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Abstract

For chance-constrained programming (CCP) with non-Gaussian uncertainty, the optimization is
generally intractable owing to the complicated probability density function (PDF). Using a simple fitted
distribution with Kullback-Leibler (KL) divergence to represent the PDF mismatch is a systematic way
to tackle CCP with non-Gaussian uncertainty. However, the essential difficulty of this methodology is
to choose the fitted PDF, which should be close to the true PDF and make the resulting CCP problem
solvable. In this paper, among the well-known PDFs, ¢-distribution rather than Gaussian is selected
to be the fitted PDF. After the CCP with non-Gaussian uncertainty is transformed into CCP with a
fitted PDF, the property of the regularized outage probability is analysed first. Then, the unimodal
distributional properties are established for the quadratic form under ¢ or Gaussian perturbation. Finally,
based on the unimodal property and the regularized outage analysis, the analytical condition to make
the safe approximation with fitted ¢-distribution have larger feasible set than the safe approximation
with fitted Gaussian is obtained. With transceiver design under Logistic and Gaussian mixture channel
uncertainties as an example, simulation results validate the less conservativeness property of the CCP

with fitted ¢-distribution, compared to the CCP with fitted Gaussian and the classic moment method.
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I. INTRODUCTION

Nowadays, more and more optimization related decision-makings are taking the parameter
uncertainty into account. Examples include the classification problem with model uncertainty
in machine learning [1], the financial portfolio design under future price uncertainty [2], and
the beamforming or transceiver design under wireless channel uncertainty [3], [4]. For those
problems, chance constrained programming (CCP) is an important method for decision-making
under uncertainty.

Since the probability integration in the chance constraint is generally intractable, even under
Gaussian uncertainty, the leading approach is the probability inequality based safe approximation
[5]. For instance, Bernstein approximation has been applied to the chance constrained support
vector machine with input feature uncertainty [6]. Vysochanskii-Petunin inequality has been
proposed for solving chance constrained power control problem in wireless communications
[7], [8]. Furthermore, Bernstein-type inequality in [9] has been used to solve the probabilistic
beamforming problems [10]-[12]. However, those inequality based safe approximation methods
are not guaranteed to provide safe approximations for non-Gaussian uncertainties.

Under non-Gaussian uncertainties, the moment method [13] is a systematic method to handle
quadratically perturbed CCP if the moment information is known. The moment method is
proposed for the probabilistic mean square error (MSE) constrained transceiver design in [3].
Furthermore, the Chebyshev inequality has been applied to classification with missing data in
[14]. However, owing to the fact that the probability density function (PDF) is ignored in the
moment method, the obtained solution is conservative. In order to exploit the PDF information,
using a simple PDF to fit the complicated PDF with Kullback-Leibler (KL) divergence to
represent PDF mismatch is proposed in [2], [13]. However, which PDF should be used for
fitting is not discussed in [2], [13]. The KL divergence based CCP has been applied to the
robust equalizer design [15]-[17], the linearly perturbed CCP [18], [19], and Gaussian is taken
as the fitted PDF. However, Gaussian is a light-tailed distribution and is not flexible to fit non-
Gaussian distributions. The fitted PDF should be flexible to match the true PDF and make the
resulting CCP problem solvable. The t¢-distribution is well known for its flexibility to fit other
distributions, but the safe approximation of the CCP with quadratical ¢-perturbation is revealed

in this paper.
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In this paper, after the CCP with a complicated PDF is transformed into CCP with a fitted
simple PDF, the regularized outage probability is analysed first. Next, the unimodal property of
the quadratic form under ¢-distribution or Gaussian perturbation is revealed. Finally, based on the
unimodal property and the analysis of the regularized outage probability, the analytical condition
to make safe approximation with fitted ¢-distribution have larger feasible set than that with fitted
Gaussian is obtained. With probabilistic MSE constrained transceiver design under non-Gaussian
channel uncertainty as an example, simulation results show the less conservativeness property of
the CCP with fitted ¢-distribution, compared with the CCP with fitted Gaussian and the moment
method.

The rest of this paper is organized as follows. In Section II, the reformulation of the KL
divergence based CCP and the analysis of the regularized outage probability are investigated.
In Section III, the invariant unimodal property of the quadratic form under ¢-distribution and
Gaussian perturbation is established. The feasible sets of safe approximation with fitted ¢-
distribution and Gaussian are compared in Section IV, and the application in transceiver design
are shown in Section V. Simulation results are presented in Section VI, and conclusions are
drawn in Section VIIL

Notation: In this paper, E (-), (-)" and (-)" denote statistical expectation, transposition and
Hermitian, respectively, while || - ||, denotes the norm of a vector. In addition, Tr () and || - ||
refer to the trace and Frobenius norm of a matrix, respectively. The notations vec (-) and ® stand
for the vectorization and Kronecker product, respectively. Symbol Diag (x) denotes a diagonal
matrix with vector x on its diagonal, and I is a K x K identity matrix. The notation 2 means
the two sides have the same distribution. The direct sum @?:1 A; = A, ® A, creates a block

diagonal matrix from square matrices {A;}, and A" donates the Moore-Penrose inverse.

II. PROBLEM FORMULATION AND ANALYSIS

A conventional optimization problem can be described as min {h(w)|g(w,x) > ¢}, where w
is the decision variable and x is a parameter. If the parameter x contains uncertainty, which is
described by a PDF fj(x), the chance-constrained programming (CCP) problem is formulated

as

min {h(W)‘PfO(X){g(W,X) = 5} < p}? (1
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where Py ) {g(W,x) > ¢} := f (wox)>e fo(x)dx, € is the constraint requirement and p € (0, 1)
is the outage probability.

Since the integration in Py x){g(W,x) > €} is generally intractable, the general method is
to find an upper bound for Py ) {g(W,x) > €} as a safe approximation. However, since the
available safe approximations are majorly focused on some simple PDF. e.g., Gaussian and
Uniform, the safe approximation for Py, x){g(W,x) > €} with a complicated PDF f;(x) is not
available. One method to solve this problem is to use a simple PDF f;(x) to fit the complicated
PDF fy(x) and measure the mismatch between the two PDFs by the Kullback-Leibler (KL)

divergence

4= DA = [0 fyxjax @

Therefore, the complicated PDF fy(x) lies in the set F = {f(x)|D(f(x)||fi(x)) < d}, and a

safe approximation of problem (1) is [13]

min  h(w)
(P0)
st sup Proofg(w,x)>¢e} <p.
f(x)eF
For the bilevel optimization problem (P0), its lower level problem is formulated as
sup Preo{g(w, x) = £}
s.t. fln /) o f(x)dx < d (3)

[ fx dx =1.
Note that similar KL divergence restricted optimizations are formulated in many areas, e.g.,
the general CCP [2], [13], the linearly perturbed CCP [18], [19], robust estimation [15], robust
equalization [16] and hypothesis test [17]. With a similar Lagrange multiplier method but a more
rigorous approach based on the calculus of variation, as derived in Appendix A, the dual problem
of (3) is
min nd +nln (1 + (e¥/n — 1) Pp o {g(w,x) > 5})
st.  n>0.

“)

Lemma 1. The strong duality holds between the primal problem (3) and the dual problem (4)
if d > 0.

Proof: See Appendix B. [ |
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Putting (4) into (P0) with d > 0, the strong duality between (3) and (4) makes the original

bilevel problem (PO0) is equivalently transformed into a single level problem

min  h(w)
st nd+nn(1+ (V7 =1)- Py gfg(w,x) >e}) <p &)
n > 0.

Since 7 > 0, the condition e'/7 — 1>0 is obtained and (5) is equivalently transformed into

E{}%ﬂ h(w)
s.t. Pﬁ(x){g(WaX) Z 6} S 67;/17;;:1 (6)
n > 0.

From (6), it is observed that the variables w and 7) are separable and the largest feasible set of w

in (6) is obtained when 62/1’};31 achieves its maximum. Therefore, the problem (6) is equivalent
to
min  h(w)
b (P1)
s.t. Pﬁ(x){g(wax) Z 5} S ¢(pv d)>
ep/n—d_1

where ¢(p, d) := max { In > 0} is a regularized outage probability. Owing to the similar

el/n—1
KL divergence restricted optimization in (3), the linearly perturbed CCP problems in [18], [19]
also have similar formulation as (P1).

Therefore, a safe approximation of CCP problem (1) with complicated PDF fy(x) can be
obtained from the CCP problem (P1) with the fitted PDF f;(x) and a regularized outage
probability ¢(p, d). Before discussing which PDF f;(x) should be selected in Section III, the

property of the regularized outage probability ¢(p,d) is studied as follows.
Remark 1. When d = 0, the PDF f,(x) = fo(x) and the problem (P0) becomes

min{h(w)|Py, ) {g(w,x) > e} < p}. )

Therefore, by comparing (P1) and (7), limy_,o+ ¢(p,d) = p is obtained.

A. Finding the Regularized Probability ¢(p,d)

Although the regularized outage probability ¢(p, d) needs to be calculated from the nonconvex

ep/n—d_q
el/n—1

problem max{ In > 0}, its global optimum solution can be obtained by exploring the

special structure. In order to facilitate the derivative calculation, z = el/1 — 1 >0 is introduced

5
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—d(z4+1)P—1

and the optimization problem is reformulated as maux{6 Z |z > 0}. The new objective

function is introduced as

—d P _
¢(2):€ (z+1) 1. ®

z

The first and second derivative of ¢ (z) are
Uz 1 (p -1z =1+ 1

P(z) = . : 9)
vz =2 (10)
hi(z) = e+ P2 [(p - D(p—2)2° + (4 - 2p)z + 2] — 2. (11)

With d > 0 and p € (0, 1), it can be calculated from (10) that lim¢”(z) = —oc and lim¢"(z) =
z—0 E oo
0. Furthermore, since v”(z) is continuous in (0, +00), there must exist some point z° > 0 such

that ¢"(2°) = 0 = 1 (2°). From (11), it can be calculated that

i(z) = e plp—1)(p—2)2°(z + )P (12)

Since p € (0,1), the derivative 1}(z) > 0 is guaranteed for all z > 0. Therefore, v(z) is
monotonically increasing in (0, +00). Together with the obtained result ¢ (2°) = 0, ¥1(2) < 0
in (0,2°) and ¥(z) > 0 in (2° +o00) are obtained. Putting this result into (10), ¥"(z) < 0
in (0,2°) and ¥"(z) > 0 in (2°,+00) are obtained. Therefore, ¢)(z) is concave in (0, z°) and
convex in (z°, +00). This implies ¢/'(z) is monotonically decreasing in (0, 2°) and monotonically
increasing in (2°, +00).

From (9), it can be derived thatiigg V'(z) = +o0 anozljﬁgz) = 0. The monotonic property
of ¢/(z) and its limit conditions reveal that ¢/'(z) is monotonically decreasing from +o0o to a
negative number in (0, 2] and monotonically increasing from that negative number to 0~ in

[2°,400). Therefore, there exist a unique point z € (0, +00) such that ¢)'(z) = 0, and Z is the

global maximum point of ¢(z). The result can be summarized as follows.

e 4 (z4+1)P—

Theorem 1. The regularized outage probability ¢(p,d) = ¥ (z) = L Where % is the

unique root of '(z) = 0 by bisection in (0, z5| with {'(z3) < 0.

B. Analysis of the Regularized Probability ¢(p,d)

Since different fitted PDF f;(x) results in different KL divergence d, the relationship be-

tween ¢(p,d) and d provides an important criterion for selecting f;(x). From Theorem 1, the

6
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relationship between ¢(p,d) and v(Z) is restated as

d(p,d) = () = = : (13)

Since the optimal solution z occurs at ¢'(Z) = 0, i.e.,
e z+1P (p—-1z—1]+1=0, (14)

the relationship between d and the optimal solution Z is

d=(p—-1)In(z+1)+In((1 —p)z+1). (15)
Therefore, the derivative
od 1 1
ﬁ_(l_p>((1—p)z+1_z+1> (16

_ p(l—p)z
Z+D((1—=pz+1)

reveals the optimal solution z is monotonically increasing with d. With those intermediate results

>0 (17)

in (14)-(17), the relationship between ¢(p, d) and d is obtained as follows.

Theorem 2. The regularized outage probability ¢(p,d) is a monotonically decreasing convex

function of d, and the range of ¢(p,d) is (0, p].
Proof: From (14), we have
el ZH1Y =z 1) pE 4+ 1 (18)
Putting (18) into (13), the regularized outage probability is
o(p.d) = e~ (z+1)"p. (19)

According to (19) and using the result of (17),

00 e - D 0)
_e—d(%

B Gl S (1)
o _elzH1p ezl tpz-z-1)02 (22)
ad? z B 72 ad

ez (1—p)z+1)>

= —(1+ 2o —p) ) > 0. (23)
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Therefore, (21) and (23) reveal that ¢(p, d) is a monotonically decreasing function and convex
function, respectively. Together the result ¢(p,0) = p from Remark 1, ¢(p,d) < p is obtained.
Furthermore, (19) reveals that ¢(p,d) > 0 for all p € (0,1),d > 0 and z > 0. Therefore, the
range of ¢(p,d) is (0, p|. [ |

In order to enlarge the feasible set in the safe approximation (P1), Theorem 2 reveals that
the KL divergence d should be small enough. This coincides with the common sense that the
fitted PDF f;(x) should be close to the original PDF f,(x). However, the conservativeness and
tractability of problem (P1) are also determined by the property of Pf, ) {g(W,x) > ¢}, which

will be discussed in the following section.

III. INVARIANT UNIMODAL PROPERTY OF THE QUADRATIC FORM

The distributional property of g(w, x) is essential to solve the problem (P1). The distributional
property of g(w,x) is determined by the formulation of g(w,x) and the property of the fitted
PDF fi(x), which are specified as follows.

Note that most of the beamforming and transceiver design problems involve quadratic func-
tions, which are also widely used in machine learning [1], [20] and control problems [21].
Therefore, in this paper, the constraint function g(w,x) is restricted to be a quadratic form of
X, i.e.,

g(w,x) = x" A(w)x with (A(W))H = A(w). (24)

Then, the general CCP in (P1) is specified as a quadratically perturbed CCP

min  h(w)
" (25)
st Preo{xTA(w)x>e} < o(p,d).
Note that any Hermitian matrix A (w) can be decomposed as A (w) = UDiag([\(, -+, Ay])U%,

where U is an unitary matrix and {\;}¥, are in descending order. Therefore, the quadratic form

is represented as

——
xTA(w)x = x" - UDiag([\, -+, Ay]) U7 - x (26)
N
= Aluil® 27)
i=1

where y; is the ™ element of y = U/x.
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Since U is a function of w and the decision variable w is unknown, the distribution family
of y = U¥x is also unknown in general. Therefore, it is crucial to find an invariant stochastic
representation for (27) regardless of the decision variable w. Since U is an unitary matrix, an
invariant stochastic representation of (27) can be found if the fitted PDF f;(x) is an elliptically
symmetric distribution. The elliptically symmetric distributions include Gaussian, ¢-distribution,
Kotz, etc. [22]. The invariant stochastic representation of (24) with elliptical distribution f;(x)

1s discussed as follows.

A. Fitted Distribution f,(x) is t-distribution or General Gaussian

Definition 1. The complex multivariate Gaussian: In the complex field, let n ~ N¢(0,3, C),
where 3 = E(nn’’) = 0 is the covariance matrix and C = E(nn’) = 0 is the relation matrix

[23]. The general complex multivariate Gaussian is

X =pM+n, (28)
where p is a N x 1 vector. This is denoted as x ~ N¢(u, X, C).
Definition 2. The complex multivariate ¢-distribution: Let n ~ Ng(0,X,C), s ~ 1y?(v) is a

scaled chi-square distribution with v > 0, and s is independent with n. The complex multivariate

t-distribution with v degrees of freedom (DoF) is represented as [24]
X=pu+ s™V2n, (29)
which is denoted as x ~ t,(u, X, C).

The major theorem of this paper is presented as follows.

Theorem 3. With complex multivariate t-distribution x ~ t,(u, 3, C), the quadratic form in

(24) is invariant unimodal under any decision variable w € {w € CN|A(w)u = 0}.

—-1/2

Proof: With the multivariate ¢-distribution x = p + s~ /“n, the quadratic form in (24)

becomes

xTA(w)x = n” A(w)n/s + 2Re{n" A(w)u} /s> + p" A(w)p. (30)
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In the right hand side of (30), the first and second term are correlated, which hinders further

statistical analysis. Under the condition A(w)u = 0, the quadratic form (30) is simplified into

x A (w)x (31)

= s 'n”A(w)n (32)
T —

_ Re(n) Re(A(w)) —Im(A(w))| [Re(n) (33)

Im(n) Im(A(w)) Re(A(w)) | [Im(n)

Since the covariance matrix of n, in (33) is X, = % (an gig; Igle((_zzfcc))) [23], the normalized
~1/2

real Gaussian can be denoted as n. := 3. '“n, ~ N(0,I). Then, by using the singular value

decomposition (SVD), (33) is reformulated as
x A(w)x

Re(A(w)) —Im(A(w))

= s 'l (BT V2n, (34)
Im(A(w)) Re(A(w))
UiDiag((X -+ Ny ) UT
yt
—
= S_lﬁf ' UtDlag([)‘iv e 7)‘§N]) Uctr ) ﬁe (35)
2N
= s Ny (36)
i=1

Since n, ~ N (0,1) is spherically symmetric distributed, the orthogonal matrix U; makes y* =
U! - n, ~ N(0,1). Therefore, the stochastic representation of the quadratic form (36) is

2N
xTA(wW)x £ 57> A3 (), (37)
=1

which is a weighted sums of independent chi-squares with one DoF divided by a scaled chi-
square distribution. Since (1) & Gamma(1/2,2) and any Gamma random variable is self-
decomposable [25, p. 1367], x*(1) is self-decomposable. According to the definition of self-
decomposable [25, p. 1358], x*(1) L cx?(1) + €, where ¢ € (0,1) and e is independent with
X2(1). Therefore, for any real number !, Aix2(1) < ¢(Aly%(1)) + Ale is obtained. This result

implies Aix?(1) is self-decomposable. Since the self-decomposable distribution is closed under

10
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convolution [25, p. 1358], ZzN Ax2(1) is self-decomposable. The self-decomposable property
of S22Y Ax2(1) implies that 3 Alx2(1) is unimodal [26].
Note that s7! ~

and 2—) is an inverted-chi-squared distribution with v degrees of

2(V)
freedom, the PDF of is [27, pp. 119]
2—1//2

T(v/2)

Therefore, log(fs(e*)) = log(r(y /2)) u(v/2+1) —e */2 is obtained. Furthermore, the deriva-

fs(x> — x—l//2—1€—1/(2m). (38)

tion (log(fs(e*)))” = —e™*/2 < 0 reveals that the inverted-chi-squared distribution X%(V) is
multiplicative strongly unimodal (MSU) [28, pp. 210]. Since the degenerate v is MSU and the
MSU property is closed under multiplicative convolution [28, pp. 208], s™1 ~ v - X%(V) is MSU.

Since s is independent with n in (29), h(s) and hy(n) are also independent for any continuous
function h;(-) and hy(-). Therefore, s~! is independent with Z2N A|yt|?. Note that the unimodal
2N At |2

property of >~ A|yf|? is proved, the MSU property of s~' ensures s* ZZN A yt? in (37) is

unimodal [28, pp. 207]. [ |

Corollary 1. With x ~ N¢(u, X, C), the quadratic form in (24) is unimodal under any decision
variable {w € CV|A(w)u = 0}.

Proof: See Appendix C [ ]
When the decision variable w and the random variable x are changed from the complex field

to the real field, C = X and the quadratic form in (24) become
T . T
g(w,x) =x"A(w)x with (A(w)) = A(w). 39)
The real Gaussian and ¢-distribution are denoted as x ~ N (u, X) and x ~ t,,(u, X), respectively.

Corollary 2. In the real field, x ~ t,(u, X) or x ~ N (u, X), the real quadratic form in (39) is

unimodal under any decision variable {w € RY|A(w)u = 0}.

Proof: See Appendix D [ |

B. Fitted Distribution fi(x) is Nc(p, X, C) with C =0

When the relation matrix C = 0, the Gaussian random variable n ~ N¢(0,3, C) in (28)

is known as circularly-symmetric complex Gaussian (CSCG) and denoted as CA (0, X) [29].

11



Xin He: Quadratically Perturbed Chance Constrained Programming with Fitted Distribution: ¢-Distribution vs. Gaussian

Therefore, the normalized CSCG is ii := (X/2)~"?n ~ CN(0, 21), where the real and imagi-
nary part of ii are independently and identically distributed as A/ (0, 1). Denote the normalized
Gaussian as X = (3/2) 2x ~ CN((2/2) zp,2Ly), and decompose the Hermitian matrix
((2/2)2)7A(w)(2/2)2 = U,Diag([\/,--- , AL UL, the quadratic Gaussian form is refor-

mulated as
xTA(w)x =% . ((2/2)%)HA(W)(2/2)% "X (40)
——
= x" . UyDiag([, -, X{]) U - x 1)
N
= S NP 42)
i=1

where ¢/ is the i element of y¥ = U/%. Since the normalized Gaussian X ~ CN ((X/ 2)"2p, 2Ly),
the unitary matrix U, makes y? ~ CN (U} (X/ 2)~2p, 21 ). Therefore, the real and imaginary
part of y? are independent unit-variance Gaussian variables. Subsequently, the stochastic repre-

sentation of (42) becomes
N

A (W)x £ N2, ), (43)

i=1
which is a weighted sums of independent noncentral chi-square distribution with DoF two, and
n; is the i element of U (2/2)~7 p.

Although the eigenvalue \/ and the noncentrality parameter 7); are all coupled with the decision

variable w, the invariant distributional property of (43) is stated as follows.

Theorem 4. With x ~ N¢(p, X, C) and the relation matrix C = 0, the quadratic form in (24)

is invariant unimodal under any decision variable w € CV.

Proof: It is known that the density function of x%(2, |n;]?) is logconcave [30], i.e.,
P () F'(x) — (F"(x))”
(F"(x))?

where F(z) denotes the distribution function of x?(2, |7;|?). The logconcave condition implies

(log F'(x))" =

<0, Vx>0, (44)

X2(2, |n:]?) is strongly unimodal [31, p. 20].
If \Y > 0, let the distribution function of \Yx7(2, |n;|?) be denoted as F},(z) = Pr{\/xZ(2, |n:|*) <

12
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x} = F(x/N\) with domain x € (0, +00). Therefore, we have

(log Fy(x))" = (log(F'(z/X!)/M))" (45)
_F"(x/ N F (/X)) = (F"(x/)\]))? . p
= OV E () N))? <0, V>0, >0, (46)

which reveals that the density function F))(x) is also logconcave, and consequently A/ x7 (2, |1;]%)
with \? > 0 is strongly unimodal.

If \? = 0, the random variable \?x?(2, |n;|*) degenerates into a constant, which is also strongly
unimodal [31, p. 17].

If \Y < 0, let the distribution function of A/ x?(2, |n;|*) be denoted as F,,(z) = Pr{\/x?(2, |n;|*)
z} =1— F(x/\) with domain x € (—o0,0). Therefore, we have

(log F(2))" = (log(—F'(x/X)/X)))" (47)
_ FM(/ M) F (/X)) — (F" (/X)) . g
- E D) <0, Y&<0,) <0, (48)

which reveals that \?x?(2, |n;]?) with A < 0 is strongly unimodal.

Since all N independent random variables in {\?x?(2, |n:]?)}}, are strongly unimodal and
the strongly unimodal distribution is closed under convolution [31, p. 17], the quadratic form
in (43) is strongly unimodal regardless of the decision variable w. Finally, strongly unimodality
implies unimodality.

Remark 2. Except for the ¢-distribution and Gaussian, the essential difficulty to obtain the
unimodal property for other elliptical distributions is the square nonlinear transformation. Taking
the Kotz distribution as an example, since there is no available stochastic representation for the

squared Kotz, it is difficult to analyse the distributional property of the quadratic form.

IV. SAFE APPROXIMATIONS
After obtaining the unimodal distributional properties of the quadratic form, safe approxima-
tions of the quadratically perturbed CCP
min  h(w)
st Proo{x"A(w)x>e} < o(p,d)
with ¢ > 0 can be obtained. Under the fitted ¢-distribution and Gaussian, the feasible set

(49)

comparison and the convex formulation are discussed as follows.

13
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A. Density Fitting

The original uncertainty x is described by a density function fy(x) or observed samples, its
mean g, covariance matrix 3 and relation matrix C are assumed to be known.
If the fitted PDF fi(x) is selected as Gaussian N¢(u,, 3y, C,), its optimal parameter is
obtained by minimizing the KL divergence
min In folxlp, %, C)
#g:¥9.Cg fi (X‘/J’gﬁ DI Cg)
The optimal solution of (50) is the classic moment matching result, i.e., (@, Xy, Cy) = (11, %, C).
On the other hand, if the fitted PDF fi(x) is selected as t-distribution %, (g, 2¢, C;), the

fO(X“'l’v E,C)dx (50)

closed-form solution is not available. However, it is also natural to use moment matching method
to estimate the parameters in t-distribution. It is known that the first and second moments
of t,(p;, Xy, Cy) are p, and —%535,, respectively [32]. Therefore, by matching the first and
second moments of ¢-distribution to that of fy(x), the parameter of the fitted ¢-distribution is

(ke B4, Cr) = (1, 523, 272C) with v > 2.

B. Feasible Set Comparison

If x7 A(w)x is an unimodal random variable, the Vysochanskii-Petunin (V-P) inequality [31,

p- 29] provides an upper bound for the outage

Pr{x" A(w)x > e} < Pr{|x" A(w)x| > &}, with ¢ > 0 (51)
* H Ty __ T H r
< maef A PCANWINTE 2 5 EADCAWNT )
(r—1)er gr
where w, = (r/(r +1))", r > 0 and r* is the root of the equation r*(r* —r — 1) = 7"

with 7* > (r 4+ 1). Replacing the outage in (49) with the upper bound in (52), a unified safe

approximation for (49) is

min  h(w)
(53)
st EJ{|x7A(w)x|"} < R.(é(p,d)) - €,
where
poay 2 | e ol € 01/0710+ ey —1+ 1]
(" =Do(p,d) + 1) /r* if d(p,d) € [1/(r*[(1+1/r)" = 1] +1),1)
(54)

14



Xin He: Quadratically Perturbed Chance Constrained Programming with Fitted Distribution: ¢-Distribution vs. Gaussian

When the fitted fi(x) is t,(p, =23, 22C), the condition A(w)u = 0 guarantees the
unimodal property of x” A(w)x in Theorem 3. Therefore, the V-P inequality enables a feasible

subset of (49) become
W, = {w|A(W)p = 0, E{|x"A(w)x|"} < R (6(p, d;))e"}, (55)

where d, is the KL divergence between fy(x) and the fitted ¢-distribution. Since x ~ ¢, (p, “-23,
the random variable can be represented as x = p + s /2. \/ 5 Y21 with 5 ~ l)(Q(V) and
n ~ N¢ (0,3, C). Since A(w)p = 0 and n is independent with s, the expectation in (55) is

v v—2 ,
E{[x" A(w)x["} = E{(X2 V>) = n" A(w)n["} (56)
_ v r 2 H r
- (37, A(w)nl}. (57
Note that the first term in (57) with v > 2r is
v o] —v/2
o —v/2—-1_-1/(2z)
21/))}—/0 (vx) I /Q)x e dx (58)

27 T(v/2-7)
L(v/2)  (1/2)772

- v
- . (60)
]1:[1 v—29

Therefore, putting (57) and (60) into (55), the set WV, is reformulated as

= (v)" (59)

W, = {w|A(W)u = 0,E,{|In” A(w

p7 dt)) } (61)

When the fitted fi(x) is x ~ N¢(p, X, C), the random variable can be represented as x =
p + n and the feasible subset of (49) is

Wy = {w|A(W)p = 0,Ea{[n" A(w)n|"} < R.(¢(p, dy))e"}, (62)

where d,, is the KL divergence between fy(x) and the fitted Gaussian. Next, the feasible sets of

the safe approximations with fitted ¢-distribution and fitted Gaussian are compared as follows.

Theorem 5. If R.(6(p, dy)) < [[}=, =3 Ri(d(p, di)), then W, C W, If v — oo, then Wy = W,

v—

Proof: First, since ¢" > 0, the condition [];_, = 2R (¢(p,di)) > Ro(6(p,dy)) leads to

[T, Z2 R, (6(p,dy))e” > R.(¢(p,d,))e". Together with the definition in (61) and (62), the

j=1 v—-2

-2 _
Jlu2

conclusion W, C W, is obtained. Second, with fixed 7, lim,_, IT 1. Furthermore,

15
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since lim, o0 t, (p, 23, 22C) 2 Ne(p, 2, C), the condition v — oo leads to d; = dy.
Therefore, lim, o [['—; 22 R, (¢(p,d:)) = R.(¢(p,d,)) leads to the conclusion W; = W,.

j=1 v—2

Corollary 3. When r = 1, d, > d; implies W, C W,, and a smaller d, implies a larger WV,.

Proof: When r = 1, according to Theorem 5, W, C W, if Ri(¢(p,d,)) < Ri(¢(p,d:)).
According to Theorem 2, ¢(p,d) is a monotonically decreasing function of d. Furthermore,
the function R;(-) in (54) is a monotonically increasing function. Therefore, the composition
function R;(¢(p,d)) is a monotonically decreasing function of d, which makes the condition
Ry (¢(p,d;)) > Ri(¢(p,d,)) can be further simplified into d;, < d,. [

Theorem 5 reveals the condition to make safe approximation with fitted ¢-distribution and
a appropriately selected DoF to have larger feasible subset than that with fitted Gaussian.
Furthermore, the same mathematical formulation in (61) and (62) reveal the computation method
and complexity of the two cases will be the same. Efficient computation method for safe

approximation with feasible set (61) and (62) is discussed as follows.

Remark 3. Except for the moment matching method in Section IV-A, the fitted ¢-distribution can
also be parameterized as ¢,(u, cX, cC) with ¢ > 0. With similar derivations from (55) to (61),
the optimal parameters come from max{[[}_, "2 R (¢(p,dy))|c > 0,v > 2r}. This problem
is intractable, owing to the reason that d; can not be expressed as an analytic form of ¢ and v.
Furthermore, the two parameters selection will be complicated. The parameter selection problem

will be much more difficult for the general parametriation ¢, (u,, 3, Cy).

C. Convex Formulation for Quadratic Function A(w)

In order to efficiently solve the safe approximation with feasible set (61) and (62), the matrix
function A (w) must have a specific form and the widely used quadratic form is illustrated in
this paper.

For the positive semidefinite quadratic form A(w) = L¥(w)L(w), where L(w) is an affine
function of w. Note that the condition L (w)L(w)u = 0 is equivalent to L(w)u = 0. When

r = 1, the feasible subset W, in (61) can be represented as

W, = {w|L(w)p = 0, Tr L (W)L(W)X%) < R(¢(p, d;))}- (63)
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The the linear constraint and the convex quadratic constraint reveal that 1V, in (63) is a convex
set. When v — oo, the set W, is degenerated to WW,. When r > 2, the high order nonlinear
form in E,{|n”L*(w)L(w)n|"} is a nonconvex function of w in general. On the other hand,
the indefinite quadratic form of A(w) makes E,{|n” A(w)n|"} become a nonconvex function

of w.

V. APPLICATION IN WIRELESS COMMUNICATION SYSTEM

In order to illustrate the proposed CCP with fitted distributions, the probabilistic MSE con-
strained multiuser transceiver design under non-Gaussian channel uncertainty is taken as an
example. The downlink multiuser system under consideration consists of one base station (BS)
equipped with N transmit antennas, and K active users with the k™ user equipped with M,
antennas. L, independent data streams are transmitted to the k™ user and 22{21 Ly = L. Let
G be the N x L precoding matrix at BS, H; and F; are the M} x N channel matrix and
the L, x M, equalizer of the k™ user, respectively. In order to successfully detect the data,
the condition L < N and L, < M, are needed. The received M, x 1 interference vector at
the k™ user has zero mean and covariance matrix Ry, = 0. The beamforming design aiming at
minimizing transmit power at BS with guaranteed probabilistic MSE requirements is formulated
as [3], [33]

min |G|
G {Frlin

S.t. ]P)fo(Hk){ﬂFkaG - Dk”%«“ -+ Tl"(FkRka) Z 5k} S pk,Vk, (64)

-

MSE (G, Fy,Hy)

where D), = [0 I, O LixSE Lk]’ er and p are the MSE requirement and the

Lix 31 Li
outage probability of kthle k™ user, respectively. With an estimated channel H,, the channel is
modelled as H;, = ﬂk + Ay, where the channel uncertainty vec(Ay) has zero mean, covariance
matrix 3, and relation matrix Cy. The PDF of the channel is represented as fo(Hy).

By matching the first and second moments of f;(Hy,) to that of f,(Hy), the fitted ¢-distribution
is £, (vec(Hy), Y=2%,, “=2Cy) with v > 2 and the fitted Gaussian is Ne(vee(Hy), g, Ci). With
fitted distribution f;(Hy) and the KL divergence d, = D(fo(Hy)| f1(Hx)), a safe approximation

of (64) is

min |G|
G {Fplim (65)
st. Pp ) {MSEw(G,Fr, Hy) > &1} < ¢(pr, di), Vk.
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Corollary 4. If the fitted distribution is general complex Gaussian or ¢-distribution, the &™ user’s
MSE is unimodal under the transceiver pair satisfying F.H,G = D,. If the fitted distribution
is complex Gaussian with zero relation matrix, the k" user’s MSE is invariant unimodal under

any transceiver pair.

Proof: See Appendix E. [ ]
If the fitted channel uncertainty distribution is selected as ¢-distribution, the condition {kalkG =
D, } & | guarantees the unimodal property of the MSE. Therefore, by using the result of (61)

with » = 1, a safe approximation of (65) is

min ||G|r
G {Fr i

st (GT @ Fu)S (3 < Ru(o(pr. b)) (e — |FRRy(IZ), Yk (T0)
F.H,G =D,, V&,

where di, = D(fo(Hy)||t, (vec(Hy), ©22%,, “=2Cy.)). In order to enlarge the feasible set of (T0),
as shown in Corollary 3, the DoF v should be selected to minimize the divergence df. With a
classic reformulation technique in [33], let F;, = f‘k /ay with fixed beamforming direction Fk

and a; > 0, the problem (T0) becomes a convex problem

min  |[G|[r
G lagtm

~ nNT ~ 1
st lvec((GTeF)EE)  V/Rul@lpr, dp)vecEeRE) 2 < any/Ra (0o, d))er, k.
FkI:IkG = aka, Vk.

(T1)
If the fitted channel uncertainty distribution is selected as CSCG, no restriction is needed for

the unimodality and a convex safe approximation of (65) is

min |G
o Nin 1G|F

- nNT L1
st (iec((GT@FE;)  V/Ri(@lp, df)vec(FiR))T (GD)
vee(FyHG —ayDy)"]||2 < ar/Ri(¢(pr. d7))er,  VE,

where d? = D(fy(Hy)||CN (vec(Hy), ;). By comparing the formulation between the general
complex Gaussian (t,) in (T1) and the special CSCG in (G1), the difference is whether the

beamforming direction is fixed in {FkﬂkG = aka}szl or not.
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Remark 4. If the linear constraints {FkﬂkG = a;, D}, are feasible, the condition {FkﬂkG =

apDy} 5| are equivalent to

K
G :=VAU"Pal,,, (66)

k=1
where the matrices V, A and U come from the SVD [(F,H,)7, - - - | (FxHg)T]” = UAVH. On
the other hand, if any linear constraint in {kalkG = aka}szl is infeasible, (T1) is infeasible.
Therefore, putting G of (66) into (T1), the equality constraints in (T1) are eliminated and (T1)
is simplified to a convex problem with only K real scalar variables rather than a N x L complex

matrix.

Remark 5. By using the result of (61) with r = 2, the safe approximation of (65) is a nonconvex
problem of G. However, the unimodal property in Corollary 4 enables the method in [8] can
be adopted. In particular, the f(p,) in [8] is replaced by f(1 — ¢(pk,d})) for the fitted CSCG
case, and f(py,) is replaced by /2= f(1 — ¢(p, d},)) for the fitted ¢-distribution case.

VI. SIMULATION RESULTS AND DISCUSSION

In this section, by using the proposed CCP with fitted distributions, the performance of the
probabilistic transceiver design under non-Gaussian channel uncertainty is illustrated. In the
simulation, the BS is equipped with four antennas and there are two single antenna users, i.e.,
N =4 K =L =2,L;, = M, = 1. The Logistic distribution and Gaussian mixture are taken as
examples for the non-Gaussian channel uncertainties [34], [35]. Furthermore, the non-Gaussian
channel uncertainty has zero mean with covariance matrix 3, = 0.01Iy,,, and zero relation
matrix, and the elements in the channel uncertainty are independent. The covariance matrix of
the received interference-plus-noise at the k™ user is Ry, = 0.011 M- The elements in ﬂk are
generated from independent standard CSCG, and there are 10 random channel realizations for
the feasibility rate test. The MSE requirements are fixed as e, = 0.2 and p; = p, = 10%, while

the MSE target of the first user is varied under different scenarios.

A. Logistic Channel Uncertainty

In this subsection, with outage target p; = 10%, the proposed CCP with fitted distributions

are tested under Logistic channel uncertainty.
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—k— Fitted Gaussian(to)
—O&— Fitted ¢,

dt = D(Logistic||t,)
N
1S)

10° 10
v : DoF of ¢-Distributions

—o— Fitted ¢,
—k— Fitted Gaussian(too)

v : DoF of ¢-Distributions

Fig. 1. The KL divergence d} and the regularized outage probability ¢(p1,d}) versus DoF of fitted ¢-distribution.

In Fig. 1, the KL divergences between the Logistic distribution and the fitted ¢-distribution
D(Logistic||t,) with DoF varied from 3 to 10 and the corresponding regularized outage prob-
abilities are shown. Firstly, the reversed curves in the KL divergence and the regularized outage
probability of Fig. 1 show that the regularized outage probability is a monotonic decreasing
function of the KL divergence, which validates the conclusion in Theorem 2. Secondly, it
is observed that the KL divergences D(Logistic||t,) with v > 4 are always smaller than
D(Logistic||Gaussian), and the regularized outage probabilities under ¢, with v > 4 are always
larger than that of the fitted Gaussian. Therefore, the ¢-distribution is more flexible than Gaussian
to fit the Logistic distribution, and the t¢-distribution with DoF 8 is a good candidate to fit the
Logistic channel uncertainty. Lastly, it is interesting to find that the KL divergence and the
regularized outage probability under the fitted Gaussian is similar to that of the fitted ¢ys, which
is owing to the reason that Gaussian is a limit case of ¢-distribution.

In Fig. 2, the feasibility rate of the fitted ¢-distribution and Gaussian are compared under MSE
target ¢; = 0.1. It is observed that the feasibility rates of fitted ¢-distribution with v > 4 are
always larger than that of the fitted Gaussian. Since the feasibility rate is a direct indicator for
the largeness of the feasible set, by combining the KL divergence comparison results in Fig.
1 and the feasible rate comparison results in Fig. 2, the conclusion in Corollary 3 is verified.
Fig. 2 also shows that the feasibility rate of the safe approximation with » = 2 is larger than

that with » = 1, the reason is that Ry(¢(p = 0.1,d)) > R1(¢(p = 0.1,d)) as implied in (54).
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1 pecam .
[ 5 000 !
B —o— Fitted ¢, r =2
0.8¢ : o —x— Fitted Gaussian(to), r =2
o O o | O Fitted t,, r=1
ECEU 06F ° “| % Fitted Gaussian(ts,), r = 1
> :
5 : °
2] :
§ 0.4 ;. )
o - °
: (o)
0.2F N
: D
o e
S TR i R ]
10! 10° 10°

v: DoF of ¢t-Distributions

Fig. 2. The feasibility rate versus DoF of fitted ¢-distribution.

Therefore, the following safe approximations with fitted distribution are all implemented with
r=2.

In Fig. 3, the feasibility rate of the proposed CCP with fitted t¢-distribution (tg), CCP with
fitted Gaussian and the moment method [3] are compared under different MSE requirements. It
is observed from Fig. 3 that the feasibility of the CCP with fitted ¢35 and Gaussian are larger
than that of the moment method. The reason is that the PDF are ignored in the moment method,
while the distributional property of the fitted distribution and the PDF mismatch are utilized in
the proposed methods. Furthermore, Fig. 3 also shows that the feasibility rate of the CCP with
fitted t5 is larger that of CCP with fitted Gaussian. The reason is that tg is closer to the Logistic

distribution in terms of KL divergence than Gaussian as shown in Fig. 1.

B. Gaussian Mixture Channel Uncertainty

The Logistic distribution is a classic heavy-tailed distribution, the Gaussian mixture distribution
with adjustable tail property is illustrated in this subsection. The density of the Gaussian mixture
is %(f o+ f»), where the CSCG density functions f, and f, have zero mean with covariance matrix
0.02pIyns, and 0.02(1 — p)Iyas, , respectively.

In Fig. 4, the KL divergences between the Gaussian mixture distribution with p € {0.6,0.7,0.8}
and the fitted ¢-distribution are shown, and the corresponding regularized outage probability are

also shown. Among different Gaussian mixture settings in Fig. 4, the KL divergence between

21



Xin He: Quadratically Perturbed Chance Constrained Programming with Fitted Distribution: ¢-Distribution vs. Gaussian
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Fig. 3. The feasibility rate of different methods.

Gaussian mixture with p = 0.6 and the fitted Gaussian is the smallest, while that between
Gaussian mixture with p = 0.8 and the fitted Gaussian is the largest. The reason is that the
considered Gaussian mixture is close to the Gaussian distribution CA/(0,0.011y,,,) when p
is close to 0.5, while the considered Gaussian mixture approaches heavy-tailed distribution
when p approaches 1. Fig. 4 also reveals that D(%(f o+ fo)||t,) with many vs are smaller than
D((fa + fo)||CN(0,0.011yyy,)), which validates the flexibility of ¢-distribution. Furthermore,
it is not difficult to find that the t-distributions %5, %15 and ¢; are good candidates to fit the
Gaussian mixture with p = 0.6, p = 0.7 and p = 0.8, respectively.

In Fig. 5, the feasibility rates of the proposed CCP with fitted ¢-distribution, CCP with
fitted Gaussian and the moment method [3] are compared under Gaussian mixture channel
uncertainty. It is found that the feasibility rate of the CCP with fitted ¢-distribution and Gaussian
are always larger than that of the moment method. The underlying reason is that the proposed
methods explore the PDF information, while the moment method ignores the density information.
Furthermore, Fig. 5 also shows that the feasibility rate of CCP with fitted ¢-distribution are larger
that that of CCP with fitted Gaussian, which validates the main conclusion that CCP with fitted

t-distribution has larger feasible set than CCP with fitted Gaussian.
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(c) Gaussian mixture with p = 0.8

Fig. 4. The KL divergence d} and the regularized outage probability ¢(p1,d}) versus DoF of fitted ¢-distribution

VII. CONCLUSIONS

For the CCP problem with non-Gaussian uncertainty, a CCP problem with fitted distribu-
tion and a regularized outage probability provides a unified safe approximation. In this paper,
the t¢-distribution rather than Gaussian has been proposed to be the fitted distribution for the
quadratically perturbed CCP. The regularized probability was analysed first, and the unimodal
property of the quadratical form under ¢-distribution or Gaussian perturbation was established.
Based on these analyses, the analytical condition for the CCP with fitted ¢-distribution have
larger feasible set than the CCP with fitted Gaussian was provided. With Logistic and Gaussian
mixture as examples of non-Gaussian uncertainties, simulation results show the less conservative
performance of the CCP with fitted ¢-distribution, compared to the CCP with fitted Gaussian

and the classic moment method.
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Fig. 5. The feasibility rate of different methods.

APPENDIX A

After introducing the Lagrange multiplier n > 0, A € R, the Lagrangian of the problem (3) is

L) = [ fo0dx (= [ £ fiax) + 201 - [ i) (@)

g(w,x)>e

= nd+ )+ /(1g(x) “A—qln jé((i)))f(x)dx, (68)

where 1¢(x) is an indicator function of the set G = {x| g(w,x) > ¢}, i.e.,

1o(x) — 1 Vx:g(w,x)>c¢ . 69
0 Vx:g(w,x)<e
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With the implicit PDF constraints f(x) > 0, the Lagrange dual function of the problem (3) is

J(n,A) = sup L(f(x),n, ), (70)

720
which can be solved by exploring the first and second derivatives of L(f(x),n, \).
Since the Lagrangian L(f(x),n, ) is a functional of the density function f(x), by using the

calculus of variations, the first variation of the Lagrangian is

OL(f(x);v(x),7m,A) = lim ! (L(f(x) + To(x),1,A) = L(f(x),7,A)) (71)

f(x) + To(x)

=lim [ (1g(x) — A —nln v(x)dx (72)
tim [ (1060 = A = i LEL TS
, TU(X), F6)
- llir(l] nu(x)In(1 + m) 6o dx (73)
f(x) )
= 1g(x) —n—A—nln v(x)dx, (74)
/ (350 709 ) ot
where v(x) is an arbitrary function. Similarly, the second variation of the Lagrangian is
v (x)
dx (75)
f(x)

fuﬂmw@»maz—y/
<0 (76)

Therefore, the Lagrangian L(f(x),n,A) is a concave functional of f(x). Then the optimal
solution is obtained by setting (74) to zero, and since v(x) in (74) is an arbitrary function,

we get

f(x)
fi1(x)

From (77), it is observed that n # 0, i.e., the optimal solution is happened on the boundary of

1g(x) —n—A—nln = 0. (77)

KL divergence constraint owing to the complementary slackness condition, otherwise the real
Lagrange multiplier A in (77) becomes indicator function. Therefore, the optimal solution of
(70) is

f(x) = fi(x) exp(%)- (78)

Note that the nonnegative PDF constraint is automatically satisfied. Although the same solution
in (78) was available in [15]-[19], they did not prove the optimality by showing the concave
property in (76). Furthermore, the issue of 7 # 0 is also not addressed in [15]-[19].
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After substituting (78) into (70), it becomes

J(n, A) = nd + X+ nexp( ) exp(n) Ax)dx+ [ fi(x)dx (79)
g(w.x)>e g(w,x)<e
—n— 1
=nd + A + nexp( ) <1 + (exp(ﬁ) — DPp 0 {g(w,x) > 6}) (80)

The dual problem of (3) is
min J(n, A
minJ(1,A) (81)
st.  n>0.
Since the dual problem is a convex problem and there is no constraint on A, the optimal A

must satisfy the first order condition

oJ(n, A)
B\ =0, (82)
and the optimal A is
A=nIn(l+ (€7 — V)P, 0 {g(w,x) > e}) —n. (83)

After substituting the optimal A into (81), the dual problem becomes

win J(n) = nd +nln (14 (7 = 1P eofg(w,x) > £})

(84)
st. n>0.
APPENDIX B
PROOF OF THE THEOREM 1
First, the first variation of the KL divergence is
1
0D(f(x);v(x)l| f1(x)) = lim — (D(f(x) + Tv(x), fi(x)) = D(f(x), f1(x))) (85)
—lim [ v(x)In(1 + %(;))mdx + lim (ln%)v(x)dx
(86)
_ f(x)
- /(1 +1In fl(x))v(x)dx. (87)
Similarly, the second variation of the KL divergence is
5 D(f(x): v ()] f1(x jj (88)
> 0. (89)
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Therefore, the D(f(x)|| fi(x)) is a convex functional of f(x). From problem (3), it is observed
the cost functional and the functional in the second constraint are linear functionals of f(x).
Therefore, the primal problem (3) is a convex problem, and strong duality holds between primal
and its dual if the primal problem is strictly feasible and its optimal value is finite [36, p. 224].
This two conditions can be proved as follows. Firstly, since the feasible solution f(x) = fi(x)
makes D(f(x)|/fi(x)) = 0, the condition d > 0 makes the primal problem strictly feasible.
Secondly, the primal problem is upper bounded by 1. Therefore, d > 0 guarantees the strong
duality.

APPENDIX C

Since s ~ % x%(v) is a scaled chi-square distribution, its moment information can be calculated

as
E(s) =v/v =1, (90)
E(s —E(s))? = 2v/v* = 2/v. 1)
As v — oo, the fixed mean in (90) and the vanishing variance in (91) reveals lim, ,,, s =
lim, . x%(v)/v = 1. Together with the definition in (28) and (29), the result N¢(u, X, C) £

too (e, 32, C) is obtained. Therefore, according to Theorem 3, the unimodal property for Gaussian

quadratic form also holds for w € {w € CV|A(w)u = 0}.

APPENDIX D

With real ¢-distributed x = p + s~'/?n, the real quadratic form in (39) becomes
xTA(w)x =n"A(w)n/s + 20T A(w)p/s? + pTA(wW)p. 92)

With A (w)u = 0 and similar derivations in (34)-(37), the stochastic representation of (92) is

xT'A(w)x =n"A(w)n/s (93)
N

57y AN, (94)
i=1

where {7}, are the eigenvalues of (31/2)T A(w)X!/2, Since the representation of (94) is the
same as that of (37), the real t-perturbed quadratic form in (39) is unimodal under the decision

variable w € {w € RY|A(w)u = 0}. Furthermore, since N (u, ) < too(pt, X) as shown in
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Appendix C, the unimodal property for real Gaussian perturbed quadratic form in (39) also holds
for w € {w € RV|A(w)u = 0}.

APPENDIX E

With hy, = vec(Hy), dy = vec(Dy), the MSE is reformulated as
MSE, (G, Fy, Hy) = |F1H,G — D||% + Tr(F R F) (95)
= |(G'®@Fy)hy, — di||3 + Tr(FrR.FY). (96)

Since the size of matrix GT®F}, is LL;, x NM,; and LL;, < NM,, the rank of GT®@F}, lies in
the range [0, LL;]. Denote the rank of GT®@F}, as ny, and ny € [0, LL;] is obtained.
If FkﬂkG = Dy, then n;, = LL; and the MSE in (96) can be reformulated as

MSE.(G, Fy, Hy) = | (GT@Fy)(hy — (GTaF,)dy) |5 + Tr(FLRyFH). 97)

Note that the first term of (97) is a quadratic form of the new random variable h;, — (G'=F},)'d,,
its mean is vec(H;) — (GT®F},)td,. If hy, is fitted as t-distribution, according to Theorem 3,
the MSE in (97) is unimodal if (G"®F}) - (vec(Hy) — (GT®@F})d)) = 0, i.e. F,H,G = D,
On the other hand, if h;, is fitted as /\/(c(vec(f{k), ¥, Cy) with C, =0, according to Theorem
4, the MSE in (97) is unimodal under any transceiver pair with ny = LLj.

When n;, < LLj, the MSE reformulation in (97) can not be obtained. However, the unimodal
property of MSE under CSCG channel uncertainty can still be proved as follows.

If ny, € [1, LL,—1], by using the singular value decomposition, the MSE in (96) is reformulated

as

MSEx (G, Fy, Hy)

=||[U[Diag([al, vy Onys 0]) OLka(NMk—LLk)]VH ~hy — dk”% + Tr(FkRkF,f), (98)
:H[Dlag([o‘l’ oo Oy 0]) OLLkX(NMk—LLk)]VH ’ hk - ~UHdk, ||§ + Tr(FkRkaH)v (99)

€x

:|||:D1ag([017 SEET) Unk]) OnkX(NMk—LLk):|VH ’ hk - ek[l : nk]”%

+ |lex[ne + 1 : LLL||5 + Tr(FrRiF1), (100)

where ey [1:n;] represents the first n;, elements of ey. If the fitted channel hy, ~ ./\fc(vec(flk), 3, 0),

(100) can be formulated as a quadratic form under CSCG perturbation. Therefore, according to
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Theorem 4, the MSE in (100) is unimodal. On the other hand, if n, = 0, the MSE in (96)

becomes
MSEx (G, Fy, Hy) = ||de |3 + Tr(FLR.F{), (101)

which is a deterministic variable and unimodal.
Therefore, for any transceiver pair with n, € [0, LL], the MSE in (96) with hy, ~ N (vec(Hy), =y, 0)

1S unimodal.
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