Using the special form of F , we can obtain an explicit formula
for xt+1 in terms of the shrinkage operator as follows:

xt+1 = arg min
x

{
〈AT (Axt − b), x− xt〉+

L

2
‖x− xt‖22

+µ(‖x‖1 − ε〈g(xt), x− xt〉)
}

= arg min
x

{
L

2

∥∥∥∥x− xt +
1

L
[AT (Axt − b)− µεg(xt)]

∥∥∥∥2
2

+µ‖x‖1}

=sgn(vt) ◦max
{
|vt| − µ

L
, 0
}
, (16)

where
vt := xt − 1

L
[AT (Axt − b)− µεg(xt)].

We summarize the algorithm framework in the following
table.

Majorized penalty algorithm (MajorP for short):
1. Start: Let x0 be given. Set L > λmax(ATA).
2. For t = 0, 1, . . ., find

xt+1 = arg min
x

{
〈AT (Axt − b), x− xt〉+

L

2
‖x− xt‖22

+µ(‖x‖1 − ε〈g(xt), x− xt〉)
}

=sgn

(
xt −

1

L
[AT (Axt − b)− µεg(xt)]

)
◦max

{
|vt| −

µ

L
, 0
}
, (17)

End (for)

It is interesting to note that, in view of (16), the above al-
gorithm reduces to the proximal gradient algorithm as applied
to (14) when ε = 0.
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C. Convergence result

Actually, it has been mentioned in the recent paper of
Sun and Gao [18] that, their majorized penalty method and
the related results can be suitably adapted to establish the
above algorithm. Notice that the convergence result in [18,
Theorem 3.4] concerning the majorization approach does not
directly apply to our algorithm because our majorization
function is nonsmooth in x. We present the convergence result
as follows.

Theorem 3.3: Let {xt} be generated according to (17).
Then

L

2
‖xt − xt+1‖22 ≤ f2(xt)− f2(xt+1). (18)

Furthermore, the sequence {xt} is bounded, and any cluster
point is a stationary point of (14).

IV. NUMERICAL EXPERIMENTS

In this section, the numerical experiments are presented to
demonstrate the performance of utilizing difference of norms
penalty approach to sparse signal reconstruction, including
comparisons with existing models (l0) and (lp). Before pro-
ceeding to the computational results, we need to define some
notations and data sets. For convenience, we use the notations:
DC l1-l∞, DC l1-lσq , and DC l1-lr, to represent the DC
Programs (Pσ1), (Pσq ), and (Pr).

For each data set, the matrix A and the vector b are
randomly generated by the following matlab codes:

xorig = zeros(n, 1), y = randperm(n),

A = randn(m,n), A = orth(A′)′,

xorig(y(1 : k)) = 2 ∗ randn(k, 1),
b = A ∗ xorig + σ ∗ ·randn(m, 1).

The parameter σ will be zero for noiseless case study, oth-
erwise it is always taken as σ = 0.01. The same A and b
would then be used in each algorithm when comparing the
corresponding given set of models. Both for noise case and
noiseless case, we set the tolerance of estimated sparsity from
previous iteration used in PGGS algorithm for model (Pσq

)
as Tolq = 1e-4, and all the ε in corresponding models are set
as ε = 0.9. The stopping criteria for PGGS and MajorP are
given by

‖x(k+1) − x(k)‖2
max{1, ‖x‖2}

≤ 1e-4µ.

In the overall comparison subsection, we will use P(success)
to denote the successfully recovered probability where we call
xorig is successfully recovered by solution x if

‖x− xorig‖∞ ≤ Tolsuc.

For noiseless case, Tolsuc = 1e-3; for noise case, Tolsuc =
5e-1.

A. Results for DC l1-lσq with different 1 ≤ q ≤ k
Let n = 256, m = 64, k = 10. For each fixed q from 1

to 10, randomly generating 20 samples and applying PGGS
algorithm proposed in Section II-B to problem (Pσq

), we can
see from the following computational results that the sparsity

of solutions of problem (Pσq ) decreases to k as q increases
to k. In Table I, each row corresponds to each sample and
when q = 0, (Pσq

) is exactly (l1) problem. Table II shows
that the error (first row) and cputime (the second row) are
also decreasing when q is getting closer to k.

TABLE I
DC l1-lσq WITH DIFFERENT q: SPARSITY WITHOUT NOISE

q 0 1 2 3 4 5 6 7 8 9 10
1 5 12 13 10 10 10 10 10 10 10 10
2 10 10 10 10 10 10 10 10 10 10 10
3 10 10 10 10 10 10 10 10 10 10 10
4 12 10 10 10 10 10 10 10 10 10 10
5 4 11 10 10 10 10 10 10 10 10 10
6 12 11 10 10 10 10 10 10 10 10 10
7 14 10 10 10 10 10 10 10 10 10 10
8 25 13 11 11 11 10 10 10 10 10 10
9 11 10 10 10 10 10 10 10 10 10 10

10 13 11 10 11 10 10 10 10 10 10 10
11 14 11 11 11 11 10 10 10 10 10 10
12 14 12 10 10 10 10 10 10 10 10 10
13 11 10 10 10 10 10 10 10 10 10 10
14 10 10 10 10 10 10 10 10 10 10 10
15 10 10 10 10 10 11 10 10 10 10 10
16 15 11 11 12 10 10 10 10 10 10 10
17 10 10 10 10 10 10 10 10 10 10 10
18 11 11 10 10 10 10 10 10 10 10 10
19 14 10 10 10 10 10 10 10 10 10 10
20 10 10 10 10 10 10 10 10 10 10 10

TABLE II
DC l1-lr : AVERAGE CPU TIME AND ERROR WITHOUT NOISE

q = 0 1 2 3 4 5
0.0063 0.0002 0.0002 0.0002 0.0002 0.0002
0.8812 0.0695 0.0633 0.0555 0.0484 0.0414

6 7 8 9 10
0.0002 0.0001 0.0001 0.0001 0.0001
0.0430 0.0383 0.0359 0.0297 0.0250

B. Results for DC l1-lr (r > 1) with different r

Firstly, we compare the tests results for n = 256 : 256 :
2048, m = n/4, k = floor(m/6), Sample: 20. Corresponding
results are presented in Figures 6 and 7. All the tests get perfect
recovery.

Fig. 6. Error of DC l1-lr without noise (n ≤ 2048)

Fig. 7. CPU time of DC l1-lr without noise (n ≤ 2048)

Then, we set n = 2048 : 256 : 4096, m = 1/4n, k =
floor(m/6), µ ∈ {1/5 1/52 · · · 1/56} · 0.1‖AT b‖∞ and do
the tests with 10 samples. Corresponding results are presented
in Figures 8 and 9. All the tests get perfect recovery.
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TABLE III
DC l1-lr : AVERAGE CPU TIME WITHOUT NOISE (n ≤ 2048)

r 1.2 1.5 1.8 2 3
n CPU Time

256 0.064 0.060 0.056 0.055 0.060
512 0.120 0.115 0.136 0.115 0.141
768 0.187 0.192 0.231 0.182 0.238

1024 0.289 0.314 0.377 0.313 0.395
1280 0.563 0.627 0.723 0.674 0.796
1536 0.809 0.915 1.061 1.009 1.185
1792 0.952 1.089 1.250 1.186 1.361
2048 1.239 1.414 1.595 1.529 1.777

Observed from Figures 6 to 9 and Table III, Table IV, we
found an interesting fact that unlike the case of n < 1024
where DC l1-l2 always spent the least CPU time among five
models, when n ≥ 1024, the CPU time of DC l1-l1.2 model is
at least 25% less than DC l1-l2 model and is always the fastest
one among the five models. Model of DC l1-l1.8 is almost the
slowest one all over the tests. And DC l1-l1.8 model is between
model DC l1-l1.8 and model DC l1-l2 in CPU time. For errors
‖Ax−b‖22 and ‖x−xorig‖∞, they are always decreasing when
r is getting closer to 1.

Fig. 8. Error of DC l1-lr without noise (n ≥ 2048)

Fig. 9. CPU time of DC l1-lr without noise (n ≥ 2048)

TABLE IV
DC l1-lr : AVERAGE CPU TIME WITHOUT NOISE (n ≥ 2048)

r 1.2 1.5 1.8 2 3
n CPU Time

2304 1.529 1.770 2.046 1.987 2.314
2560 1.740 2.010 2.317 2.240 2.517
2816 2.067 2.353 2.753 2.670 3.032
3072 2.496 2.831 3.225 3.153 3.578
3328 3.054 3.259 3.698 3.629 4.078
3584 3.314 3.923 4.481 4.371 4.929
3840 3.553 4.279 4.832 4.729 5.343
4096 3.940 4.631 5.254 5.090 5.718

C. Overall comparison

In this subsection, we compare the performance of five
approximation models for sparse optimization l0 problem
and aim at confirming the evidence that the difference of
two norms approaches are performing better than l1 and lp
penalties (0 < p < 1). The five models include l1 model,
lp model (0 < p < 1), DC l1-l∞, (Pσq

) (with continuation
scheme for choice of q), and DC l1-l1.2.

1) Existing algorithms for l1 and lp: We will briefly
introduce one of existing popular algorithms for l1 problem,
and two algorithms for lp problem.
Gradient projection sparse reconstruction algorithm (GPSR)

for l1 problem proposed by Figueiredo, Nowak and Wright [16]
to l1 problem: minx

1
2
‖Ax − b‖22 + µ‖x‖1. We use the mat-

lab file GPSR BB downloaded from http://www.lx.it.pt/ mtf/GPSR/
with options: ’STOPCRITERION’,2, ’verbose’,0, ’Continuation’,1,
’ContinuationSteps’,-1.
Iteratively reweighted least square algorithm (IRLS): noise free
case presented in [10] by Chartrand and Yin for lp problem with lin-
ear equalities: minx

{
‖x‖pp : Ax = b

}
, where they replace the lp ob-

jective function by a weighted l2 norm: minx
{∑

i wix
2
i : Ax = b

}
.

The weights are computed from the previous (k − 1)th iterate
wi = ((x

(k−1)
i )2 + ε)p/2−1, and the solution is explicitly given by

x(k) = Diag(w)−1AT (ADiag(w)−1AT )−1b. In our computations,
we take p = 0.5 and use the same strategy suggested in [10] for how
to repeatedly reduce ε from 1 to 1e-8.
Iteratively reweighted l1 minimization algorithm (IRL1): with
noisy case proposed in [4] by Candès, Wakin and Boyd for
solving lp problem: min

x

{
1
2
‖Ax− b‖2 + µ‖x‖pp

}
, where they re-

place the above lp objective function by a weighted l1 norm:
min
x

{
1
2
‖Ax− b‖2 + µ‖Diag(w)x‖1

}
. The weights are computed

from the previous (k − 1)th iterate by wi = (x
(k−1)
i + ε)p−1.

We will take p = 0.5, fix ε = 0.1, and run a number of 4
reweighting iterations. In each weighted l1 problem, we implemented
the GPSR matlab codes as mentioned before with µ = 1/52 ·
‖(ADiag(w)−1)T b‖∞.

2) Comparison of performance: For convenience, we num-
ber the algorithms used in this section as in Table V and list
the choices of µ for continuation process by algorithms GPSR,
PGGS, MajorP in Table VI.

TABLE V
NOTATION NUMBERS FOR ALGORITHMS

(1) GPSR solving problem (l1)

(2) PGGS solving DC l1-l∞
(3) PGGS solving DC l1-lσq
(4) MajorP solving DC l1-l2
(5) IRLS solving lp for noiseless case and IRL1 for noise case

TABLE VI
CHOICES FOR THE LIST OF VALUES USED FOR µ

Without Noise With Noise
GPSR 1/55 · 0.1‖AT b‖∞ 0.1‖AT b‖∞
PGGS [1, 1/5, · · · , 1/55] · 0.1‖AT b‖∞ [1, 0.3] · 0.1‖AT b‖∞
MajorP [1, 1/5, · · · , 1/55] · 0.1‖AT b‖∞ [1, 0.3] · 0.1‖AT b‖∞

Results of sparsity for noiseless case and noise case are
presented in Figure 10 and Figure 11 respectively, where red
horizontal line is the true value of sparsity, blue ’+’ is the
estimation value in each instance. The results of error, CPU
time and P(success) are presented in Table VII (without noise)
and Table VIII (with noise). In order to give more precise
comparison of sparsity for noise case, we compute the l∞
norm error and l2 norm error between the computed sparsity
and the true sparsity k (based on 100 samples) and demonstrate
them in Figure 3 and Table IX respectively.
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TABLE VII
AVERAGE ERROR-P(SUCCESS)-CPU TIME WITHOUT NOISE

(1) (2) (3) (4) (5)
n Error ‖Ax− b‖2

256 3.5e-4 2.1e-4 2e-5 1.7e-4 0.0
512 5.6e-4 3.5e-4 4e-5 3.0e-4 0.0

1024 9.4e-4 5.8e-4 6e-5 5.2e-4 0.0
2048 1.4e-3 8.6e-4 9e-5 7.9e-4 0.0
n Error ‖x− xorig‖∞

256 4.1e-3 2.4e-4 2e-5 2.0e-4 4.9e-4
512 2.2e-3 3.1e-4 3e-5 2.6e-4 7.8e-4

1024 4.4e-3 3.9e-4 4e-5 3.3e-4 3.5e-4
2048 2.5e-3 4.3e-4 4e-5 3.9e-4 3.7e-4
n P(success)

256 0.45 1.00 1.00 1.00 0.80
512 0.35 1.00 1.00 1.00 0.70

1024 0.10 1.00 1.00 1.00 0.95
2048 0.00 1.00 1.00 1.00 0.95
n CPU Time

256 0.030 0.096 0.043 0.038 0.261
512 0.034 0.152 0.075 0.071 1.237

1024 0.079 0.478 0.214 0.245 8.909
2048 0.236 1.687 0.796 1.156 81.668

Fig. 10. Sparsity without noise

TABLE VIII
AVERAGE ERROR-P(SUCCESS)-CPU TIME WITH NOISE

(1) (2) (3) (4) (5)
n Error ‖Ax− b‖2

256 0.60 0.19 0.09 0.16 1.94
512 1.04 0.34 0.14 0.29 2.91

1024 1.60 0.53 0.24 0.48 4.32
2048 2.45 0.82 0.34 0.76 6.03
n Error ‖x− xorig‖∞

256 0.32 0.16 0.102 0.121 1.24
512 0.52 0.19 0.047 0.142 2.17

1024 0.31 0.10 0.045 0.075 1.69
2048 0.69 0.23 0.193 0.192 2.09
n P(success)

256 0.20 0.98 0.99 0.99 0.00
512 0.02 0.98 1.00 1.00 0.00

1024 0.00 0.98 1.00 1.00 0.00
2048 0.00 0.90 1.00 0.97 0.00
n CPU Time

256 0.010 0.029 0.020 0.015 0.148
512 0.014 0.045 0.035 0.026 0.195

1024 0.027 0.094 0.079 0.064 0.446
2048 0.058 0.348 0.288 0.267 1.445

Fig. 11. Sparsity with noise

Fig. 12. Error ‖x− xorig‖∞ with noise

From all the above experimental results, we have the fol-
lowing observations.

TABLE IX
AVERAGE SPARSITY l2 ERROR WITH NOISE

(1) (2) (3) (4) (5)
n Sparsity l2 Error

256 25.6 44.8 14.2 18.1 17.6
512 41.3 80.2 24.0 31.6 36.9

1024 73.5 106.9 34.5 48.9 81.7
2048 147.3 200.7 69.7 93.8 174.7

1) For noise-free case, among the five different approaches,
we clearly know that:

• a) The GPSR algorithm for solving l1 problem is the
fastest but returns the worst sparsity (Figure 10), larger
stable error ‖Ax− b‖2 and exactness error ‖x−xorig‖∞
than the three models proposed by this paper, and the
lowest P(success).

• b) The IRLS algorithm for solving lp problem always has
”0” error because of its design for keeping the equality of
the constraints. Meanwhile, to pay for the price, it runs
a lot cputime. Moreover, the solution have a long ”tail”
with small elements as shown in the last line of Figure
10.

• c) The three new approaches of DC l1-l∞, DC l1-lσq
, DC

l1-l2, always returned with 100% success-recovery and
smallest errors. What the outstanding fact is that, DC
l1-lσq approach always can obtain a sparsest solution
with small errors (1e-5) both for stable error ‖Ax−b‖2
and exactness error ‖x− xorig‖∞.

2) When with noise, the summary is similar to the noise-free
case in some aspects:

• a’) The GPSR algorithm for solving l1 problem is still the
fastest but returns relatively larger errors ‖Ax− b‖2 and
‖x−xorig‖∞ (Figure 11, Figure 12), and low probability
of success-recovery.

• b’) The IRL1 algorithm for solving lp problem with noise
has biggest errors, and poorest P(success) rate.

• c’) The performance between the three new approaches
of DC l1-l∞, DC l1-lσq , DC l1-l2 are enlarged with
each other compared to noiseless case. Although they all
returned smallest error ‖x − xorig‖∞. Model DC l1-l∞
shows weak robustness compared to DC l1-lσq

and DC
l1-l2.

Above all, our computational results suggest that either with
noise or not, the approaches of DC l1-lσq

solved by PGGS
algorithm, and DC l1-l2 solved by MajorP, are very efficient
and competitive methods for sparse reconstruction problem.
By using them, we can get sparser solutions with good
quality in terms of exactness and stability in very decent time.
Moreover, DC l1-lσq

approach performance relative better than
DC l1-l2 in aspects of errors. However, DC l1-l2 approach runs
less CPU time than DC l1-lσq

when n ≤ 2048.

D. Simulated signal test

In this subsection, we fix n = 1024, k = 42 and xorig.
Generate the data set A and b without noise by different
values of m: m = 1/4n, 1/5n and 1/(5.5)n. As Figures 13 to
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15 demonstrate, our new models can get exact recovery with
fewer measurements of observations.

Fig. 13. Simulated signal test without noise m = 1/4n

Fig. 14. Simulated signal test without noise m = b1/5nc

Fig. 15. Simulated signal test without noise m = b1/(5.5)nc

V. CONCLUSION

We have introduced two penalty methods for solving sparse
signal reconstruction problems, of which the objective func-
tions are in a common form of DC functions. The DC
objective functions considered in this paper are specified to
the difference of two norms, such as difference of l1 and l∞,
difference of l1 and lσq , and difference of l1 and lr (r > 1).
Computational results demonstrated that our DC approach of
l1-lσq

is efficient to obtain a sparse solution with less error
than l1 and lp models. Moreover, the DC approach of l1-lr
with r > 1 also can recover the original sparse signals even
with fewer measurements of observations. From the overall
experimental comparisons with l1 model and lp model, we
conclude that our methods of minimizing differences of norms
are competitive for sparse reconstruction problems, such as
image reconstruction and signal recovery, no matter in sparsity
or in accuracy.

VI. PROOFS

Proof of Theorem 2.2
Let η ∈ Rm, ζ ∈ Rm with

ηi = (B−1b)i, ζi = (B−1N)i, i = 1, · · · ,m,

and x1 := (0, · · · , 0, k), x2 := (η1, · · · , ηm, 0). Then x1, x2

are solutions of Ax = b. By assumption, we have

η = kζ, ‖ζ‖1 < 1, ‖η‖1 < k.

Since (B−1b)i 6= 0 for each i and note that for any θ 6= 0,

(I, B−1N)(0, · · · , θ, · · · , 0, 0)T = (0, · · · , θ, · · · , 0, 0)T 6= B−1b.

Then we conclude that x1 is the unique solution of (l0). On
the other hand, problem (l1) can be reduced to

min
z∈R

|z|+ ‖B−1b−B−1Nz‖1

= min
z∈R

|z|+
∑
i

|ηi − ζiz|

= min
z∈R

|z|+ ‖ζ‖1 · |k − z|

≥ min
z∈R

(1− ‖ζ‖1)|z|+ k‖ζi‖1
≥ k‖ζ‖1 = ‖η‖1,

where the ≥ is by triangular inequality and can be attained
at z = 0. Then, the optimal solution attained at z∗ = 0, and
hence x∗ = (B−1b, 0) = (η, 0), i.e., x2 solves problem (l1).
Therefore, we conclude that problem (l1) doesn’t solve (l0).
Next, we show that under condition (7), problem Pσ1

uniquely
solves (l0). We need to show x1 is the unique solution of
problem Pσ1

.
Firstly, problem problem Pσ1 is equivalent to

min
x

{
‖x‖1 − ε‖x‖∞ : x = (η − z · ζ, z), z ∈ R

}
= min

x

{
‖x‖1 − ε‖x‖∞ : x = ((k − z)ζ, z), z ∈ R

}
= min

z

{
|z|+ ‖ζ‖1 · |k − z| − εmax{|z|, ‖ζ‖∞ · |k − z|}

}
.

The above function has four break points{
k‖ζ‖∞
‖ζ‖∞ − 1

,
k‖ζ‖∞
‖ζ‖∞ + 1

, 0, k

}
.

In order to show x2 = (0, · · · , 0, k) is the unique minimization
solution, we only need to show

(−‖ζ‖1 − 1 + ε) k‖ζ‖∞
‖ζ‖∞−1 + k‖ζ‖1 > (1− ε)k

−ε‖ζ‖∞ + ‖ζ‖1 > (1− ε)k
(−‖ζ‖1 + 1− ε) k‖ζ‖∞

‖ζ‖∞+1 + k‖ζ‖1 > (1− ε)k.

It is not difficult to get

(−‖ζ‖1 − 1 + ε)
k‖ζ‖∞
‖ζ‖∞ − 1

+ k‖ζ‖1 > −ε‖ζ‖∞ + ‖ζ‖1

and

(−‖ζ‖1 + 1− ε) k‖ζ‖∞
‖ζ‖∞ + 1

+ k‖ζ‖1 > −ε‖ζ‖∞ + ‖ζ‖1,

which are by (−‖ζ‖1 − 1 + ε) k‖ζ‖∞
‖ζ‖∞−1 > 0, (−‖ζ‖1 +

1) k‖ζ‖∞
‖ζ‖∞+1 > 0 and 0 < ε k‖ζ‖∞‖ζ‖∞+1 < ε‖ζ‖∞. Until now, only

−ε‖ζ‖∞+‖ζ‖1 > (1−ε)k left to be shown, which is precisely

ε >
k − k‖ζ‖1
k − k‖ζ‖∞

=
1− ‖ζ‖1
1− ‖ζ‖∞

.

This completes the proof. �

Proof of Proposition 2.4
Notice that (10) can be equivalently formulated as

min
|S|=k

min
x

1

2
‖x− y‖2 + λ1‖x‖1 − λ2

∑
i∈S
|xi|

= min
|S|=k

min
x

1

2
‖x− y‖2 + λ1

∑
i/∈S

|xi|+ (λ1 − λ2)
∑
i∈S
|xi|.

(19)
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Moreover, note also that for each i and ξ > 0, we have

min
xi

1

2
(xi − yi)2 + ξ|xi|

= Pξ(|yi|) :=

{
1
2 |yi|

2 if |yi| ≤ ξ,
ξ|yi| − 1

2ξ
2 otherwise,

(20)

with the minimum attained at xi = sign(yi) max{|yi| − ξ, 0}.
Substituting (20) into (19), we see that the right hand side of
(19) can be further rewritten as

min
|S|=k

∑
i/∈S

Pλ1
(|yi|) +

∑
i∈S

Pλ1−λ2
(|yi|)

=

n∑
i=1

Pλ1
(|yi|)− max

|S|=k

∑
i∈S

[Pλ1
(|yi|)− Pλ1−λ2

(|yi|)].

(21)

Since λ1 > λ1− λ2 > 0, it is routine to show from definition
that u 7→ Pλ1(u) − Pλ1−λ2(u) is an increasing function for
positive values of u. Thus, the maximum in (21) is attained
by choosing S = {i1, . . . , ik}. The formula (11) now follows
from this and the fact that the minimum in (20) is attained at
xi = sign(yi) max{|yi| − ξ, 0}. �

Proof of Theorem 2.5
We note first that the algorithm is monotone, i.e., f1(xt+1) ≤
f1(xt) for t ≥ 0. Indeed, from the definition of L and Taylor’s
inequality, we have

f1(xt+1) ≤ 1

2
‖Axt − b‖2 + 〈AT (Axt − b), xt+1 − xt〉

+
L

2
‖xt+1 − xt‖2 + µ(‖xt+1‖1 − ε‖xt+1‖σq .

Combining this with the definition of xt+1, we see immedi-
ately that f1(xt+1) ≤ f1(xt). As a further consequence, we
note that

µ(1− ε)‖xt‖1 ≤ µ(‖xt‖1 − ε‖xt‖σq
) ≤ f1(xt) ≤ f1(x0).

Since µ(1−ε) > 0, we see that {xt} is bounded. On the other
hand, the objective function f1(x) of (8) is a square term plus
a piecewise linear function which ensures that f1(x) is semi-
algebraic and hence it satisfies KL inequality (for definitions of
semi-algebraic and KL inequality please refer to [2]) and the
references therein). Thus, from [2, Theorem 5.1], we conclude
that the sequence {xt} is convergent to a stationary point of
(8) (for more details please see the appendix of Explanation
for proof of Theorem 2.5). �

Proof of Theorem 3.1
We only need to establish the right side of the inequalities
since the left side is already know by Hölder inequality.
Assume x = (z, 0) with z ∈ Rk and ‖z‖0 = k. Without
loss of generality, we only need to prove the case z ∈ Ω :=
{(z1, z2, · · · , zk) 6= 0 | z1 ≥ z2 ≥ · · · ≥ zk ≥ 0} due
to the symmetry of components |z1|, |z2|, · · · , |zk|. Clearly,
z1 6= 0. Notice that if the inequality (12) holds for any
(1, z2, · · · , zk) ∈ Ω, then we can immediately generalize the
conclusion to all z ∈ Ω through substituting z/z1, z ∈ Ω into

(12) and eliminating the common factor 1/z1. Henceforth, it
remains to show

‖z‖1 ≥
‖z‖r
k1/r−1

− τrk(1− zk), (22)

with z ∈ {(1, z2, · · · , zk) | 1 ≥ z2 ≥ · · · ≥ zk ≥ 0}, where
τr is a function of r specified in (13).

First, for any given r ∈ (0, 1] define that

h(z) := k1−1/r‖z‖r − ‖z‖1.

It is easy to verify that h(z) is a convex function on Rk+.
Since the maximum of a convex function always arrives on
the boundary, we have

h(zk) : = max
1≥z2≥z3≥···≥zk

h(1, z2, z3, · · · , zk)

= h(1, · · · , 1, zk, · · · , zk), zk ∈ [0, 1]

Letting the distribution of 1 appear for t times (1 ≤ t ≤ k) in
the maximum solution of h, we have

h(zk) = t(1− zk) + kxk −
(t(1− zrk) + kxrk)

1/r

k1/r−1
.

By the convexity of h and h(1) = 0, it follows that

h(zk) ≤ (1− zk)h(0) + znh(1) = (1− zk)h(0).

Then it holds that

h(z) ≤ h(zk) ≤ (1− zk)h(0)

= (1− zk)(k1−1/rt1/r − t)
≤ (1− zk) max

r∈{1,2,··· ,k}
{k1−1/rt1/r − t}

≤ (1− zk) max
0<t≤k

{k1−1/rt1/r}

= (1− zk)τrk,

where τr is defined as (13) and the last equality holds when
r1 = r

r
1−r k ∈ (0, k] for any r ∈ (0, 1].

By computing the first and second order partial derivatives
of τr on r, it is easy to verify that τr is a non-increasing
convex function of r ∈ (0, 1] and

lim
r→1+

τr = 0 and lim
r→+∞

τr = 1.

Thus the proof is completed. �

Proof of Theorem 3.3
First, note that zt+1 minimizes F (x, xt). Then the first-order
optimality condition gives

0 ∈ AT (Axt − b) + L(xt+1 − xt) + µ∂‖xt+1‖1 − µεg(xt),
(23)

where g is defined in Section III-B. Using this and the
definition of subdifferential, we obtain immediately that

µ‖xt‖1 − µ‖xt+1‖1
≥〈−AT (Axt − b)− L(xt+1 − xt) + µεg(xt), xt − xt+1〉
=〈−AT (Axt − b) + µεg(xt), xt − xt+1〉+ L‖xt+1 − xt‖22
=〈AT (Axt − b)− µεg(xt), xt+1 − xt〉+ L‖xt+1 − xt‖22.
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Hence,

µ‖xt+1‖1 − µ‖xt‖1 + 〈AT (Axt − b)− µεg(xt), xt+1 − xt〉)
≤ −L‖xt+1 − xt‖22.

Using this relation together with the definition of F , we obtain
for any t ≥ 1 that

f2(xt+1)− f2(xt) ≤ F (xt+1, xt)− f2(xt)

= 〈AT (Axt − b), xt+1 − xt〉+
L

2
‖xt+1 − xt‖22

+ µ(‖xt+1‖1 − ‖xt‖1 − ε〈g(xt), xt+1 − xt〉)

=
L

2
‖xt+1 − xt‖22 + µ‖xt+1‖1 − µ‖xt‖1

+ 〈AT (Axt − b)− µεg(xt), xt+1 − xt〉)

≤ L

2
‖xt+1 − xt‖22 − L‖xt+1 − xt‖22 ≤ −

L

2
‖xt+1 − xt‖22,

which immediately gives (18).
We next show that {xt} is bounded. To this end, notice

from (18) that {f2(xt)} is a decreasing sequence. Hence, in
particular, we have f2(xt) ≤ f2(x0), which implies

µ(‖xt‖1 − ε‖xt‖) ≤
1

2
‖Axt − b‖22 + µ(‖xt‖1 − ε‖xt‖r)

= f2(xt) ≤ f2(x0).

Since ‖xt‖1 ≥ ‖xt‖r, it follows from the above relation that

µ(1− ε)‖xt‖r ≤ f2(x0).

This implies that {xt} is bounded since ε < 1.
Finally, we show that any cluster point of {xt} is a station-

ary point of (14). Let x∗ be a cluster point of {xt}. Then there
exists a subsequence {xtj} such that limj→∞ xtj = x∗. On
the other hand, by summing (18) from t = 0 to ∞, we obtain
that

L

2

∞∑
t=0

‖xt+1 − xt‖22 ≤ f2(x0)− lim
t→∞

f2(xt) ≤ f2(x0).

This implies that

lim
j→∞

xtj = lim
j→∞

xtj+1 = x∗.

Using this last relation, the conclusion now follows imme-
diately by taking limit in (23) along the subsequence {xtj}
and making use of the upper semicontinuity of (Clarke)
subdifferentials. �
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