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Abstract

In this paper we consider a block-structured convex optimization model, where in the objec-
tive the block-variables are nonseparable and they are further linearly coupled in the constraint.
For the 2-block case, we propose a number of first-order algorithms to solve this model. First,
the alternating direction method of multipliers (ADMM) is extended, assuming that it is easy
to optimize the augmented Lagrangian function with one block of variables at each time while
fixing the other block. We prove that O(1/t) iteration complexity bound holds under suitable
conditions, where t is the number of iterations. If the subroutines of the ADMM cannot be
implemented, then we propose new alternative algorithms to be called alternating proximal gra-
dient method of multipliers (APGMM), alternating gradient projection method of multipliers
(AGPMM), and the hybrids thereof. Under suitable conditions, the O(1/t) iteration complexity
bound is shown to hold for all the newly proposed algorithms. Finally, we extend the analysis
for the ADMM to the general multi-block case.
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1 Introduction

In this paper we consider the following model:

min  f(x,y) + hi(x) + ha(y)
st. Ax+ By =1, (1)
reX,ye)y

where x € RP, y € R4, A € R™*P, B € R™*9, b € R™, X,) are closed convex sets, [ is a
smooth jointly convex function, and hq, he are (possibly nonsmooth) convex functions. The so-
called augmented Lagrangian function for problem (1) is

Lo(x,y,0) = f(a,y) + I (z) + ha(y) — AT (Az + By — b) + %HAQC + By — bl
where A is the multiplier.

Many problems of interest in various areas including signal processing, image processing, machine
learning and statistical learning, can be formulated in the form of (1); see [21, 9] and the references
therein. When the coupling term f(x,y) is absent from the objective, then there is a popular
algorithm known as the Alternating Direction Method of Multipliers (ADMM) for solving (1), with
the following iterative scheme:

ML = arg mingex £ (, y*, AF)

x
Yy = argmingey £ (xFFL y, AF) (2)

N+l — ©\E ’y(AﬂZk+1 + Byk-i-l _ b)

k+1

The ADMM is known to be a manifestation of the so-called operator splitting method which can
be traced back to 1970s. Considerable amount of early studies on the ADMM can be found in, e.g.
[12, 14, 13, 3]. The method has gained new momentum in the recent years because of its first-order
nature, and its potentials to compute distributively, which are important characteristics for solving
very large scale problem instances. For an overview on its recent developments, one is referred to
the surveys [6, 31, 30, 15] and the references therein. The ADMM and its variants are known to
have superior performances over existing traditional nonlinear programming algorithms in practice;
see [2, 7, 28].

If the coupling term f is absent from the objective, then the convergence properties of the AD-
MM are well known. In fact, its convergence follows from that of the so-called Douglas-Rachford
operator splitting method; see [17, 14]. However, the rate of convergence was only established
recently. In particular, [20, 27] show that the ADMM converges at the rate of O(1/t) where t is
the number of total iterations. Furthermore, with additional conditions on the objective function
or the constraints, the ADMM can be shown to converge linearly; see [11, 22, 4, 24]. One extension
of the ADMM is to allow multi-block of variables. That extension of the ADMM turns out to
perform very well for many instances encountered in practice, compared to other competing first-
order alternatives. However, it may fail to converge in general. Specifically, in [8] the authors show



by example that the ADMM may diverge with 3 blocks of variables. Therefore, it became clear
that some additional conditions will be necessary in order to guarantee convergence, other than
convexity. Indeed, under the strong convexity condition on some parts of the objective and certain
assumptions on the constraint matrices, [10, 19, 18, 25] show that an O(1/t) convergence rate can
still be achieved for the multi-block ADMM. Another direction of study is to consider application
of ADMM to solve non-convex problems. For instance, [23] shows that the ADMM can converge
for some restricted class of nonconvex problems.

The current paper considers the ADMM in the presence of a coupling term f in the objective. Only
a handful of papers in the literature considered this model so far, most noticeably [21] and [9]. In
[21], the authors consider the general multi-block setting and they propose a BSUMM approach
to cope with the non-separability of the objective in (1); essentially, the nonseparable part of the
augmented Lagrangian function is replaced by an upper-bound. Under some error bound conditions
and a diminishing dual stepsize assumption, the authors are able to show that the iterates produced
by the BSUMM algorithm converge to the set of primal-dual optimal solutions. Very recently, Cui
et al. [9] consider the problem (1) by introducing a quadratic upper-bound function for the non-
separable part of augmented Lagrangian function; they show that their algorithm has an O(1/t)
convergence rate. In this paper, we study the ADMM and its variants for (1). (Some adaptations of
the ADMM are particularly relevant if there is a coupling term in the objective, as the minimization
subroutines required by the ADMM may become difficult to implement; see more discussions on
this later.) Instead of using some upper-bound approximation (a.k.a. majorization-minimization),
we work with the original objective function. In this context, we may extend the ADMM algorithm
directly to solve this more general formulation. It turns out that under the assumptions that the
gradient of the coupling function V f is Lipschitz continuous and one of h; and ho is strongly
convex, then an O(1/t) convergence rate can still be assured. In some applications, it is difficult
or impossible to implement the ADMM iteration, because the augmented Lagrangian function in
(2) may be difficult to optimize even if the other block of variables and the Lagrangian multipliers
are fixed. This motivates us to propose the Alternating Proximal Gradient Method of Multipliers
(APGMM), which essentially iterates between proximal gradient methods of each block variables
before the multiplier is updated. We show that the APGMM has a convergence rate of O(1/t)
if Vf is Lipschitz continuous. If optimizing the augmented Lagrangian function for one block of
variables is easy while optimizing the other block of variables is difficult, then a hybrid between
ADMM and APGMM is a natural choice. We show that in that case, an O(1/t) convergence rate
remains valid. What if the gradient proximal subroutines are still too difficult to be implemented?
One would then opt to compute the gradient projections. Hence, we propose the Alternating
Gradient Projection Method of Multipliers (AGPMM), which replaces the proximal gradient steps
in APGMM by the gradient projections. Fortunately, the same O(1/t) iteration bound still holds for
such simplifications as well as its ADMM hybrid version. At this stage, all the methods mentioned
above are considered in the context of the 2-block model (1). In general however, they can be
extended to the multi-block model with a coupling term. Similarly, under the Lipschitz continuity
of V f and the assumptions in [25], an O(1/t) iteration bound still holds for the multi-block model.



The rest of the paper is organized as follows. In Section 2, we introduce ADMM, APGMM, AGPMM
and their hybrids. The results on the rate of convergence of these algorithms are presented in the
subsections of the same section, while the detailed proofs of the convergence results are presented in
Appendix A. In Section 3, we extend our analysis of the ADMM to a general setting with multiple
(more than 2) blocks of variables. Finally, we conclude the paper in Section 4.

2 The Algorithms

Let us first introduce some notations that will be frequently used in the analysis later. The aggre-
gated primal variables x,y and the primal-dual variables z,y, A are respectively denoted by u and
w, and the primal-dual mapping F'; namely

T —AT
= ( o ) wi= , F(w):= ~BTA , (3)

Ax+ By —b

>

and h(u) := f(x,y) + hi(x) + ha(y).

Throughout this paper, we assume f to be smooth and has a Lipschitz continuous gradient; i.e.

Assumption 2.1 The coupling function f satisfies
IV f(u2) = V()| < Lllug —wall, Yur,ug € X x Y, (4)

where L is a Lipschitz constant for Vf.
For a function f satisfying Assumption 2.1, it is useful to note the following inequalities.

Lemma 2.1 Suppose that function f satisfies (4), then we have
T L 2
Fluz) < flur) + VF(ur) (uz — i) + S lluz —wlf, (5)
for any uq,us. In general, if f is also convex then
T L 2
Fluz) < flur) + Vf(us) (uz —ur) + 5 lluz — us]l”, (6)

for any uy,u9, us.

Proof. Inequality (5) is well known; see ([29]). In the sequel we shall focus on (6). Since f is
convex, we have

(w1 —up) 'V f(uz) = (w1 —u3)' V[f(uz)+ (us —u2) "V f(us)
Flur) = fuz) — (u2 — uz) "V f(us). (7)

IA



By (5), we have
Fluz) = flus) = 2 s — wall? < (uz )9 (). Q

Combining (7) and (8) leads to

(1 = 00) V() < flu) = flu) ~ () = Flu) = 5 s~ el

= Flun) ~ f) + s — ol

O
For convenience of analysis, we introduce some matrix notations. Let
G 0 0 I, 0 0 G 0 0
Q:=| 0 vyB'B 0 , P=|0 1, 0 |, M:=| 0 AB'™B 0 . (9)
0 -B %Im 0 —vB I, 0 0 %Im

hence, Q = MP. Suppose the sequence {wk} is generated by an algorithm, we introduce an

auxiliary sequence:

.i'k .’L'k+1
~k = :gk — yk+1 . (10)
AF M — y(AzF L 4 ByF —b)

Based on (10) and (9), the relationship between the new sequence {w*} and the original {w*} is

whtt = wk — P(w® — wk). (11)
2.1 Alternating Direction Method of Multipliers
As we discussed earlier, the ADMM can be applied straightforwardly to solve (1), assuming that

the augmented Lagrangian (with a proximal term) can be optimized for each block of variables,
while other variables are fixed. This gives rise to the following scheme:

ADMM

Initialize 2° € X , yo €Y and \°

for k=0,1,---, do
oM = argmingex £ (2, y%, \F) + 1|2 — 2¥||4;
y" ! = argmingey Lo (2, y, AF) + §lly — o |13
)\k—f—l — )\k: o ’Y(A$k+1 + Byk+1 o b)

end for

In the above algorithm, G and H are two pre-specified positive semidefinite matrices. The main
result concerning its convergence and iteration complexity are summarized in the following theorem,

whose proof can be found in Appendix A.1.



Theorem 2.2 Suppose that V f satisfies Lipschitz condition (4), and ha(y) is strongly convex with
parameter o > 0, i.e.
o
ha(y) = ha(z) +h'2(2)T(y*Z)+§Hy*ZHQ (12)

where hly(z) € Oha(2) is a subgradient of ha(2). Let {w"*} be the sequence generated by the ADMM,
and G = 0,H = (L + %2) I,. Then the sequence {w*} generated by the ADMM converges to an
optimal solution. Moreover, for any integer n > 0 letting

Uy = ! Zuk, (13)
we have
) = )+ ll Az + B~ ] < g (Qista®, 270+ iRV + 2 o+ D) (1)
where X* x Y* is the optimal solution set, dist(x,S)ys := infyes | — yllar, and H := BB + H.
We quote Lemma 2.4 in [16] as follows:

Assume that p > 0, and & € X is an approximate solution of the problem f* :=
inf{f(z) : Ax —b= 0,2 € X} where f is convex, satisfying

(@) ="+ plAz = b < e (15)

Then, we have

|Az — b|| < and f(z) — f* <e

_c
p = [IA*]]
where A\* is an optimal Lagrange multiplier associated with the constraint Ax — b =0
in the problem inf{f(z): Az — b= 0,z € X}, assuming ||[\*|| < p.

In other words, estimation (14) in Theorem 2.2 automatically establishes that
h(ty) — h(u*) < O(1/t) and ||AZ; + By, — b|| < O(1/t).

The same applies to all subsequent iteration complexity results presented in this section.

2.2 Alternating Proximal Gradient Method of Multipliers

In some applications, the augmented Lagrangian function may be difficult to minimize for some
block of variables, while fixing all others. In this subsection we consider an approach where we apply
proximal gradient for each block of variables. The method bears some similarity to the Iterative
Shrinkage-Thresholding (ISTA) Algorithm (cf. [1]), although we are dealing with multiple blocks of
variables here. We shall call the new method Alternating Prozimal Gradient Method of Multipliers
(APGMM), presented as follows:



APGMM

Initialize 2% € X,9% € Y and \°

for k=0,1,---, do
2" = argmingex Vo f (2%, yF) T (2 — 2%) + ha(z) + || Az + By* — b — %)\kHQ + 3llz — 2 ||%;
Yt = argmingey V, f(¢%,4F) T (y — v*) + ha(y) + 31| A2* T + By — b — INF|1P + 3lly — o¥1I3;
AL = AP — y(Azk+t + Byt — ).

end for

The convergence property and iteration complexity are summarized in the following theorem, whose
proof is in Appendix A.2.

Theorem 2.3 Suppose that Vf satisfies Lipschitz condition (4). Let {w*} be the sequence gen-
erated by the APGMM, and G >~ LI, and H > LI,. Then, the sequence {w*} generated by the
APGMM converges to an optimal solution. Moreover, for any integer n > 0, letting

iy o= Z ’
Up 1= — U
n n )
k=1
it holds that

_ N _ _ 1 . N . N 1 2
h(u) — h(u®) + pl| Az, + By — b]| < % <dlst(:c0, X*)Z 4 dist(y°, Y )12[[ + S (p+ IA°]]) > )

where X* x Y* is the optimal solution set, dist(x, )y := infyes | — yllar, and H :=~yB"B + H.

2.3 Alternating Gradient Projection Method of Multipliers

Implementing proximal gradient step may still be difficult for some instances of applications. It is
therefore natural to further simplify the step to Gradient Projection. Namely, for each block of vari-
ables we simply sequentially compute the projection of the gradient of the augmented Lagrangian
function before updating the multipliers. The method is depicted as follows:

AGPMM

Initialize 20 € X, yo €Y and \°

for k=0,1,---, do
P = [2F — (Vo f (2%, yF) + Vihi(2F) — ATA* + AT (AzF + ByF —b))]x;
Y = [yF — a(V, f(a¥,g*) + Vyha(yk) — BTXE + BT (Az*+! 4 By — b))y
A+l — 2k ’V(Axk'H + Byk‘—i-l _ b).

end for




where [z]x denotes the projection of = onto X, and [y]y denotes the projection of y onto ).

Note here that we used ‘PG’ as acronym for Prozimal Gradient, and ‘GP’ as acronym for Gradient
Projection. The acronyms are quite similar, and so some attention is needed not to confuse the two!
Below we shall present the main convergence and the iteration complexity results for the above
method; the proof of the theorem can be found in Appendix A.3.

Theorem 2.4 Suppose that V f satisfies Lipschitz condition (4). Let w* be the sequence generated
by the AGPMM, and G :=~vAT A + élp, H = éIq — vBTB. Moreover, suppose that « is chosen
to satisfy H — 2LI, = 0, and G — 2LI, = 0. Then, the sequence {w*} generated by the AGPMM
converges to an optimal solution. For any integer n > 0, letting

it holds that

1 /.. . ) . 1
h(ut) — h(u®) + p|| A% + By — b|| < % <dlst($°, X*)g + dist(y°, Y )fq + 5 (p+ |M°H)2> ;

where X* x V* is the optimal solution set, dist(z, S)ys := infyeg || — y||ar, and H=~BT B + H.

2.4 Hybrids

There are instances where one part of the block variables is easy to deal with, while the other
part is difficult, e.g. [26]. To take advantage of that situation, we propose the following two types
of hybrid methods. The first one is to combine ADMM with Proximal Gradient in two blocks of
variables:

ADM-PG

Initialize 2° € X, y° € Y and \°
for k=0,1,---, do
M = argmingey £+ (2, y*, A¥) + Lz — 2F|Z ;
Y = argmingey Vo f (@ yF) Ty — 4F) + ha(y) + 31 A5 + By — b — 202 + 5y — o* (% ;
AL = AP — 4 (Azk Tt + ByFT! — ).
end for

The iteration complexity of the above method is as follows. The proof of the theorem can be found
in Appendix A.4.



Theorem 2.5 Suppose that V f satisfies Lipschitz condition (4). Let w* be the sequence generated
by the ADM-PG, and G = 0,H = LI,. Then, the sequence {w*} generated by the APGMM
converges to an optimal solution. For any integer n > 0, letting

S B
Un = Zu , (16)
k=1
it holds that

" _ _ 1
h(tg) — h(u®) + pl|AZ¢ + By, — b|| <

. N . N 1 2
5 (dlst(a:U,X )%, + dist(y", Y )lzq + 5 (P+ H)\OH) ) :

where X* x Y* is the optimal solution set, dist(x,S)ys := infyes | — yllar, and H := BB + H.

Another possible approach is to combine ADMM with Gradient Projection, which works as follows:

ADM-GP

Initialize 2° € X,9% € Y and \°

for k=0,1,---, do
M = argmingex £ (2, y%, AF) + 1|z — 2¥||4;
yF = [y — a(Vy f(@* T y7) + Vyha(y®) — BTAR + BT (Aa*+! 4+ ByF — b))]y;
N+l — ©\E ’y(A:Bk—H + Byk—H _ b)

end for

The main convergence result is as follows, and the proof of the theorem can be found in Ap-
pendix A.4.

Theorem 2.6 Let w” be the sequence generated by the ADM-GP, G = 0 and H := éIq —yBTB.
Moreover, suppose that « is chosen to satisfy H — LI, = 0. Then, the sequence {wk} generated by
the ADM-GP converges to an optimal solution. For any integer n > 0, letting

it holds that

1

h(te) = h(u™) + pll Az + By = bl| < o

1
<dist(x0, XN+ dist(yo,y*)fq + 5 (p+ ||>\0”)2> )

where X* x Y* is the optimal solution set, dist(z, )y = infycg ||z — yllar, and H:=~B"B+H.



3 The General Multi-Block Model

Different variations of the ADMM have been a popular subject of study in the recent years, and
the ADMM has been extended to solve general formulation with multiple blocks of variables; see
[25] and the references therein for more information. In this section we shall discuss the iteration
complexity of the ADMM for multi-block optimization with a non-separable objective function. In
particular, the problem that we consider is as follows:

min  f(x1,z2,...,2,) + Z hi(z;)

s.t.  Ayxy + Asxo + -+ Apz, = b, (17)
2 €Xi=1,2,...,n
where A; € R™*Pi p € R™, X; C RPi are closed convex sets, and f,h; ¢ = 1,...,n, are convex

closed functions. Note that many important applications are in the form of (17), e.g. multi-stage
stochastic programming. Accordingly, the ADMM algorithm for solving the problem (17) is:

The Multi-block ADMM

Initialize with ¥ € &X;,4 =1,...,n, and \°
for k=0,1,---, do
k41 _ . k k vk 1 k2 .
oy = argming, ex, Ly(71, 3, .., 25, A¥) + 5l|w1 — :E1||H1,
k41 _ : k+1 k k vk 1 k2 .
Ty =~ = argmMilg,cx, Ev(f’ﬁ L2y LY ey Ty A )+ 5”352 - x2||H2a
k41 _ . k41 k+1 k k vk 1 kn2 .
r T =argmingex, L4(27, 2 T Xy - 2, AY) F 5|l — 2 HHN
k41 _ . k41 k41 k 1 k|2 .
it = argming ex, Ly(277 7, . a0y, Tn, AF) + sllen — anHn7
1 1
AAL = NF - B(A 2t 4 Agah T o Ak,
end for
where H;, i = 1,...,n, are pre-specified positive semidefinite matrices is the augmented La-
) b ) ) p p p ) 7

grangian constant, and 3 is the dual stepsize. An O(1/t) convergence rate of the ADMM can still
be shown to hold for this general problem. In the following subsection, we sketch a convergence
rate analysis highlighting the key components and steps. The details, however, will be omitted for
succinctness.

Let us start with the assumptions.

Assumption 3.1 The functions h;, i = 2,...,n, are strongly convex with parameters o; > 0:
’ g;
hi(y) > hi(x) + (y — @) "hy(x) + o ly ==l
where h;(x) € Oh;(x) is in subdifferential of hi(z).

10



Assumption 3.2 The gradient of function f(x1, 2, ..., xy,) is Lipschitz continuous with parameter
L>0:

||Vf({13/1,113/2, SRR n) Vf(fl’l,llig, s 7§En)|| < LH(‘TII - xl?xl2 — L2y 7x;z - ZEn)H
for all (2,2, ... 2)), (z1, 22, ..., 2p) € XL X -+ X X
In all the following propositions and theorems, we denote w* = (z¥,... 2% A*) to be the iterates

generated by ADMM, and u = (z1,...,2y,).

Proposition 3.1 Suppose that there are v, 5 and § satisfying

n—1

max {)\max(A;rAi)} v+ < min o;.

2<i<n 2<i<n
Moreover, suppose that the matrices H;, i = 2,...,n, satisfy

(n—i+1)(n+i—2)L
86

Hf::Hi—(L—i- )Ipiio vV2<i<n.
Let (xlfH, B NERY) € Q be the sequence generated by ADMM. Then, for u* = (23,...,2%) €

QF and A € R™, the following inequality holds

otk T —A] \EH
1 1
* k+1 : :
Py =R+ [ AT AR
mn xn n
A — ARl S At b
i=1
n 1—1 n 2 i—1 n 2
+% Z Ajﬂij + Z A]$;€ —-b — Z A]$; + Z ij;ﬁrl —b
i=2 j=1 j=i j=1 J=t

2 1 < .
g ([ =22 =18 = ) 53 (e = b = ot = o1,
=1

3
Y=BY ik K 1 k k
> (B0 ) I = AR 53 bt - ok
=1

The following proposition exhibits an important relationship between two consecutive iterates w*

k+1 from which the convergence readily follows.

and w
Proposition 3.2 Let w* be the sequence generated by the ADMM, then

n
y
22 (HE w,wb)|* — Hﬁi(w*,wk“)ll2) = wf = = Wt — [l =W, >0,
1=2

11



i—1 n
where Li(w*,w) = > Ajzi+ > Ajzj—b,i=2,..,n, and
j=1 j=i

R 1 1 1
M = diag <2H1, e, =Hp,

s V=8
2Hn H Im>.

) 1 1 1
Im>,H:d1ag<2H1,2H25,...,2 H,W

Propositions 3.1 and 3.2 lead to the following theorem:

Theorem 3.3 Under the assumptions of Propositions 3.1 and 3.2, and
) 1 1 1 ~v—p
H = dlag <2H1, §H5, ceey §H7SL, 2/32[m> ~ O,
we conclude that the sequence {w*} generated by the ADMM converges to an optimal solution.

Moreover, for any integer t > 0 let
t—1

1 ket
Wt = ; Z w N
k=0
and for any p > 0 we have

anAi:Et —-b

=1

h(g) = h(u”) 4 p

2

1 n—1 n . n . 1
< g (7] 20 A -+ Xl = el 5 (o 120
=1

i=1 ||j=i+1

4 Concluding Remarks

In [5], the following model is considered

min f(x) + g(y) + H(z,y), (18)

which can be regarded as (1) without constraints, and the so-called prozimal alternating linearized
minimization (PALM) algorithm is proposed. The main focus of [5] is to analyze the convergence
of PALM for a class of nonconvex problems based on the Kurdyka-Lojasiewicz property. In that
regard, it has an entirely different aim. We note however, that PALM is similar to APGMM applied
to (18) when there is no coupling linear constraint. On the linearized gradient part, one noticeable
difference is that APGMM operates in a Jacobian fashion while PALM is Gauss-Seidel. If the
computation of gradient is costly, then the Jacobian style is cheaper to implement. As shown in [5],
PALM can be extended to allow multiple blocks. Similarly, APGMM is also extendable to solve
(17). The same is true for the other variations of the ADMM proposed in this paper. It remains a
future research topic to establish the convergence rate of such types of first order algorithms. Other
future research topics include the study of first-order algorithms for (1) where the objective is non-
convex but satisfies the Kurdyka-Lojasiewicz property. It is also interesting to consider stochastic
programming models studied in [16], but now allowing the objective function to be non-separable.

12
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A Proofs of the Convergence Theorems

A.1 Proof of Theorem 2.2

0 0 -B Y 0
We have F(w)=| 0 0 —-A x | —| 0 |, for any wy and we, and so
A B 0 A b
(w1 — wg)T(F(wl) — F<WQ)) = 0.
t—1
Expanding on this identity, we have for any w®, w',--- ,w'™' and w = % > wk, that
k=0
=
_ T\ k T k
(@ —w) " F(w) = - ;;)(w —w) T F(wh). (19)

We begin our analysis with the following property of the ADMM algorithm.

Proposition A.1 Suppose hy is strongly conver with parameter ¢ > 0. Let {w*} be defined by (10),
and the matrices Q, M, P be given in (9). First of all, for any w € Q, we have

h(u) = h(a®) + (w — a*) T F(a¥)

2
> (- TQut i) - (545, ) W=+ - THGE - 4N) . (0

Furthermore,

N |

1 . 1 ~
(Il = "R = o = bR + 5 ¥ = 340 + 5o = 32 (21)

Proof. By the optimality condition of the two subproblems in ADMM, we have

(2= )T [Vaf @08 + B (@h 1) — ATOR = (A2 + ByF 1) + Gah ! —ab)]
> 0 Vxed,
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where R} (z¥*1) € Ohy(2¥*1), and

(y o yk-‘rl) yf( k—‘rl k-i-l) + hIQ(yk’-i—l) o BT()\k o ’V(A.I‘k+1 + Byk—‘rl o b)) + H(yk-i-l o yk)
> 0 Vye)y

where hl(zF1) € Ohg(zk+1).

Note that \¥ = A\¥ — ~(Az*Ft1 + By* — b). The above two inequalities can be rewritten as
(@ — 357 [fo(:ik,yk) FRL(ER) - ATRR + G(ER - xk)] >0 Vred, (22)
and

(=77 |V 55 + W) = BTA + BT B — ") + H@G* —yh)| 20 wyey. (23)

Observe the following chain of inequalities

(@ — &) TV (39" + (y = 7°) TV F(3",5Y)
= (2—3") TV @ ") + (=) TV @) + (v = 5F) T (Y f (@5, 57) = Y f(@F,yF))
< (z—3N)TVLFER V) + (y— 7)) TV F(ER YR + Ly — 3|y - ¥
= (=" "V @ ") + (=) TV FEE P + (0 = 55 TV @R YR + Lily = 7y -
< flay) — F@E ) = @ =) TV @) + Ly = 77y — 37
(5)
< Jlay) — F@ )+ Dt — P+ Ly - 21t~ )
~k ~k L. v k2, O ~k2 LQk ~k2
< flxy) — f(@5 9 )+§Ily -7 +§Ily—y | +%Ily — "]~ (24)
Since 1
(AZ* + Bg* —b) — B(7* —¢*) — ;(A‘“ - ) =0
we have

. 3 1 s
(A — AT (Aick + Bt — b) = (A= A0YT <—B(yk — i)+ §(A’f . )\k)> . (25)
By the strong convexity of the function ho(y), we have
N N g O N
(y = ") "ha(5") < haly) — ha (") = S lly = 711" (26)

Because of the convexity of hj(x) and combining (26), (25), (24), (23) and (22), we have

. L L? . _ _
)~ 1) + (5 + 5 ) It = 01+ (0= 7T HGE o)
—ik\ ATk Gk — )
+| y-7* —~BT)F —~ BTB(y j ) >0
A — Nk AZ* + Bg* —b ~By* —g*)+ 1 ( )
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for any w € Q and @w*. By definition of @, (20) of Proposition A.1 follows. For (21), due to the
similarity, we refer to Lemma 3.2 in [20] (noting the matrices @}, P and M). O

The following theorem exhibits an important relationship between two consecutive iterates w* and
wk*! from which the convergence would follow.

Proposition A.2 Let w® be the sequence generated by the ADMM, @ be defined as in (10) and
H satisfy Hy :== H — (L + %2) I, = 0. Then the following holds

1 * * 1 ~
5 (" = b1, = ™ = w2 ) = Sk = 3|, > o, (27)
where
G 0 0 G 0 0
H=~+B"B+H, M=| 0 H 0 |, andHy=| 0 H, 0 |. (28)
0 0 I, 0 0 1I,

Proof. 1t follows from Proposition A.1 that
h(u) — h(@¥) + (w — ") T F(@F)

2
w7t — )~ (5 + 5 ) I~ 317+ - T HG - o)

AV

1 k ~k 1 k Yk
(Il = w3y = o = b)) + g lla® = 41 + 5N = 3

2
(55 ) =71 + = N HGE =) (29)

N =

Note that Hs := H — (L + %Z)Iq > 0, we have the following

L gi% k_ ~kj2 — T H(F — o
+ ly* = 9°I1° + (v —3") HG" —y")
2 20
L L? N 1 _ _
= () I =1+ 5 (ly— o 1% = lly = 515 — " - 5°1%)
2 20 2
1 . 1 -
= 5 (= =y = 310 ) = 5" — 7% (30)
Thus, combining (29) and (30) we have

() = (@) + (0 — ) F (")
> 3 (o= By — o — w1, = 5 (Il = "0 — o = 7¥1%)

1 -
ly" = 71l + 5~ H/\k P2, (31)

1 sk
+|laF - HG+2

2

By the definition of M and Hy according to (28), it follows from (31) that

1
S llw®

B(@*) = h(w) + (@ — w)TF(@*) < % (oo = w2, — 0 = w+1)2,) - 2

— @, (32)
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Letting w = w* in (32) we have

1 1
B(E) = h(u) + (@ — w)TR@") < < (' = wb ) - o = o 12) = St — 6, (33)
2 2
By the monotonicity of F' and using the optimality of w*, we have
= (o — b — o — b 2,) = 2 b — 3
2 M M 9 Hgy
> R(@") — h(u*) + (0" — w*) T F (")
> h(@®) = h(u) + (@° —w*) T F(w)
> 0,
which completes the proof. ([l
Proof of Theorem 2.2.
Proof. First, according to (27), it holds that {w*} is bounded and
lim [Jw® — @"|| g, = 0. (34)
k—o0

Thus, those two sequences have the same cluster points: For any w*» — w™, by (34) we also have
Wk — w™. Applying inequality (20) to {w*n}, {@w*"} and taking the limit, it yields that

h(u) — h(u™) + (w — w™®) T F(w™) > 0. (35)

Consequently, the cluster point w* is an optimal solution. Since (27) is true for any optimal
solution w*, it also holds for w*, and that implies w* will converge to w®™.

Recall (20) and (21) in Proposition A.1, those would imply that:

~ - L L? - - -
> (-t Qb -0 - (54 g ) I -+ - G-
> 1 Hw_wk+1”2 _Hw_wk”Q _ £+Ij ”k_~k2 _~kTH ~k _ _k
> M M y =g lF+ =9 HG —y") ).
2 2 20
(36)
Furthermore, since H — (L + %2) I, = 0, we have
L B = 4P+ - T H G — )
2 20
L L2 k ~k |12 1 k2 ~k (12 k ~k 12
= (55 ) W= 1P g (= 0 — = 01— 1 — 1)
1 i
< 5 (=¥l = Iy = 3*1%) - (37)
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Thus, combining (36) and (37) leads to
() — h(i) + (w — )T F(a)
> 5 (= By o = wb13,) — 5 (I = o1 — g — 513 (3%)
By the definition of M in (9) and denoting H = ~vB' B + H, (38) leads to
W) — h(u) + (0 — w)TF ()
5 (=283 — o = #12) + 2 (Il = 041 — ly — 1)

i kN2 oy L k412
g (2= AP = = XE) (39)

—

<

n—1
Before proceeding, let us introduce w, := % S~ *. Moreover, recall the definition of @, in (16),
k=0

we have

ur.
1

;1,000 t—1 yields

Now, summing the inequality (39) over k =0

h(ﬂt) — h(u) + (H_Jt — w)TF(U_]t)

t—1 t—1
1 ko 1 iy T ok
< EZh(u)—h(uH—;Z(w —w) F(a¥)
k=0 k=0
1 1
< g7 (o =+ Iy =401 + 21a - X02) (40)

where the first inequality is due to the convexity of h and (19).

Note the above inequality is true for all z € X', y € ), and A € R, hence it is also true for any
optimal solution z*, y*, and B, = {\ : | A|| < p}. As a result,

sup {h(at) ~ () + (@ — w*)TF(wt)}

AeB,
T aeb {R(a) = R + (@ = &) T(ATN) + (5 = y) (BTN + (A = N (A7 + B — b) |
€bp
= sup {h(@) — h(u) + A (Az" + By" —b) = AT (A7 + B )}
\eB,
= sup {h(m) — h(u") =\ (A + B — b) }
\eB,
= h(a) — h(u*) + p|| AT, + By — b, (41)

which, combined with (40), implies that
7 * 7 v 1 * * 1
h(ag) — h(u*) + pl| Az + By — bl < o | ll2* —2®l1% + [ly* — 9°[IF + = sup A =A% ),
2t Y \eB,
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and so by optimizing over (z*,y*) € X* x Y* we have
_ 1 1 9
B(ie) — h(u*) + pl|Az: + B — bl < ~ (dlsm X+ iy, 17 + 1 o+ 1) ) C42)

This completes the proof. ]

A.2 Proof of Theorem 2.3

Similar to the analysis for ADMM, we need the following proposition in the analysis of APGMM.

Proposition A.3 Let {@w"} be defined by (10), and the matrices Q, M, P be given as in (9). For
any w € §2, we have

h(u) — h(a¥) 4+ (w — &%) T F(a")

L
= >TQ<wk—wk>—(2<1xk—@’f\2+\yk—g’fu2>+<y—gk>TH@’“—yk>) (43)
1 ~
= 5 (1= s = oo = b y) + gt = 412 + 5 = P
- (§ (e = 02 + " = 3*12) + v — 7 T H G~y >> . (44)

Proof. First, by the optimality condition of the two subproblems in APGMM, we have
(& — 21T [vxf(xk’yk) R (2R ) — ATOF — 4 (AR 4 ByF — b)) + G — xk)}
> 0, Vred,
and
(v = )T [ Vol (b 0h) + oy 1) = BT = (Aah! 4 By = b))+ H(y ! — )]
> 0, Vyel.

Note that \F = \F — y(AzF+1 4 By* — b), and by the definition of @w*, the above two inequalities
are equivalent to

(@ — 357 [fo(a:k,yk) FRLER) — ATRF 4 G — xk)] >0 Vred, (45)
and

(=77 Vo @F 0" + W) = BTA + BT B — o) + H@G* 99| 20 wyey. (16)

Notice that
v — i) VL f(@F, ") + (y = 7°) TV, (2, )

IN

flz,y) = flz ,y)—(~’“ ") Vo f (2 ") = (7~ ") TV faty )

L
Flasy) = £, + 5 (k= 2512 + 1" = )1

A
A
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(
= (&) Vaf (@ ") + (y = ") TV F(® ) + (28 = 28 TV fR, ) + (08 - 7)Y, f
)TV

y")

(47)



Besides, we also have
1 -
_ k_oky_ L (\k_ k) —
(AZ* + Bt — b) — B(5* — o) 7(A )\) 0.

Thus
O = )T (A7 + B —b) = (A= AT ( B(* — i) i(xk _ X’f)) . (48)
(

By the convexity of hi(z) and ha(y), combining (48), (47), (46) and (45), we have

. L - _ _ .
Mw—hwﬁ+5(M”ﬂﬁW+mﬁ—MW)+@—y%Uﬂﬁ—yﬂ
T

z— gk —AT )k G(zF — &%)
+| y—oF —BT)F — YBTB(y* — ) >0
A— A A%+ BjF —b ~B(y" —g") + 2 ( — k)

for any w € Q and @*.

By definition of ), we have shown (43) in Proposition A.3. Equality (44) directly follows from (21)
in Proposition A.1. O

With Proposition A.3 in place, we can show Theorem 2.3 by exactly following the same steps as
in the proof of Theorem 2.2, noting of course the altered assumptions on the matrices G and H.
In the meanwhile, we also point out the following proposition which is similar to Proposition A.2.
Since most steps of the proofs are almost identical to that of the previous theorems, we omit the
details for succinctness.

Proposition A.4 Let w® be the sequence generated by the APGMM, and w* be as defined in (10),
and H and G are chosen so as to satisfy Hy := H — LI, = 0 and Gs := G — LI, = 0. Then the
following holds

1 1 -
5 (Il = w1y = o = w3, ) = S —ab, = o,

where

~

G 0
M=| 0 H
0 0

~ o o
3

G, 0
L Hy=| 0 H,
0 0

~ o o
3

1 1
v v

cmdf]:*yBTB—}—H.

Theorem 2.3 follows from the above propositions.

A.3 Proof of Theorem 2.4

Similar to the analysis for APGMM, we do not need any strong convexity here, but we do need
to assume that the gradients V hi(z) and Vyha(y) are Lipschitz continuous. Without loss of
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generality, we further assume that the Lipschitz constant is the same as V f(x,y) which is L; that
is,

IVzhi(z2) — Vihi(z1)|| < L||lxe — 1], V1,22 € X,
IVyha(y2) = Vyha(y)ll < Llly2 — will, Vy1,92 € V. (49)
Proposition A.5 Let {w*} be defined by (10), and the matrices Q, M, P be as given in (9), and
G:=vATA+ in, H = éIq —yBTB = 0. First of all, for any w € Q, we have
h(u) — h(@") + (w — ") T F(@")
w— ") TQu* — a®) — (L(le* — F7 + Iy - 1% + (v - ) THG — ") (50)

Y

1 1 ~
k k k ~k k k
(o = w1 =l = wblR ) + g lla® = 1 + 5o = 32

= (Lt = 3P + 1l = 512 + (v - 79 THGE - ). (51)

| =

Proof. First, by the optimality condition of the two subproblems in AGPMM, we have
(& — 2T [a;'fﬂ —Fta (vw F@® %) + Vb (a®) — AT(F — y(Az® + ByF — b)))}
> 0 Vxed,
and

=y [ = oF (W f 5, 0F) + Vyha(yh) = BTOF = 9(424 4 Byt 1)) )|
> 0 Vye).

Noting A\F = Ak — y(AzF*1 + By* — b) and the definition of @w*, the above two inequalities are
respectively equivalent to

(x—zF)T [fo(xk, yF) 4+ Vioho(a®) — ATNF 4 AT A(ZF — 2%) + é(* —~ xk)] >0 Vred, (52)
and )
=T [l )+ V) - BT LR 20 ey )

Similar to Proposition A.3, we have
(@ = &) Vo f(a*,y") + (y = ) TV (2", ")
(5) o L - -
< ) = F@E T + 5 (I =21+ Iyt - 541?). (54)

Moreover, by (6) we have
L
(2= 3% Vahi (@) < () — b (@%) + 5 [l2* = 2*)°

L N
T o (55)

(y — ) " Vyha(y¥) < haly) — ha(3") + 5
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Besides,
1 -
(AZ* + Bk — b) — B(gF — %) — = ()\k - )\k) ~0.
g

Thus
~ B B ~ B 1 ~
A=A + BFF —b) = (A= 2")T (—B(yk — ")+ N </\’“ — A’“)) . (56)

Combining (56), (55), (54), (53), and (52), and noticing that G :=yATA+ 11, H:= 11, —yBTB,
we have, for any w € Q and @F, that

h(u) = h(@®) + L(||2* = 2** + " = §"1°) + (v = §") TH(G" — ")

e—i \ " ATk Gk — )
+ y_gzk _BT)\kz _ ,YBTB(yk_gk) ) >0
A — Ak Az* + By —b —B(y* —g") + L(\F =2

Using the definition of @, (50) follows. In view of (21) in Proposition A.1, equality (51) also readily
follows. _

With Proposition A.5, similar as before, we can show Theorem 2.4 by following the same approach
as in the proof of Theorem 2.2. We skip the details here for succinctness.

Proposition A.6 Let w* be the sequence generated by the AGPMM, @ be defined in (10) and
G :=yATA+ éfp, H = éIq — vBTB. Suppose that a satisfies that Hy := H — 2LI1;, =~ 0 and
Gs:=G —2LI, = 0. Then the following holds

1/, . 1 5
5 (" = b1, = ™ = w2 ) = Sk = 3|, > o,
where
G 0 0 Gs 0 0
M=|0 H o |,H;=| o H 0 ,
0 0 2ln 0 0 Iy

and H=~B"B+ H.

Theorem 2.4 now follows from the above propositions.

23



A.4 Proofs of Theorems 2.5 and 2.6

Proposition A.7 Let {w*} be defined by (10), and the matrices Q, M, P be given in (9). For
any w € 2, we have

h(u) — h(@®) + (w — @) T F (")

(0= ") Qut — ) — (£l — 1P + (v MG )

v

! 1 N 1 N
= B (Hw - warlH?w — Hw — wﬂﬁw) + §||xk . 37k||2G 4 %”)‘k B )\k”Q
L 7 ~ ~
(W= 1P+ - T HG -0 -

Proof. First, by the optimality condition of the two subproblems in ADM-PG, we have

(z — karl)T [fo(xk+17yk) n h/l(karl) _ AT()\k _ ,Y(Akarl + Byt — b)) + G(xk+1 _ $k>]
> 0 Vxed,

and

(y = )T [ Vo f b 08) + () — BT —(AahH! 4 Byt = b)) + H(y* - )|
> 0 Vye).

Noting \¥ = A — ~(Az"*! + By* — b) and the definition of @*, the above two inequalities are
equivalent to

(- 37 [fo(fck, V) 4 Vah (7)) — ATH 4+ G — xk)] >0 Vred, (58)
and

(=77 |Vl 05 + 92") = BTN +9BT B =)+ HG =) 20 wyey. (59)

Moreover,
(x— &) TV (3,0 + (y — 7" TV (3,00
= (z—3) V@) + (=) V@) + O - 7)) TV FER )
< flay) — f@E ) = G =) TV FER )
5)
< Jww) - 1T + Dl - (60)
Besides,

1 _
(A% + Bg* — b) — B(5* — %) — = ()\k - )\k) =0,
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and so
A=2)T(AzZF + BgF —b) = (A= 29T (—B(yk — ") + i()\’“ — X’C)) : (61)

By the convexity of hi(z) and ha(y), combining (61), (60), (59), and (58), we have

() — (@) + £ — 7 + - 5T H G )

T -
T — ‘%k _AT)\k G( k ~k)
+| y-7* —~BT)k - WBTB(yk ) >0
A — Ak Ai* + BjF —b —B(y* )+}Y( — k)
for any w € Q and @F.
By similar derivations as in the proofs for Proposition A.5, (57) follows. O

With Proposition A.7 in place, we can prove Theorem 2.5 similarly as in the proof of Theorem 2.2.
We skip the details here for succinctness.

For ADM-GP we do not need strong convexity, but we do need to assume that the gradient V,ho(y)
of ha(y) is Lipschitz continuous. Without loss of generality, we further assume that the Lipschitz
constant of Vho(y) is the same as V f(x,y) which is L:

|Vyha(y2) — Vyha(y)ll < Lily2 — vill, Yyi,y2 € V. (62)

Proposition A.8 Let {w*} be defined by (10), and the matrices Q, M, P be given in (9), and
H .= éIq —~yB"B = 0. For any w € Q, we have
h(u) — h(@*) + (w — &%) " F(a*)
(w— ") QM — &) — (LIy* = §*IP + (v - ) T HG" — "))
1 1 - 1 ~
= 5 (=R =l =) + Gt = 2+ o N = AP

= (Ll =P+ (v = ) THGE - 5h). (63)

v

Proof. By the optimality condition of the two subproblems in ADMM, we have

(z — karl)T [vxf(xk+17yk) I hll(karl) _ AT()\k _ ,Y(Akarl 4 Byt — b)) + G(xk+1 _ xk)]
> 0, Vee X

and

(v =97 [ = oF o (V@0 + Vyha(yh) = BTOF = 9(A28* + Byt )|
> 0, Yy e V.
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Noting A\F = \F — y(AzF*t1 + By* — b) and the definition of @w*, the above two inequalities are
equivalent to

(x—3HT [fo(i*k,yk) + hh(EF) — ATNF £ Gk - xk)] >0 VYzed, (64)

and
=T V@) + D) - BT 1G] 20 wey. (o

Therefore,

(x — )TV f (@, y%) + (y — %) TV, £(3F,F)

(x — &) TV (@, 9%) + (y — ") TV FE ) + O = §F) TV F(EF )
f(m,y)—f(x,y)—(ﬂk )Tvyf( i )

Flao) = FGR %) + 5 I~ 3P (66)

IA

IN

Moreover, by (6), we have

L N
Tl o (67)

(y = ") Vyhay") < haly) = ha(3") + 3

Since .
A+ B~ b= BGF -y - (N =) =0

we have

A=X)T(AZF + BgF —b) = (A=) T (—B(yk — ") + i(A’f — X’“)) : (68)

By the convexity of hy(z), combining (68), (67), (66), (65), (64), and noticing H := 11, —yB"B
for any w €  and @* we have

h(u) — h(@¥) + Llly* — 31>+ (y — ") "H(G* — ¢F)

r— ik ! —AT)k G(z* — %)
+| y-9" —BT\* - B B(y* — ") > 0.
A — NP Az* 4+ BjF —b —B(y* — ") + S (\F =)
As a result, (63) follows. O

The proof of Theorem 2.6 follows a similar line of derivation as in the proof of Theorem 2.2, and
we omit the details here.
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