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Abstract. Recently the alternating direction method of multipliers (ADMM) has been widely
used for various applications arising in scientific computing areas. Most of these application
models are, or can be easily reformulated as, linearly constrained convex minimization models
with separable nonlinear objective functions. In this note we show that ADMM can also be easily
used for the canonical linear programming model; and the resulting complexity is O(mn) where
m is the constraint number and n is the variable dimension. Moreover, at each iteration there
are m subproblems that are eligible for parallel computation; and each of them only requires
O(n) flops. This ADMM application provides a new approach to linear programming, which is
completely different from the major simplex and interior point approaches in the literature.
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1 Introduction

We consider the canonical linear programming (LP) model
min{c z|al x> b;, i =1,2,...,m}, (1.1)

where c¢,a;, i = 1,...,m are given vectors in R™ and b; € R. Among the most fundamental math-
ematical problems with various core applications in different areas, Linear programming has been
intensively studied in the literature. The simplex method and interior point method represent two
most important categories among different methods for LP, we refer to, e.g., [3, 7, 9] for reviews. The
purpose of this short note is to show that the alternating direction method of multipliers (ADMM),
which was originally proposed in [6] and has recently found many impressive applications in a broad
spectrum of areas, can be easily used for the LP model (1.1). We thus aim at proposing the new
ADMM approach to LP, which is completely different from the major simplex and interior point
approaches in the literature.

To introduce ADMM, we consider a convex minimization problem with linear constraints and its
objective function is the sum of two functions without coupled variables:

min {191(581) + Vo (x2) | Ai1x1 + Asxo =b, 1 € X, 20 € Xg} , (1.2)

where X; C R*% are nonempty closed convex sets; 9; : R% — R are closed proper convex functions
and A; € R for i = 1,2; and b € R’. Note that we use bold letters in (1.2) because it may be
in block-wise form. For example, x; may include more than one variable and 6; may be the sum of
more than one function.

Let AT € R and 8 € R denote the Lagrangian multiplier and penalty parameter of (1.2),
respectively. Then, the augmented Lagrangian function of (1.2) is

Lg(x1,x2,\) = V1(x1) + V2(x2) — )\T(.Alilil + Ayxo — b) + gHAlml + Ay — b”z. (1.3)
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When the ADMM proposed in [6] is applied to (1.2), the iterative scheme reads as
ah = argmin{Lg(x1, z§, A") |z, € X1},
ah ™ = argmin{Ls(xf T, @2, AY) | 2 € X0}, (1.4)
AR = AR B(A i 4 Ayzh ! — b).

We refer the reader to [1, 4, 5] for some recent review papers on ADMM; and in particular, its
applications in various fields such as image processing learning, statistical learning, computer vision,
wireless network, cloud computing, and so on. It worths to mention that these application models
usually have nonlinear objective functions; but they are in separable form and thus the decomposition
over variables often makes the subproblems in (1.4) extremely easy.

Next, we will show that after an appropriate reformulation, the LP model (1.1) can be solved
by the ADMM scheme (1.4); and this application results in an iteration complexity of O(mn) where
m is the constraint number and n is the variable dimension. Moreover, at each iteration there are
m subproblems that are eligible for parallel computation and they all have closed-form solutions.
Indeed, each of these subproblems only requires O(n) flops. We refer to [8] for some augmented-
Lagrangian-based efforts to LP.

2 Reformulation

In this section, we reformulate the LP model (1.1) as a more favorable form so that the ADMM scheme
(1.4) can be used conveniently. Without loss of generality, we assume m is odd, i.e., m = 2] + 1
where [ is an integer. For the case where m is even, we can add a dummy constraint to make m odd
(or vice versa if m is assumed to be even).

Clearly, if we introduce auxiliary variables z; € R"; and define 6;(z;) = ¢’x; and X; = {x €
R™|al'x > b;} for i =1,--- ,m, the LP model (1.1) can be written as
min Zyil 92(1131)
T -1 o
I I 2
I I N
3
s.t. —_— ) =0, (2.1)
.. Tm—1
I -1 Tm
i€ Xy, t=1,...,m.

Let us denote by A the coefficient matrix in (2.1). Then we have
I -1

A= (A1, A9 ..., Ap) N ,

where A;’s denote the columns of A. For these columns A;’s, we have

I, if ¢=4j=1 or i=j5=my
2, if 1#i=j5#m;

—I, if |i—j|=1

0, otherwise.

ATA; =



Further, let us regroup the variables, functions and constraint sets in (2.1) as

1 T2
T3 T4

x = . , Ty = . , A= (A1 Az, Ay), Ax = (A, Ay, A,
Tm Tm—1

191(:131) = 61(1’1) + 93(.1:3) + -+ Qm(azm), 192(332) = 92(%2) + 94(%4) + -+ Gm_l(a:m_l),
and

XIZXIXX?)X"’Xme X2:X2xX4><"'XXm_1.

Then, the model (2.1) is a special case of the block-wise model (1.2) with the specifications above and
b = 0. Thus, the ADMM scheme (1.4) is applicable. Note that we additionally have the following
identities:

1
21 21 o]
T A — . T A
./41 Al — .. 5 AQ AQ — . 5
21 '
21 m=1
I m+1 hlocks 7+ blocks
and | |
0, it |i—g]>1,;
TA. ) J )
Aidj = { —I, if |i—j|=1. (2:2)

which are actually important facts that make the implementation of the ADMM scheme (1.4) ex-
tremely easy.

3 Application of ADMM for LP

Recall we assume m = 2[4+ 1 in (1.1). Moreover, to implement the ADMM (1.4) to the reformulation
(2.1), the Lagrange multiplier A can be denoted as

A1
A2

3.1 Algorithm

Now, let us elucidate the k-th iteration of the ADMM scheme (1.4) when it is applied to solve the
model (2.1). More specifically, starting from given & and A*, the new iterate (af™! 25T Ak+1) is
generated by the following steps.

Step 1. With given (x5, A¥), obtain

it = argmin{ Lg(x1, 25, N*) | @ € X1}



via
oi T = argmin{0y (1) + § |21 — [25 + SAV]|2|z1 € X},
Forp=1,...,1—1,do

whl) = argmin{0o,11(2api1) + Bllwzp1 — ol Xwapi1 € Xopia},

where ¢, = %[(xlgp + xg(p+1)) + %(_/\gp + )‘12€p+1)]-

ohth = argmin{b 11 (wa1) + 5 lwass — [ — MG |z241 € X}

Step 2. With given (2} A¥), obtain

:BIZH'I = argmin{ﬁﬁ(mlf+1,:c2,)\k) ’ T € XQ}

via
Forp=1,...,l,do
xg;rl = arg min{f,(z2p) + Bllz2p — gpll*[72p € Xop},

k k
where g, = 3[(24 11 + 2h L) + S(=ME, , + A5,

Step 3. Update the Lagrange multipliers A¥T1 = AF — B(AlwlfH + A2m§+1) via

A S B abth), p= 120 mo 1

3.2 An Illustrative Example

(3.1a)

(3.1b)

(3.1¢)

Let us take the particular example of (1.1) with m = 5 and see how to implement the ADMM (1.4).

That is, we consider the specific case of (2.1):

min 6y (1) + O2(x2) + O3(x3) + 0s(z4) + O5(x5)

I —I o
I -I 2
s.t I _J T3 =0
I —I .
s
v, €Xi, i=1,...,5.
For the coefficient matrix A in (3.2), we have
1 -1 0 0 0
0 1 -1 0 0
0 0 0 1 -1

We suggest regrouping this model as

min (91 (.731) + 93(3:3) + 95(%5)) + ((92(562) + 94(%4))

I . -1
—I ! I o
s.t. I i;}, + _J ( 24 > =0
—I > I
xr1 € Xl, xr3 € Xg, Ty € X5; X9 € XQ, T4 € Xy.
Then, using these notation:
I .
= 12 |, x2= < :ri ) ;A= (A1,43,45), Az = (A2, Ag),

T3

—

3.3)

(3.4)

(3.5)



V1(z1) = 01(21) + O3(x3) + 05(x5),  a(x2) = Oa2(z2) + Oa(24),

and
X1:X1><X3><X5, X2:X2><X4,

the model (3.2) is reformulated as a special case of (1.2) with

I
AT Ay = oI and ATA, = (2! .
T 2I' ) 521 plocks
541 blocks

To execute the k-th iteration of the ADMM (1.4) for the problem (3.4), we start with the given
iterate

Y

k k

E_ [ T2 k_ | A3
Ty = < xi‘ ) and A= Ag
i

Below, let us explain how to solve the resulting subproblems (3.1a) and (3.1b).
(1). Obtain z}*! = argmin{Ls(z1, z§, A" |z € X1}
The first step of (1.4) is

zyt! 01(21) + 05(3) + O5(x5) + O2(25) + Ou(]) z1 € X1,
l§+1 = argmin —()\k)T (All‘l + Asxs3 + Asxs + (AQIL‘é~C + A4ZI)IZ)) ‘ x3 € X3,
A B Ay + Aszs + Asas + (Agxh + Agah)|2 | 75 € X5
01(z1) + 03(x3) + O5(5) 71 € X1,
= argmin —()\k)T (Ala:l + Asxs + A5x5) r3 € X3, ». (3.6)
+§H (A1z1 4+ Aszs + Aszs) + (Aol + Agah)|? 175 € X5

Note that we get the second equation in (3.6) by ignoring some constant terms in its objective
function. Since the first-order optimality condition of the optimization problem (3.6) is

T
91 (2?1) — Ql(xlf+1) xr1 — wlfH
(2 b b € X x X3 x X, +03(x3) — O3(2h) | + [ 23 — 2t
. +05(x5) — O5 (x5t x5 — wp !
— AT AT
X —A?\: + 8 A% (A2t + A2t + Az th) + (Agah + Auah)]

2 O? V($1,5E3,$5) € Xl X X3 X X57

it follows from the orthogonal property (2.2) that (™! z8*1 2541y € X} x X3 x Xj, and

01 (a;l) 91( k—H) + (a:l — a;lfﬂ T{ ATAk + 5AT [Alka + A2$§]} >0, Va1 € Xq;
93(.733) — 93( k+1) + (.7;3 k+1 T{ ATAk + ,BAT [Agxk+1 (Agl‘é + A4xfj)]} >0, Vrze As;
05 (335) — 95( k+1) + (335 k+1 T{ AT)\k + 5AT [A556k+1 + A4$§]} >0, Vs € Xs.

According to the structure A; in (3.3), we further have (2§ 25+ 2571) € X; x X3 x X5 and

01(x1) — 01 () + (21 — a:’fH)T{—)\’f + it - z5]} >0, Vo, € X;
O3(x3) — O3(5*Y) + (w3 — 25 TH)T{(NS = M) + B2a5™! — (af +2)]} 20, Va € Xs;
05 (x5) — O5(xETY) + (25 — xlgH)T{)\fj + Blat Tt — z§]} >0, Vs € Xs.
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Based on these inequalities, the solution of (3.6) can be obtained via

;1;’”1 = argmin{f;(z1) + B||fL‘1 [zh + %)\ 121 € X1},
o5t = argmin{6s(x3) + Bllws — (a5 + 2§) + F(=5 + M))[P|ws € X}, (3.7)
:17’5f+1 = argmin{fs(z5) + §||a:5 [zk — %)\4]|| |zs € X5}

This is just the concrete form of (3.1a) for the case where [ = 2.
(2). Obtain cc§+ = argmln{ﬁﬁ k+1 wg,)\k) ‘ To € Xg}.
The second step of the k-th 1terat10n of (1.4) is

i (91(:1:If+1) + 93(w§+1) + 05(33’5“)) + (02(332) + 94(1’4)) e X
< x%—i_l ) = argmin —(Ak)T((AlxlfJ'_l + Az xk‘H + A5$5+1 + (AQ.%'Q + A4:L'4)) xj c Xi’
4 F2 (At Agkarl + Asaf ) 4 (Agwa + Agzy)|? ’

= argmin Oa(w2) + Oa(wa) — (N")T (Agwa + Auza)+
’ S (At + Asah ™ + Asalth) + (Aowo + Agza)|?
2 1 3 5

o € Xy, } . (3.8)

T4 € Xy

Again, we get the second equation in (3.8) by ignoring some constant terms in its objective function.
Since the first-order optimality condition of the optimization problem (3.8) is

T
0 (LU ) -0 ( k 1) Tro — l‘k 1
k+1 k+1 2\42 2\ 2 2
xT e X X +
( 2 ) 2 X 4, < 94( 4) 04( ]C+1) T4 T)Z+1

—AT N A7 k1 k1 k1 k1 k1
X AT)\k + ,8 [(AQCCQ + A4x4 ) + (Ala:l + A3x3 + A5$5 )]
—Ay 4
>0, V(x2,24) € Xo x Xy,
it follows from the orthogonal property (2.2)) that (z5™1 z¥1) € Xy x X4, and

92(.%‘2) — 02(9@’5“) + (.’L‘Q — $§+1)T{—A5Ak + ﬁAg [AQCL‘IQH_I + (Ala;]fH + A31‘§+1)]} >0, Vrg e Ay;
94(1‘4) — 94(.CCZ+1) + (1‘4 — l‘{z—'—l)T{—AZ)\k + ﬁAZ [A4$Z+1 -+ (A3x1§+1 + A5w’g+1)]} >0, Vry e Xy

According to the structure A; in (3.3), we further have (z51, 25 € Xy x Xy, and

Oo(x2) — Oo(zh™h) + (2o — 25+ )T{NF = A5) + Bl2ab T — (2L 4 ab ) )N} >0, Vas € Xo;
04(%4) — 94(2?{4“—1) —|— k+1 { )\4 + 6[295’““ ( k+1 + mk“ } Z 0, VHT4 S X4.

Thus, the solution of (3.8) can be obtained via

A = argmin{fy(x2) + Bllwe — L@ + 2k + + 5 (A AP |z € Xo, (3.9)
A = argmin{Bi(e) + Bllas - HGET + AT £ LG DIl € X}
This is just the concrete form of (3.1b) for the case where | = 2

3.3 Subproblems
Recall that when the LP model (1.1) considered, we have

X;={zeR"|alz>b}, i=1,...,m,



n (2.1). It is thus clear that when the ADMM scheme (1.4) is used to solve (1.1), the computation
at each iteration is dominated by the subproblems in form of

mln{”’xl_quZ‘l‘l ERnaa,iTxi Zbl}a izlv"-ym)

where a;,q; € R™ are given vectors and b; € R is a given scalar. In this subsection, we discuss how
to solve these subproblems. The main result is summarized in the following theorem.

Theorem 3.1. For given a,q € R™ and b € R, we have

: 2 n T b—a'q
argmin{||z — ¢||* |z € R",a :z:2b}=q+< Ta )+a. (3.10)
Proof. First, for any ¢ € R, we know that
@ =p+;,  @=(-D+
is the unique decomposition satisfying the following conditions:
q=q — g2, 0<q1 L ¢=>0. (3.11)
Note that the Lagrangian function of the minimization problem in (3.10) is
L(z,\) = ||z — gl = Ma"2 — D).
The first-order optimality condition is
2(x —q) — Aa =0, (3.12a)
{OSALaTx—bEO. (3.12b)

Left multiplying a” to (3.12a), we get
T L 7 T
(a x—b)—§/\a a=a q—b.

Using (3.12b) and (3.11), we get

1
a'x —b=(a"q—b), iAaTa = [~(a"qg = )]+,
and thus .
b—
=2
ala 1+
Substituting it into (3.12a), we obtain the assertion (3.10) immediately. 0

This theorem thus shows that when the ADMM scheme (1.4) is applied to (1.1), all the resulting
subproblems have closed-form solutions. This ADMM application is thus easy to be implemented.
Moreover, as shown, at each iteration there are m subproblems that are eligible for parallel com-
putation; and each of them only requires O(n) flops. We summarize this complexity result in the
following theorem.

Theorem 3.2. When the ADMM scheme (1.4) is applied to (1.1) via the reformulation (2.1), at
each iteration there are m subproblems that are eligible for parallel computation; and each of them
only requires O(n) flops.



4 Extension

We can easily extend our previous analysis to the LP model with equality constraints:
min{c z|alz =b;, i =1,2,...,m,z > 0}. (4.13)
Indeed, we can reformulate (4.13) as

min Zzn:l 9z (xz)

I iy 1
I I T2
5.t : f -0, (4.14)
-1 ||
I —I Tm
y

r,€X;={reR|alz=0}, i=1,...,m;
yeY ={yeR"[y >0}

with 0;(z;) = c’'z; for i = 1,--- ,m. Furthermore, (4.14) can be regrouped as
T I -1
i) I -1
x = : ;o we=y, A= and Ay =] [,
Tm—1 I —TI
Tm I -1

which is a special case of (1.2) and thus the ADMM scheme (1.4) can be applied. Note that for the
case (4.14), A; is an identity matrix and A can be viewed a "one column” matrix. Thus, as the
analysis in Section 3, the resulting subproblems are all easy. Indeed, these subproblems have the
forms of

min{|jz —g¢|*|z € R*, oz =b}  or  min{|lz — ¢|? |z € R"},

whose closed-form solutions can be given by

b—alyq
o+ (rt)a o g

respectively. Similarly as the analysis in Section 3, the ADMM scheme (1.4) for (4.13) also needs to
solve m subproblems that are eligible for parallel computation, and each of them only requires O(n)
flops.

Remark 4.1. Note that one can artificially treat each x; € R as one block of variable and each c;x; as
one function; thus the direct extension of ADMM for a multiple-block (more than two block) can be
applied to solve (4.13). However, as proved in [2], the direct extension of ADMM is not necessarily
convergent.

Finally, we mention that we can extend our techniques for the LP models (1.1) and (4.13) to a
more general model

min{f(z) |z € [[ X:}, (4.15)
=1

where 0(x) : R™ — R is a convex (not necessarily linear) function and X;’s are closed convex nonempty
sets that are not necessarily polyhedrons given by linear equalities or inequalities. This model (4.15)
includes more applications such as the feasibility set problems and some image restoration models.
We omit the detail for succinctness.



5 Conclusions

We show that the alternating direction method of multipliers (ADMM) can be used to solve the
canonical linear programming (LP) model; and the resulting complexity is O(mn) where m is the
constraint number and n is the variable dimension. Different from the dominate simplex and inte-
rior point approaches, this ADMM application is a new approach to LP and it can be very easily
implemented. This is also a new application of ADMM that is different from most of its known
applications in the literature. To use the ADMM, we need to introduce auxiliary variables and refor-
mulate the LP model. The storage for variables is thus increased by m times accordingly. But, the
decomposed m subproblems at each iteration are eligible for parallel computation and each of them
has a closed-form solution which can be obtained by O(n) flops. Thus, this new ADMM approach
is particularly suitable for the LP scenario where there are many constraints and enough parallel
computing infrastructure is available, while the variable is in small or modest size.
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