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Abstract. The ensemble density functional theory is valuable for simulations of metallic systems due to the absence of a gap in the spectrum

of the Hamiltonian matrices. Although the widely used self-consistent field iteration method can be extended to solve the minimization of the

total energy functional with respect to orthogonality constraints, there is no theoretical guarantee on the convergence of these algorithms. In this

paper, we consider an equivalent model with a single variableand a single spherical constraint by eliminating the dependence on the fractional

occupancies. A proximal gradient method is developed by keeping the entropy term but linearizing all other terms in the total energy functional.

Convergence to the stationary point is established. Numerical results in the KSSOLV toolbox under the Matlab environmentshow that they can

outperform SCF consistently on many metallic systems.
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1. Introduction. Kohn-Sham Density functional theory (KS-DFT) [19, 21] has been widely used in ab initio

electronic-structure calculations to accurately predictelectronic, optical, structural and other properties of molecules

and solids. It is often formulated as a constrained electrontotal energy minimization problem or a nonlinear eigenvalue

problem known as the Kohn-Sham equations. The Kohn-Sham equations are the first-order necessary optimality

condition of the constrained energy minimization problem.With the fundamental development of both theory and

algorithms for DFT coupled with the increasingly powerful computer resources, it is now possible to simulate many

materials properties with a precision that is often comparable to that of real experiments.

It is well known that the standard formulation of the Kohn-Sham problem is more difficult to solve numerically

for metals than for insulators or semiconductors [12, 11, 17, 23, 29, 36]. For insulators and semiconductors, there

exists a gap in the spectrum of the Kohn-Sham Hamiltonian near the vicinity of what is known as the Fermi level

or chemical potential. For metallic systems, such a gap is very small or absent. Note that our definition of metallic

systems pertains to both periodic systems (solids) and isolated systems such as molecules and atoms although in this

paper, we will focus mainly on isolated systems with no special symmetry in our numerical study. The existence of

a gap in the spectrum of the Kohn-Sham Hamiltonian makes invariant subspace associated with eigenvalues below

the gap well defined and relatively easy to compute. Without such a gap, the standard formulation of Kohn-Sham

problem becomes ill-posed because the desired invariant subspace cannot be easily separated. This ill-posedness leads

to some ambiguity in the definition of the electron charge density and numerical difficulty in obtaining a self-consistent

solution.

To overcome the difficulty of the standard formulation for metallic systems, alternative formulations have been

developed. These formulation include the finite-temperature statistical ensembles [30] and the finite-temperature en-

semble DFT (E-DFT) [11, 17, 23, 29, 36]. In these formulations, each KS eigenpair is associated with an occupation
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number that assumes a value between 0 and 1. The total energy of the electronic system contains an additional temper-

ature dependent entropy term that reflects the statistical nature of electron occupation. Other extensions of the standard

KSDFT model include the extended KSDFT models defined in [1, 10, 16] which we will discuss in section 2.3. Nu-

merical methods have been developed to compute the solutionof these models.

Broadly speaking, there are two classes of methods for computing the solution to the standard Kohn-Sham prob-

lem. The first class of methods focus on the first order necessary condition, and use a Newton-like method to find the

approximate solution of the Kohn-Sham problem. This class of methods is often called a self-consistent field iteration

(SCF). The interested reader is referred to [5, 6, 7, 8, 9] fordiscussions of the SCF iteration and its theoretical prop-

erties. The second class of methods try to minimize the totalenergy functional directly [2, 4, 32, 33, 39, 40, 25, 31].

They are sometimes called direct minimization methods. Thefirst class of methods have been extended to compute

solutions of the ensemble Kohn-Sham DFT problem [11, 17, 29,36]. In this approach, the Fermi-level is introduced

as an extra degree of freedom that is solved iteratively. Theoccupation numbers can be readily evaluated once the

eigenvalues of the KS Hamiltonian and the Fermi-level are known. There has not been a significant amount of effort

on extending direct minimization methods to solve the ensemble DFT problem. We will focus on this approach in this

paper.

One of the challenges with developing a direct minimizationmethod for EDFT is the need to treat occupation

numbers as additional degrees of freedom to be optimized. These extra degrees of freedom makes modification of the

existing algorithm nontrivial. We will show that an explicit parameterization of the occupation number can be avoided

by an equivalent alternative formulation of the EDFT minimization problem.

One of the major difficulties in direct minimization methodsis related to orthogonality constraints. A direct

constrained minimization (DCM) algorithm is designed in [48] where the new search direction is built from a subspace

spanned by the current approximation to the optimal wavefunction, the preconditioned gradient and the previous

search direction. Trust region methods [14, 15, 37, 38, 47] substitute the linear eigenvalue problem in SCF by the so

called trust-region subproblems and monotonic reduction of the total energy can be achieved by imposing a suitable

update of the trust region radius. The adaptive regularizedSCF approach in [41] takes advantage of the Hessian of

the total energy functional and establishes rigorous global convergence to the first-order optimality conditions. A

projected gradient-type method is studied in [42, 50]. One computational benefit is that the computation of linear

eigenvalue problems is no longer needed. The main costs of the approach arise from the assembling of the total energy

functional and its gradient on manifold and the projection onto the manifold. These tasks are cheaper than eigenvalue

computation and they are often more suitable for parallelization as long as the evaluation of the total energy functional

and its partial derivative is efficient. Numerical results in [50] based on the software package Octopus1 show that they

can outperform SCF consistently on large molecular systems, including carbon nano-tube, biological ligase 2JMO

(C178H283O50N57S) and protein fasciculin2 (C276H442O90N88S10).

In this paper, we aim to develop gradient type approaches forsolving the ensemble DFT. Notice that the gradient

approaches in [42, 50] can be applied to the ensemble DFT directly due to the additional variable and constraints on

the fractional occupancies. We first show a derivation of an alternative model with a single spherical constraint. The

variable on the fractional occupancies is eliminated and only one variable, denoted byZ (which is an × p complex

matrix), is involved in the new model. The entropy term playsa role as a regularization term on the singular value of

the variableZ. Our model is related to, but different from the one-body density formulation considered in [1, 10, 16]

whose variable is then× n density matrix. Since the gradient of the entropy tends to blow up if some of the singular

values ofZ are close to0 or 1, our experiences show that the gradient approaches in [42, 50] encountered numerical

difficulties as the iteration converges. It is also not obvious to extend the regularized SCF method [41] to solve the

1OCTOPUS. http://www.tddft.org/programs/octopus.
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ensemble DFT because this approach requires the computation of the Hessian-vector product of objective function

but evaluating the Hessian-vector product of the entropy term in our new model is impractical. Inspired by the recent

progress on sparse and low-rank matrix optimization [18, 43, 44, 28] for minimizing a summation of a Lipschitz

continuously differentiable function and a possibly nonsmooth function, we design a proximal gradient methods for

our model. In each subproblem, the entropy term is kept but other terms are linearized and a proximal term is added to

ensure convergence. Although the subproblem has no explicit closed-form solution, it can be solved efficiently using a

Lagrangian approach. Convergence to a point satisfying thefirst-order optimality conditions is proved. The numerical

performance of our proximal gradient methods is further improved by the state-of-the-art acceleration techniques such

as Barzilai-Borwein steps and non-monotone line search with global convergence guarantees. Our approaches can

quickly reach the vicinity of an optimal solution and produce a moderately accurate approximation, at least in our

numerical examples.

This paper is organized as follows. In Section 2, we review the model of the ensemble DFT, derive the first-order

optimality conditions and present the corresponding SCF iteration method. An equivalent model with a single spherical

constraint is proposed in Section 2.5. A nonmonotone proximal gradient method, the techniques on solving the

proximal subproblem and the convergence analysis are presented in Section 3. Finally, we demonstrate the robustness

and efficiency of our algorithms based on KSSOLV in Section 4.

1.1. Notation and Preliminaries. For a matrixX ∈ C
m×n, the matricesX,X∗,Re(X) andIm(X) denote the

complex conjugate, the complex conjugate transpose, and the real and imaginary parts ofX, respectively. The set of

n×nHermitian matrix is denoted bySn×n, In ∈ R
n×n stands for then-dimensional identity matrix ande denotes the

vector of all ones. The notationX � 0 means that the matrixX ∈ Sn×n is positive semidefinite. For a vectord ∈ C
n,

the operatorDiag(d) returns a square diagonal matrix inCn×n with the elements ofd on the main diagonal, while

converselydiag(X) returns the vector inCn containing the main diagonal elements of the square matrixX ∈ C
n×n.

The trace ofX, i.e., the sum of the elements on the main diagonal of a squarematrixX ∈ C
n×n, is denoted bytr(X).

The Frobenius inner product for matricesX,Y ∈ C
m×n is defined as〈X,Y 〉 = tr(X∗Y ) and the corresponding

Frobenius norm‖ · ‖F is given by‖X‖F = 〈X,X〉1/2 =
(∑
i,j

|Xij |2
)1/2

. The Hadamard productX ◦ Y is defined

componentwisely as(X ◦ Y )ij = XijYij . For a Hermitian matrixF ∈ C
n×n the operatorsλi(F ), λmin(F ) and

λmax(F ) denote thei-th, the smallest and the largest eigenvalue, respectively. Given two matricesX ∈ C
m×n and

Y ∈ C
n×m, the trace identity istr(XY ) = tr(Y X). ForX,Y ∈ C

m×n andv ∈ C
n, it holds

(1.1) (X ◦ Y )v = diag(XDiag(v)Y ∗).

2. Preliminaries.

2.1. The KSDFT Model. The KSDFT model [22] expresses the total energy of an interacting many-electron

system in terms of single-electron wavefunctions associated with a non-interacting reference system. When spin is

ignored, the KS total total energy functional can be writtenas [46]

(2.1) EKS({ψi}) =
1

2

pe∑

i=1

∫

Ω

‖∇ψi(r)‖2dr +
∫

Ω

ρ(r)Vion(r)dr +
1

2

∫

Ω

∫

Ω

ρ(r)ρ(r′)

‖r − r′‖ drdr
′ + Exc(ρ),

wherepe represent the total number of (valence) electron pairs,ψi, i = 1, 2, . . . , pe are single-particle wavefunctions

that satisfy the orthonormality constraint
∫
ψ∗i ψj = δij , r ∈ R

3, Ω ⊆ R
3 and the charge densityρ(r) is defined by

ρ(r) =
∑pe
i=1 |ψi(r)|2. The functionVion(r) =

∑nu

j=1 qj/‖r − r̂j‖ represents the ionic potential induced by thenu

nuclei, wherêrj andqj are the position and charge of thejth nucleus, respectively.Exc(ρ) is the exchange-correlation
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energy, which accounts for the non-interacting reference system fails to capture. Finding the ground state energy of

the system is equivalent to solving the following minimization problem

(2.2)

inf
ψi

EKS({ψi})

s.t.

∫

Ω

ψi(r)
∗ψj(r)dr = δij , 1 6 i, j 6 pe.

The continuous KSDFT model can be discretized by either a planewave expansion scheme or real space ap-

proaches including finite difference, finite element, finitevolume and wavelet methods. Using a suitable discretization

scheme whose spatial degree of freedom isn (for more details we refer the reader to [46]), the electron wavefunctions

can be approximated by a matrixX = [x1, . . . , xpe ] ∈ C
n×pe . They satisfy the orthogonality constraintX∗X = I

since the wavefunctionsX must be orthogonal to each other due to physical constraints. Here, it is assumed that the

basis chosen in the discretization is orthonormal. The discretized charge density can be expressed as

(2.3) ρ(X) = diag(XX∗) =

pe∑

i=1

|xi|2.

To simplify notation, we write the discretized total energyfunction as:

E(X) =
1

2
tr(X∗LX) + tr(X∗VionX) +

1

2
ρ⊤L†ρ+ e⊤ǫxc(ρ)(2.4)

whereL is a finite dimensional representation of the Laplacian operator,Vion is the ionic pseudopotentials sampled on

a suitably chosen Cartesian grid,L† corresponds to the pseudo-inverse ofL andǫxc(ρ) denotes the exchange correla-

tion energy function evaluated on a spatial grid. Our simplification does not assume a particular type of discretization

scheme and thus does not include additional coefficient matrices (e.g., numerical quadrature weight matrices, basis

overlap matrices) associated with certain type of discretization schemes. One can think ofL as a simple finite dif-

ference approximation to the Laplacian operator on a uniform grid, and assume a simple quadrature rule is used to

perform all numerical integration. Such simplification does not fundamentally affect the algorithm we describe in this

paper or the convergence analysis we present.

Once (2.2) is discretized, we can express the finite dimensional KSDFT model as

(2.5) min
X

E(X) s.t. X∗X = I.

The first order necessary condition becomes a nonlinear eigenvalue problem

(2.6) H(X)X = XΛ, X∗X = I,

whereH(X) = L + Vion + Diag(Re(L†)ρ) + Diag(µ∗xce) with µxc = ∂εxc

∂ρ ∈ R
n×n, andΛ is a diagonal matrix

containing thepe smallest eigenvalues ofH(X).

2.2. Other DFT Models. When thepeth eigenvalue ofH(X) is a multiple (or degenerage) eigenvalue, the

charge densityρ in (2.3) is not well defined. Even if there is a gap between thepeth andpe+1st eigenvalue, finding the

optimal solution to (2.5) or (2.6) can be difficult if the gap is very small. The reason is that numerically it is difficult

to separate the invariant subspace associated with the smallest pe eigenvalues from eigenvector associated with the

next few eigenvalues. In that sense, the KSDFT problem can beconsidered ill-posed. This situation often occurs for

metallic systems or molecules that contain transition metal atoms [12, 11, 17, 23, 29, 36]. To overcome numerical

4



difficulties associated with these types of systems, the standard KSDFT model is often modified to avoid defining the

charge density by (2.3).

2.3. Extended DFT model.One type of modification involves working with the one-body density matrix instead

of X directly. If there is a gap between thepeth andpe+1st eigenvalues ofH, then the one-body density matrix can

be defined asD = XX∗. In this case,ρ(X) = ρ̂(D) := diag(D). Using the simplified notationA ≡ 1
2L+ Vion. we

can express the total energy (2.4) as a function ofD, i.e.

E(X) = Ê(D) := tr(AD) +
1

2
ρ̂⊤L†ρ̂+ e⊤ǫxc(ρ̂).(2.7)

In fact, the constraintsX∗X = I can be expressed equivalently in terms ofD ∈ C
n×n such that

D = D∗, tr(D) = pe, and D = D2,

since the constraintD = D2 requires that the eigenvalues ofD must be either0 or 1 andtr(D) =
∑n
i=1 λi(D) = pe.

As a result, the KSDFT model (2.5) can be rewritten in terms ofa one-body density matrix [1, 10, 16]:

(2.8) min
D∈Cn×n

Ê(D) s.t. D = D∗, tr(D) = pe, D = D2.

By relaxingD = D2 constraint to allow0 ≤ λi(D) ≤ 1, one can obtain an extended KSDFT model [1]

(2.9) min
D∈Cn×n

Ê(D) s.t. D = D∗, tr(D) = pe, 0 ≤ λ(D) ≤ 1.

A gradient projected algorithm is proposed in [10] to find thesolution of (2.9).

2.4. Ensemble DFT model.Another way to modify the KSDFT model is to allow more wavefunctions to be

included in the definition of the charge density, i.e.,

ρ(r) =

p∑

i=1

fi|ψi(r)|2

for somep ≥ pe, and use fractional occupation0 ≤ fi ≤ 1 to ensure that the charge density sums up to the number of

electron pairs. This implies that

p∑

i=1

fi = pe.

To account for fractional occupation, an entropy termsR(f) scaled by a temperature factorα = κBT , whereκB is the

Boltzmann constant, is introduced in the energy functional. The entropy term has the formR(f) =
p∑
i=1

s(fi), where

(2.10) s(t) =




t ln t+ (1− t) ln(1− t), 0 < t < 1,

0, otherwise.

5



This approach yields what is often known as a finite temperature KSDFT [11, 17, 29, 36] or an ensemble KSDFT

model (EDFT). In this EDFT model, we are concerned with minimizing the Helmholtz free energy functional

EEDFT ({ψi}, f) =
1

2

p∑

i=1

∫

Ω

fi‖∇ψi(r)‖2dr +
∫

Ω

ρ(r)Vion(r)dr +
1

2

∫

Ω

∫

Ω

ρ(r)ρ(r′)

‖r − r′‖ drdr
′(2.11)

+Exc(ρ) + αR(f).

Therefore, in the EDFT model, the minimization problem to besolved is

(2.12)

inf
ψi,f

EEDFT ({ψi}, f)

s.t.

∫

Ω

ψi(r)
∗ψj(r)dr = δij , 1 6 i, j 6 p,

e⊤f = pe, 0 ≤ f ≤ 1.

Similar to the KSDFT, the electron wavefunctions are approximated byX = [x1, . . . , xp] ∈ C
n×p using a suitable

discretization scheme. Then the discretized charge density of electrons in ensemble DFT can be written as

ρ(X, f) := diag(XDiag(f)X∗).(2.13)

It is obvious thatρ(X, f) is real. The corresponding discretized total energy functional (2.11) is

M(X, f) = tr(Diag(f)X∗AX) +
1

2
ρ⊤L†ρ+ e⊤ǫxc(ρ) + αR(f).(2.14)

The discretized ensemble total energy minimization problem becomes

(2.15)

min
X∈Cn×p,f∈Rp

M(X, f)

s.t. X∗X = I,

e⊤f = pe 0 ≤ f ≤ 1.

If D̄ = XDiag(f)X∗, then we haveρ(X, f) = ρ̂(D̄) := diag(D̄) and

M(X, f) = M̂(D̄) := tr(AD̄) +
1

2
ρ̂⊤L†ρ̂+ e⊤ǫxc(ρ̂) + αR((λ1(D̄), . . . , λp(D̄))⊤).

Therefore, the one-body density matrix formulation of (2.15) is

(2.16) min
D̄∈Cn×n

M̂(D̄) s.t. D̄ = D̄∗, tr(D̄) = pe, 0 ≤ λ(D̄) ≤ 1, rank(D̄) ≤ p.

The rank constraint is imposed sinceX is a rankp matrix in (2.15).

The Lagrangian function of (2.15) is

(2.17) L(X, f,Λ, µ) :=M(X, f)− 〈Λ, X∗X − I〉 − µ(e⊤f − pe),
6



whereΛ ∈ Sp×p andµ are the Lagrangian multipliers. The Hamiltonian matrix is

H(X, f) = A+Diag(Re(L†)ρ) + Diag(µ∗xce),

whereµxc =
∂εxc

∂ρ ∈ R
n×n. For anyf ∈ R

p, it follows from the identity (1.1) that

ρ(X, f) = diag(XDiag(f)X∗) =
(
X ◦X

)
f.

Hence, it can be verified that the first-order optimality conditions of (2.15) is

∂L
∂fi

= x∗iH(X, f)xi + α ln

(
fi

1− fi

)
− µ = 0, i = 1, . . . , p,(2.18)

e⊤f = pe, 0 ≤ f ≤ 1,(2.19)
∂L
∂X

= 2(H(X, f)XDiag(f)−XΛ) = 0,(2.20)

X∗X = I.(2.21)

Equation (2.18) yields

(2.22) fi =
1

1 + e(γi−µ)/α
,

whereγi = x∗iH(X, f)xi. Substituting (2.22) into (2.19) gives

(2.23) G(µ) =

p∑

i=1

1

1 + e(γi−µ)/α
= pe.

It is easy to verify thatG(µ) is monotonic with respect toµ. Hence, the solution of (2.23) is unique, and it can be

obtained by, for example, using a bisection algorithm.

Equation (2.20) and the orthogonality constraints (2.21) imply thatΛ = X∗H(X, f)XDiag(f). This equation

suggests that a local minimizer ofL is invariant underH(X, f). Although the symmetric Lagrange multiplierΛ may

not necessarily be diagonal, an unitary transformationW can always be chosen such that(XW )∗H(X, f)XW = Ω

is diagonal. Such an unitary transform allows us to turnΛ into a diagonal matrix.

Therefore, the well-known self-consistent field iteration(SCF) method can be extended to solve problem (2.15).

Starting from an initial orthogonal matrixX0, the Lagrangian multiplierµk at k-th iteration is computed by solving

(2.23) withγki = (xki )
∗H(Xk−1, fk−1)xki . Consequently,fk is updated withµk by using (2.22). Then one solve the

linear eigenvalue problem

(2.24)
H(Xk−1, fk)X = XΩ,

X∗X = I.

The procedure is iteratively performed until convergence is met. An outline of the SCF method is described in Algo-
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rithm 1.

Algorithm 1 : A SCF Method for EDFT

Given a feasibleX0 andf0. Setk = 0.

while “convergence” is not metdo
Computeµk by solving (2.23).

Computefk using (2.22).

Solve the linear eigenvalue problem (2.24) to obtainXk.

Setk = k + 1.

Although the SCF iteration with charge density or potentialmixing works well on many problems, few theoretical

convergence analysis is available. The existing convergence analysis [34, 45, 26, 27] often requires strong assumptions

on the gap between the occupied and unoccupied states to guarantee either local or global convergence of the SCF

iteration. When the local density approximation (LDA) or generalized gradient approximation (GGA) are used for

the exchange-correlation function, the main computational bottleneck of the SCF iteration is in solving a sequence of

linear eigenvalue problems. Since the number of degrees of freedomn and the number of occupied statespe can be

very large, the computational cost of the SCF iteration is often dominated by that associated with computing the desire

eigenpairs.

2.5. An equivalent EDFT model with a single spherical constraint. Problem (2.15) is difficult to solve due to

the unitary constraintsX∗X = I and the interaction between the variablesX andf . In this section, we present an

equivalent model with a single spherical constraint. It is simpler since the unitary constraints are eliminated and only

one variable is involved. We should point out that our model is related to, but different from the one-body density

matrix formulation in [1, 10, 16] due to the presence of the entropy term. Furthermore, our approach represents

D̄ = XDiag(f)X∗ in the form D̄ = ZZ∗ and works withZ ∈ C
n×p as the single optimization variable. This

formulation is more general than working with the square root D̄1/2 of the one-body density matrix and allows us to

incorporate the rank constraintrank(D̄) ≤ p directly into the column dimension ofZ. A further advantage is that the

derivative of commonly used exchange correlation energieswith respect toD̄ is usually not Lipschitz continuous at

points wherêρ(D̄) = 0, whereas forD̄ = ZZ∗ the derivative with respect toZ has this property, see Lemma 3.3.

To introduce the model, letZ ∈ C
n×p, define the density

ρ = diag(ZZ∗)

and the energy functional

(2.25) E(Z) := tr(Z∗AZ) +
1

2
ρ⊤L†ρ+ e⊤ǫxc(ρ).

ForZ ∈ C
n×p, let σi(Z) denote theith largest singular value ofZ for i = 1, . . . , p, σ(Z) = (σ1(Z), . . . , σp(Z))

⊤

and

(2.26) Ω(Z) = {(U, V ) ∈ C
n×p × C

p×p : U∗U = V ∗V = I, Z = UDiag(σ(Z))V ∗}.
8



Then our new ensemble DFT model is

(2.27)

min
Z∈Cn×p

M(Z) := E(Z) + αR(Z∗Z)

s.t. ‖Z‖F =
√
pe,

0 ≤ σi(Z) ≤ 1, i = 1, . . . , p,

where the spectral functionR is defined byR(Z∗Z) = R(σ(Z)2) with (σ(Z)2)i = σi(Z)
2.

The next theorem shows that models (2.15) and (2.27) are equivalent.

THEOREM 2.1. The following statements are true.

1. If (X, f) is an optimal solution of(2.15), thenZ = XDiag(f
1
2 ) is an optimal solution of(2.27).

2. Suppose thatZ is an optimal solution of(2.27). LetZ = XDiag(w)V ∗ be the SVD ofZ such thatX andV

are orthogonal andw are the singular values. Then(X,w2) is an optimal solution of(2.15).

Proof. Let (X, f) be a minimizer of (2.15) and̄Z be an optimal solution of (2.27). Since0 ≤ f ≤ 1, we can set

Z = XDiag(f
1
2 ). It can be verified thattr(Diag(f)X∗AX) = tr(Z∗AZ), ρ = diag(XDiag(f)X∗) = diag(ZZ∗),

andZ∗Z = Diag(f). This shows thattr(Z∗Z) = e⊤f = pe and{fi} are the eigenvalues ofZ∗Z, i.e., the squared

singular values ofZ. Hence,Z is feasible for (2.27) and there holdsR(Z∗Z) = R(f) andM(Z) = M(X, f). The

optimality of Z̄ yieldsM(Z̄) ≤M(Z) =M(X, f).

Conversely, letZ̄ = X̄Diag(w̄)V̄ ∗ be the SVD ofZ̄ such thatX̄ andV̄ are orthogonal and̄w are the singular

values. Letf̄i = w̄2
i . Then it can be proved similarly that(X̄, f̄) is a feasible solution of (2.15) andM(X̄, f̄) =

M(Z̄). The optimality of(X, f) andZ̄, respectively, yield

M(X, f) ≤M(X̄, f̄) =M(Z̄) ≤M(Z) =M(X, f).

Thus,Z is an optimal solution of (2.27) and(X̄, f̄) is an optimal solution of (2.15), which completes the proof of

statements 1 and 2.

REMARK 2.2. Theorem 2.1 is formulated for optimal solutions. In a similar way, one can show that for any

feasibleZ of (2.27)there exists a feasible solution(X, f) of (2.15)withM(Z) =M(X, f) and vice versa.

Problem (2.27) is invariant under unitary transformations. Specifically, letU ∈ C
p×p be unitary and set̂Z = ZU .

It holds thatZ is a minimizer of (2.27) if and only if̂Z is a minimizer of (2.27). The energy functional (2.25) is the

same as the Kohn-Sham energy functional. Hence, we define theHamiltonian matrix

H(Z) = A+Diag(Re(L†)ρ) + Diag(µ∗xce),

whereµxc =
∂εxc

∂ρ ∈ R
n×n. It follows from [41] that

∇E(Z) = 2H(Z)Z.(2.28)

The next lemma provides the derivative of the entropy termR(Z∗Z) with respect toZ.

LEMMA 2.3. Suppose thatZ ∈ C
n×p satisfies0 < σi(Z) < 1 for all i = 1, . . . , p. LetZ = UDiag(σ)V ∗ for

σ = σ(Z) and some(U, V ) ∈ Ω(Z). Then the derivative ofR(Z∗Z) atZ is

(2.29) ∇R(Z∗Z) = 2UDiag
(
σ1s
′(σ2

1), . . . , σps
′(σ2

p)
)
V ∗,

wheres′(t) = ln t
1−t .
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Proof. LetF = Z∗Z. It follows from the singular value decomposition ofZ thatF = VDiag
(
σ2
1 , . . . , σ

2
p

)
V ∗.

Applying the derivatives of spectral functions in [24], we obtain the derivative ofR(F ) with respect toF :

∇FR(F ) = ∇F
(
∑

i

s(σ2
i )

)
= VDiag

(
s′(σ2

1), . . . , s
′(σ2

p)
)
V ∗,

which yields

∇ZR(Z∗Z) = 2ZVDiag
(
s′(σ2

1), . . . , s
′(σ2

p)
)
V ∗.

This completes the proof.

3. A Nonmonotone Proximal Gradient Method for EDFT. In this section, we propose a nonmonotone prox-

imal gradient (NPG) for solving (2.27) inspired by the recent progress on sparse and low-rank matrix optimization.

It is an extension of the fixed-point algorithm [18, 43, 44] for minimizing a summation of a Lipschitz continuously

differentiable function and a possibly nonsmooth functionand the iterative reweighted singular value minimization

methods forℓp regularized unconstrained matrix minimization [28].

At the k-th iteration, the proximal gradient method linearizes thetermE(Z) with a proximal term but keeps the

entropy termαR(Z∗Z). Specifically, the subproblem is

(3.1)

min
Z∈Cn×p

Ψk(τk;Z) := 〈∇E(Zk), Z − Zk〉+ 1

2τk
‖Z − Zk‖2F + αR(Z∗Z)

s.t. ‖Z‖F =
√
pe,

0 ≤ σi(Z) ≤ 1, i = 1, . . . , p,

whereτk is the proximal step size. LetW k = Zk − τk∇E(Zk). The subproblem (3.1) can be expressed as

(3.2)

min
Z∈Cn×p

1

2τk
‖Z −W k‖2F + αR(Z∗Z)

s.t. ‖Z‖F =
√
pe,

0 ≤ σi(Z) ≤ 1, i = 1, . . . , p.

Then the closed-form solution of (3.1) is computable.

LEMMA 3.1. Given anyW k ∈ C
n×p andτk, α > 0, let U Diag(y)V ∗ be the SVD ofW k. ThenY k(τk) is an

optimal solution of(3.2) if and only if

(3.3) Y k(τk) = UDiag(zk(τk))V
∗

and

(3.4)

zk(τk) ∈ argmin
z

ψk(τk, z) :=
1

2τk
‖z − y‖2F + α

∑

i

s(z2i )

s.t. ‖z‖2 =
√
pe,

0 ≤ zi ≤ 1, i = 1, . . . , p.

Proof. The conclusion follows immediately from Lemma 3.1 in [28].
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Another critical algorithmic issue is the determination ofa suitable step sizeτ . Instead of using the classical

Armijo-Wolfe based monotone line search, we apply the nonmonotone curvilinear (as our search path is on the man-

ifold rather than a straight line) search with an initial step size determined by the Barzilai-Borwein (BB) formula,

which we have found more efficient for our problem. They were developed originally for the vector case in [3]. At

iterationk, the step size is computed as

(3.5) τk,1 =
〈Sk−1, Sk−1〉
|〈Sk−1, V k−1〉| or τk,2 =

|〈Sk−1, V k−1〉|
〈V k−1, V k−1〉 ,

whereSk−1 = Zk − Zk−1 andV k−1 = ∇E(Zk) −∇E(Zk−1). In order to guarantee convergence, the final value

for τk is a fraction (up to 1, inclusive) ofτk,1 or τk,2 determined by a nonmonotone search condition in [49]. Let

C0 =M(Z0),Qk+1 = ηQk + 1 andQ0 = 1. The new points are generated iteratively in the formZk+1 := Y k(τk),

whereτk = τk,1δ
h or τk = τk,2δ

h andh is the smallest nonnegative integer satisfying

(3.6) M(Y k(τk)) ≤ Ck −
γ

2
‖Y k(τk)− Zk‖2F ,

whereγ > 0, each reference valueCk+1 is taken to be the convex combination ofCk andM(Zk+1) asCk+1 =

(ηQkCk +M(Zk+1))/Qk+1. In Algorithm 2 below, we specify our method for solving the EDFT model. Although

several backtracking steps may be needed to update theZk+1, we observe that the BB step sizeτk,1 or τk,2 is often

sufficient for (3.6) to hold in most of our numerical experiments. In the case thatτk,1 or τk,2 is not bounded, they are

reset to a finite number and convergence of our algorithm still holds.

Algorithm 2 : A NPG method for EDFT

GivenZ0, setτ0 > 0, γ, δ, η ∈ (0, 1), k = 0,Q0 = 1, C0 =M(Z0).

while convergence is not metdo

for h = 1, 2, . . . do
ComputeW k = Xk − τk∇E(Zk) and its SVD.

ComputeY k(τk) using (3.3).

if condition(3.6) is satisfiedthen breakelse set the step sizeτk = τkδ
h

SetZk+1 ← Y k(τk).

Compute the step sizeτk+1 = τk+1,1 or τk+1 = τk+1,2 according to (3.5).

UpdateQk+1 ← ηQk + 1 andCk+1 ← (ηQkCk +M(Zk+1))/Qk+1.

k ← k + 1.

3.1. Convergence of the NPG Method.The feasible set of (2.27) is denoted by

B = {Z | ‖Z‖2F = pe, 0 ≤ σi(Z) ≤ 1}.

We make the following assumptions.

ASSUMPTION3.2. The gradient∇E is Lipschitz onconvB, the convex hull ofB, with Lipschitz constantL > 0.

Assumption 3.2 holds if there is no exchange-correlation term, for example, in the Gross-Pitaevskii equation [51].

It is also true for the exchange-correlation energy defined by the Perdew & Zunger formula.

LEMMA 3.3. Let γ̃ = 2
(
3
π

)1/3
and(rs)i =

(
4πρi
3

)−1/3
. Consider

(3.7) ǫxc = (ǫex + ǫec) ◦ ρ,
11



where(ǫex)i = − 3
4 γ̃ρ

1/3
i and

(3.8) (ǫec)i =




(ǫaec)i = A1 +A2(rs)i + (A3 +A4(rs)i) ln(rs)i (rs)i < 1,

(ǫbec)i =
B1

1+B2

√
(rs)i+B3(rs)i

(rs)i ≥ 1,

where (with 4 digits accuracy)A1 = −0.096, A2 = −0.0232, A3 = 0.0622, A4 = 0.004, B1 = −0.2846, B2 =

1.0529, andB3 = 0.3334. Then the first-order derivative ofǫxc with respect toZ is Lipschitz onconvB.

Proof. Let (zi)⊤ be thei-th row of Z. The definition ofρ givesρi = ‖zi‖22. For anyZ ∈ convB, we have

1 ≥ σi(Z) = max‖v‖2=1 ‖Zv‖2 ≥ maxi ‖zi‖2, which implies thatconvB ⊂ {Z ; ρi = ‖zi‖2 ≤ 1, 1 ≤ i ≤ n}. We

first consider the exchange energy term. Forρi ≥ 0, it can be verified that

∂[(ǫex)iρi]

∂ρi
= −γ̃ρ1/3i ,

∂2[(ǫex)iρi]

∂ρ2i
= −1

3
γ̃ρ
−2/3
i (ρi > 0).

Hence, forφi(zi) = (ǫex)iρi
∣∣
ρi=‖zi‖2

, there holds for allv, w ∈ C
p:

∂φi(zi)[v] = −γ̃‖zi‖2/3(v∗zi + z∗i v), for zi ∈ C
p,

∂2φi(zi)[v, w] = −
1

3
γ̃‖zi‖−4/3(v∗zi + z∗i v)(w

∗zi + z∗i w)− γ̃‖zi‖2/3(v∗w + w∗v), for zi ∈ C
p \ {0}.

Consequently, it holdsφi(0) = 0, ∂φi(0) = 0, and∂2φi(zi)→ 0 aszi → 0. For0 6= h→ 0, we obtain

‖∂φi(h)[v]− ∂φi(0)[v]‖ = γ̃‖h‖2/3‖v∗h+ h∗v‖ = ‖v‖O(‖h‖5/3) = ‖v‖ o(‖h‖),

which yields∂2φi(0) = 0. Hence,∂2φi is continuous onCp and thus it is bounded on{zi ∈ C
p ; ‖zi‖2 ≤ 1}.

We now consider the correlation energy term. Sinceρi ≤ 1, we have(rs)i ≥
(
4π
3

)−1/3
=: c > 0. The two

branches(ǫaec)i and(ǫbec)i of (ǫec)i, see (3.8), are smooth functions of(rs)i in neighborhoods of[c, 1] and [1,∞),

respectively. All derivatives of(ǫaec)i are bounded on[c, 1] and, for any fixedC > 1, all derivatives of(ǫbec)i are

bounded on[1, C]. Hence,∂[(ǫec)i]∂(rs)i
is Lipschitz on[c, C] for any finiteC > 1. Therefore, to show that the gradient

of ψi(zi) := (ǫec)iρi
∣∣
ρi=‖zi‖2

is continuously differentiable on a neigborhood of{zi ; ‖zi‖2 ≤ 1}, it is sufficient to

consider a neighborhood ofzi = 0 as(rs)i is unbounded only forzi → 0. For δ > 0 sufficiently small there holds

1 < (rs)i <∞ for all 0 < ‖zi‖ < δ. A short calculation shows that

∂[(ǫec)iρi]

∂ρi
=
B1 (1 +

7
6B2

√
(rs)i +

4
3B3(rs)i)

(1 +B2

√
(rs)i +B3(rs)i)2

,

∂2[(ǫec)iρi]

∂ρ2i
=
B1π (5B2 + (7B2

2 + 8B3)
√

(rs)i + 21B2B3(rs)i + 16B2
3(rs)

3/2
i )(rs)

7/2
i

27(1 +B2

√
(rs)i +B3(rs)i)3

.

For0 6= zi → 0, we obtainρi → 0, (rs)i →∞, and

∣∣∣∣
∂[(ǫec)iρi]

∂ρi

∣∣∣∣ = O((rs)
−1
i ) = O(ρ

1/3
i ),

∣∣∣∣
∂2[(ǫec)iρi]

∂ρ2i

∣∣∣∣ = O((rs)
2
i ) = O(ρ

−2/3
i ).
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Thus, forzi → 0 and allv, w ∈ C
p, we have

|∂ψi(zi)[v]| =
∣∣∣∣
∂[(ǫec)iρi]

∂ρi
(z∗i v + v∗zi)

∣∣∣∣ = ‖v‖O(ρ
1/3
i ‖zi‖) = ‖v‖O(‖zi‖5/3) = ‖v‖ o(‖zi‖),

|∂2ψi(zi)[v, w]| =
∣∣∣∣
∂[(ǫec)iρi]

∂ρi
(w∗v + v∗w) +

∂2[(ǫec)iρi]

∂ρ2i
(z∗i v + v∗zi)(z

∗
i w + w∗zi)

∣∣∣∣

= ‖v‖‖w‖O(ρ
1/3
i + ρ

−2/3
i ‖zi‖2) = ‖v‖‖w‖O(‖zi‖2/3)→ 0,

which implies that∂2ψi is bounded in a neighborhood of0 and∂2ψi(0) = 0. Hence,∂ψi is Lipschitz on{zi ; ‖zi‖ ≤
1}.

We next show thatzk(τk) of (3.4) does not lie on the boundary of[0, 1]. Note thaty ≥ 0 since the components of

y are singular values.

LEMMA 3.4. For anyy ∈ R
p
+ and τk > 0, the optimal solutionzk(τk) of (3.4) satisfies0 < zki (τk) < 1 for

i = 1, . . . , p.

Proof. For brevity,zk(τk) is denoted bŷz.

1) We first proveẑi > 0 for all i. Assume that there exists an indexi such thatẑi = 0. Sincepe > 0, the

constraints of (3.4) imply that there exists an indexj such that0 < ẑj ≤ 1. Define a vectorw(t) such that

wl(t) =





ẑl, l 6= i, j,

t, l = i,√
ẑ2j − t2, l = j,

wheret > 0 is sufficiently small. It holds thatwi(t)2+wj(t)2 = ẑ2i + ẑ
2
j = ẑ2j . Hence,w(t) is feasible for allt ∈ [0, δ]

with δ > 0 sufficiently small and there holdswi(t), wj(t) ∈ (0, 1) for all t ∈ (0, δ). Further,φ(t) := ψk(τk;w(t)) is

smooth on(0, δ) and continuous on[0, δ]. For t ∈ (0, δ), we obtain

φ′(t) =
1

τk
(t− yi) +

1

τk
w′j(t)(wj(t)− yj) + αs′(t2) · 2t+ αs′(wj(t)

2) · 2w′j(t)wj(t).

There holds

w′j(t) = −t/
√
ẑ2j − t2, w′j(t) = −t/ẑj + o(t), ast→ 0+.

It can be verified that

lim
t→0+

1

t

1

τk
(t− yi) =




1/τk, yi = 0,

−∞, yi > 0,

lim
t→0+

1

t

1

τk
w′j(t)(wj(t)− yj) = −

1

τk

ẑj − yj
ẑj

,

lim
t→0+

1

t
αs′(t2) · 2t = −∞,

lim
t→0+

1

t
αs′(wj(t)

2) · 2w′j(t)wj(t) =




−2αs′(ẑ2j ) ∈ R, ẑj < 1,

−∞, ẑj = 1.

The previous relationships showφ′(t)/t→ −∞. Hence, there exists0 < δ1 < δ such thatφ′(t) < 0 for all t ∈ (0, δ1].
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Thenψk(τk; z(t)) = φ(t) < φ(0) = ψk(τk; ẑ), which shows that̂z is not optimal. This is a contradiction.

2) We now provêzi < 1 for all i. Assume that there exists an indexi such thatẑi = 1. Sincepe < p, the

constraints of (3.4) imply that there exists another indexj with 0 ≤ ẑj < 1. By part 1) we know in addition that

ẑj > 0. Define a vectorw(t) as

wl(t) =





ẑl, l 6= i, j,

1− t, l = i,√
ẑ2j + 2t− t2, l = j,

wheret > 0 is sufficiently small. It is obvious thatw2
i (t) + w2

j (t) = ẑ2i + ẑ2j = 1 + ẑ2j . Hence,w(t) is feasible

for all t ∈ [0, δ] if δ > 0 is sufficiently small and there holdswi(t), wj(t) ∈ (0, 1) for all t ∈ (0, δ). Further,

φ(t) := ψk(τk, w(t)) is smooth on(0, δ) and continuous on[0, δ]. For t ∈ (0, δ), we obtain

φ′(t) = − 1

τk
(1− t− yi) +

1

τk
w′j(t)(wj(t)− yj) + αs′((1− t)2) · 2(t− 1) + αs′(wj(t)

2) · 2w′j(t)wj(t).

Sinceẑj > 0, we havew′j(t)→ w′j(0) = 1/ẑj ast→ 0+ and

− 1

τk
(1− t− yi) +

1

τk
w′j(t)(wj(t)− yj) + αs′(wj(t)

2) · 2w′j(t)wj(t)

→ − 1

τk
(1− yi) +

1

τk

1

ẑj
(ẑj − yj) + 2αs′(ẑ2j ),

whose value is finite. Furthermore, it holdsαs′((1− t)2) · 2(t− 1)→ −∞, which showsφ′(t)→ −∞ ast→ 0+.

Therefore, due to the smoothness ofφ on (0, δ), there exists0 < δ1 < δ such thatφ′(t) < 0 for all t ∈ (0, δ1] and

ψk(τk;w(t)) = φ(t) < φ(0) = ψk(τk; ẑ), which shows that̂z = zk(τk) is not optimal. This is a contradiction.

LEMMA 3.5. Given two sequences{yk} ⊂ R
p
+ and {τk} ⊂ R++. Let {ẑk} = zk(τk) be the corresponding

solutions of (3.4) by replacingy by yk. Consider any subsequenceK such that{yk}K → ȳ, {τk}K → τ̄ > 0,

and {ẑk}K → z̄. Then there holds̄y ∈ R
p
+ and z̄ solves(3.4)y←ȳ,τk←τ̄ (i.e., y and τk are replaced bȳy and τ̄ ,

respectively). In particular, there holds0 < z̄ < 1.

Proof. Let us defineF = {z | ‖z‖22 = pe, 0 ≤ z ≤ 1} andg : Rp → R
p ∪ {+∞},

g(z) :=




α
∑
i s(z

2
i ), ‖z‖22 = pe, 0 ≤ z ≤ 1,

+∞, otherwise.

Then the domain dom(g) = {z | g(z) < ∞} = F is nonempty and compact andg is continuous on dom(g).

Therefore,g is proper, lower semicontinuous and proximal-bounded (forall thresholdsτ > 0, see Def 1.23 and Ex.

1.24 in [35]). The proximal operator ofg using the parameterτ > 0 is defined as the set-valued map

proxgτ (y) = argmin
z∈Rp

g(z) +
1

2τ
‖z − y‖22.

According to Theorem 1.25 in [35], it holds that for allτ > 0 and ally ∈ R
p the set proxgτ (y) is nonempty and

compact. Further, if0 < τν → τ > 0, yν → y, andwν ∈ proxgτν (yν), then all cluster points of{wν} are contained in

proxgτ (y).

It can be easily seen thatẑk solves (3.4)y←yk if and only if ẑk ∈ proxgτk(y
k). By the above continuity properties
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of the proximal operator, we conclude from{yk}K → ȳ, {ẑk}K → z̄, {τk}K → τ̄ > 0 that z̄ ∈ proxgτ̄ (ȳ). Hence,̄z

solves (3.4)y←ȳ,τk←τ̄ andyk ≥ 0 implies ȳ ≥ 0. It follows from Lemma 3.4 that0 < z̄ < 1.

The next lemma proves that the Armijo condition (3.6) holds after a finite number of back-tracking searches.

LEMMA 3.6. Suppose that Assumption 3.2 holds. For the sequence{Zk} generated by Algorithm 2, we have

M(Zk) ≤ Ck ≤ ak andQk ≤ 1/(1−η), whereak = 1
k+1

∑k
i=0M(Zk). The curvilinear condition(3.6) is satisfied

if τk ∈ (0, 1/(L+ γ)].

Proof. The inequalitiesM(Zk) ≤ Ck ≤ ak andQk ≤ 1/(1 − η) follow directly from the proof of Lemma 1.1

and Theorem 2.2 in [49]. For allZ ∈ conv(B) andD = Z − Zk, we have

E(Zk +D)− E(Zk)− 〈∇E(Zk), D〉 =
∫ 1

0

〈∇E(Zk + tD)−∇E(Zk), D〉 dt

≤ ‖D‖F
∫ 1

0

Lt‖D‖F dt =
L

2
‖D‖2F .

UsingY k(τk) is an optimal solution of (3.1) andZk ∈ B yields

αR((Zk)∗Zk) = Ψk(τk;Z
k) ≥ Ψk(τk;Y

k(τk))

= 〈∇E(Zk), Y k(τk)− Zk〉+
1

2τk
‖Y k(τk)− Zk‖2F + αR(Y k(τk)

∗Y k(τk))

≥ E(Y k(τk))− E(Zk)−
L

2
‖Y k(τk)− Zk‖2F +

1

2τk
‖Y k(τk)− Zk‖2F + αR(Y k(τk)

∗Y k(τk)).

Rearranging terms yields

(3.9) M(Y k(τk))−M(Zk) ≤
(
L

2
− 1

2τk

)
‖Y k(τk)− Zk‖2F .

Hence, (3.6) holds sinceτk ∈ (0, 1/(L+ γ)] andM(Zk) ≤ Ck.

The next lemma gives the first-order optimality conditions of (2.27).

LEMMA 3.7. For any local minimizerZ̄ ∈ C
n×p of (2.27), there exists a Lagrangian multiplierλ such that the

following first-order optimality conditions hold:

H(Z̄)Z̄ + UDiag
(
π(σ(Z̄))

)
V ∗ = 0, for some(U, V ) ∈ Ω(Z̄).(3.10)

‖Z̄‖F =
√
pe,(3.11)

0 <σ(Z̄)< 1,(3.12)

whereπi(σi) = 2ασis
′(σ2

i )− λσi, i = 1, . . . , p.

Proof. We first show that̄Z is a global minimizer of the problem

(3.13)

min
Z∈Cn×p

1

2τ̄
‖Z − W̄‖2F + αR(Z∗Z)

s.t. ‖Z‖F =
√
pe,

0 ≤ σi(Z) ≤ 1, i = 1, . . . , p,

whereW̄ = Z̄ − τ̄∇E(Z̄), andτ̄ ∈ (0, 1/(L+ γ)]. Let Z̄(τ̄) be a global solution of (3.13). The proof of Lemma 3.6

15



shows that

M(Z̄(τ̄)) ≤M(Z̄)− γ

2
‖Z̄(τ̄)− Z̄‖2F .

which implies thatM(Z̄(τ̄)) <M(Z̄) if Z̄(τ̄) 6= Z̄. SinceR(Z∗Z) is bounded below on the feasible set of (3.13),

there holdsZ̄(τ̄) → Z̄ as τ̄ → 0+. Thus, for all sufficiently small̄τ > 0 we must havēZ(τ̄) = Z̄ since otherwise

M(Z̄(τ̄)) <M(Z̄) would contradict the fact that̄Z is a local minimizer of (2.27).

Applying Lemma 3.4 to (3.13) gives0 < σi(Z̄) < 1. Hence,Z̄ is also a local minimizer of

(3.14)
min

Z∈Cn×p
E(Z) + αR(Z∗Z)

s.t. ‖Z‖F =
√
pe.

Since the linearly independent constraint qualification (LICQ) holds atZ̄, the first-order optimality conditions of (3.14)

yields (3.10)-(3.12).

We next establish the convergence results of Algorithm 2.

THEOREM 3.8. Let{Zk} be a sequence generated by Algorithm 2. Then the sequence{Zk} is bounded and any

accumulation point̄Z of {Zk} satisfies the first-order optimality conditions(3.10)-(3.12)of problem(2.27).

Proof. The boundedness of{Zk} follows from the fact thatZk ∈ B. From the updating ruleCk+1 and (3.6) , we

obtain

Ck+1 =
ηQkCk +M(Zk+1)

Qk+1
≤ ηQkCk + Ck − γ

2 ‖Zk+1 − Zk‖2F
Qk+1

= Ck −
γ‖Zk+1 − Zk‖2F

2Qk+1
.

Since{Zk} is bounded andM(Zk) ≤ Ck for all k, the function valueM(Zk) andCk are bounded from below.

Hence, we obtain
∑∞
k=0

‖Zk+1−Zk‖2F
Qk+1

<∞, which together with the factQk+1 ≤ 1/(1− η) from Lemma 3.6 implies

thatlimk→∞‖Zk+1 − Zk‖F = 0.

Let τ̄k denote the final value ofτk such that (3.6) holds. It follows from Lemma 3.6 that{τ̄k} is bounded away

from 0 by δ/(L + γ). As observed from Algorithm 2, the pointZk+1 is the solution of the subproblem (3.1) with

τk = τ̄k, i.e.,

(3.15)

Zk+1 = argmin
z

1

2τ̄k
‖Z −W k‖2F + αR(Z∗Z)

s.t. ‖Z‖F =
√
pe,

0 ≤ σi(Z) ≤ 1, i = 1, . . . , p,

whereW k = Zk − τ̄k∇E(Zk). LetUkDiag(yk)(V k)∗ be the SVD ofW k. By applying Lemma 3.1, we obtain

(3.16) Zk+1 = UkDiag(zk+1)(V k)∗,

where

(3.17)

zk+1 = argmin
z

1

2τ̄k
‖z − yk‖2F + α

∑

i

s(z2i )

s.t. ‖z‖2 =
√
pe,

0 ≤ zi ≤ 1, i = 1, . . . , p.
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Using Lemma 3.4, we obtain the first-oder optimality conditions of (3.15) as

(3.18)

1

τ̄k
(Zk+1 − Zk) +∇E(Zk) + UkDiag

(
πk(zk+1)

)
(V k)∗ = 0,

‖Zk‖F =
√
pe,

0 < zk+1
i < 1, i = 1, . . . , p,

whereπki (z
k+1
i ) = 2αzk+1

i s′((zk+1
i )2)− λkzk+1

i , i = 1, . . . , p.

Let Z̄ be an accumulation point of{Zk}. Then there exists a subsequenceK such that{Zk}K → Z̄ and{τ̄k}K →
τ̄ > 0, which together withlimk→∞‖Zk+1−Zk‖F = 0 implies that{Zk+1}K → Z̄. SinceZ 7→ σ(Z) is continuous,

we have{zk+1}K = {σ(Zk+1)}K → σ(Z̄) =: z̄. From Lemma 3.5 we obtain0 < z̄ < 1. The first equation in

(3.18) shows that{λkzk+1} is bounded since all other terms in this equation are boundedandUk, V k are unitary.

From{zk+1}K → z̄ > 0 we obtain that{λk}K is bounded. Hence, we can select a subsequenceK′ ⊂ K such that

{λk}K′ converges to some limitλ ∈ R. Defineπ(z) by πi(zi) = 2αzis
′((zi)

2) − λzi, i = 1, . . . , p. It follows from

0 < z̄ < 1 that the functionπ is continuous atσ(Z̄) = z̄. Thus, the spectral operatorZ = UDiag(σ(Z))V ∗ 7→
UDiag (π(σ(Z)))V ∗ is continuous at̄Z by Theorem 3.1 in [13]. Taking the limitK′ ∋ k →∞ yields:

UkDiag
(
πk(zk+1)

)
(V k)∗ = UkDiag

(
π(σ(Zk+1))

)
(V k)∗ + UkDiag

(
πk(σ(Zk+1))− π(σ(Zk+1))

)
(V k)∗

→ ŪDiag
(
π(σ(Z̄))

)
V̄ ∗,

where we have used the SVDZk+1 = UkDiag(zk+1)(V k)∗ with σ(Zk+1) = zk+1, the boundedness of{Uk} and

{V k}, the continuity ofπ atσ(Z̄), and|πk(zk+1) − π(zk+1)| = ‖(λk − λ)zk+1‖ → 0 asK′ ∋ k → ∞. Hence, the

optimality conditions (3.10)-(3.12) are derived by takinglimits K′ ∋ k →∞ in (3.18).

3.2. Solving the NPG Subproblem(3.4). Consider the optimization problem

(3.19)
min
x∈Rp

1

2τ
‖x− u‖2 +

p∑

i=1

(
x2i lnx

2
i + (1− x2i ) ln(1− x2i )

)

s.t. ‖x‖2 = r, 0 ≤ x ≤ 1,

whereτ > 0 andu ≥ 0. For example, (3.4) is a special case of (3.19) by choosingτ = τkα, u = y andr = pe. Using

Lemma 3.4, it is easy to verify that the linearly independentconstraint qualification (LICQ) holds at any local solution

of (3.19). The optimal solution of (3.19) can be obtained by findingλ∗ such that

(3.20) ‖x∗(λ∗)‖2 − r = 0,

wherex∗(λ) is the optimal solution of

(3.21)
min
x

1

2τ
‖x− u‖2 +

p∑

i=1

(
x2i lnx

2
i + (1− x2i ) ln(1− x2i )

)
+
λ

2
‖x‖2

s.t. 0 ≤ x ≤ 1.

We next show thatx∗(λ) is unique for a givenλ and its derivative with respect toλ can be computed explicitly. Hence,

Newton’s method can be used to find the rootsλ∗ for (3.20).
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Since problem (3.21) is separable in each variablexi, it follows that

(3.22) x∗i (λ) = arg min
0≤xi≤1

(
1

2τ
+
λ

2

)
x2i −

1

τ
uixi + x2i lnx

2
i + (1− x2i ) ln(1− x2i ), i = 1, . . . , p.

It is suffice to consider the problem

(3.23) min
0≤y≤1

ay2 + by + y2 ln y2 + (1− y2) ln(1− y2),

whereb ≤ 0. Upon lettingt = y2, problem (3.23) is equivalent to

(3.24) t∗ = arg min
0≤t≤1

at+ b
√
t+ t ln t+ (1− t) ln(1− t)︸ ︷︷ ︸

φ(t)

.

We next discuss how to find such at∗ in (3.24). Observe that

φ′(t) = a+
bt−1/2

2
+ ln t− ln(1− t),(3.25)

φ′′(t) =
t−1/2

4t(1− t) [4t
1/2 − b(1− t)].

Define

φ′+(t)(0) = lim
t→0+

φ′(t), φ′−(t)(1) = lim
t→1−

φ′(t).

Sinceb ≤ 0, one can observe that

φ′+(t)(0) = −∞, φ′−(t)(1) =∞, φ′′(t) > 0 ∀t ∈ (0, 1).

It follows thatt∗ 6= 0 or 1 andt∗ is the unique root of the equationφ′(t) = 0 in (0, 1), which can be found by applying

the Newton’s method or bisection method to this equation. This completes the proof thatx∗(λ) is unique for a given

λ.

We next show thatx∗(λ) is differentiable with respect toλ by studying the relationship between the parametera

and the solutiont∗ of problem (3.24). To emphasize the dependence oft∗ on a, we denotet∗ andφ(t) by t∗(a) and

Φ̃(a, t), respectively. Namely,

Φ(a, t) := at+ b
√
t+ t ln t+ (1− t) ln(1− t)

t∗(a) := arg min
0≤t≤1

Φ(a, t).

Note thatΦ(a, 0) = 0 andΦ(a, t∗(a)) = φ(t∗(a)). Moreover,Φ(a, t∗(a)) < 0 sincet∗(a) > 0 andΦ(a, ·) is strictly

decreasing fort close to zero.

PROPOSITION3.9. There hold

(i) t∗(a) is strictly decreasing and differentiable in(−∞,+∞).

(ii) lim
a→−∞

t∗(a) = 1 and lim
a→+∞

t∗(a) = 0.

Proof. (i) Sinceb ≤ 0, t∗(a) is the unique root ofφ′(t) = 0 in (0, 1) for anya ∈ R. In other words,(a, t∗(a))
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satisfies

(3.26) Φ̃(a, t) =
∂Φ

∂t
= a+

bt−1/2

2
+ ln t− ln(1− t) = 0.

Observe that̃Φ is differentiable inR× (0, 1) and moreover

∂Φ̃

∂t
=

t−1/2

4t(1− t) [4t
1/2 − b(1− t)] > 0

for anyt ∈ (0, 1) due tob ≤ 0. Invoking the implicit function theorem, one can conclude that t∗(a) is differentiable

in R. Differentiating both sides of (3.26) with respect toa and lettingt = t∗(a), we have

1 +
∂Φ̃

∂t

∣∣∣
(a,t∗(a))

· dt
∗(a)

da
= 0.

This relation and∂Φ̃∂t

∣∣∣
(a,t∗(a))

> 0 yield dt∗(a)
da < 0. Hencet∗(a) is strictly decreasing inR.

(ii) Sincet∗(a) is monotone andt∗(a) ∈ (0, 1), lima→−∞ t∗(a) andlima→∞ t∗(a) must exist and they are some

numbers in[0, 1]. We know that(a, t∗(a)) ∈ R× (0, 1) satisfies (3.26). Hence, one has

(3.27) a+
b

2
√
t∗(a)

+ ln t∗(a)− ln(1− t∗(a)) = 0.

Using this equality,lima→−∞ t∗(a) ∈ [0, 1] andlima→∞ t∗(a) ∈ [0, 1], we can see that the conclusion holds.

It follows from Proposition 3.9 thatx∗(λ) of (3.21) satisfies the following properties.

PROPOSITION3.10.There hold

(i) ‖x∗(λ)‖2 is continuous and decreasing in(−∞,∞).

(ii) lim
λ→−∞

x∗(λ) = e and lim
λ→+∞

x∗(λ) = 0, wheree is the all-ones vector.

4. Numerical Results. In order to demonstrate the effectiveness of our proximal gradient method, we imple-

mented the method within KSSOLV [46], which is a MATLAB toolbox for solving the Kohn-Sham problem. In

KSSOLV, the Kohn-Sham problem is discretized by using planewave expansions. The number of planewaves used

to expand each wavefunction, denoted byng, is determined by a kinetic energy cutoffEcut. Each wavefunction is

uniformly sampled on an1×n2×n3 grid on which the charge densityρ as well as part of the potential are evaluated.

When computing the gradient ofE(Z), we apply the kinetic energy operatorL and nonlocal potentialW in the Fourier

space and the local potential in real space. Fast fourier transforms (FFTs) are used to convert from one representation

of the wavefunction (Z) to the other.

We compare the efficiency and accuracy of the proximal gradient method with a finite-temperature version of

the SCF iteration. All the experiments were performed on a Dell Precision T7600 workstation with Intel Xenon(R)

E5-2697 CPU at 2.70GHz (×12) and 128GB of memory running Ubuntu 12.04 and MATLAB 2013b. For eachZk

computed by NPG, we can recover an orthogonal matrixXk using the second statement of Theorem 2.1. All methods

were terminated if the residual‖HX −X(X∗HX)‖F is less than10−5. The linear eigenvalue problems in SCF were

solved by LOBPCG [20] which itself is an iterative method. Westop LOBPCG when either the maximum residual

norm among all desired eigenpairs is below10−6 or a maximal of 10 iterations is reached.

The test problems we choose include both insulating systems(benzene, alanine, hnco, si2h4) and metallic systems

(ctube661, graphene16, ptnio, nic). The sizes of the Hamiltonians and wavefunctions associated with with examples

are summarized in Table 1. We also list the number of electronpairspe. Since we ignore spins in this paper,pe is the
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same as the number of occupied states in a zero temperature DFT calculation.

In a finite temperature ensemble DFT calculation, we need to keep some additional wavefunctions since we allow

more partially occupied wavefunctions to be included in thedefinition of the charge density. We typically take the

total number of wavefunctions to be included in the charge density (p) to be three times the number of electron pairs.

For insulating systems, the occupation number associated with thep+ 1 wavefunction typically has a tiny fraction of

occupation at low temperature. Thus one can include fewer extra wavefunctions in the charge density construction.

TABLE 1
Problem Information

name (n1, n2, n3) n pe

benzene (64, 64, 32) 8407 15
alanine (64, 48, 64) 12671 18
hnco (32, 32, 32) 2103 8
si2h4 (32, 32, 32) 2103 6

ctube661 (115, 115, 15) 12599 48
graphene16 (57, 57, 15) 3071 37

ptnio (63, 34, 30) 4069 43
nic (16, 16, 16) 251 7

An insulating system typically has a relatively large gap between thepeth eigenvalue andpe + 1st eigenvalue.

This can be seen from the distribution of the first 45 eigenvalues of the benzene Hamiltonian at T = 1000K in Figure 1.

For a metallic system such as graphene16, the gap between thepeth and thepe+1st eigenvalues is typically very small

as can be observed from Figure 2.
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FIG. 1. The distribution of the first 45 eigenvalues of the benzene Hamiltonian at T = 1000K.

In Figure 3, we show that the SCF iteration behaves quite differently when it is applied to the KSDFT and EDFT

models for the metallic system graphene16. The temperaturefor the EDFT model is set to 1000K. All parameters

for the SCF iteration such as the initial guess to the wavefunctions, the number of LOBPCG iterations used to solve

the linear eigenvalue problem at each SCF iteration etc. arethe same for both runs. We plot the residual norm

‖H(X)X − X(X∗HX)‖ against the iteration number. We can clearly see from this figure that the SCF iteration

converges steadily to a self-consistent solution for the EDFT model, whereas the residual norm associated with the

standard KSDFT model stagnates around10−3 after 60 iterations. This stagnation is caused by the ill-posedness of
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FIG. 2. The distribution of the first 111 eigenvalues of the graphene16 Hamiltonian at T = 1000K.

the standard KSDFT model for this particular metallic system.
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FIG. 3. A comparion between the convergence behaviors of the SCF iterations when applied to the KSDFT and EDFT models for the
graphene16 system.

We now report the overall performance of SCF and NPG on the systems listed in Table 1. A summary of compu-

tational results for temperatures 50K, 300K, 1000K and 3000K is presented in Tables 2, 3, 4 and 5, respectively. In

these tables, “iter” denotes the number of iterations used,“res” denotes the residual‖HX−X(X∗HX)‖F at the final

iterationX, “feasi” denotes the violation of orthogonality constraints ‖X∗X − I‖F , and “time” denotes the runtime

measured in seconds. From these tables, we can observe that the ensemble DFT model improves the convergence of

metallic systems in terms of the iteration number and cpu time as the temperature increases in most cases for both

NPG and SCF. These models do not change the convergence behavior of insulating systems. The performance of NPG

is comparable to or better than SCF on achieving similar accuracy. Although NPG may be slower than SCF in terms

of runtime on some cases of hnnco and ptnio, NPG is able to find asolution with lower total energy than that of SCF.

We should point out that the number of iterations in SCF and NPG should not be compared directly since the
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computational cost of each iteration of SCF is much expensive than that of NPG asp≪ n. Specifically, each iteration

of NPG needs to compute the SVD of ann × p matrix Y . Let V ΣV ∗ be the eigenvalue decomposition ofY ∗Y .

ThenY VDiag(Σ−111 , . . . ,Σ
−1
pp ) andV are the left and right singular vectors ofY , respectively. On the other hand,

each iteration of SCF needs to compute the smallestp eigenvalues and their corresponding eigenvectors of then × n
Hamiltonian matrix. When an iterative solver such as the LOBPCG algorithm is used to compute these eigenvectors,

the most time consuming computation in each iteration is often the multiplication of the Hamiltonian with a vector.

Thus, the overall cost of SCF should be measured in terms of the total number of SCF iterations times the number of

iterations used to solve the linear eigenvalue problem.

Finally, the convergence history of the occupation numbersassociated with the firstpe wavefunctions of the ben-

zene and graphene16 Hamiltonian on T=300K and 1000K are depicted in Figures 4 and 5, respectively. Specifically,

the occupation numbers of the benzene Hamiltonian are either very close to 0 or 1, while some occupation numbers

of the graphene16 Hamiltonian are significantly larger than0 but far away from 1. The relative reduction of the total

energy defined by

∆M(Zk) =M(Zk)−min{M(Zi)}

and the residual‖HXk −Xk((Xk)∗HXk)‖F on T=300K and 1000K are presented in Figures 6 and 7, respectively.

Although both errors are not decreased monotonically, the trend of decreasing is clear.

TABLE 2
Computational results of EDFT using temperature 50K.

SCF NPG
name M(Z) iter res feasi time M(Z) iter res feasi time

benzene -3.7225751362901e+01 10 1.12e-06 1.62e-14 43.38 -3.7225750119414e+01 54 6.34e-06 1.84e-14 29.90
alanine -6.1161921213037e+01 11 6.58e-06 1.79e-14 81.50 -6.1161920628696e+01 60 5.49e-06 2.37e-14 57.54
hnco -2.8634664365489e+01 11 1.25e-06 1.04e-14 11.16 -2.8634648773849e+01 95 7.32e-06 8.94e-15 11.67
si2h4 -6.3009750459909e+00 10 8.29e-07 9.51e-15 8.56 -6.3009746553063e+00 53 6.86e-06 1.14e-14 6.33

ctube661 -1.3463843176500e+02 10 5.80e-06 4.07e-14 259.65 -1.3463836037853e+02 57 5.46e-06 3.59e-14 161.54
graphene16 -9.4046959319449e+01 54 8.14e-06 3.29e-14 380.92 -9.4046958128694e+01 262 7.59e-06 3.38e-14 174.12

ptnio -2.2678880288682e+02 42 7.51e-06 3.69e-14 408.11 -2.2678861827323e+02 856 9.23e-06 3.20e-14 672.70
nic -2.3543529955319e+01 9 1.95e-06 8.20e-15 3.93 -2.3543529531528e+01 46 8.17e-06 6.27e-15 3.28

TABLE 3
Computational results of EDFT using temperature 300K.

SCF NPG
name M(Z) iter res feasi time M(Z) iter res feasi time

benzene -3.7225751362901e+01 10 1.09e-06 1.78e-14 46.48 -3.7225750597810e+01 55 9.27e-06 1.67e-14 31.09
alanine -6.1161921213037e+01 11 6.58e-06 1.79e-14 82.38 -6.1161920688748e+01 61 8.25e-06 2.34e-14 56.73
hnco -2.8634664365396e+01 11 1.30e-06 1.11e-14 11.83 -2.8634657535018e+01 84 9.09e-06 8.49e-15 10.20
si2h4 -6.3009750459908e+00 10 8.85e-07 8.84e-15 7.91 -6.3009740148473e+00 52 9.61e-06 9.21e-15 5.78

ctube661 -1.3463843176499e+02 10 4.58e-06 4.08e-14 256.66 -1.3463836532271e+02 70 4.37e-06 3.26e-14 190.51
graphene16 -9.4048801256318e+01 37 9.65e-06 3.32e-14 248.57 -9.4048824827294e+01 214 8.43e-06 3.54e-14 145.94

ptnio -2.2678904380333e+02 49 8.74e-06 3.67e-14 469.60 -2.2678972484319e+02 746 9.50e-06 3.23e-14 605.54
nic -2.3543529955319e+01 9 1.95e-06 8.46e-15 4.64 -2.3543529557882e+01 50 4.04e-06 5.69e-15 3.11

5. Concluding remarks. The ensemble DFT model is a very important extension of the KS-DFT for metallic

systems because it circumvents the numerical difficult associated with the potential absence of a spectrum gap in the

vicinity of the Fermi level. The optimization formulation of the ensemble DFT is similar to that of KS-DFT except

that the density and total energy functional is revised according to the fractional occupancies and some additional

constraints on the occupancies are added. The special structure of the model enables us to eliminate the dependence

on occupancies and establish an equivalent model with a single variable and a single spherical constraint. However,

the projected gradient method on sphere cannot be applied directly since the gradient of the entropy term tends to be

singular when some singular value of the new variable are close to0 or 1. Inspired by the recent progress on sparse and
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TABLE 4
Computational results of EDFT using temperature 1000K.

SCF NPG
name M(Z) iter res feasi time M(Z) iter res feasi time

benzene -3.7225751239968e+01 10 7.01e-07 1.54e-14 44.83 -3.7225750733224e+01 66 1.19e-06 1.71e-14 34.03
alanine -6.1161920827271e+01 11 6.53e-06 1.85e-14 87.00 -6.1161920541828e+01 62 3.40e-06 2.55e-14 63.02
hnco -2.8634523058884e+01 11 2.04e-06 1.10e-14 11.31 -2.8634656221154e+01 117 4.80e-06 8.84e-15 14.83
si2h4 -6.3009735502548e+00 9 5.37e-06 8.02e-15 6.98 -6.3009709887415e+00 52 6.92e-06 9.51e-15 6.40

ctube661 -1.3463842783907e+02 10 5.97e-06 3.97e-14 270.57 -1.3463838680852e+02 62 7.26e-06 3.53e-14 180.16
graphene16 -9.4053900385484e+01 25 5.73e-06 3.37e-14 171.66 -9.4054235523318e+01 181 8.25e-06 3.33e-14 128.67

ptnio -2.2679234640468e+02 38 4.95e-06 3.71e-14 371.35 -2.2679890365613e+02 474 9.51e-06 3.48e-14 388.96
nic -2.3543529947006e+01 9 1.95e-06 8.07e-15 4.30 -2.3543528492570e+01 46 7.69e-06 7.26e-15 2.86

TABLE 5
Computational results of EDFT using temperature 3000K.

SCF NPG
name M(Z) iter res feasi time M(Z) iter res feasi time

benzene -3.7222935075897e+01 10 8.31e-06 1.47e-14 43.84 -3.7225753284406e+01 76 3.50e-06 1.74e-14 39.44
alanine -6.1158742483813e+01 13 2.99e-06 1.87e-14 98.89 -6.1161928693158e+01 98 8.15e-06 2.14e-14 81.97
hnco -2.8629683282312e+01 11 7.49e-06 1.14e-14 10.33 -2.8635307352591e+01 208 8.59e-06 9.87e-15 24.17
si2h4 -6.2980107473949e+00 10 2.92e-06 7.50e-15 7.92 -6.3009896164398e+00 80 9.51e-06 8.21e-15 8.19

ctube661 -1.3463171186211e+02 11 8.32e-06 4.11e-14 284.09 -1.3463845201598e+02 79 7.31e-06 3.43e-14 221.22
graphene16 -9.4059107112515e+01 19 7.71e-06 3.27e-14 136.86 -9.4071570724660e+01 170 9.54e-06 3.38e-14 114.86

ptnio -2.2682829690698e+02 28 6.73e-06 3.62e-14 273.64 -2.2686319823897e+02 304 8.27e-06 3.11e-14 254.87
nic -2.3542691523733e+01 9 1.96e-06 8.45e-15 4.34 -2.3543508787591e+01 69 3.90e-06 6.63e-15 3.93

low-rank matrix optimization, we develop a proximal gradient method by keeping the entropy term and linearizing all

other terms in the total energy functional. The proximal gradient subproblem is solved by estimating the Lagrangian

multiplier of the spherical constraint. Convergence to a stationary point is established. The proximal gradient methods

are further improved by the state-of-the-art accelerationtechniques such as Barzilai-Borwein steps and non-monotone

line search with global convergence guarantees. Numericalexperiments show that our methods can be more efficient

and robust than SCF on many metallic systems in the KSSOLV toolbox under the Matlab environment.
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[1] A RNAUD ANANTHARAMAN AND ERIC CANCÈS, Existence of minimizers for Kohn-Sham models in quantum chemistry, Ann. Inst. H.
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[6] ERIC CANCÈS, SCF algorithms for Hartree-Fock electronic calculations, Lecture Notes in Chemistry, 74 (2000), pp. 17–43.

[7] , Self-consistent field algorithms for Kohn-Sham models withfractional occupation numbers, Journal of Chemical Physics, 114(24)

(2001), p. 1061610622.
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FIG. 4. The convergence history of the occupation numbers associated with the first 45 wavefunctions of the benzene Hamiltonian.
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[15] JULIANO B. FRANCISCO, JOSÉ MARIO MARTÍNEZ, AND LEANDRO MARTÍNEZ, Density-based globally convergent trust-region methods

for self-consistent field electronic structure calculations, J. Math. Chem., 40 (2006), pp. 349–377.

[16] RUPERTFRANK , ELLIOTT L IEB, ROBERT SEIRINGER, AND HEINZ SIEDENTOP, Müller’s exchange-correlation energy in density-matrix-

functional theory, Phys. Rev. A, 76 (2007), p. 052517.
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FIG. 6. The convergence history of the total energy errors and residuals of the graphene16 at T = 300K.
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