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Abstract

The Probabilistic Traveling Salesman Problem, introduced in 1985 by Jaillet, is
one of the fundamental stochastic versions of the Traveling Salesman Problem:
After the tour is chosen, each vertex is deleted with given probability 1 − p.
The eliminated vertices are bypassed which leads to shorter tours. The aim is
to minimize the expected tour length. The resulting Mixed Integer Program
is difficult, because the objective function is a high-degree polynomial in the
binary edge variables. Linearisations lead to a large number of variables.

We show that for large p, the model can be well approximated by a quadratic
model. This quadratic model can be linearised to a small linear model which
leads to good primal solutions and strong lower bounds up to 80 probabilistic
nodes. We explain the approach and present numerical results.

Keywords: Quadratic Optimisation, Linearisation, Quadratic Traveling
Salesman Problem

1. Introduction

The Probabilistic Traveling Salesman Problem was introduced by Jaillet
[Jai85, Jai88]. It is a stochastic extension of the well-known Traveling Salesman
Problem (TSP) which can be described as follows:

After the tour is constructed, some vertices are randomly removed from the5

problem. The resulting tour is then constructed by bypassing all removed ver-
tices while keeping the non-removed vertices in the chosen order. It is assumed
that every vertex is removed with given probability q = 1 − p and that the
removal of different vertices is not correlated.

Arbitrary values of p (down to 0.1) were discussed in the literature: We want10

to present a method that works well for values in a range about 90− 98% and
leads to solutions with tight lower bounds. This might seem very restrictive,
but for larger values of p the problem becomes indistinguishable from the TSP,
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and smaller values raise the question of applicability: A one-stage approach
is justified if the disruptions are small—for larger cancellation probabilities,15

it becomes necessary to replan tours when disruptions happen instead of just
bypassing eliminated nodes.

Jaillet and following authors distinguish black and white nodes, where black
nodes are always part of the tour and the probability p only applies to the
white nodes. In this paper, we will consider only white nodes so that every20

node is subject to possible deletion (which increases the difficulty of the problem
drastically).

There are few exact approaches to the problem—notably [LLM94]: They
introduced the stochastic components of the objective function by additional
“optimality cuts” during the solution process. They solved some of the instances25

up to 50 nodes, but these larger instances contained at most 5 white nodes. This
restricted the stochastic effect to a small set of nodes so that only few optimality
cuts had to be applied.

Due to the limitations of the exact approaches, much of the PTSP litera-
ture focuses on heuristics. [BH93] introduce equations for efficiently evaluating30

the cost of local-search moves for the PTSP. Bianchi et al [BKB05, BG07] pro-
vide corrections for the equations in [BH93]. Work by Campbell [Cam06] and
Tang/Miller-Hooks [TMH04] focuses on approximations for the PTSP. Many
further metaheuristics were applied [MM10, Liu10, BGD02, BBSD10, BFB03],
the newest example being the Ant Colony Optimization approach of Weyland35

et al. [WMG14]. The early works [Ber88, BH93] derived theoretical properties
and asymptotic bounds.

Our aim is to derive a quadratic model that approximates the PTSP well if p
is large. This model can be linearised to a model that adds only O(n) variables
and O(n2) to the TSP. We can therefore solve this approximation model with40

the usual MILP methods: This leads to a solution to the PTSP and a good
lower bound.

In Sect. 2, we derive and describe a highly non-linear model for the considered
situation. Section 3 constructs a quadratic model and shows that this model
approximates the model of Sect. 2 well. Section 4 linearises the approximation45

model by using geometric methods similar to those of [MC15]. Section 5 gives
numerical results while 6 contains the conclusion.

2. Description of the Model

Let us restate the Probabilistic Traveling Salesman Problem, following the
definitions of [Jai85]. Let V = {1, . . . , n} denote the set of vertices and let p the50

probability that a vertex is visited. For convenience, we define q := 1 − p and
use this notation from now on.

We consider 2n possible scenarios: For each J ⊂ V , we have a scenario sJ ,
in which the vertices i ∈ J are removed. This scenario occurs with probability
q|J|pn−|J|. If σ is a permutation of V and σ1 → σ2 → . . . → σn → σ1 is the55

chosen tour, then the tour in scenario sJ is formed by eliminating all σi ∈ J
from the tour.
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The model we consider is a one-stage stochastic model: Once the removal
of vertices is revealed, the tour changes in a predefined manner. Therefore, the
constraints of the TSP remain unaltered, while the objective function changes.60

Let us first restate the constraints and fix the notation:
Following the standard TSP notation, we introduce binary variables xij ,

i 6= j, with cost factors cij , where i → j denotes the arc from i to j. For the
edge cost cij , we assume the triangle inequality.

i 6=j∑
i

xij = 1 ∀j ∈ V (1)

i 6=j∑
i

xji = 1 ∀j ∈ V (2)

i 6=j∑
i,j∈S

xij ≤ |S| − 1 ∀S ⊂ V, 2 ≤ |S| ≤ n− 2 (3)

xij ∈ {0, 1} ∀i 6= j, i, j ∈ V (4)

All sums are understood to be over V if not stated otherwise. The constraint (1)
and (2) make sure that each vertex is connected to exactly two others, while the
subtour elimination constraints (3) forbid the forming of unconnected circles.
Because the number of inequalities in (3) is exponential, they will (as usual)65

generated during the solution process.
We will now discuss the objective function. Before we elaborate on the

MIP formulation, we will discuss it in a combinatorial way. Without loss of
generality, we assume that the tour 1 → 2 → 3 → . . . → n → 1 was chosen.
Now, for any edge i → j, i, j ∈ V , what is the probability that it is used, i.e.70

that the cost cij is realised? It is exactly the case when i and j are not removed,
but all vertices in between. The number of those vertices is |j−i|−1, so that the
appearance of edge i→ j has probability p2q|j−i|−1. The total cost is, therefore,∑i 6=j
i,j p2q|j−i|−1cij .
Now the calculated cost function has to be transferred to a general tour,

described by binary variables xij , i, j ∈ V . The resulting objective function is

f(x) = q2
∑
i,j

cijxij + p2q
∑
i,j,k

cikxijxjk + p2q2
∑
i,j,k,l

cilxijxjkxkl + . . . (5)

We gain this formulation by ordering the cij by the number of arcs in between.75

The resulting objective function is polynomial of degree n in the binary variables
xij . This formulation was already introduced by [Jai85, section 5]. Two lineari-
sations were presented: The first adds O(n3) variables and O(n4) constraints
to the TSP, the second one adds O(n3) variables and O(n3) constraints to the
TSP. We use the next section to approximate the non-linear formulation by a80

quadratic function to eventually gain a smaller linearisation of the approximated
model.
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3. Approximating the Model

Theorem 1. Let

g(x) = p2
∑
i,j

cijxij + p2q
∑
i,j,k

cikxijxjk

denote the first two terms of the objective function f(x). Then we get

g(x) + p2q2Tn < f(x) ≤
(

1 +
(
2q
p

)2)
g(x), (6)

where Tn is the optimal solution of the TSP if 3 6 |n and of the following relaxed
TSP if 3|n: The subtour elimination constraints are only enforced for |S| ≤ n/3.85

In the case 3 6 |n, we know that Tn ≥ g(x̂) for the optimal solution x̂ of the
approximated PTSP with objective function g(x).

Before we prove the theorem, we want to stress that for large p, the theorem
shows that—assuming 3 6 |n—we get a good lower bound by solving the problem
for (1 + p2q2)g(x) as objective function.90

Proof. We obviously have

f(x) > g(x) + p2q2
∑
i,j,k,l

cilxijxjkxkl.

For 3 6 |n, we know that x3il =
∑
j,k xijxjkxkl is a solution of the TSP, so that

we have ∑
i,j,k,l

cilxijxjkxkl ≥ Tn

For 3|n, we know that x3il is a feasible solution of the relaxed TSP in which
subtours of length n/3 are allowed.

To prove the other inequality, we make the following definition: Let

Kα(x) := p2qα−1
∑

i1,i2,...,iα+1

ci1iα+1 xi1i2xi2i3 · · ·xiαiα+1 (7)

be the term of degree 1 ≤ α ≤ n in f(x). Obviously, we have g(x) > K1(x). So
we want to establish the inequality

f(x)− g(x)
?
≤
(

2q

1− q

)2

K1(x) (8)

The proof relies on the appropriate use of the triangle inequality for cij . From
it, we deduce

Kα(x)

p2qα−1
=

∑
i1,i2,...,iα+1

ci1iα+1
xi1i2xi2i3 · · ·xiαiα+1
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Using the iterated triangle inequality:

≤
∑

i1,i2,...,iα+1

(
ci1i2 + ci2i3 + . . .+ ciαiα+1

)
xi1i2xi2i3 · · ·xiαiα+1

=
∑

i1,i2,...,iα+1

ci1i2 xi1i2xi2i3 · · ·xiαiα+1

+
∑

i1,i2,...,iα+1

ci2i3 xi1i2xi2i3 · · ·xiαiα+1

+ . . .

+
∑

i1,i2,...,iα+1

ciαiα+1 xi1i2xi2i3 · · ·xiαiα+1

=
∑
i1,i2

ci1i2 xi1i2
∑

i3,i4,...,iα+1

xi2i3 · · ·xiαiα+1

+
∑
i2,i3

ci2i3 xi2i3
∑

i1,i4,...,iα+1

xi1i2xi3i4 · · ·xiαiα+1

+ . . .

+
∑

iα,iα+1

ciαiα+1
xiαiα+1

∑
i1,i2,...,iα−1

xi1i2 · · ·xiα−1iα

We split the sums into iterated sums over single indices:

=
∑
i1,i2

ci1i2 xi1i2
∑
i3

xi2i3 · · ·
∑
iα+1

xiαiα+1

+
∑
i2,i3

ci2i3 xi2i3
∑
i1

xi1i2
∑
i4

xi3i4 · · ·
∑
iα+1

xiαiα+1

+ . . .

+
∑

iα,iα+1

ciαiα+1
xiαiα+1

∑
i1

xi1i2 · · ·
∑
iα−1

xiα−1iα
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By (2) and (1), the sums are all equal to one:

=
∑
i1,i2

ci1i2 xi1i2

+
∑
i2,i3

ci2i3 xi2i3

+ . . .

+
∑

iα,iα+1

ciαiα+1
xiαiα+1

= α
∑
i,j

cij xij

= α
K1(x)

p2

This implies Kα(x) ≤ αqα−1K1(x). From this, it follows that:

f(x)− g(x) ≤ K1(x) ·
n∑
α=3

αqα−1 (9)

To establish (8), we need to show that

n∑
α=3

αqα−1
?
≤
(

2q

1− q

)2

0 < q < 1 (10)

Using the formulas
∑
i q
i = 1

1−q and
∑
i iq

i = q
(1−q)2 , this is an easy calculation.

To ease the discussion, we will assume 3 6 |n from now on. The problem for95

3|n can be solved in a similar fashion, solving the relaxed TSP version described
in the theorem first.

Following the good approximation properties, we will from now on consider
the approximated model APTSP:

Min g(x) = p2
∑
i,j

cijxij + p2q
∑
i,j,k

cikxijxjk

(1), (2), (3)

xij ∈ {0, 1} ∀i, j ∈ V, i 6= j (11)

We know that optimal solutions to this model are lower bounds to the PTSP and
that the optimal solution of the PTSP lies within a range of [(1+p2q2)g(x), (1+

4 q
2

p2 )g(x)]. The model is a special case of the Quadratic Traveling Salesman100

Problem (see e.g. [Fis13] for a recent, thorough discussion), in which the objec-
tive function contains a quadratic term involving consecutive arcs.

6



4. Linearising the Approximated Model

The quadratic term
∑
i,j,k cikxijxjk in g(x) has a special structure because

cik fulfils the triangle inequality. We can therefore develop a similar reasoning105

as in [MC15].
Let us introduce variables yj ≥ 0, j ∈ V , for the “bypassing distance” of j.

We can write the model as:

Min g(x) = p2
∑
i,j

cijxij + p2q
∑
j

yj

(1), (2), (3)

yj ≥
∑
i,k

cikxijxjk (12)

xij ∈ {0, 1} ∀i, j ∈ V, i 6= j (13)

We will now prove

Theorem 2. The set of constraints (1), (2), (12) is equivalent to the set of
constraints (1), (2), (14):

yj ≥
∑
i

cilxij −
∑
k

cklxjk ∀j, l ∈ V (14)

Proof. Let us assume (1), (2), (12). For every l ∈ V , we have:

yj ≥
∑
i,k

cikxijxjk ≥
∑
i,k

(cil − ckl)xijxjk

=
∑
i,k

cilxijxjk −
∑
i,k

cklxijxjk

=
∑
i

cilxij
∑
k

xjk −
∑
k

cklxjk
∑
i

xij

=
∑
i

cilxij −
∑
k

cklxjk

This implies (14), even for non-integral values of xij .110

For the other direction, integrality is required. From (1) it follows that we
can choose a kj ∈ V for every j ∈ V so that xjkj = 1 and xjk = 0 if k 6= kj . If
we consider (14) for l = kj , we get:

yj ≥
∑
i

cikjxij −
∑
k

ckkjxjk

=
∑
i

cikjxijxjkj − ckjkj

=
∑
i,k

cikxijxjk

which proves the proposition.
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Table 1: Numerical results the LAPTSP. We set g′(x) = (1 + p2q2)g(x), which forms the
generated lower bound. Time limit is one hour.

n p g′(x) LB g′(x) f(x) gap f(x) (%) time (s)

10 0.98 1585.59 opt 1586.29 0.04 0.5
10 0.95 1565.69 opt 1570.09 0.28 0.2
10 0.90 1523.10 opt 1540.88 1.15 0.2
19 0.98 1911.65 opt 1912.68 0.05 0.7
19 0.95 1891.96 opt 1898.46 0.34 1.0
19 0.90 1846.66 opt 1873.04 1.41 1.0
28 0.98 2155.85 opt 2156.90 0.05 1.0
28 0.95 2127.90 opt 2134.53 0.31 1.1
28 0.90 2067.13 opt 2093.73 1.27 1.6
37 0.98 2395.57 opt 2396.63 0.04 5.4
37 0.95 2362.32 opt 2369.10 0.29 9.7
37 0.90 2293.50 opt 2321.43 1.20 39.4
46 0.98 2783.27 opt 2784.58 0.05 15.5
46 0.95 2746.35 opt 2754.65 0.30 43.3
46 0.90 2668.78 opt 2702.77 1.26 1178.4
55 0.98 3002.46 opt 3003.91 0.05 32.9
55 0.95 2964.71 opt 2973.87 0.31 94.3
55 0.90 2883.95 opt 2921.40 1.28 1999.9
64 0.98 3160.44 opt 3161.98 0.05 61.5
64 0.95 3119.93 opt 3129.70 0.31 311.8
64 0.90 3033.85 2971.08 3073.71 3.34 3603.9
73 0.98 3261.18 opt 3262.74 0.05 48.2
73 0.95 3216.54 opt 3226.45 0.31 213.7
73 0.90 3123.71 3048.68 3164.33 3.65 3604.4
82 0.98 3578.27 opt 3579.90 0.05 307.8
82 0.95 3527.57 opt 3537.97 0.30 3474.1
82 0.90 3421.63 3215.75 3462.96 7.14 3606.5
91 0.98 3682.04 opt 3683.83 0.05 279.5
91 0.95 3634.39 opt 3645.67 0.31 2200.8
91 0.90 3530.76 3296.66 3575.83 7.81 3606.4

Following the theorem, we consider the linear model LAPTSP:

Min g(x) = q2
∑
i,j

cijxij + q2p
∑
j

yj

(1), (2), (3), (14)

xij ∈ {0, 1} ∀i, j ∈ V, i 6= j (15)

5. Computational Results

Our test instances are sampled by randomly choosing points from [0, 500]×
[0, 500]. We consider the values p = 0.98, p = 0.95 and p = 0.9 for every
node—meaning that no black nodes are involved. The instances are solved115

by the Gurobi 6.0 solver, using callbacks to generate the subtour elimination
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constraints. For our tests, we used a 3.4 GHz computer with 16GB RAM, coding
our procedure in C]. The results are gathered in table 1.

We see that the model LAPTSP can be solved to (near) optimal values up
to approximately 80 nodes. The runtime depends extremely on the parameter120

p. For p = 0.95, 91 nodes can be solved to optimality. The solution values xij
of the LAPTSP can be directly use to compute the value f(x). This value can
subsequently be compared with the lower bound (1 + p2q2)g(x). We see that
for p = 0.98 we get the negligible gap of about 0.04%. For p = 0.95, the gap
is about 0.30% which is a very good value. Those instances for p = 0.9 which125

solve to optimality lead to a gap of about 1.3% for f(x).

6. Conclusion

The numerical results show that one can use the model LAPTSP to produce
good primal solutions and strong lower bounds if p is large. Future research will
address two issues: One the one hand, we aim to improve the lower bound to130

include better approximations of the term f(x)− g(x). On the other hand, we
aim to improve the solvability of the LAPTSP: Although the model is small in
terms of variables and constraints, the LP relaxation is not very strong and has
to be improved.
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