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Abstract. For problems when decisions are taken prior to observing the realization of underlying random events, probabilistic constraints
are an important modelling tool if reliability is a concern. A key concept to numerically dealing with probabilistic constraints is that of p-
efficient points. By adopting a dual point of view, we develop a solution framework that includes and extends various existing formulations.
The unifying approach is built on the basis of a recent generation of bundle methods called with on-demand accuracy, characterized by its
versatility and flexibility. Numerical results for several difficult probabilistically constrained problems confirm the interest of the approach.
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1. Introduction. Probabilistic constraints arise in many real-life problems, for example electricity network
expansion, mineral blending, chemical engineering, [2, 30, 35, 36]. Typically, these constraints are used when in
an ordinary inequality system certain random parameters are identified as critical for the decision making process.
We are interested in the so-called separable case, in which the random quantities appear only on one side of the
constraint. This amounts to dealing with a feasible set of the form

C :=
{

x ∈ Rn : P[g(x)≥ ξ ]≥ p
}
, (1.1)

where g : Rn → Rm is a constraint mapping, x ∈ Rn the given a decision vector, ξ ∈ Rm a random vector with
associated probability measure P, and p ∈ (0,1] a pre-specified probability level. Since the mapping x 7→ ψ(x) :=
P[g(x) ≥ ξ ] is nonlinear, writing the constraint in the form ψ(x) ≥ p makes (1.1) appear as the feasible set of a
conventional nonlinear programming problem. However this writing neglects a hidden difficulty: in most situa-
tions explicit values are not available. Furthermore, often calculation are inexact, as computing the probability
ψ(x) for a given point x typically involves some sort of numerical integration and/or (quasi) Monte Carlo methods.
Another issue is that the feasible set (1.1) sometimes fails to be convex; we refer to [1,19] for conditions ensuring
convexity for sufficiently large probability levels. In order to deal with convex feasible sets regardless of the prob-
ability value, throughout we suppose that g(·) is concave and the ξ -density has generalized concavity properties
(like the multivariate Gaussian and Student densities) ; see [9].
An overview of the theory and numerical treatment of probabilistic constraints can be found in [33,34]. Regarding
solution methods, the first approaches, based on cutting planes, can be found in [35,43]. More recently, the specific
case of a linear constraint mapping was addressed by sample average approximations in [25, 26] and by scenario
approximations in [6, 7].
In this work we follow the lead of [9, 12] and consider a third class of solution methods, based on the notion of
p-efficient points, a quantile generalization. The set of p-efficient points is defined as follows:

V :=
{

v ∈ Z : no w exists in Z such that w < v
}

where Z := {v ∈ Rm : P[ξ ≤ v]≥ p}

is the level set of the probability distribution. Even when the set V contains a finite number of elements its
full identification can prove difficult to the extent that in many situations it is only affordable to compute one
p-efficient point per iteration. Methods based on p-efficient points approximate iteratively the feasible set in (1.1)
by generating points x satisfying the relation

g(x)≥ v for some p-efficient point v ∈ V .
From an optimization perspective, knowing the whole set V does not really matter: only p-efficient points bound-
ing the constraint near a solution are of interest. For this reason, it is sound to find such points iteratively, in a
manner similar to the column-generation technique in Linear Programming.
In our understanding, the combination of those ideas with regularization techniques is behind the excellent results
reported in [11, 12], confirmed in our numerical experiments in Section 6 below.
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Our study, which was motivated by the outstanding performance of those approaches, reveals several interesting
relations with bundle methods, [21]. Thanks to this connection, we develop a general framework that includes and
extends various existing methods. The unifying view uses the proximal bundle theory [32], suitable for methods
refered to as dealing with on-demand accuracy. This recent bundle variant was designed to solve nonsmooth prob-
lems for which the oracle providing information can perform its calculations with varying precision, following the
directives of the bundle solver. In our setting, this amounts to solving dual formulations of the probabilistically
constrained problem of interest by computing p-efficient points with variable accuracy. The interest of this tech-
nique is in the fact that it is possible to solve the problem exactly by starting the algorithmic procedure with coarse
estimations, making the oracle calculations increasingly more exact as the iterations progress. On-demand algo-
rithms keep the convergence properties of classical bundle methods and, as shown by our numerical experiments,
can provide very significant gains in CPU time without losing accuracy in the solution.
This paper is organized as follows. Section 2 revises briefly concepts and methods in probabilistic optimization
and sets the background and notation necessary to bundle methods. Section 3 presents several variants of these
methods, when the oracle information is inexact at iterations yielding certain null steps (see Step 4 in Algorithm 1
below). In addition, this section gives primal and dual convergence results and explains the relation with the
regularized dual decomposition [11] and the Progressive Augmented Lagrangian method [12]. Section 4 gives a
general algorithm, suitable for inexact oracle calculations (at all iterations, including certain serious steps), which
converges to primal and dual solutions, up to the oracle error. Section 5 discusses oracles that compute, in an on-
demand mode, approximate p-efficient points. Both discrete and continuous distributions are considered in this
section. Section 6 studies the performance of ten different solvers that fit our general framework. The comparison
is done on several instances of cash-matching, cascaded reservoir management, and probabilistic transportation
problems. A thorough analysis, reporting CPU times and quality of the solution both in terms of optimality and
feasibility, gives a clear panorama of the merits of the different methods in the benchmark.
Our notation follows [21]. The inner product and induced norm are 〈·, ·〉 and | · |. For a convex function f , a point
u ∈ Rm and η ≥ 0, the exact and approximate convex analysis subdifferentials are denoted by ∂ f (u) and ∂η f (u).
For a concave function ϕ we consider the corresponding objects of its negative, i.e., ∂ (−ϕ)(u) and ∂η(−ϕ)(u).
The normal cone of the nonnegative orthant in Rm at u is NRm

+
(u) = {p ∈ Rm : p≤ 0 and 〈p,u〉= 0}.

2. The probabilistic optimization problem and preliminary concepts. We recall background material
relative to probabilistic constraints and to bundle algorithms, respectively from [9, 10, 12] and [32].

2.1. Blanket conditions. We suppose the multivariate random variable ξ ∈ Rm has an α-concave distribu-
tion, so that the following relations, from [9, Thms. 4.42, 4.60, 4.63, and Lems.4.57 and 4.59], hold:

Z =
⋃{

v+Rm
+ : v ∈ V

}
is convex, nonempty and closed, convV ⊂ Z , and V is bounded from below.

Given a convex function c : Rn → R, a nonempty and simple convex compact set X ⊂ Rn is (for example a
polyhedron), and a concave mapping g : Rn→ Rm, we suppose that our problem of interest{

min
x∈X

c(x)

s.t. P[g(x)≥ ξ ]≥ p ,
(2.1)

has a nonempty solution set and, hence, a finite optimal value, c∗.
In view of the relations above for Z , the problem below, obtained by variable splitting, is convex:

min
(x,v)∈Rn×m

c(x)

s.t. g(x)≥ v
x ∈ X and v ∈ Z .

(2.2)

For this problem to be well-defined, nonemptiness of the feasible set is usually ensured by a Slater condition.
If boundedness of the multipliers in (2.2) is a concern, the stronger (Mangasarian-Fromowitz-like) constraint
qualification can be used, [21, Thm.VII.2.3.2]:

∃(xs,vs) ∈ X×Z : g(xs)> vs and, in X×Z ,
{

affine equality constraints are linearly independent
inequality constraints are satisfied strictly by (xs,vs) .

(2.3)
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For the problem on dual variables

max
u∈Rm

+

ϕ(u) with ϕ(u) := h(u)+d(u), where

{
h(u) := min

x∈X
{c(x)−〈u,g(x)〉}

d(u) := min
v∈V
〈u,v〉 , (2.4)

defining d as a minimum is possible (u≥ 0 and V has a lower bound). Also, by the disjunctive expression for Z ,

d(u) = min
v∈V
〈u,v〉= min

v∈convV
〈u,v〉= min

v∈Z
〈u,v〉 for all u ∈ Rm

+ , (2.5)

because the minimand is linear. As a result of these relations, ϕ in (2.4) coincides with the dual function of
problem (2.2). By weak duality using the point (xs,vs) from (2.3), the dual function is bounded above (ϕ(u)≤ c∗

for all u ∈ Rm
+), thus justifying the use of a maximum instead of a supremum in (2.4). Furthermore, since there

is no duality gap between (2.2) and (2.4), by [12, Cor. 1] both (2.1) and (2.2) have (2.4) as dual problem and the
respective optimal values coincide.
The more general setting in [12], allowing for unbounded sets X , requires additional conditions, such as solvability
of the h-problems in (2.4), which are automatic in our case, because X is bounded.

2.2. Primal and dual views. In (2.2), the difficult set Z is not available explicitly. Solution approaches
adopting a primal view, for instance the method called primal-dual in [10], employ at the kth iteration a Dantzig-
Wolfe like approximation. More precisely, given an index set Bk = {1, . . . ,k} keeping track of information gener-
ated so far, i.e., of v1 ,v2 , . . . ,vk, consider the unit simplex associated with Bk:

∆
|Bk| :=

{
α ∈ R|B

k|
+ : with ∑

j
α j = 1

}
.

A new p-efficient point vk+1 is generated by using the optimal multiplier of the inequality constraint in
min c(x)
s.t. g(x)≥ v

x ∈ X and v ∈Vk :=
{

∑ j∈Bk α jv j : α ∈ ∆|B
k|
}
.

(2.6)

Since our focus is on dual variants, we do not enter into further details, refering instead to [10, 13] .
Dual methods such as [12] relax the constraint g(x)≥ v in (2.2) and maximize the dual function h+d from (2.4).
Computing the h-term amounts to solving a convex problem (X is a simple set), the difficulty lies in the calculation
of d(u) (involving the set V or its convex hull, by (2.5)). Even for distributions with finite support, a challenging
mixed-integer linear programming (MILP) problem needs to be solved; see [23, 27]. This confirms the relevance
of designing algorithms that can deal with approximate p-efficient points, as in Sections 4 and 5 below.
Suppose for the moment we can solve exactly both the h- and d-problems in (2.4), (2.5). At a given point u = u j,
by definition of these two concave nonsmooth functions (see for instance [12, Sec. 3]),

s j
h :=−g(x j) satisfies − s j

h ∈ ∂ (−h)(u j), for x j ∈ X minimizing c(x)−
〈
u j,g(x)

〉
(2.7)

s j
d := v j satisfies − s j

d ∈ ∂ (−d)(u j), for v j ∈ convV minimizing
〈
u j,v

〉
, (2.8)

s j := s j
h + s j

d satisfies − s j ∈ ∂ (−ϕ)(u j) .

Recall that, without loss of generality, the minimizer v j in (2.8) can be taken in V , convV , or Z , by (2.5).

2.3. A bundle method detour. The dual problem (2.4) has a concave objective function which is nonsmooth
at those points u j having more than one x j or v j solving (2.7) or (2.8), respectively. If ϕ was easy to compute (in
(2.5) the set V complicates this calculation), a proximal algorithm [29,37] could be employed. At the kth-iteration
and having a proximal stepsize tk > 0, this method defines iterates as follows:

uk+1 := arg max
u∈Rm

+

{
ϕ(u)− 1

2tk

∣∣∣u−uk
∣∣∣2} .
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In our case, one iterate is as hard to compute as solving problem (2.4). Bundle methods [5, Part II] replace
the difficult function ϕ by a simpler model Mk, to be improved along iterations. With the exact function, the
next iterate uk+1 always provides ascent, but now (depending on the model quality), there is no guarantee that
ϕ(uk+1) will be larger than ϕ(uk). Bundle methods separate iterates providing sufficient ascent into a special
center subsequence {ûk}. The limit points of this subsequence, also called sequence of serious steps, solve (2.4).
A bundle algorithm of the proximal type defines iterates as below:

uk+1 = arg max
u∈Rm

+

{
Mk(u)− 1

2tk

∣∣∣u− ûk
∣∣∣2} . (2.9)

A rule for deciding when there is a serious step and the iterate becomes the new center ûk+1, are given in Section 3.
We just recall here the optimality conditions characterizing uk+1, the unique solution to the concave maximization
problem (2.9). These are classical relations in bundle methods; we refer to [21, LemXV.3.1.1] for a proof:

uk+1 = ûk + tk ŝk with ŝk := pk
1− pk

2 for

{
−pk

1 ∈ ∂ (−Mk)(uk+1)

pk
2 ∈ NRm

+
(uk+1) .

(2.10)

The computational work involved in solving (2.9) depends on the specific model Mk. The general theory for
bundle methods in [32] is very flexible in this sense, many different models can be used, below we provide three
different choices that are acceptable for the dual function ϕ in (2.4).
Example 2.1 (Aggregate cutting-plane model: Mk = ϕ̌k). Perhaps the most natural choice is to replace the
concave function ϕ by an outer approximation defined by linearizations, or cutting planes. This is the function

ϕ̌
k(u) := min

j∈Bk
L j(u) where L j(u) := c(x j)+

〈
u j,v j−g(x j)

〉 for x j ∈ X as in (2.7)
and v j ∈ convV as in (2.8). (2.11)

The index-set Bk gathers past linearization indices until iteration k; for instance all of them: Bk = {1, . . . ,k} (in
Section 3.2 more economical sets Bk, collecting less linearizations, are considered).
Taking the model Mk = ϕ̌k gives in (2.9) a convex quadratic programming problem (QP), easy to solve. Being
a piecewise affine convex function, the model subgradients at uk+1 are simplicial combinations of gradients of
active pieces. In particular, the subgradient in (2.10) is given by

pk
1 = ∑

j∈Bk

α
k+1
j (v j−g(x j)) with αk+1 ∈ ∆|B

k| such that Mk(uk+1) = ∑
j∈Bk

α
k+1
j c(x j)+

〈
pk

1,u
k+1
〉
. (2.12)

In the bundle set Bk, strongly active indices correspond to active linearizations with positive weight:

j ∈ Bk such that α
k+1
j > 0 and Mk(uk+1) = L j(uk+1) . (2.13)

For asymptotic analysis reasons, we assume that the number of strongly active indices is uniformly bounded in
k. This natural property is ensured for instance by most active-set QP solvers, whose linearly independent bases
involve at most m+1 Carathéodory-like positive simplicial multipliers, regardless of the cardinality of Bk.
The aggregate cutting-plane model is used in the Regularized Dual Method described in [12, Sec. 4], taking a
constant stepsize tk = t > 0 and a full bundle of information Bk = {1,2, . . . ,k}. �

The following model takes advantage of the sum-structure of the function ϕ .
Example 2.2 (Disaggregate cutting-plane model: Mk = ȟk + ďk ). Each term has its own linearization

L j
h(u) := c(x j)+

〈
−g(x j),u

〉
and L j

d(u) :=
〈
v j,u

〉
.

The disaggregate model is the sum of the individual cutting-plane models, using separate index sets, Bk and B̃k:

ȟk(u)+ ďk(u) := min
j∈Bk

L j
h(u) + min

j∈B̃k
L j

d(u) .
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Taking the disaggregate model gives again a convex QP subproblem (2.9), of larger size than the aggregate one,
to account separately for the two bundles of information. In particular, the subgradient of this model at uk+1 is

pk
1 = ∑ j∈Bk α

k+1
j v j−∑ j∈B̃k α̃

k+1
j g(x j) with

αk+1 ∈ ∆|B
k|

α̃k+1 ∈ ∆|B̃
k| such that Mk(uk+1) = ∑ j∈Bk α

k+1
j c(x j)+

〈
pk

1,u
k+1
〉
,

(2.14)
and, hence, in this model there are strongly active indices (2.13) for each separate bundle. �

The third model takes the exact function h.
Example 2.3 (Partially exact model: Mk = h+ ďk ). Only the difficult function d is modeled by cutting planes:

h(u)+ ďk(u) := h(u)+min
j∈B̃k

L j
d(u) = min

x∈X

{
c(x)−〈g(x),u〉

}
+min

j∈B̃k

〈
v j,u

〉
.

The subgradient for this model is

pk
1 = ∑

j∈B̃k

α̃
k+1
j v j−g(xk+1) with

h(uk+1) = c(xk+1)+
〈
uk+1,g(xk+1)

〉
α̃k+1 ∈ ∆|B̃

k| (2.15)

and such that Mk(uk+1) = c(xk+1)+
〈

pk
1,u

k+1
〉
. Naturally, if neither f nor g are linear or quadratic functions, the

model Mk = h+ ďk no longer yields a QP and (2.9) becomes a general convex optimization problem. �

Regarding the quality of the various models above, from their definition it is straightforward that for all u ∈ Rm
+

ϕ̌
k(u)≥ ȟk(u)+ ďk(u)≥ h(u)+ ďk(u)≥ ϕ(u) , (2.16)

i.e., the partially exact model is better than the disaggregate model, in turn better than the aggregate one. On the
other hand, subproblem (2.9) becomes easier for the choice Mk = ϕ̌k, and more difficult for Mk = h+ ďk. For this
latter model, it will be shown in Section 3 that (2.9) with Mk = h+ ďk corresponds to the Progressive Augmented
Lagrangian method [12], which relaxes the constraint g(x)≥ v in (2.6); see Example 3.4 for details.

3. Link with bundle methods. To progress along iterations, most of the dual approaches identify a new p-
efficient point by solving the d oracle in (2.5), at the current dual iterate. Since this calculation involves knowing
the set V , this is a computationally heavy task. It is then important to determine to which extent evaluating d ap-
proximately impacts on the convergence properties of the methods. For the analysis, we pursue our interpretation
through a bundle-algoritm perspective, and rely on the general theory in [32].
In our development, evaluation errors are possible in the following sense:

ϕu j ∈ [ϕ(u j),ϕ(u j)+ηu j ] approximates the exact value, for some error ηu j ≥ 0 . (3.1)

As uniform boundedness of the inaccuracy is a condition for convergence, we suppose that

for all u j ∈ Rm
+ the inaccuracy ηu j in (4.1) satisfies ηu j ≤ η for some η ≥ 0. (3.2)

To introduce gradually the different features of an inexact algorithm, we start by considering only two situations:
- the oracle always delivers exact information (ηu j ≡ 0), as in Examples 2.1 and 2.3; or
- the oracle delivers exact information only when there is a serious step, at points that become a center

(ηu j > 0, except for ηûk ≡ 0), as in Example 3.3 below, derived from Example 2.2.
For all the oracles and models in this work, both in this section and in Section 4, the models satisfy the condition

ϕ(u)≤Mk(u) for all u ∈ Rm
+ . (3.3)

This property will be referred to as having an upper model (in the parlance of [31], minimizing the convex function
−ϕ , the model is of lower type). Similarly, we shall say L j is an upper linearization when

L j(·) is an affine function such that ϕ(u)≤ L j(u) for all u ∈ Rm
+ . (3.4)
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3.1. A proximal bundle method for concave maximization. The solution of (2.9) with a model Mk satis-
fying (3.3) gives uk+1. Given a parameter m ∈ (0,1), a serious step is declared and ûk+1 := uk+1, when

ϕuk+1 ≥ ϕûk +mδ
k for δ k := Mk(uk+1)−ϕûk , where ϕûk = ϕ(ûk) because ηûk = 0. (3.5)

Otherwise, the iteration is declared null, keeping ûk+1 := ûk.
The subgradient inequality for pk

1 in (2.10), combined with the definitions of ŝk and pk
2, ensures that Mk(uk+1)≥

Mk(ûk)+ tk|ŝk|2. Then, (3.4) implies that (3.5) is an ascent test, checking increase in the function values:

δ
k ≥Mk(ûk)+ tk|ŝk|2−ϕûk ≥ tk|ŝk|2−ηûk = tk|ŝk|2 ≥ 0 if ηûk = ϕûk −ϕ(ûk) = 0. (3.6)

For future reference, note that the relations in (3.5) and (3.6) hold because the evaluation error is null at ûk.
The aggregate linearization

Ak(u) := Mk(uk+1)+
〈

pk
1,u−uk+1

〉
(3.7)

available after solving (2.9), is of the upper type (due to the definitions in (2.10)):

ϕ(u)≤ Ak(u) for all u ∈ Rm
+ . (3.8)

As shown in [21, LemXV.3.1.2], the aggregate linearization is the highest outer approximation of ϕ that can
be used without losing information (replacing Mk by Ak in (2.9) maintains the solution uk+1). The aggregate
linearization Ak condenses all the past information generated by the method and is the key behind the mechanism
called bundle compression described in Example 3.2 below; see also [5, Ch. 10.3.2 ].
By combining the rightmost identities in (2.12)-(2.15) with (3.7) written for u = 0, we see that

Ak(0) =

 ∑
j∈Bk

α
k+1
j c(x j) with the aggregate and disaggregate models (Examples 2.1 and 2.2)

c(xk+1) with the partially exact model (Example 2.3).
(3.9)

These relations are fundamental to show primal convergence. For dual convergence, two important objects, com-
putable after solving (2.9), are the aggregate gap and the Fenchel measure, defined respectively by

êk := δ
k− tk|ŝk|2 and φk := êk−

〈
ŝk, ûk

〉
. (3.10)

As in (3.6), having upper models with exact evaluations at serious steps implies that the gap is always nonnegative:

êk ≥−ηûk = 0 , if ηûk = 0. (3.11)

We now state some results highlighting the role of these objects regarding convergence.
LEMMA 3.1 (Primal and dual optimality certificates). Suppose the oracle evaluations and the model satisfy,
respectively, (3.1) and (3.3). Associated with the model in (2.9) consider the primal pair

(x̂k+1, v̂k+1) :=


∑ j∈Bk α

k+1
j

(
x j,v j

)
generated with the aggregate model (Ex. 2.1)〈

∑ j∈Bk α
k+1
j x j,∑ j∈B̃k α̃

k+1
j v j

)
generated with the disaggregate model (Ex. 2.2)(

xk+1,∑ j∈B̃k α̃
k+1
j v j

)
generated with the partially exact model (Ex. 2.3).

(3.12)

The following holds:
(i) ϕ(u)≤ ϕ(ûk)+ηûk +φk +

〈
ŝk,u

〉
for all u ∈ Rm

+.
(ii) The primal pair satisfies (x̂k+1, v̂k+1) ∈ X× convV ⊂ X×Z , with

v̂k+1 ≤ g(x̂k+1)+ ŝk and c(x̂k+1)≤ ϕ(ûk)+ηûk +φk .

(iii) If ŝk = 0 and φk ≤ 0 then ûk is an ηûk -solution to (2.4) and (x̂k+1, v̂k+1) is an ηûk -solution to (2.2).
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Proof. To show (i), we first prove that
ϕ(u)≤ Ak(0)+

〈
ŝk,u

〉
. (3.13)

Write the subgradient inequality for pk
1 in (2.10) and use (3.7) to see that

−Mk(u)≥−Mk(uk+1)−
〈

pk
1,u−uk+1

〉
=−Ak(u) .

Since the aggregate linearization is affine, Ak(u) = Ak(0)+
〈

pk
1,u
〉
, and the definition for ŝk in (2.10) gives

Mk(u)≤ Ak(0)+
〈

ŝk,u
〉
+
〈

pk
2,u
〉
.

The rightmost term is nonpositive because pk
2 ∈ NRm

+
(uk+1) and, by the normal cone definition, for all u ∈ Rm

+,〈
pk

2,u
〉
≤
〈

pk
2,u

k+1
〉
= 0 . (3.14)

By (3.3), the expression in (3.13) must hold. Writing (3.1) with u j = ûk gives that ϕûk ≤ ϕ(ûk)+ηûk , so if

Ak(0) = ϕûk +φk , (3.15)

item (i) will be proven. To show this identity, start with the right hand side, combining (3.10) and (3.5):

ϕûk +φk = ϕûk +δ
k− tk|ŝk|2−

〈
ŝk, ûk

〉
= Mk(uk+1)−

〈
ŝk,uk+1

〉
, by (2.10).

Then (3.15) follows from evaluating (3.7) at u = 0, because
〈
ŝk,uk+1

〉
=
〈

pk
1,u

k+1
〉

by (3.14).
To show item (ii), recall from Section 2.1 that convV ⊂ Z , so by convexity of X , the primal pair is in X ×Z , as
stated. As the normal element in (2.10) satisfies pk

2 = pk
1− ŝk, writing (3.14) with u = ûk yields

〈
pk

1− ŝk, ûk
〉
≤ 0.

Using the concavity of g and the expressions for pk
1 in (2.12)-(2.15), gives

〈
v̂k+1−g(x̂k+1)− ŝk, ûk

〉
≤ 0, and

the left relation in item (ii) follows, because ûk ≥ 0. To prove the right statement in item (ii), use (3.9) and the
convexity of c in (3.15) to write φk ≥ c(x̂k+1)−ϕûk , which together with (3.1) written with u j = ûk, gives the
desired inequality. Finally, dual approximate optimality is straightforward using that ŝk = 0 and φk ≤ 0 in item (i).
Regarding the primal pair, item (ii) with ŝk = 0 ensures feasibility in (2.2). The same item (ii) with φk ≤ 0 gives
that c(x̂k+1)≤ ϕ(ûk)+ηûk . By the dual function definition in (2.4), ϕ(ûk)≤ c(x)+

〈
ûk,v−g(x)

〉
≤ c(x) for any

(x,v) satisfying g(x)≥ v, and the result follows.
The relations in item (ii) reveal that the aggregate gradient and the Fenchel measure respectively estimate primal
feasibility and the duality gap; the algorithm stops when those values are sufficiently small. Theorem 3.2 shows
that (3.16), an asymptotic version of the conditions in item (iii), guarantees eventual solution of (2.4) and (2.2).

Algorithm 1 Concave Proximal Bundle Method for Upper Models and Exact Serious Evaluations (PBM)
Step 0: initialization. Select m ∈ (0,1) and t1 ≥ tlow > 0.

Choose u1 ∈Rm
+ and call the oracles to compute h(u1), d(u1) and respective subgradients (2.7) and (2.8).

Choose a model M1 ≥ ϕ , stopping tolerances, tolφ, tolŝ ≥ 0 and set û1 = u1, k = 1.
Step 1: Next iterate. Obtain uk+1 by solving (2.9).

Compute δ k as in (3.5), ŝk = uk+1−ûk

tk
from (2.10), and φk from (3.10).

Step 2: Stopping test. If φk ≤ tolφ and |ŝk| ≤ tolŝ, stop and return ûk and (x̂k+1, v̂k+1) from (3.12) as the solution.
Step 3: Oracle call. Compute an upper linearization Lk+1 as in (3.4), for example using the exact values h(uk+1),

d(uk+1) and respective subgradients (2.7) and (2.8).
Step 4: Ascent test. If (3.5) is satisfied (serious step), make new calculations if necessary to ensure ηuk+1 = 0.

Set ûk+1 = uk+1 and choose tk ≥ tlow.
If (3.5) does not hold (null step), set ûk+1 = ûk and choose tk+1 ∈ [tlow, tk].

Step 5: Model. Choose a model satisfying ϕ ≤Mk+1 ≤min{Lk+1, Ak} .
Step 6: Loop. Set k = k+1 and go back to Step 1.

Algorithm 1 describes the Proximal Bundle Method (PBM), when the model is of upper type and evaluation errors
are null at serious steps: both (3.3) and (3.1) with ηûk ≡ 0 hold.
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The need of new calculations mentioned in Step 4 typically arises when the solution procedure in the oracle is
organized so that first a coarse estimation is delivered, to check ascent. If the test declares a null step, the algorithm
proceeds. Otherwise, the algorithm returns to the oracle requesting an exact calculation; see Steps 3’ and 4’ in
Example 3.3, and also the “coarse” and “fine” phases implemented for the on-demand oracles in Section 6.
The order of steps in Algorithm 1 is the usual one in bundle methods: first the new dual iterate is found in Step
1 and only in Step 3 the oracle finds corresponding primal points (when solving the h and d problems in (2.4),
(2.5)). Example 3.4 below illustrates a variant that switches this dual-primal order, defining first primal iterates.
When PBM loops forever, there are two cases: either there is an infinite tail of null steps, or the algorithm generates
infinitely many serious steps. These are the two mutually exclusive cases considered for the set K∞ in Theorem 3.2,
noting that always at least one of them has infinite cardinality when k→∞. Convergence for PBM is shown below
by we applying the general framework in [32].
THEOREM 3.2 (Primal and dual convergence for PBM). Consider a primal problem (2.2) and its dual problem
(2.4) such that the assumptions in Section 2.1 hold. Suppose that in Algorithm 1 the model satisfies (3.3) and the
stopping tolerances are taken null (tolφ = tolŝ = 0). If the oracle satisfies (3.1) and (3.2) and at serious steps
there is no error evaluation (ηûk = 0) then

limsup
k∈K∞

φk ≤ 0 and lim
k∈K∞

ŝk = 0 , (3.16)

for an infinite iteration-set defined by

either K∞ := {k ≥ k̂} if after a last serious step at iteration k̂ (3.5) always fails
or K∞ := {k : uk+1 is declared serious in Step 4 } , otherwise .

It follows that the primal subsequence {(x̂k+1, v̂k+1)} always has limit points, and any of them solves (2.2). When
the center subsequence {ûk} has limit points, any of them solves (2.4).
Proof. The assumption that ηûk is null in (3.1) implies that ϕûk = ϕ(ûk). If the algorithm stops at some iteration
k, then φk ≤

∣∣ŝk
∣∣= 0 and the corresponding primal and dual iterates are optimal, by Lemma 3.1(iii). If the algo-

rithm loops forever, consider the infinite subsequences associated with K∞. Existence of limit points for {x̂k+1}
results from boundeness of X and the assumption that when solving (2.9) the number of active multipliers from
(2.13) is kept bounded (Carathéodory theorem). Therefore, when (3.16) holds and ŝk → 0, the left inequality in
Lemma 3.1(ii) implies that the sequence {v̂k+1} is bounded above. Since the set V is bounded below (see Sec-
tion 2.1), the sequence {v̂k+1} ⊂ convV is contained in a compact set and, hence, has limits points too.

To show (3.16) we apply Propositions 6.1 and 6.7 in [32]. Table 3.1 relates our notation with the one in that work,
developed for problems minimizing a convex function f =−ϕ:

TABLE 3.1
Relation with notation in [32]

throughout in [32] f =−ϕ , f M
k =−Mk, f L

−k =−Ak, αk = 0;
in [32, Eq. (4.5)] δ M

k = δ k and ĝk =−ŝk ;
in [32, Eq. (4.4)] `k =−ϕûk and f L

−k(û
k) =−A(ûk), so êk in [32] coincides with êk in (3.10) ;

in [32, Eq. (4.8)] φk in [32] coincides with φk in (3.10) ;
in [32, Eq. (4.11)] ηM ≡ 0 ;
in [32, Eq. (6.11)] δ E

k = δ k; and `k− fuk+1 −δ E
k =−ϕûk +ϕuk+1 −δ k ≤ (m−1)δ k ≤ 0 at null steps .

By Proposition 6.1 in [32], (3.16) holds if tk ≥ tlow and δ k→ 0 as K∞ 3 k→ ∞. The first condition is satisfied by
the stepsize updates in Step 4. For the second condition, consider first the case when K∞ corresponds to the tail of
null steps. Proposition 6.7 in [32] states that δ k → 0 if condition (6.11) therein holds. This condition is trivially
satisfied, because of the relations in the last line in Table 3.1. In the second case for K∞, we have that

0≤ ∑
k∈K∞

δ
k = ∑

k∈K∞

(
ϕ(ûk+1)−ϕ(ûk)

)
≤ c∗−ϕ(u1)<+∞ .
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So (3.16) holds and, as ηûk ≡ 0, passing to the limit in Lemma 3.1(ii) as K∞ 3 k→ ∞ concludes the proof.
Remark 3.1 (Partially inexact variants). In the proof of Theorem 3.2, rather than exactness of the oracle at each
serious step ( ηûk ≡ 0), what matters is to have vanishing evaluation errors at those points: ηûk → 0 as K∞ 3 k→∞.
This means in particular that, if the oracle delivers exact information at serious steps only eventually, convergence
for the case when K∞ comes from an infinite sequence of serious steps is maintained (as long as the important
property (3.3) is preserved for the model). Bundle methods working with models combining exact information at
serious steps with inexact information at null steps are called partially inexact; [16]. For an illustration of such a
variant, see the Example 3.3 below, and its implementation BM4 in Section 6, with the numerical experience.�

3.2. Relating PBM with some dual methods. We now explain how different choices for the model fit the
update in Step 5 of Algorithm 1. We consider the three choices in Examples 2.1, 2.2 and 2.3 and make the link
with some dual methods based on p-efficient points.
Example 3.2 (PBM with aggregate cutting-plane model and exact evaluations). When Mk is the aggregate
model in Example 2.1, and the oracle information is exact, Algorithm 1 is a standard proximal bundle method,
with linearizations of the form

L j(u) = ϕ(u j)+
〈
s j,u−u j〉= c(x j)+

〈
v j−g(x j),u

〉 for x j ∈ X as in (2.7)
and v j ∈ convV as in (2.8). .

The regularized dual algorithm of [12] is a particular case of this variant, which maintains tk fixed along iterations
and sets in (2.11) the full index set, Bk = {1, . . . ,k}. The corresponding model update is

Mk+1 = min{Lk+1, Mk} ,

which by (3.7) satisfies the conditions in Step 5. A difficulty with this update is that the size of the QPs (2.9)
increases at each iteration. To keep the QP size controlled, the bundle can be reduced by introducing either a
selection or a compression mechanism. The latter amounts to taking

Mk+1 = min{Lk+1, Ak} ,

(similarly to the “generalized Frank-Wolfe rule” in [38, Eq. (3.31)]). This very economic model satisfies (3.3)
and results in a QP with just two constraints, so each bundle iteration is fast, but many iterations may be needed
to converge. By contrast, the selection mechanism keeps in the new model only active linearizations, as in (2.12):

Mk+1 = min
{

Lk+1, min{L j : j ∈ Bk such that L j(uk+1) = Mk(uk+1)}
}
.

When compared with the compression technique, selection yields a less economic QP, but in general the additional
time spent in solving (2.9) is compensated by a smaller number of iterations.
In view of Theorem 3.2, the regularized dual algorithm of [12] maintains its convergence properties for varying
stepsizes satisfying tlow ≤ tk and with smaller QP subproblems, two enhancements likely to significantly improve
the convergence speed of the method. �

The aggregate model above uses exact information: in (3.1) the error ηu j is always null. If the model Mk is chosen
to be the disaggregate cutting-plane model, it is possible to avoid computing the expensive d-information at null
steps. We now explain how to implement this saving without impairing the convergence results in Theorem 3.2.
Example 3.3 (Disaggregate partially inexact model). In Step 3, to provide an approximate value ϕuk+1 satisfying
(3.1), the oracle takes the exact value for h(uk+1) and uses the cutting-plane value ďk(uk+1) to replace the d-value.
The methods called BM2 and BM3 in the numerical Section 6 implement this variant.
Calculations are organized by modifying Steps 3 and 4 in Algorithm 1 as follows.
Step 3’: First oracle call. Compute h(uk+1) and its subgradient (2.7).

For the linearization Lk+1
d take the approximation (duk+1 ,sk+1

d ) := (ďk(uk+1), v̂k+1), available from (2.14).
Step 4’: Ascent test and possible second oracle call. If the inequality

h(uk+1)+duk+1 ≥ ϕ(ûk)+mδ
k (3.17)

is satisfied (serious step), recalculate Lk+1
d by computing the exact d-information from (2.8). Set ûk+1 =

uk+1 and choose tk ≥ tlow.
Otherwise (null step), set ûk+1 = ûk and choose tk+1 ∈ [tlow, tk].
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The inequality ďk(u) ≥ d(u) is always satisfied (ďk is an upper model); so when (3.17) fails the ascent test (3.5)
cannot hold and the iteration is declared null. The replacements Step 3’ and Step 4’ prevent the algorithm from
computing the expensive d-information at null points. When this happens, the model update in Step 5 can simply
take Mk+1 = ȟk+1 + ďk. Otherwise, if the iterate was declared serious, ηuk+1 = 0 and the new exact linearization
Lk+1

d enters the d-model: Mk+1 = ȟk+1 + ďk+1. In both cases, the model satisfies (3.3) and, since (3.1) holds with
ηûk ≡ 0, Theorem 3.2 applies.
For the disaggregate model it is also possible to put in place a selection/compression mechanism, proceeding
separately for each term. The optimality conditions (2.10) for this specific model give an aggregate linearization
that can be split into two functions, say Ak

h and Ak
d . Then Step 5 can take any cutting-plane model satisfying

Mk+1 = ȟk+1 + ďk+1 with h≤ ȟk+1 ≤min
{

Lk+1
h , Ak

h

}
and d ≤ ďk+1 ≤min

{
Lk+1

d , Ak
d

}
.�

The next primal-dual form of Algorithm 1 is the Progressive Augmented Lagrangian. introduced in [12].
Example 3.4 (PBM with partially exact model). We now focus on the particular case in which the model Mk is

Mk(u) = h(u)+ ďk(u) = min
x∈X

{
c(x)−〈g(x),u〉

}
+min

j∈B̃k

〈
v j,u

〉
,

given in Example 2.3. Following the development in [12] we now make the relation between PBM and the
augmented Lagrangian method for (2.2); see also [24].
We start by rewriting the cutting-plane model ďk as an optimization problem:

ďk(u) = min
j∈B̃k

〈
v j,u

〉
=

{
minv 〈v,u〉

v ∈Vk from (2.6) =

{
min

〈
∑ j∈B̃k α jv j,u

〉
s.t. α ∈ ∆|B̃

k| .

This notation is useful to rewrite the partially exact model Mk in the form

Mk(u) = min
x∈X ,α∈∆|B̃k |

c(x)−〈g(x),u〉+

〈
∑
j∈B̃k

α jv j,u

〉 ,

showing that the model is in fact the dual function associated with problem (2.6). More precisely, letting u denote
the multiplier associated with the constraint g(x)≥ v, we see that

Mk(u) = min
x∈X ,α∈∆|B̃k |

L(x,α;u) for L(x,α;u) := c(x)+

〈
u, ∑

j∈B̃k

α jv j−g(x)

〉
.

Therefore, the (negative of the concave) model has subgradients of the form g(x)−∑ j α jv j for any pair (x,α)
solving the minimization above. In particular,

Mk(uk+1) = L(xk+1,αk+1;uk+1) = min
x∈X ,α∈∆|B̃k |

L(x,α;uk+1) for (xk+1,αk+1) from (2.15).

Regarding Algorithm 1, this model gives for (2.9) in Step 1 the concave subproblem

uk+1 solves max
u≥0

{
Mk(u)− tk

2
|u− ûk|2

}
≡max

u≥0
min

x∈X ,α∈∆|B̃k |

{
L(x,α;u)− tk

2
|u− ûk|2

}
.

The argument in the right hand side formulation is the regularized Lagrangian from [12, Eq. (25)]. By strict
concavity with respect to u and compactness of X , the triplet (xk+1,αk+1,uk+1) is a saddle point for the regularized
Lagrangian and, in particular,

max
u≥0

min
x∈X ,α∈∆|B̃k |

{
L(x,α;u)− tk

2
|u− ûk|2

}
= min

x∈X ,α∈∆|B̃k |
L(x,α;uk+1)− tk

2
|uk+1− ûk|2 .
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The expression of pk
1 from (2.15) together with the normal element definition for pk

2 gives in (2.10) that

uk+1 := max

(
0, ûk + tk

(
∑
j∈B̃k

α
k+1
j v j−g(xk+1)

))
for (xk+1,αk+1) from (2.15), (3.18)

which highlights the primal-dual feature of this variant: to make the dual update, the primal points xk+1 and
vk+1 = ∑ j∈B̃k α

k+1
j v j need to be available.

The Augmented Lagrangian perspective from [12] reveals that the primal points can be computed by solving,
either the dual problem (2.9) written with the partially exact model, or a problem on primal variables, involving
the Augmented Lagrangian associated with (2.6). More precisely, consider

Lk(x,α;u) := c(x)+ 〈u,G(x,α;u)〉+ tk
2
|G(x,α;u)|2

where we defined

Gi(x,α;u) := max

−ui

tk
, ∑

j∈B̃k

α jv
j
i −gi(x)

 for i = 1, . . . ,m.

Taking the derivatives and using the definition above, it is easy to see that

∂Lk(x,α;u)
∂ (x,α)

=
∂L(x,α;u+ tkG(x,α;u))

∂ (x,α)
.

Since in addition

u+ tkG(x,α;u) = max

(
0, u+ tk

(
∑
j∈B̃k

α jv j−g(x)
))

,

together with (3.18) we see that

∂Lk(xk+1,αk+1; ûk)

∂ (x,α)
=

∂L(xk+1,αk+1;uk+1)

∂ (x,α)
.

This means that

the pair (xk+1,αk+1) solves min
x∈X ,α∈∆|B̃k |

Lk(x,α; ûk) = min
x∈X ,α∈∆|B̃k |

L(x,α;uk+1) ,

and, hence, solving the left hand side problem above gives the desired primal points, to be used in (3.18) to make
the dual update. Accordingly, Algorithm 1 with the partially exact model can be enhanced as follows:
Step 1’: Next primal and dual iterates. Obtain (xk+1,αk+1) by solving min

x∈X ,α∈∆|B̃k | Lk(x,α; ûk) ,

and compute uk+1 as in (3.18).
Compute δ k as in (3.5), ŝk = uk+1−ûk

tk
from (2.10), and φk as in (3.10).

Step 3’: Oracle call of d. Compute the linearization Lk+1
d using the exact information from (2.8).

In Step 3’, the oracle only delivers information on d because the model Mk = h+ ďk has no need of linearizations
for h. In view of (2.15), once the primal point xk+1 is available in Step 1’, both the exact function value and a
subgradient for h are straightforward to compute. Since only exact information is used in this variant (either via
the oracle or directly from h), convergence follows from Theorem 3.2.
Algorithm 1 with the modified Steps 1’ and 3’ corresponds to the Progressive Augmented Lagrangian algorithm
in [12], with the additional flexibility of allowing for varying stepsizes and bundle selection or compression.
Specifically, to manage the bundle size, as only a bundle for d is defined, instead of (3.7), the aggregate lineariza-
tion is the affine function ďk(uk+1)+

〈
vk+1,u−uk+1

〉
=
〈
vk+1,u

〉
. �
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4. Handling inexactness at all iterations. Except for Example 3.3, the models considered so far are built
with exact oracle information. Since exact evaluations involve knowing the difficult set of p-efficient points,
pursuing further the track of the partially inexact variant from Example 3.3 is appealing. For instance, requiring
that evaluations at serious steps become exact only asymptotically. Or simply accepting inexact values, as long as
the “noise” produced by the evaluation error does not interfere much with the bundle optimization process.
We now put in place an on-demand accuracy bundle method, able to handle oracles that perform approximate
evaluations: in (3.1) one may have ηu j > 0 even when u j becomes a serious step. If ηûk is not null, the predicted
increase in (3.6) (and the aggregate gap in (3.11)) may become negative. When this situation arises, the test (3.5)
is meaningless because it no longer checks ascent. To handle this situation, Step 2.2 of Algorithm 2 declares noise
as being “excessive” when the aggregate gap êk becomes “too” negative.

4.1. Oracles with on-demand accuracy. In order to reduce the time spent in the oracle calculations, we
now consider that the information is delivered with an inaccuracy ηu j , as follows:

h j
u = c(x j)−

〈
u j,g(x j)

〉
and s j

h =−g(x j) for x j ∈ X
d j

u =
〈
u j,v j

〉
and s j

d = v j for v j ∈ convV
ϕu j = h j

u +d j
u and s j = s j

h + s j
d are such that

ϕu j satisfies (3.1) and −s j ∈ ∂ηu j (−ϕ)(u j), with ηu j ≥ 0 .

(4.1)

The list below describes several possibilities for the oracle inaccuracy, the acronyms between parentheses refer to
the corresponding methods benchmarked in Section 6:

- Having ηu j ≡ 0 corresponds to the exact oracles in (2.7) and (2.8) (BM1, PAL).
- The case in which ηu j = 0 if u j yields a serious step gives the partially inexact Example 3.3 (BM2, BM3).
- An asymptotically exact method drives the inaccuracy to zero for all points (BM4).
- A partially asymptotically exact algorithm drives ηûk → 0 (BM5).

An inexact oracle designed to work in an on-demand accuracy mode returns functional values with error smaller
than ηu j , sent as an input by the optimization procedure. For the functions h and d we now explain how such
a mechanism can be put in place while still ensuring (3.4), a property crucial to have upper models and show
convergence.
The departing idea is that, as both h and d in (2.4), (2.5) involve minimizing an objective function that is linear
on the dual variable u, any feasible point realizes the η-subgradient inequality in (4.1). For the function h, for
instance, let u j ∈ Rm and a bound η

j
h ≥ 0 be given. Suppose without loss of generality that both c and g are linear

functions, so that a primal-dual Linear Programming solver is called. If the value η
j

h is set as stopping tolerance
of the solver, the output will be a point x j ∈ X satisfying[

c(x j)−
〈
u j,g(x j)

〉]
−h(u j)≤ η

j
h . (4.2)

Taking hu j := c(x j)−
〈
u j,g(x j)

〉
satisfies hu j ∈ [h(u j),h(u j)+ηu j ], i.e., condition (3.1) for the function h. Simi-

larly for (4.1), taking as subgradient s j
h :=−g(x j):

h(u) = min
x∈X

{
c(x)−〈u,g(x)〉

}
= min

x∈X

{
c(x)−

〈
u j,g(x)

〉
+
〈
−g(x),u−u j〉}

≤ c(x j)−
〈
u j,g(x j)

〉
+
〈
−g(x j),u−u j〉 (4.3)

= h j
u +
〈

s j
h,u−u j

〉
=: L j

h(u)

≤ h(u j)+η
j

h +
〈

s j
h,u−u j

〉
, (4.4)

where we used (4.2). Furthermore, and in spite of inexactness, the linearization is still of the upper type. This
follows from combining the bottom conditions in (4.1):

ϕ(u)≤ ϕ(u j)+
〈
s j,u−u j〉≤ ϕu j +

〈
s j,u−u j〉=: L j(u) ,

ensuring (3.4) also with the inexact oracle. This validates the use of upper models Mk in Algorithm 2.
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An on-demand oracle for d can be devised similarly, stopping prematurely the solver for the d-problem in (2.5).
Since significant speed-up can be obtained for this oracle, Section 5 considers this alternative, named Heuristic
h2, as well as three additional heuristics for computing d inexactly.
The boundedness property (3.2) is straightforward for (4.4), because the inaccuracy is controlled by the bundle
solver. We refer to [22, 31, 32, 44–46] for different inaccurate oracles and ways to deal with inexactness.

4.2. Proximal bundle method for inaccurate oracles. We now describe the few modifications that need to
be brought into PBM when the oracle call delivers inexact information.
The ascent test as well as the aggregate gap and Fenchel measure remain as in (3.5) and (3.10), respectively. The
difference is that now the predicted increase and the gap can be negative. In particular, by (3.10),

δ
k ≥ 0 ⇐⇒ êk ≥−tk|ŝk|2 ,

so to make (3.5) a meaningful ascent test (δ k ≥ 0) the noise detection step below checks if êk < −β tk
∣∣ŝk
∣∣2 for a

parameter β ∈ (0,1), as in [3, 32]. To attenuate excessive noise, the strategy proposed in [20, 22] can be adopted.
Namely, increase the stepsize tk and solve problem (2.9) changing neither the model nor the center. If no noise is
detected, the predicted increase is nonnegative and the algorithm proceeds as Algorithm 1.

Algorithm 2 Concave Proximal Bundle Method for Upper Models with Inexact Oracles (PBMηu j>0 )

Step 0: initialization. As in Step 0 of Algorithm 1, but with inexact values satisfying (4.1), and noise parameters
na= 0 and β ∈ (0,1).

Step 1.1: Next iterate. As in Step 1 of Algorithm 1, computing also êk from (3.10).
Step 1.2: Noise detection. If êk ≥−β tk

∣∣ŝk
∣∣2 go to Step 2 (noise is not too cumbersome).

Step 1.3: Noise attenuation. Set tk+1 = 10tk, na= 1, Mk+1 = Mk, ûk+1 = ûk, k = k+1, go back to Step 1.1.
Step 2: Stopping test. As in Step 2 of Algorithm 1
Step 3: Oracle call. Compute an upper linearization Lk+1 as in (3.4), using oracle information satisfying (4.1),

written with u j replaced by uk+1.
Step 4: Ascent test. If (3.5) is satisfied (serious step), set ûk+1 = uk+1, na= 0 and choose tk ≥ tlow.

Otherwise (null step), set ûk+1 = ûk and choose tk+1 ∈ [(1−na)tlow+natk, tk].
Steps 5 and 6. As in Algorithm 1.

In Algorithm 2 the parameter na is used to block a decrease of the stepsize tk if the iterate is declared null and,
after generating the current stability center, noise attenuation steps had been done in Step 1.3 (otherwise, since
Step 1.3 increases tk, stepsize zigzagging could hinder the convergence process).
Regarding convergence, a difference with PBM is that, in addition to the usual serious and null steps dichotomy,
now the algorithm can loop forever inside of Step 1, trying to attenuate noise. Assumption (3.2) ensures that the
gap is bounded below, by (3.11). In this situation, having infinitely often êk <−β tk|ŝk|2 in Step 1.1 while driving
tk→∞ makes ŝk eventually null and once more Lemma 3.1 applies. These assertions are now formalized, making
use of [32, Cor. 5.3 and Thm. 6.11].
THEOREM 4.1 (Primal and dual convergence for PBMηu j>0 ). Consider a primal problem (2.2) and its dual
problem (2.4) such that the assumptions in Section 2.1 hold. Suppose that in Algorithm 2 the model satisfies (3.3)
and the stopping tolerances are taken null (tolφ = tolŝ = 0). If the oracle satisfies (4.1) and (3.2) then the primal
subsequence {(x̂k+1, v̂k+1)} always has limit points and any of them solves (2.2), up to the asymptotic inaccuracy
at serious points, η∞ := liminfηûk :

(x̂∞, v̂∞) is feasible in (2.2) and c(x̂∞)≤ c(x)+η
∞ for all (x,v) feasible in (2.2) .

As for the center subsequence {ûk}, any of its limit points û∞ (when they exist) solves approximately (2.4):

ϕ(u)≤ ϕ(û∞)+η
∞ for all u ∈ Rm

+ .

Proof. Once more, the statements will follow from showing (3.16) and applying Lemma 3.1. When the algorithm
stops at some iteration k the result is straighforward. If the algorithm loops forever, first recall the relations in
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Table 3.1, which remain all valid. When k→ ∞, in addition to the two sets defining K∞ in Theorem 3.2, a third
possibility arises:

either K∞ := {k ≥ k̂ : êk <−β tk|ŝk|2} if after a last serious iteration k̂ Step 1.3 occurs infinitely many times,
or K∞ is one of the two sets in Theorem 3.2.

When K∞ corresponds to the new case, Corollary 5.3 in [32] shows that the last serious step before an infinite loop
of noise attenuation is an ηûk̂ +ηM-solution to (2.4). Since ηM = 0 in our setting (see the 5th line in Table 3.1)),
the assertion follows. For the other two cases (infinitely many serious steps or a tail of null steps), Theorem 6.11
in [32] ensures (3.16), provided that two conditions, called (6.15) and (6.16), are satisfied. To check satisfaction
of both conditions, we start with (6.15), which in turn gathers three conditions, all satisfied by PBMηu j>0 :

1. since the model is of upper type, by (3.3) the relation in [32, Eq. (4.11)] holds with ηM = 0;
2. the level `k =−ϕûk satisfies [32, Eq. (3.9)]; and
3. [32, Eq. (6.14)] is the update rule for tk in Algorithm 2.

As for (6.16), it also gathers three relations, namely [32, Eqs. (6.11) and (6.12)], and a third condition that
holds with our choice αk = 0 from Table 3.1 for any βk ∈ (0,1). Both (6.11) and (6.12) are asymptotic relations
involving a quantity δ k

E = δ k in our case (last line in Table 3.1). Like in Theorem 3.2, condition (6.11) is trivially
satisfied, because the expression in the last line in Table 3.1 is nonpositive. Finally, (6.12) requires convergence
of the δ k

E -series, which follows from the inequalities below

0≤ ∑
k∈K̂

δ
E
k = ∑

k∈K̂

δ
k = ∑

k∈K̂

(
ϕûk+1 −ϕûk

)
≤ c∗+η−ϕ(u1)<+∞ ,

for c∗ is the exact optimal (primal and dual) value and where we used the inequalities ϕûk+1 ≤ ϕ(ûk+1)+ηûk+1 ≤
c∗+η , derived from (4.1) and (3.2), together with ϕûk ≥ ϕ(ûk) from (3.1).
Since (3.16) holds with all the possibilities for the set K∞, the desired results follow from Lemma 3.1.
Assumption (3.2) does not require an explicit knowledge of the oracle error bound η , its mere existence suffices
(the bound is not used by the algorithm). For the on-demand accuracy setting, finding a uniform bound η is an
easy task (the inaccuracy corresponds to the stopping tolerance for solving the h and d oracles). The situation is
more delicate with the partially inexact model in Example 3.4 if the dual sequence becomes unbounded. When
this situation is detected, Step 4’ in the example needs to be modified to request exact oracle evaluations until a
serious iteration can be declared.

5. Approximating p-efficient points. For the inexact d-evaluations we generate elements in the level set Z ,
(larger than V , but convex, see Section 2.1). We refer to these elements as approximate p-efficient points.

5.1. Discrete distributions. We present and compare four heuristics fitting the requirements (4.1), when the
random vector ξ ∈ Rm has finitely many realizations ξ 1,ξ 2, . . . ,ξ N with probabilities π1,π2, . . . ,πN , all positive.
Let b ∈ Rm be defined as b j = min1≤i≤N ξ i

j, j = 1, . . . ,m, and let u ∈ Rm
+ be given. Following [27]; see also [12, §

6], we write the d-problem in (2.5) as the MILP problem

d(u) =


min

(v,z)∈Rm×N
〈u,v〉

s.t. ξ i(1− zi) ≤ v−bzi, i = 1, . . . ,N ,

∑
N
i=1 πizi ≤ 1− p ,

zi ∈ {0,1}, i = 1, . . . ,N .

(5.1)

For any feasible (v̄, z̄), v̄ is an approximate p-efficient point, solving (5.1) gives the “best approximation”. For large
N, as the computational effort for solving problem (5.1) can become prohibitive, [27] and [23] study “cheaper”
combinatorial and mathematical programming formulations. We propose an alternative to (5.1) that, instead of
mixed 0-1 variables, uses only binary variables. If (v,z) ∈ Rm×{0,1}N is a feasible point for problem (5.1), then

N

∑
i∈I0(z)

πi ≥ p and ξ
i ≤ v for all i ∈ I0(z) := {1≤ l ≤ N : zl = 0} .
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Solving the combinatorial problem below is equivalent to solving problem (5.1)

d(u) = min
z∈{0,1}N

du(z) s.t.
N

∑
i=1

πizi ≤ 1− p , (5.2)

where we defined problem (5.1)

du(z) := min
v∈Rm

〈u,v〉 s.t. ξ
i ≤ v for all i ∈ I0(z) .

Even though du is neither convex nor continuous on z ∈ {0,1}N , it has the quality of being easy to evaluate.
Namely, its minimum is attained at the point

ṽ ∈ Rm such that ṽ j := max
i∈I0(z)

ξ
i
j for all j = 1, . . . ,m , (5.3)

with optimal value

du(z) =
m

∑
j=1

u j

[
max

i∈I0(z)
ξ

i
j

]
. (5.4)

Based on these observations, we defined four different heuristics to solve approximately (5.2), named Heuristics
h1, h2, h3, and h4.

Heuristic h1 (Incremental Selection. Input: u ∈ Rm
+, p > 0, as well as ξ i and πi for all i = 1, . . . ,N )

Step 1. Take z = 0 ∈ {0,1}N (or any point feasible for (5.2)).
Step 2. For all i = 1, . . . ,N such that zi = 0, define new trial points z̃i = z with zi

i = 1 (z̃i differs from z only by its
ith component)

Step 3. Evaluate function du (given in (5.4)) at all new trial points z̃i which are feasible for (5.2)
Step 4. If all trial points z̃i are infeasible, stop and return (du(z), ṽ), where ṽ defined in (5.3) is an approximate

p-efficient point.
Otherwise, set z as being the best trial point z̃i, and go back to Step 1.

As each cycle between Steps 1 and 4 switches a single component of z (zi = 0 becomes zi = 1), Heuristic h1
terminates after finitely many cycles. Instead of working with individual components, a full block could be
changed at once, to reduce the number of cycles between Steps 1 and 4, and shorten the CPU time (keeping in
mind that the approximation would be less accurate).
An important feature of Heuristic h1 is that, for a sufficiently large probability, the heuristic can be exact, because
the bigger is p ∈ (0,1), the better is the approximate p-efficient point. For large enough p, the feasible points z
of (5.2) have only one nonzero component, and the Heuristic h1 will check all the possible combinations, thus
providing an optimal solution to problem (5.2).
The next heuristic is similar to the on-demand accuracy oracle presented for h in Section 4.1.

Heuristic h2 (On-Demand Accuracy, input as in Heuristic h1)
Procedure: Stop the MILP solver for (5.1) as soon as it finds a feasible point.

The final heuristics exploit the fact that in (5.4) computing du(z) is easy.

Heuristic h3 (Derivative-free, input as in Heuristic h1)
Procedure: Solve problem (5.4)-(5.2) using the derivative-free algorithm given in [14] and available on http:

//www.i2c2.aut.ac.nz/Wiki/OPTI/index.php, see also [8].

Heuristic h4 (Matlab, input as in Heuristic h1)
Procedure: Solve problem (5.4)-(5.2) with Matlab’s genetic algorithm ga.
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For the numerical benchmark, we randomly generated 32 instances of problem (5.1). Each component ξ
j

i of the
sample {ξ1, . . . ,ξN} follows a normal distribution with mean 10 and standard deviation 5. Random dual vectors
u ∈ Rm were generated using the command u=sprand(m,1,.6) in Matlab. The problem sizes are

m ∈ {50, 100} and N ∈ {20, 50, 80, 100, 300, 500, 1000, 2000} ,

and the probability level p ∈ {0.90, 0.95}.
The runs were performed on a computer with one 2.40GHz processor and 4Gb RAM. To have a reference for
comparison, we first run Gurobi 5.6, either until optimality, or the computational time reached its limit of 600
seconds (in the many instances for which time limit was attained, the output point was nearly optimal). The
first table in Appendix 6 reports in its fifth column the final functional values, considered as the exact value of
d(u) in the benchmark. The table also reports, for each instance and all the heuristics, both the relative errors
and CPU time reduction, computed with respect to the exact values. The time reduction is negative when, rather
than reducing the CPU time, it took longer for the variant to provide an output. Figure 5.1 displays these results
graphically.

FIG. 5.1. Time reduction (left) and evaluation error (right) for Heuristics h1-h4.

We note that Heuristic h1 performs best, both in terms of accuracy and speed: errors are within a range of 1.9%,
and the average time reduction is above 93%. Heuristic h2 is competitive in terms of speed, but presents a larger
variation in the error. An interesting feature of this variant is that it can exploit warm starts. Indeed, when a
feasible point is found, the variant can return to the bundle solver, to check satisfaction of (3.5). If deemed
necessary (the point has potential to become a serious step), Heuristic h2 can continue the optimization process
from the point where it was frozen. The numerical experience on the bundle methods in Section 6 shows the
positive impact of this strategy to reduce computational time (for instance in Table 6.2),

5.2. Continuous distributions. When the random variable has an infinite support, we now explain how to
obtain approximate p-efficient points by combining sampling and restoration. We also provide new theoretical
insights on the link between the sample size N and feasibility for the continuous distribution.

Sampling. Consider (5.1) defined for a given sample with N realizations ξ 1, ...,ξ N , and let ṽ be a feasible
point, computed for instance by means of Heuristic h1.
In general, ṽ will not be feasible for the continuous distribution, i.e., P[ξ ≤ ṽ] < p, so ṽ is not an approximate
p-efficient point. To ensure that ṽ ∈ Z , the restoration step explained below can be used.

Restoration. Suppose that a Slater point for (5.1), satisfying P[ξ ≤ vs]> p with the continuous distribution is
available (such points are relatively easy to compute because limv→∞P[ξ ≤ v] = 1 and, hence, taking sufficiently
large components ensures the inequality is strict). Restoration is achieved by computing (the smallest) λ ∈ (0,1)
such that P[ξ ≤ v(λ )] ≥ p, where v(λ ) = λ ṽ+(1−λ )vs. In general this procedure requires a few interpolation
steps only, depending on the required accuracy for feasiblity.
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Linking the sample size to approximate p-efficiency. We start with a technical result relating feasibility for
the continuous distribution with feasibility for problem (5.1). Differently from [26], we base our proof on the
simultaneous use of Bernstein’s and Hoeffding’s bounds.
LEMMA 5.1. Let G : Rn×Rm → Rk be a mapping, ξ ∈ Rm a multivariate random variable and consider the
probabilistic constraint ψ(x) := P[G(x,ξ ) ≤ 0] ≥ p, with feasible set C := {x ∈ Rn : ψ(x)≥ p}. For N ≥ 1, let
ξ 1, ...,ξ N be an i.i.d sample of ξ with approximate feasible set

MN
q :=

{
x ∈ Rn :

1
N

N

∑
i=1

1IG(x,ξi)≤0 ≥ q

}
,

where 1 > q > p. For any x <C, the following estimate holds true:

P[x ∈MN
q ]≤ exp

(
−N(q−p)2 max

{
2,

1
2ψ(x)(1−ψ(x))+ 2

3 (q−p)

})
.

Proof. Fix arbitrary x < C, so that ψ(x) < p by definition. For any i = 1, . . . ,N define the Bernoulli random
variable Yi = 1IG(x,ξi)≤0, noting that Yi = 1 with probability ψ(x), Yi = 0 otherwise, and E(Yi) = ψ(x). Now

P[x ∈MN
q ] = P[

1
N

N

∑
i=1

1IG(x,ξi)≤0] = P[
N

∑
i=1

Yi ≥ qN] = P[
N

∑
i=1

(Yi−E(Yi))≥ qN−ψ(x)N]

≤ P[
N

∑
i=1

(Yi−E(Yi))≥ (q− p)N]≤ exp
(
−2N(q−p)2),

where we used Hoeffding’s inequality and ψ(x)< p. Using instead Bernstein’s inequality yields

P[x ∈MN
q ]≤ exp

(
−1

2
N2(q−p)2

ψ(x)(1−ψ(x))N + 1
3 N(q−p)

)
,

since Var(Yi) = ψ(x)(1−ψ(x)). Since both inequalities hold simultaneously, the probability is also bounded by
their minimum, which leads to the given expression.
The previous lemma is an important technical tool to derive a statement concerning “MN

q ⊆ C”, i.e., with what
confidence level a point that is feasible for problem (5.1) is feasible for the continuous probabilistic constraint.
Before proceeding, a covering argument is needed, so we define a grid which roughly covers the zone of interest.
Here the advantage of being able to switch between Hoeffding’s and Bernstein’s bounds shows its full potential
(the weaker form, using only Hoeffding’s bound, is [26, Thm. 5]). Since many points in the grid will have a rela-
tively low probability level, often the feasible region C has a very gully-shaped look, with “many” x having small
ψ(x) and the mapping ψ(x) rapidly increases over a small range; [28]. The advantage of using Bernstein’s bound

over Hoeffding’s bound arises when ψ(x) ≤ 1
2 −

√
1
4 +( 1

3 (q− p)− 1
4 ) or ψ(x) ≥ 1

2 −
√

1
4 +( 1

3 (q− p)− 1
4 ).

Therefore if many grid-points have a low probability level, a significant improvement could be obtained; the
numerical results below confirm this expectation; see Figure 5.2.
Accordingly, in addition to the assumptions of Lemma 5.1, suppose the set X ⊆ Rn is compact. For η > 0, a
collection of points G := {xi}K

i=1 ⊆ X is called a g-dominating η-lattice if and only if for any x ∈ X there exists
xi ∈ G with |x− xi| ≤ η and G(x,ξ )≤ 0 implies G(xi,ξ )≤ 0 almost surely.
The notion of a g-dominating η-lattice is very similar to the requirements of precedence in [39]. For the separable
case (G(x,ξ ) = g(x)− ξ ), the construction in [26, Theorem 9] shows how such a g-dominating η-lattice can be
set up. To this end, let l be the lower bound for V in Section 2.1. By compactness of X there exists U ∈ Rk

such that g(x) ≤ U for all x ∈ X . We may therefore restrict our attention to the set {x ∈ X : l ≤ g(x)≤U}
without loss of generality. Now define the set of points Yj =

{
l j + i (U j−l j)

P , i = 1, ...,P
}

for each j = 1, ...,k and

G = ∏
k
j=1 Yj. Then for any y ∈ [l,U ] we can find y′ ∈ G such that y ≤ y′ and |y− y′| ≤ η . Indeed define the

jth component of y′ as y′j = minw∈Y j :w≥y j . By construction y′ ≥ y and
∣∣∣y′j− y j

∣∣∣ = y′j− y j ≤
U j−l j

P , which entails
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|y′− y|
∞
≤max1≤ j≤k

U j−l j
P . By equivalence of norms in Rk, it is immediate that one can select P in such a way as

to make the right-hand size smaller than any desired η > 0.
We are now in a position to link the sample size N in problem (5.1) with feasibility of the resulting solutions for
the probabilistic constraint with continuous distribution:
THEOREM 5.2. With the assumptions and notation in Lemma 5.1, suppose that the set X ⊆ Rn is compact and
ψ is Lipschitz continuous with constant L (w.r.t. the norm |·|). Let G := {xi}K

i=1 be a g-dominating η-lattice, for
η > 0 such that Lη ∈ (0,q− p). For the approximate feasible set MN

q given in Lemma 5.1, we have that

P[MN
q ⊆C]≥ 1−

K

∑
j=1

exp

(
−N(q−p−Lη)2 max

{
2,

1
2ψ(xj)(1−ψ(xj))+

2
3 (q−p−Lη)

})
1Ix j<M(p+Lη) .

Proof. We begin by showing that P[MN
q ⊆C]≥ P[MN

q ∩G ⊆M(p+Lη)∩G]. To this end assume that MN
q ∩G ⊆

M(p+Lη)∩G holds for a given random realization, the dependency on which we will not explicit. Let x ∈MN
q

be arbitrary, then there exists xi ∈ G such that |x− xi| ≤ η . Consequently, by g-domination, G(x,ξ j)≤ 0 implies
G(xi,ξ

j)≤ 0 and hence 1
N ∑

N
j=1 1IG(x,ξ j)≤0 ≥ q implies 1

N ∑
N
j=1 1IG(xi,ξ j)≤0 ≥ q, i.e., xi ∈MN

q ∩G. This implies by
assumption that xi ∈M(p+Lη)∩G. By g-domination of G, we have ψ(x)≥ ψ(xi), which when combined with
Lipschitz continuity of ψ , gives ψ(x)≥ψ(xi)−L |x− xi|= ψ(xi)−Lη ≥ p+Lη−Lη = p. We have thus shown
that x ∈C and hence MN

q ⊆C. This means that we have derived that “MN
q ∩G ⊆M(p+Lη)∩G ⇒MN

q ⊆C”.

We will now bound P[MN
q ∩G ⊆M(p+Lη)∩G]. By using Lemma 5.1 we obtain:

P[MN
q ∩G *M(p+Lη)∩G] = P[ ∃x j ∈MN

q ∩G : x j <M(p+Lη)]≤ ∑
K
j=1P[x j ∈MN

q ]1Ix j<M(p+Lη)

≤ ∑
K
j=1 exp

(
−N(q−p−Lη)2 max

{
2, 1

2ψ(xj)(1−ψ(xj))+
2
3 (q−p−Lη)

})
1Ix j<M(p+Lη).

As the left hand side is larger than 1−P[MN
q ∩G *M(p+Lη)∩G], the stated result follows. For the graphical

illustration in Figure 5.2, we use the bound below, obtained as a particularization of Theorem 5.2:

Suppose that the set {x j ∈ G : ψ(x j)≤ 0.1} contains K1 ≤ K points.

Then P[MN
q ⊆C]≥ 1−K1 exp

(
− N(q−p−Lη)2

18
100+

2
3 (q−p−Lη)

)
− (K−K1)exp

(
−2N(q−p−Lη)2

)
,

noting that when taking in the set ψ(x j)≤ 0.01 the constant 18
100 above is to be replaced by 0.0198.

FIG. 5.2. The size of N versus precision for the cash matching problem, with a logarithmic scale.

For the cash-matching problem [18], we let K1 ≈ 0.98K and, for a given confidence level 1−δ and using concrete
data p = 0.8, q = 0.802, η = 0.001, L = 1, we plotted the dependency of δ on N in Figure 5.2. The advantage
of using Bernstein’s over Hoeffding’s bound can be noticed in the figure, which shows that the change roughly
brings a gain of one order of magnitude on N. Further improvements can be achieved when for 0.98K points in
the grid the probability is ψ(x)< 0.01, as shown by comparing the two Bernstein’s plots in Figure 5.2.
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6. Numerical Comparison of Solvers. We now compare 10 different methods (all implemented in C++),
obtained by combining several models (Examples 2.1-2.3) and oracles (approximating p-efficient points).

Instances. We consider seven problems listed in Table 6.1, they are linear programs with bilateral proba-
bilistic constraints fitting (2.1), with ξ ∈ Rm a centered multivariate Gaussian random variable,

X = {x ∈ [x,x]⊂ Rn : Ax≤ b} , and P[ar +Arx≤ ξ ≤ Brx+br]≥ p .

TABLE 6.1
Size of problems in the benchmark. Here # A stands for the number of rows in matrix A .

Problem n # A m p description
CM 3 1 15 0.9 cash matching [18]

Ain48 672 1296 48 0.8 cascaded reservoir management [2]
Isr48 566 268 48 0.8 cascaded reservoir management [2]
Isr96 566 172 96 0.8 cascaded reservoir management [2]
Isr168 566 28 168 0.8 cascaded reservoir management [2]
PTP1 2000 40 50 0.9 probabilistic transportation problem [26]
PTP2 2000 40 50 0.9 probabilistic transportation problem [26]

For each problem, we considered 6 different instances, corresponding to N ∈ {50, 100, 250, 500, 1000, 2000}.

Oracles. The calculations for h in (2.4) involve solving a simple LP problem, so the h-oracle is exact. For
the d-oracle (2.5), the oracle error bound in (3.2) is η∞ = 1e−4. We defined several on-demand accuracy versions:
at iteration k the oracle receives uk+1, a target tark (typically some value greater than ϕûk , for instance the right
hand side term in the ascent test (3.5)), and a bound gapk for the inaccuracy ηuk+1 .
To compute the oracle output, calculations are split into a coarse and a fine phase:

1. The coarse phase uses Heuristic h1 or h2 from Section 5 to define an estimate dk+1
u for d(uk+1). This

phase is meant to be fast (only a few minutes). Then we check if the target is reached

h(uk+1)+dk+1
u < tark .

If such is the case, the oracle returns the information to the bundle method and the algorithm proceeds in
Step 4 to test for ascent. Otherwise, if h(uk+1)+dk+1

u ≥ tark, the oracle passes to the next phase.
2. The fine phase computes better estimates by solving problem (5.1) until reaching either a relative gap

inferior to gapk or the one hour CPU time limit.

Solution methods. The following bundle method (BM) variants were considered for benchmarking:
- BM1: tark =−∞ and gapk = 10−4. In view of the target choice, this method always passes to the fine

phase. This variant roughly corresponds to an exact PBM, except when the time limit of 1 hour is reached
and the oracle provides inexact information.

- BM2: tark = ϕ(ûk) and gapk = 10−4. With this choice, the method requires exact (or at least more
accurate) d-oracle information at some iterates which provide some ascent with respect to the threshold
ϕ(ûk). This is PBM with ηûk = 0.

- BM3: tark = ϕ(ûk)+mδ k and gapk = 10−4. This method requires exact (or at least more accurate)
d-oracle information at serious iterates. This is another version of PBM with ηûk = 0.

- BM4: tark = −∞ and gapk = min
{

0.5, 0.01δ k

k

}
. Since the oracle error vanishes because gapk goes to

zero, the d-oracle information is asymptotically exact (at all iterations).
- BM5: tark = ϕ(ûk)+mδ k and gapk = min

{
0.5, 0.01δ k

k

}
. The d-oracle information is asymptotically

exact at serious steps, as in the partially inexact method in Remark 3.1.
- PAL: tark = −∞ and gapk = 10−4, and the partially model from Example 2.3. As explained in Exam-

ple 3.4, this is the Progressive Augmented Lagrangian - PAL method.
All the method have a total CPU time limit of 48 hours. Unless stated otherwise, for each method we used
the aggregate cutting-plane model in Example 2.1 and the disaggregate one given in Example 2.2. The bundle
methods use m = 0.1 to test for descent in (3.5), β = −1.0 to test for noise in Step 1.2 of PBMηu j>0 , and no
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bundle compression/selection. The rule to update the stepsize tk is the poorman formula in [5, Sec. 10.3.3]. To
solve (2.9) we use the dual simplex QP method of CPLEX 12.4. The computations were carried out on Intel Xeon
X5670 westmere computer cluster nodes with 8 Gb of reserved memory.
To refer to the many possible combinations, we use the following mnenomics: we append to BM1 (or BM2, BM3,
etc) first the heuristic name and then a letter, a or d, to identify the aggregate or disaggregate cutting-plane model
employed. For instance, when BM2 uses Heuristic h1 and an aggregate model, it is referred to as BM2h1a. Its
counterpart using Heuristic h2 and disaggregate model is BM2h2d.

Results. To assess the quality of the obtained solution x̂kstop+1 from (3.12) (iteration kstop triggered the stop-
ping test), we check feasibility by computing the probability P[ar +Arxkstop+1 ≤ ξ ≤ Brxkstop+1+br]≥ p using the
code [17]. We also compute the relative optimality gap, and CPU time. Table 6.2 reports the output for problem
Isr48 for the 10 methods and 6 scenario instances. We see that only the variants performing the coarse phase could
solve all the instances. Differently from Section 5, Heuristic h2 performed better than Heuristic h1, likely thanks
to its warm-starting capabilities. If no more than 1000 scenarios are employed, PAL is comparable to the fastest
BM variants (with better feasibility and gap); otherwise, it fails.

TABLE 6.2
Problem Isr48

Gap
(%)

N BM1a BM1d BM2h1a BM2h2a BM2h2d BM3h2d BM4d BM5h1d BM5h2d PAL
50 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.00

100 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.01 0.01 0.00
250 0.01 0.00 0.01 0.01 0.01 0.01 0.00 0.01 0.01 0.00
500 0.01 0.01 0.00 0.01 0.01 0.01 0.01 0.01 0.00 0.00
1000 - - 0.01 0.01 0.01 0.01 0.00 0.01 0.01 0.00
2000 - - 0.01 0.01 0.01 0.01 - 0.01 0.01 -

Infeas

50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 0.01 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03
250 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05
500 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06
1000 - - 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02
2000 - - 0.00 0.00 0.00 0.00 - 0.00 0.00 -

CPU
(min)

50 0.03 0.03 0.01 0.01 0.03 0.03 0.01 0.01 0.01 0.03
100 0.14 0.06 0.06 0.03 0.03 0.03 0.08 0.06 0.03 0.04
250 2.84 1.39 1.21 0.18 0.14 0.09 0.78 0.93 0.11 0.23
500 69.71 14.08 16.19 1.46 0.23 0.63 7.69 8.31 0.39 4.61
1000 - - 85.43 3.79 10.79 3.88 107.43 39.68 1.91 38.66
2000 - - 1250.06 146.93 102.28 107.03 - 599.34 9.48 -

TABLE 6.3
Problem PTP2

Gap
(%)

N BM1a BM1d BM2h1a BM2h2a BM2h2d BM3h2d BM4d BM5h1d BM5h2d PAL
50 0.01 0.01 0.01 0.01 0.03 0.04 -3.13 0.01 -3.13 0.00
100 0.01 0.00 0.00 -0.01 0.00 0.00 -3.47 -0.01 -3.47 0.00
250 - - - - - 0.00 -3.47 0.05 -3.47 0.00
500 - - - - - - -2.34 - -2.26 -
1000 - - - - - - -4.50 0.01 -5.27 -
2000 - - - - - -0.50 - 0.02 -2.73 -0.06

Infeas

50 0.60 0.60 0.60 0.60 0.60 0.60 0.60 0.60 0.60 0.60
100 0.40 0.40 0.40 0.40 0.40 0.40 0.38 0.40 0.38 0.40
250 - - - - - 0.23 0.20 0.23 0.20 0.23
500 - - - - - - 0.04 - 0.04 -
1000 - - - - - - 0.07 0.08 0.08 -
2000 - - - - - 0.06 - 0.06 0.03 0.06

CPU
(min)

50 5.73 5.26 2.33 2.56 1.99 1.36 0.19 0.04 0.08 0.11
100 95.06 119.29 52.88 33.38 30.44 16.26 1.29 0.23 0.49 1.21
250 - - - - - 1860.53 7.38 2.68 0.38 420.06
500 - - - - - - 38.98 - 0.98 -
1000 - - - - - - 374.73 145.71 5.83 -
2000 - - - - - 1381.13 - 1971.34 10.03 420.16

Table 6.3 reports similar output, obtained for problem PTP2, a hard problem for which only the “asymptotic”
methods BM4 and BM5 were able to solve more instances within the 48 hours time limit. We also observe a
deterioration in PAL’s performance. The ouput of the remaining problems in Table 6.1 can be found in Appendix 6.
Figure 6.1 reports the gap and infeasibility values for problems Ain48 and PTP1, both in absolute values and
relative to the corresponding CPU time. For problem Ain48 good quality solutions can be obtained with small-
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sized samples: already N = 50 realizations provided small optimality gap and infeasibility. The situation is very
different with problem PTP1, as (almost) feasibility could only be reached N ≥ 1000 (negative gaps for PTP1 in
the figure are explained to lack of feasibility in the obtained solutions).
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FIG. 6.1. Problems Ain48 and PTP1: Optimality gap and infeasibility

Figure 6.2 shows the performance profile on CPU times for the ten methods, over the 6 instances and 7 problems.
For each method, the graph plots the proportion of problems that is solved within a factor of the time required by
the best algorithm (denoted in the figure by ϕ(γ) in the ordinate and γ in the abscissa); see [15]. When it comes
to speed, the leftmost ordinate value gives the probability of each method to be the fastest in the benchmark. We
observe that BM5h2d is the fastest almost 60% of the times, followed by PAL, which was fastest about 25% of
the times. When it comes to robustness, the rightmost ordinate value gives the proportion of problems solved by
each method. No method could solve all the instances (no line reaches the value 1), and the clear advantage of
BM5h2d is once more confirmed (with almost 85% of the instances solved), followed by PAL (slightly more than
60% of problems solved).

Concluding Remarks. A unified framework for dual approaches based on p-efficient points was presented.
Thanks to the adopted bundle perspective, it is possible to compute approximate p-efficient points without losing
precision in the solution. The numerical experiments highlight the interest of such inexact oracles, especially
when N is large. The need of having a sufficiently large number of realizations to ensure feasibility was also
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demonstrated. As line of future work, possibly escaping the convenient setting (3.3), we mention the develop-
ment of solvers dealing with oracles that progressively increase N along iterations, all the while using bundle
management in order to eliminate previously generated points that are not p-efficient.
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Appendix: Tables with Results

Benchmark of four different techniques for finding approximate p-efficient points.
MILP solver Error (%) CPU time reduction (%)

m N p CPU (s) d(u) h2 h3 h4 h1 h2 h3 h4 h1
50 20 0.90 0.2993 141.9615 1.2 0.0 0.0 0.0 3.6 -150.2 -228.0 97.6
50 20 0.95 0.162 143.2774 0.0 0.0 0.0 0.0 4.7 -159.7 -238.8 98.1
50 50 0.90 1.4174 152.6517 2.6 0.0 0.6 0.2 67.7 72.7 5.2 98.0
50 50 0.95 0.7214 155.2201 0.9 0.0 0.0 0.0 40.5 74.8 -64.2 98.5
50 80 0.90 11.5323 154.9331 1.4 0.3 0.3 0.2 93.8 95.9 78.2 99.2
50 80 0.95 1.7683 156.4743 1.4 0.0 0.1 0.0 62.3 80.0 -29.2 98.0
50 100 0.90 17.2153 155.9279 2.0 0.5 0.8 0.5 93.3 95.9 81.1 99.3
50 100 0.95 7.1399 158.0871 2.2 0.1 0.2 0.1 86.0 91.4 54.5 99.1
50 300 0.90 603.3811 157.8947 4.9 0.2 1.0 0.5 99.3 97.7 96.4 99.8
50 300 0.95 445.2641 160.097 3.0 0.1 1.0 0.1 99.1 97.7 95.4 99.9
50 500 0.90 607.1419 158.2272 6.2 1.5 2.5 0.9 98.7 98.1 91.2 99.4
50 500 0.95 607.1014 161.375 6.2 0.5 1.5 0.5 98.7 97.2 91.1 99.6
50 1000 0.90 622.8591 158.6351 5.7 6.3 4.0 0.3 95.9 96.9 60.5 96.0
50 1000 0.95 622.3926 161.9426 6.6 4.1 2.5 0.5 95.9 96.9 63.9 97.9
50 2000 0.90 679.3827 158.463 9.5 9.0 6.2 1.9 86.6 91.5 10.8 72.8
50 2000 0.95 679.3481 162.0196 6.0 6.6 4.2 1.1 86.7 91.7 10.6 86.0

100 20 0.90 0.5159 268.65 1.0 0.0 0.0 0.0 42.9 -112.2 3.2 99.6
100 20 0.95 0.2906 270.1507 0.0 0.0 0.0 0.0 0.8 -90.5 -64.5 99.4
100 50 0.90 5.3918 281.8679 1.0 0.0 0.1 0.0 84.4 90.2 80.3 99.6
100 50 0.95 1.3536 285.2036 0.5 0.0 0.0 0.0 38.0 81.2 21.2 99.4
100 80 0.90 27.0308 287.0593 1.5 0.1 0.1 0.1 94.4 95.7 91.6 99.8
100 80 0.95 5.608 290.0021 0.5 0.0 0.0 0.0 73.4 86.8 60.2 99.5
100 100 0.90 84.1459 290.2488 1.2 0.3 0.1 0.0 97.5 98.1 96.3 99.9
100 100 0.95 17.0205 293.2395 0.8 0.0 0.0 0.0 87.8 94.2 81.8 99.7
100 300 0.90 609.9811 297.0122 3.9 0.7 0.5 0.2 98.3 98.2 96.6 99.7
100 300 0.95 609.7378 301.4066 2.8 0.1 0.5 0.1 98.3 98.2 96.6 99.9
100 500 0.90 623.2317 299.7205 5.5 2.7 2.2 0.3 96.0 97.3 90.2 99.1
100 500 0.95 622.8708 306.2347 2.6 1.4 1.3 0.4 96.1 97.2 91.3 99.5
100 1000 0.90 682.8977 302.7364 6.3 6.2 2.6 1.3 87.5 96.9 53.3 94.1
100 1000 0.95 689.2382 309.6351 4.0 3.8 1.1 0.3 87.7 96.9 56.4 96.8
100 2000 0.90 631.6813 305.7674 7.5 8.8 5.4 0.8 9.7 91.0 -1.7 0.8
100 2000 0.90 620.3487 312.2142 5.3 6.6 3.9 1.3 5.7 91.2 -1.5 48.3

Problem Ain48.

Gap
(%)

N BM1a BM1d BM2h1a BM2h2a BM2h2d BM3h2d BM4d BM5h1d BM5h2d PAL
50 0.01 0.01 0.00 0.01 0.01 0.01 0.01 0.01 0.01 0.00
100 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.00
250 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.00
500 - 0.01 - 0.01 0.01 0.01 0.01 0.01 0.01 0.00
1000 - - - - - - - - 0.01 -
2000 - - - - - - - - - 0.00

Infeas

50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02
250 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06
500 - 0.05 - 0.05 0.05 0.05 0.05 0.05 0.05 0.05
1000 - - - - - - - - 0.03 -
2000 - - - - - - - - - 0.02

CPU
(min)

50 0.14 0.11 0.11 0.04 0.04 0.04 0.13 0.06 0.04 0.03
100 1.14 0.54 0.59 0.18 0.19 0.13 0.56 0.46 0.11 0.04
250 77.89 34.83 18.36 19.59 12.03 12.76 30.84 11.56 9.21 4.68
500 - 2102.14 - 676.79 635.04 514.24 1787.21 669.79 497.91 273.69
1000 - - - - - - - - 490.08 -
2000 - - - - - - - - - 300.21

Problem CM.

Gap
(%)

N BM1a BM1d BM2h1a BM2h2a BM2h2d BM3h2d BM4d BM5h1d BM5h2d PAL
50 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -1.81 -0.00 -0.00

100 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -1.96 -1.99 0.00
250 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.00 0.00 0.01
500 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.47 0.00
1000 0.00 0.00 0.00 0.00 0.00 0.00 -1.24 0.00 0.00 -0.08
2000 0.01 0.01 0.00 -0.01 0.01 0.01 -0.06 0.01 -0.12 0.01

Infeas

50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
250 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1000 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
2000 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

CPU
(min)

50 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
100 0.01 0.03 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
250 0.04 0.04 0.04 0.03 0.03 0.01 0.04 0.03 0.01 0.03
500 0.68 0.13 0.23 0.38 0.08 0.08 0.13 0.14 0.04 0.08
1000 6.18 3.93 2.13 0.33 0.36 0.26 0.88 1.14 0.11 0.34
2000 321.49 124.26 221.86 27.66 46.01 94.94 23.49 8.11 4.06 43.78
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Problem Isr168.

Gap
(%)

N BM1a BM1d BM2h1a BM2h2a BM2h2d BM3h2d BM4d BM5h1d BM5h2d PAL
50 0.01 - 0.01 0.01 0.00 0.00 0.01 0.01 0.01 0.00
100 0.01 - 0.01 0.01 - - - - - 0.00
250 - - - 0.01 0.01 0.01 - 0.01 - 0.00
500 - - - - - - - - -0.00 0.00

1000 - - - - - - - - -0.00 -
2000 - - - - - - - - - -

Infeas

50 0.27 - 0.28 0.28 0.80 0.80 0.28 0.27 0.27 0.27
100 0.07 - 0.07 0.06 - - - - - 0.07
250 - - - 0.05 0.05 0.05 - 0.05 - 0.05
500 - - - - - - - - 0.03 0.03

1000 - - - - - - - - 0.02 -
2000 - - - - - - - - - -

CPU
(min)

50 0.39 - 0.16 0.08 0.01 0.03 0.36 0.18 0.14 0.04
100 10.86 - 9.04 1.83 - - - - - 0.78
250 - - - 1418.68 906.84 579.66 - 619.68 - 717.96
500 - - - - - - - - 71.98 1742.29

1000 - - - - - - - - 92.53 -
2000 - - - - - - - - - -

Problem Isr96.

Gap
(%)

N BM1a BM1d BM2h1a BM2h2a BM2h2d BM3h2d BM4d BM5h1d BM5h2d PAL
50 0.01 0.01 0.01 0.00 0.00 0.00 0.01 0.01 0.01 0.00

100 0.01 0.01 0.01 0.00 0.01 0.01 0.01 0.01 0.01 0.00
250 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.01 0.00 0.00
500 - - - 0.01 0.01 0.01 - 0.01 0.01 0.00
1000 - - - - 0.01 - - - 0.01 -
2000 - - - - - - - - - -

Infeas

50 0.13 0.13 0.13 0.13 0.14 0.14 0.14 0.13 0.14 0.13
100 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09
250 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04
500 - - - 0.00 0.00 0.00 - 0.00 0.00 0.00
1000 - - - - 0.01 - - - 0.01 -
2000 - - - - - - - - - -

CPU
(min)

50 0.23 0.14 0.18 0.04 0.06 0.04 0.16 0.09 0.06 0.01
100 1.03 1.16 1.31 0.33 0.28 0.16 0.91 0.64 0.14 0.08
250 147.54 71.71 70.19 20.46 14.53 11.49 52.84 24.11 11.31 4.94
500 - - - 764.84 542.23 436.03 - 838.48 292.91 783.68
1000 - - - - 814.09 - - - 145.16 -
2000 - - - - - - - - - -

Problem PTP1.

Gap
(%)

N BM1a BM1d BM2h1a BM2h2a BM2h2d BM3h2d BM4d BM5h1d BM5h2d PAL
50 -0.06 0.01 -0.06 -0.03 -0.05 -0.05 -0.84 -0.30 -0.84 0.00
100 0.00 -0.01 0.00 0.00 -0.01 -0.01 -0.98 -0.91 -0.98 0.00
250 - - - - - - -0.40 0.10 -1.00 0.00
500 - - - - - - -1.27 -0.89 -1.27 0.00
1000 - - - - - - -0.86 -0.02 -1.74 0.00
2000 - - - - - -0.00 - - -0.72 0.00

Infeas

50 0.61 0.60 0.61 0.61 0.61 0.61 0.60 0.60 0.60 0.60
100 0.40 0.41 0.40 0.40 0.41 0.41 0.39 0.40 0.39 0.40
250 - - - - - - 0.14 0.21 0.20 0.23
500 - - - - - - 0.08 0.13 0.08 0.14
1000 - - - - - - 0.01 0.09 0.08 0.09
2000 - - - - - 0.06 - - 0.03 0.06

CPU
(min)

50 10.58 11.13 2.26 2.13 2.84 1.83 0.28 0.08 0.09 0.11
100 168.01 189.84 97.89 39.24 30.34 18.01 2.94 0.43 0.33 0.83
250 - - - - - - 10.73 7.09 0.44 180.04
500 - - - - - - 114.04 127.26 0.88 180.04
1000 - - - - - - 827.98 213.49 4.41 180.06
2000 - - - - - 1741.03 - - 18.21 180.09


