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Abstract In this paper, we consider a class of finite-sum convex optimization problems whose objective function
is given by the summation of m (> 1) smooth components together with some other relatively simple terms. We
first introduce a deterministic primal-dual gradient (PDG) method that can achieve the optimal black-box iteration
complexity for solving these composite optimization problems using a primal-dual termination criterion. Our major
contribution is to develop a randomized primal-dual gradient (RPDG) method, which needs to compute the gradient
of only one randomly selected smooth component at each iteration, but can possibly achieve better complexity than
PDG in terms of the total number of gradient evaluations. More specifically, we show that the total number of gradient
evaluations performed by RPDG can be O(y/m) times smaller, both in expectation and with high probability, than those
performed by deterministic optimal first-order methods under favorable situations. We also show that the complexity
of the RPDG method is not improvable by developing a new lower complexity bound for a general class of randomized
methods for solving large-scale finite-sum convex optimization problems. Moreover, through the development of PDG
and RPDG, we introduce a novel game-theoretic interpretation for these optimal methods for convex optimization.

Keywords: convex programming, complexity, incremental gradient, primal-dual gradient method, Nesterov’s method,
data analysis
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1 Introduction

The basic problem of interest in this paper is the convex programming (CP) problem given by

U= ;Iél)% {&T/(x) =3 filz) + h(z) + uw(m)} . (1.1)
Here, X C R" is a closed convex set, h is a relatively simple convex function, f; : R — R, ¢ = 1,...,m, are smooth

convex functions with Lipschitz continuous gradient, i.e., 3L; > 0 such that

IV fi(z1) = Vfi(z2)lls < Lillz1 — z2ll, Va1,22 € R, (1.2)
w: X — R is a strongly convex function with modulus 1 w.r.t. an arbitrary norm || - ||, i.e.,
(W (21) — W' (x2), 21 — x2) > ||zt — 22|, Va1,20 € X, (1.3)
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and g > 0 is a given constant. Hence, the objective function ¥ is strongly convex whenever y > 0. For notational
convenience, we also denote f(z) = Zzlfl(x) and L = Z?llLi. It is easy to see that for some Ly > 0,

||Vf(:v1) — Vf(x2)||* < Lf||x1 — xQH < LHCEl — $’2||, Va1, z0 € R™. (1.4)
Throughout this paper, we assume subproblems of the form
argming ¢ x (9, z) + h(z) + pw(z) (1.5)

are easy to solve. CP given in the form of (1.1) has recently found a wide range of applications in machine learning,
statistics, and image processing, and hence becomes the subject of intensive studies during the past few years.

Stochastic (sub)gradient descent (SGD) (a.k.a. stochastic approximation (SA)) type methods have been proven
useful to solve problems given in the form of (1.1). SGD was originally designed to solve stochastic optimization
problems given by

min Be[F(2,6)) (1.6)
where ¢ is a random variable with support Z C R?. Problem (1.1) can be viewed as a special case of (1.6) by setting £ to
be a discrete random variable supported on {1,...,m} with Prob{¢ =i} = v; and F(z,i) = I/i_lfi (z) 4+ h(x) + pw(zx),
¢ =1,...,m. Since each iteration of SGDs needs to compute the (sub)gradient of only one randomly selected f; L
their iteration cost is significantly smaller than that for deterministic first-order methods (FOM), which involves the
computation of first-order information of f and thus all the m (sub)gradients of f;’s. Moreover, when f;’s are general
nonsmooth convex functions, by properly specifying the probabilities v;, ¢ = 1,...,m 2, it can be shown (see [25]) that
the iteration complexities for both SGD and FOM are in the same order of magnitude. Consequently, the total number
of subgradients required by SGDs can be m times smaller than those by FOMs.

Note however, that there is a significant gap on the complexity bounds between SGDs and deterministic FOMs if
fi’s are smooth convex functions. For the sake of simplicity, let us focus on the strongly convex case when p > 0 and
let z* be the optimal solution of (1.1). In order to find a solution Z € X s.t. ||Z —2*||? < ¢, the total number of gradient
evaluations for f;’s performed by optimal FOMs can be bounded by

O{m\/glog%} , (1.7)

which was first achieved by the well-known Nesterov’s accelerated gradient method [27,28], see also relevant extensions
in [31,4,35]. On the other hand, a direct application of optimal SGDs to the aforementioned stochastic optimization

reformulation of (1.1) would yield an
(’){\/%log%—i-%i} (1.8)

iteration complexity bound on the number of gradient evaluations for f;’s, which was first achieved by the accelerated
stochastic approximation method ([19,14,15]). Here o > 0 denotes variance of the stochastic gradients. Clearly, the
latter bound is significantly better than the one in (1.7) in terms of its dependence on m, but much worse in terms of
its dependence on accuracy € and a few other problem parameters (e.g., L and pu).

It should be noted that the optimality of (1.8) for general stochastic programming (1.6) does not preclude the
existence of more efficient algorithms for solving (1.1), because (1.1) is a special case of (1.6) with finite support =.
Last few years have seen very active and fruitful research in this field (e.g., [32,17,12,34,36]). In particular, Schmidt,
Roux and Bach [32] presented a stochastic average gradient (SAG) method, which recursively computes an estimator of
V f by aggregating the gradient of a randomly selected f; with some other previously computed gradient information.
They proved that the complexity of SAG is bounded by O ((m + L/u)log %), see also Johnson and Zhang [17] and
Defazio et al. [12] for similar complexity results for solving (1.1). In a related but different line of research, Shalev-
Shwartz and Zhang [34] studied a special class of CP problems given in the form of (1.1) with f;(z) given by qbi(asz),
where a; denotes an affine mapping. Under the assumption that w(z) = ||z||3, they presented an accelerated stochastic
dual coordinate ascent (A-SDCA) method, obtained by properly restarting a stochastic coordinate ascent method in

1 Observe that the subgradients of h and w are not required due to the assumption in (1.5).
2 Suppose that fi are Lipschitz continuous with constants M; and let us denote M := Z?;lMi: we should set v; = M; /M in
order to get the optimal complexity for SGDs.



[33] applied to the dual of (1.1). Shalev-Shwartz and Zhang show that the iteration complexity of this method can be
bounded by O { (m + /=L

12
the solution of a subproblem given in the form of

) log %} . However, each iteration of A-SDCA requires, instead of the computation of V f;,

argmin{ (g, y) + ¢} (y) + ||y}, (1.9)

where ¢; denotes the conjugate function of ¢;. Moreover, these methods were also designed for solving a more special
class of problems than (1.1). More recently, Lin, Lu, and Xiao [23] proposed to apply the accelerated coordinate descent
methods by Nesterov [30], and Fercoq and Richtdriks [13] to obtain similar results for solving these “regularized empirical
loss functions” as in [34]. Zhang and Xiao [36] had also obtained similar results by using different stochastic primal-dual
coordinate decomposition techniques.

In this paper, we focus on randomized incremental gradient methods that can access the first-order information of
only one randomly selected smooth component f; at each iteration (see Bertsekas [5] for an introduction to incremental
gradient methods). It should be noted that while the algorithms in [32,17,12] belong to incremental gradient methods,
generally speaking, the dual coordinate algorithms in [23,34,36] cannot be considered as incremental gradient methods
because they require the solutions of a different subproblem rather than the computation of the gradient of f;. The
previous attempts to improve the complexity of the existing incremental gradient methods, e.g., based on the extrap-
olation idea in Nesterov [27], however, turned out to be tricky and unsuccessful, see Section 1.2 of Bertsekas [5] and
Section 5 of Agarwal and Bottou [1] for more discussions. Another important yet unresolved issue is that there does not
exist a valid lower complexity bound for randomized incremental gradient methods in the literature. Hence, it remains
unknown what would be the best possible performance that one can expect for these types of methods. Regarding
this question, Agarwal and Bottou [1] recently suggested a lower complexity bound for solving problems given in the
form of (1.1). However, as pointed out by them in a recent ISMP talk in 2015, the lower complexity bound in [1] is
deterministic by construction, and hence cannot be used to justify the optimality or suboptimality for the randomized
incremental gradient methods in [32,17,12] or dual coordinate methods in [23,34,36].

Our contribution in this paper mainly lies on the following several aspects. Firstly, we present a new class of
deterministic FOMs, referred to as the primal-dual gradient (PDG) methods, which can achieve the optimal black-box
iteration complexity in (1.7) for solving (1.1). The novelty of these methods exists in: 1) a proper reformulation of (1.1)
as a primal-dual saddle point problem and 2) the incorporation of a new non-differentiable prox-function (or Bregman
distance) based on the conjugate functions of f; in the dual space. As a consequence, we are able to show that the PDG
method covers a variant of the well-known Nesterov’s accelerated gradient method as a special case. In particular, the
computation of the gradient at the extrapolation point of the accelerated gradient method is equivalent to a primal
prediction step combined with a dual ascent step (employed with the aforementioned dual prox-function) in the PDG
method. While it is often difficult to interpret Nesterov’s method, the development of the PDG method allows us to
view this method as a natural iterative buyer-supplier game. Such a game-theoretic view of the accelerated gradient
method seems to be new in the literature. In fact, the obtained complexity results for the PDG method are slightly
stronger than the one in (1.7) and those in [27,28] for Nesterov’s accelerated gradient method, because a stronger
primal-dual termination criterion has been used in our analysis.

Secondly, we develop a randomized primal-dual gradient (RPDG) method, which is an incremental gradient method
using only one randomly selected component V f; at each iteration. A variant of PDG, this algorithm incorporates an
additional dual prediction step before performing the primal descent step (with a properly defined primal prox-function).
We prove that the number of iterations (and hence the number of gradients) required by RPDG is bounded by

o <<m—|— ’”TL> log %), (1.10)

both in expectation and with high probability. The complexity bounds of the RPDG method are established in terms of
not only the distance from the iterate z* to the optimal solution, but also the primal optimality gap based on the ergodic
mean of the iterates. In comparison with the accelerated stochastic dual coordinate ascent method in [34], RPDG deals
with a wider class of problems and can be applied to the cases when f;’s involve a more complicated composite structure
(see examples in [5]) and/or a more general regularization term w that is strongly convex with respect to an arbitrary
norm (see open problems in Section 7 of [34]). Moreover, each iteration of RPDG only involves the computation V f;,
rather than the more complicated subproblem in (1.9), which sometimes may not have explicit solutions [34] (e.g., the
logistics regression problem). The RPDG method also admits an interesting game theoretic interpretation, implying



that by properly incorporating randomization, the buyer and supplier can reach the equilibrium with possibly fewer
price changes at the expense of more order transactions.

Thirdly, we show that the number of gradient evaluations required by any randomized incremental gradient methods
to find an e-solution of (1.1), i.e., a point Z € X s.t. E[||Z — 2*||3] < ¢, cannot be smaller than

n ((m + mTL) log %) , (1.11)

whenever the dimension n is sufficiently large. This bound is obtained by carefully constructing a special class of
separable quadratic programming problems and tightly bounding the expected distance to the optimal solution for
any arbitrary distribution used to choose f; at each iteration. Comparing (1.10) with (1.11), we conclude that the
complexity of the RPDG method is optimal if n is large enough. To the best of our knowledge, this is the first time that
such a lower complexity bound has been presented for randomized incremental gradient methods in the literature. As a
byproduct, we also derived a lower complexity bound for randomized block coordinate descent methods by utilizing the
separable structure of the aforementioned worst-case instances. These methods have been intensively studied recently,
but a valid lower complexity bound is still missing in the literature.

Finally, we generalize RPDG for problems which are not necessarily strongly convex (i.e., 4 = 0) and/or involve
structured nonsmooth terms f;. We show that for all these cases, the RPDG can save O(y/m) times gradient com-
putations (up to certain logarithmic factors) in comparison with the corresponding optimal deterministic FOMs. In
particular, we show that when both the primal and dual of (1.1) are not strongly convex, the total number of iterations
performed by the RPDG method can be bounded by O(y/m/e) (up to some logarithmic factors), which is O(y/m)
times better, in terms of the total number of dual subproblems to be solved, than Nesterov’s smoothing technique [29],
Nemirovski’s mirror-prox method [24], or Chambolle and Pock’s primal-dual method [8]. It seems that this complexity
result has not been obtained before in the literature.

It is worth mentioning a few relevant works to our development. The most two related ones are conducted inde-
pendently by Dang and Lan [11], and Zhang and Xiao [36]. Both of these papers deal with randomized variants of
the primal-dual method presented by Chambolle and Pock [8] (see also extensions in [10]) for solving saddle point
problems. Zhang and Xiao’s development [36] was based on a variant of the primal-dual method for solving strongly
convex saddle point problems [8]. They were able to show that a block-wise randomized version of the algorithm can
achieve similar complexity as the A-SDCA method in [34]. Since Zhang and Xiao’s algorithm targets for solving a
similar class of problems and requires the solutions of a similar subproblem to [34], it appears that the aforementioned
possible advantages of RPDG over A-SDCA are also applicable to the stochastic primal-dual coordinate method in
[36]. Moreover, the complexity bound of Zhang and Xiao’s algorithm is only established in terms of the Euclidean
distances of the iterate , yk to the optimal solution. They did not deal with the convergence of the ergodic mean
of iterates. On the other hand, Dang and Lan’s work was motivated by the observation in [9] that a direct extension
of the alternating direction method of multiplier (ADMM) does not converge for multi-block problems. Their work in
[11] then focuses on the non-strongly convex case and shows that a randomized primal-dual method, which is equiva-
lent to a randomized pre-conditioned ADMM for linear constrained problems, does converge for multi-block problems.
Without incorporating the aforementioned dual prediction step, the complexity obtained in [11] is O(y/m) times worse
than Chambolle and Pock’s method. Nevertheless, this is the first time that randomized algorithms for saddle point
optimization with an O(1/€) complexity has been presented in the literature. More recently, close to the end of the
preparation of this paper, we notice that Lin, Mairal, and Harchaoui [22] in a concurrent work presented a catalyst
scheme that can be used to accelerate the SAG method in [32] and thus possibly achieve the complexity bound in
(1.10) (under the Euclidean setting). While their approach is an indirect one obtained by properly restarting SAG
(or other “non-accelerated” first-order methods), the proposed randomized primal-dual gradient method is a direct
approach with a “built-in” acceleration. Also none of these works [11,36,22] discussed the lower complexity bound for
randomized methods.

This paper is organized as follows. We first study the deterministic primal-dual method in Section 2. Section 3 is
devoted to the design and analysis of the randomized primal-dual method for the strongly convex case, as well as the
development of the lower complexity bound in (1.11). In Section 4, we generalize the RPDG method to different classes
of CP problems that are not necessarily strongly convex. Important technical results and proofs of the main theorems
in Sections 2 and 3 are provided in Section 5. Some brief concluding remarks are made in Section 6.

Notation and terminology. We use || - || to denote an arbitrary norm in R™, which is not necessarily associated
with the inner product (-,-). We also use || - ||+ to denote the conjugate norm of || - ||. For any convex function h,



Oh(z) is the set of subdifferential at z. Given any X C R™, we say a convex function h : X — R is nonsmooth if
[h(z) — h(y)| < Mpl|lz — y|| for any z,y € X. We say that a convex function f : X — R is smooth if it is Lipschitz
continuously differentiable with Lipschitz constant L > 0, i.e., |V f(y) — Vf(z)|« < L|ly — z|| for any z,y € X. For
any p > 1, || - ||p denotes the standard p-norm in R", i.e.,

n
|2llf = "|afP,  for any z € R™.
iz

For any real number r, [r] and |r| denote the nearest integer to r from above and below, respectively. R4 and Ry 4,
respectively, denote the set of nonnegative and positive real numbers. A~ denotes the set of natural numbers {1,2,...}.

2 An optimal primal-dual gradient method

Our goal in this section is to present a novel primal-dual gradient (PDG) method for solving (1.1), which will also
provide a basis for the development of the randomized primal-dual gradient methods in later sections. We establish
the optimal convergence of this algorithm in terms of the primal-dual optimality gap under the assumption that the
gradient of f is computed at each iteration. We show that PDG generalizes one variant of the well-known Nesterov’s
accelerated gradient method, and allows a natural game interpretation, and hence that the latter algorithm also admits
a similar interpretation.

2.1 Preliminaries: primal and dual prox-functions

In this subsection, we discuss both primal and dual prox-functions (proximity control functions) in the primal and dual
spaces, respectively.

Recall that the function w: X — R in (1.1) is strongly convex with modulus 1 with respect to || - ||. We can define
a primal proz-function associated with w as

P’ z) = Py(a®,2) = w(z) — [w(xo) + (W (2%, 2 — xo)}, (2.1)
where w’(xo) € 8w(:r0) is an arbitrary subgradient of w at Y. Clearly, by the strong convexity of w, we have
P’ z) > Lz —2°)%, vz,2% € X. (2.2)

Note that the prox-function P(-,-) described above generalizes the Bregman’s distance in the sense that w is not
necessarily differentiable (see [6,2,3,18] and references therein). Throughout this paper, we assume that the prox-
mapping associated with X, w, and h, given by

MX(97 350:77) = MX,w,h(g7x0777) = arg};nel;} {(g,$> + h(x) + uw(m) + nP(movx)} ) (23)

is easily computable for any ¥ e X,g € R" u >0, and > 0. Clearly this is equivalent to the assumption that (1.5)
is easy to solve. Whenever w is non-differentiable, we need to specify a particular selection of the subgradient w’ before
performing the prox-mapping. We assume throughout this paper that such a selection of w’ is defined recursively as
follows. Denote z* = Mx (g, 20, 7n). By the optimality condition of (2.3), we have

g+ (@) + (p+ ' (@) — ' (2°) € Ny (zh),

where Ny denotes the normal cone of X at z'. Once such a w’(ml) satisfying the above relation is identified, we will
use it as a subgradient when defining P(z!,z) in the next iteration.

Now let us consider the dual space G, where the gradients of f reside, and equip it with the conjugate norm || - ||«.
Let J¢ : G — R be the conjugate function of f such that

ﬂ@:ﬁ%mm*#@- (2.4)



It is clear that Jy is strongly convex with modulus 1/L¢ w.r.t. || - [|«. Therefore, we can define its associated dual
prox-functions and dual prox-mappings as

D(".9) = J5(9) — [Tp(") + (J5(s"). g — o). (2.5)
Mg(~#,6°,7) = argmin { (~5.0) +J;(9) + 7Ds(s" 9) } . (2.6)

for any go7 g € G. Again, Dy may not be uniquely defined since Jy is not necessarily differentiable. Instead of choosing
J } € 0.Jy similarly to W', we can explicitly specify such selections as will be discussed later in this paper.

The following simple result shows that the computation of the dual prox-mapping associated with Dy is equivalent
to the computation of V f.

Lemma 1 Let & € X and ¢° € G be given and Df(go,g) be defined in (2.5). For any 7 > 0, let us denote z =
[z +TJ}(QO)]/(1 + 7). Then we have Vf(z) = Mg(—&,¢°, 7).

Proof. In view of the definition of Dy in (2.5), we have

Mg(~#,g°,7) = argmin { ~(& + 7/ (s").0) + (1 + 7).y () } = aramax {{z.9) ~ J;(9)} = Vf(2)

[
2.2 Primal-dual gradient method, Nesterov’s method, and a game interpretation
By the definition of J¢ in (2.4), problem (1.1) is equivalent to:
U* := min < h(z) + pw(z) + max{z, g) — J . 2.7
i { (o) + (o) + male, ) - 750 (.7)

The primal-dual gradient method in Algorithm 1 can be viewed as a game iteratively performed by a primal player
(buyer) and a dual player (supplier) for finding the optimal solution (order quantity and product price) of the saddle
point problem in (2.7). In this game, both the buyer and supplier have access to their local cost h(z) + pw(z) and
J¢(g), respectively, as well as their interactive cost (or revenue) represented by a bilinear function (z,g). Our goal is
to design an algorithm such that the buyer and supplier can achieve a equilibrium as soon as possible. In the proposed
algorithm, the supplier first applies (2.8) to predict the demand #! based on historical information, i.e., 2t 1 t=2,
She then determines in (2.9) the price g in a way to maximize the predicted profit (&, g) — J¢(g), regularized by the

and x

dual prox-function Dy (gtil, g) with a certain weight 7 > 0. Once after the supplier has made her decision, the buyer
then determines his action according to (2.10) in order to minimize the cost h(z) + pw(x) + {(x, g), regularized by the

primal prox-function P(xt_l,x) with a certain weight n; > 0.

Algorithm 1 The primal-dual gradient method

Let 20 = 27! € X, and the nonnegative parameters {7¢}, {n:}, and {a:} be given.
Set g° = Vf(x?).
fort=1,...,k do

Update (z?, g*) according to

.i’t — Ojt(xtil _ $t72) + xtfl. (28)
9" = Mg (=" ¢"" " 7). (2.9)
a' = Mx(¢',2" " me). (2.10)

end for

In order to implement the above primal-dual gradient method, it is more convenient to rewrite step (2.9) in a form
involving the computation of gradient rather than the dual prox-mapping Mg. In order to do so, we shall specify
explicitly the selection of the subgradient J} in (2.9). Denoting z° = 2°, we can easily see from ¢ = Vf(z") that



¥ € 8Jf(go). Using this relation and letting J}(gtil) =z""1in Df(gtfl,g) (see (2.5)), we then conclude from
Lemma 1 that for any ¢ > 1, (2.9) reduces to

2zt = (ict + Ttgt_l)/(l +7) and gt = Vf(gt).

With the above selection of the dual prox-function, we can specialize the primal-dual gradient method as follows.

Algorithm 2 A particular implementation of the primal-dual gradient method

Input: Let 20 = 27! € X, and the nonnegative parameters {7}, {n:}, and {a:} be given.
Set 20 = 20.
fort=1,2,...,k do

F =yt -2t 42t (2.11)
2t = (@' + 2™ /(1 + 7). (2.12)
9! = V(). (2.13)
a' = Mx(g" 2" o). (2.14)

end for

Observe that one potential problem associated with this scheme is that the search points z! defined in (2.11) and
(2.12), respectively, may fall outside X. As a result, we need to assume f to be differentiable over R". However, it
can be shown that by properly specifying o and 7¢, we can guarantee z' € X and thus relax such restrictions on the
differentiability of f (see (2.31) and (2.32) below).

The above PDG method is related to the well-known Nesterov’s accelerated gradient (AG) method. Let us focus on
a simple variant of the AG method that has been extensively studied in the literature (e.g., [28,35,19,14-16]). Given
(71, 271) € X x X, this AG algorithm updates (2!, z") by

z' = (1= M)z e (2.15)
o' = Mx(g', 2" m), (2.16)
=1 =)z + A2, (2.17)

for some A € [0,1]. By (2.15) and (2.17), we have

2t = (1= A)[(1 = M)Z 2+ A 4+ A2t
= (1 — )\t)[l’t_l — Atflxt_z + )\tfll’t_l] + )\tl‘t_l

=1 =)z P+ (1= )N (@ = 2T 4 At

Therefore, (2.15) is equivalent to (2.11) and (2.12) with 7 = (1 — A¢)/A¢ and ¢y = Ad¢—1(1 — A¢)/A¢. Moreover, (2.16) is
identical to (2.14)(and (2.10)), and (2.17) basically defines the output of the AG algorithm as an ergodic mean of the
iterates x'. We then conclude that the above variant of Nesterov’s AG method is a special case of Algorithm 2 (and
Algorithm 1). It should be noted, however, that Algorithm 1 provides more flexibility in the specification of parameters,
which will be used later in the development of the RPDG method. Moreover, the presentation of the PDG method
helps us to reveal a natural game interpretation out of the intertwined and somehow mysterious updating of the three
search sequences in the AG method.

Algorithm 1 is also closely related to Chambolle and Pock’s primal-dual method for solving saddle point problems
[8], which explains the origin of its name. Two versions of primal-dual methods were discussed in [8]. One is designed
for solving general saddle point problems without assuming the strong convexity of Jy and the other one is to deal with
the case when Jy is strongly convex by incorporating an additional extrapolation step. As pointed out in Remark 3 of
[8], the rate of convergence for the latter primal-dual method is only suboptimal for solving (1.1) as it uses a weaker
termination criterion. On the other hand, the PDG method does not involve any additional extrapolation steps and
so it shares a similar scheme to the basic version of the primal-dual method in [8]. Moreover, the original primal-dual
methods in [8] do not employ general prox-functions, which, as shown in Lemma 1, is crucial to relate the dual step



(2.9) to the computation of the gradients. It should be noted that some recent extensions of the primal-dual method
in [10,11,7] indeed consider the incorporation of prox-functions, but restricted to problems without strong convexity.
Hence, none of these earlier primal-dual methods can be viewed as a generalized accelerated gradient method.

2.3 Convergence properties of the primal-dual gradient method

Our goal in this subsection is to show that Algorithm 1 exhibits an optimal rate of convergence for solving problem (1.1).
It is worth mentioning that our analysis significantly differs from the previous studies on optimal gradient methods
and those on primal-dual methods for saddle point problems.
Given a pair of feasible solutions zZ = (z, g) and z = (z, g) of (2.7), we define the primal-dual gap function Q(z, z)
by
Qf(2,2) = [M(T) + pw(Z) + (%, 9) — J5(9)] — [A(2) + pew (@) + (z,9) — J£(9)] - (2.18)
It can be easily seen that Z (resp., z) is an optimal solution of (2.7) if and only if Q¢(2,2) < 0 for any z € X x G (resp.,
Qf(z,2) > 0 for any z € X x G). Therefore, one can assess the solution quality of z by the primal-dual optimality gap:

gap(z) := zer%?;(g Qf(%,2). (2.19)

It should be noted that gap(z) may not be well-defined, for example, when X is unbounded and h is not strictly convex.
In these cases, we can define a slightly modified primal-dual gap

gap™(2) := maX{Qf(Zz) cx=a%,g¢€ g} (2.20)

for an arbitrary optimal solution z* of (1.1). Since J t is strongly convex, gap” is well-defined.
The following result establishes some relationship between the primal optimality gap ¥(z) — ¥* and the above
primal-dual optimality gaps.

Lemma 2 Let z = (Z,§) € X x G be a given pair of feasible solutions of (2.7) and denote g* = Vf(z). Also let

*

2" = (2%, g%) be a pair of optimal solutions of (2.7). Then we have
W (z) - ¥(z") = Qs((%,97), (z",5")) < gap™(2). (2.21)

If in addition, X is bounded, then
gap” (%) < gap(2). (2.22)

Proof. It follows from the definitions of §*, gap™ and the gap function Qy that
¥(z) - ¥ (") = Q((7,97), (27,3%))
= (@) + pw (@) + max(z, 9) = J¢(9)] = [h(2") + pw(@™) + (=", 9") = J¢(g7)]
< [P(@) + peo(@) + max(z, 9) = J5(9)] = [h(2") + pw(@™) + (2", 3) — J4(9)]
= gap"(2).
Relation (2.22) follows directly from the definitions of gap™ and gap. n

Theorem 1 below describes the main convergence properties of the PDG method. More specifically, we provide
in Theorem 1l.a) a constant stepsize policy which works for the strongly convex case where u > 0, and a different
parameter setting that works for the non-strongly convex case with u = 0 in Theorem 1.b). Note that for the strongly
convex case, we estimate the solution quality for the iterates zt,t =1,...,k, as well as that for their ergodic mean

7" = (CF 007 (G (2.23)

for some 6; > 0, while only establishing the error bounds for z* for the non-strongly convex case. We put the proof of
Theorem 1 in Section 5 since it shares many basic elements with the convergence analysis of the RPDG method.

Theorem 1 Let * be an optimal solution of (1.1), =¥ and z* be defined in (2.10) and (2.23), respectively.



a) Suppose that p > 0 and that {m}, {n:}, {ox} and {6:} are set to

. V2L
T = %, ne=+/2Lfp, ar=a= H\/ff/ﬁ’ and 0y = %, Vi=1,...,k. (2.24)
Then,
P(mk,x*) < LMl‘fosz(oco,J:*), (2.25)
w(a®) - (") < gap (M) < (1 - o) M 14 H @+ 2] @b PE,07), (2.26)
W) — W (z") < gap(zF) < p(1 — @)} [1 +Loy %)] o max P(a°, 2). (2.27)
x
b) Suppose that {7+}, {ne}, {at} and {0} are set to
_ AL _
Tt=u7 nt:—f7 atzu and 0=t Vt=1,... k. (2.28)
2 t t
Then,
8L
O (zF) — w(a*) < gap*(Z") < ——L PO, 2 2.2
(@) - 0" < " (4) < P, (220)
_k x _k 8Ly 0
U(IE")—v(z") <gap(z") < max P(z", x). (2.30)

k(k+ 1) zeX

Observe that when the algorithmic parameters are set to (2.24), by using an inductive argument, we can easily
show that

2 = (1- a2)mk_1 +(1-0a) f;lz(ak_txt) + a0 (2.31)

k=1 and hence z"* € X for any k > 1. Similarly,
when the algorithmic parameters are set to (2.28), we can show by using induction that

In other words, gk can be written as a convex combination of mo, ce, X

ot = SG " + St ) (232)

which implies zF e X. Therefore, we only need to assume the differentiability of f over X rather than the whole R™.

In view of the results obtained in Theorem 1, the primal-dual gradient method is an optimal method for convex
optimization. In fact, the rates of convergence in (2.26), (2.27), (2.29) and (2.30) associated with the ergodic mean
z¥ have employed the primal-dual optimality gaps g*(z*) and g(z*), which are stronger than the primal optimality
gap Q/(a_:k) — W(z*) used in the previous studies for accelerated gradient methods. Moreover, whenever X is bounded,
the primal-dual optimality gap g(Zk) gives us a computable online accuracy certificates to check the quality of the
solution z¥ (see [21,14] for some related discussions). Also observe that each iteration of the PDG method requires
the computation of V f, and hence all the m components V f;. In the next section, we will develop a randomized PDG
method that can possibly save the number of gradient evaluations for Vf; by utilizing the finite-sum structure of
problem (1.1).

3 Randomized primal-dual gradient methods

In this section, we present a randomized primal-dual gradient (RPDG) method which needs to compute the gradient
of only one randomly selected component function f; at each iteration. We show that RPDG can possibly achieve a
better complexity than PDG in terms of the total number of gradient evaluations.
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3.1 Multi-dual-player reformulation and the RPDG algorithm

We start by introducing a different saddle point reformulation of (1.1) than (2.7). Let J; : J; — R be the conjugate

functions of f; and Y;, i = 1,...,m, denote the dual spaces where the gradients of f; reside. For the sake of notational

convenience, let us denote J(y) := Z;n:lji(yi), V=YV XYVaX ... X Vm, and y = (y1;92;-..;ym) for any y; € V;,
it =1,...,m. Clearly, we can reformulate problem (1.1) equivalently as a saddle point problem:

U™ := min { h(z) + pw(z) + max{z, Uy) — J , 3.1

i {0) + )+ e U~ ) )

where U € R™*™™ is given by
U:=1[I1,....1]. (3.2)

Here I is the identity matrix in R™. Given a pair of feasible solutions z = (Z, ) and z = (z,y) of (3.1), we define the
primal-dual gap function Q(Z, z) by
Q(z,2) := [h(Z) + pw () + (2, Uy) — J(y)] — [h(z) + pw(z) + (2, Uy) — ()] (3.3)

It is well-known that z € Z = X x Y is an optimal solution of (3.1) if and only if Q(z,2) < 0 for any z € Z.
Since J;,i = 1,...,m, are strongly convex with modulus o; = 1/L; w.r.t. || - ||+, we can define their associated dual
prox-functions and dual prox-mappings as

Dy (s, yi) == Ji(yi) — [Ji(yd) + (Ti W), i — v, (3.4)
My, (~2,y],7) := arg min {(4, y) + Ji(yi) + TDi(yy, yi)} : (3.5)

for any y? ,Yi € Vs. Accordingly, we define

Again, D; may not be uniquely defined since J; are not necessarily differentiable. However, we will discuss how to
specify the particular selection of J{ € 0J; later in this subsection.

We are now ready to describe the randomized primal-dual method, which is obtained by properly modifying the
primal-dual gradient method as follows. Firstly, in (3.8), we only compute a randomly selected dual prox-mapping My,
rather than the dual prox-mapping Mg as in Algorithm 1. Secondly, in addition to the primal prediction step (3.7),
we add a new dual prediction step (3.9), and then use the predicted dual variable §° for the computation of the new
search point ' in (3.10). It can be easily seen that the RPDG method reduces to the PDG method whenever this
algorithm is directly applied to (2.7) (i.e., m =1, Y1 =G, and J1 = Jy) .

Algorithm 3 A randomized primal-dual gradient (RPDG) method

Let 20 = 27! € X, and the nonnegative parameters {7¢}, {n:}, and {a:} be given.
Set y,) = Vii(x®),i=1,...,m.
fort=1,...,k do

Choose i according to Prob{i; =i} =p;, i =1,...,m.

Update 2! = (x?,y') according to

= ap(at™t —2t2) 4 207t (3.7)
My, (=38, 47 ), i =,

yi = { t—yf( ! ) DL (3.8)
gl i # .

I e O R

Yi =3 t—1 L, (3.9)
Y; ) ? 3& it

ot = Mx (962 ). (3.10)

end for
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Similarly to the PDG method, the RPDG method can be viewed as a game iteratively performed by a buyer and
m suppliers for finding the solutions (order quantities and product prices) of the saddle point problem in (3.1). In this
game, both the buyer and suppliers have access to their local cost h(z) + pw(x) and J;(y;), respectively, as well as their
interactive cost (or revenue) represented by a bilinear function (x, y;). Also, the buyer has to purchase the same amount
of products from each supplier (e.g., for fairness). Although there are m suppliers, in each iteration only a randomly
chosen supplier can make price changes according to (3.8) using the predicted demand #'. In order to understand the
buyer’s decision in (3.10), let us first denote

9= My (=i ), =1, mit=1,... k. (3.11)
In other words, g}f, i =1,...,m, denote the prices that all the suppliers can possibly set up at iteration ¢. Then we can
see that
~t N
Et[9i] = 9i- (3.12)
Indeed, we have
t g’f7 1= ity (3 13)
Y = _ . . :
’ yih i A

Hence E [yﬂ = ngjf +(1- pi)y:?_l, i=1,...,m. Using this identity in the definition of §’ in (3.9), we obtain (3.12).

Instead of using Z:’;lg}f in determining his order in (3.10), the buyer notices that only one supplier has made a change
on the price, and thus uses Z:’;lgf to predict the case when all the dual players would modify the prices simultaneously.

In order to implement the above RPDG method, we shall explicitly specify the selection of the subgradient J{t in
the definition of the dual prox-mapping in (3.8). Denoting gg =22 i=1,...,m, we can easily see from y? = Vfi(mo)
that g? € E)fi*(y?), 1 = 1,...,m. Using this relation and letting Ji’(yf_l) = gﬁ_l in the definition of Di(yf_l,yi) in
(3.8) (see (3.4)), we then conclude from Lemma 1 (with J; = J;, and Dy = D;,) and (3.8) that for any ¢ > 1,

t

ol =@+l /A m), =27t Vit

—1 . .
ygt :Vfit@i% yf :yf , Vi #£ iy

Moreover, observe that the computation of z? in (3.10) requires an involved computation of Zglgjf In order to save
computational time, we suggest to compute this quantity in a recursive manner as follows. Let us denote gt = Zyilyf .
Clearly, in view of the fact that yf = yffl, Vi # i, we have

t t—1 t t—1
g =9 +i v )

Also, by the definition of g* and (3.9), we have

~t t—1 , 1, ¢ t—1 t—1
Db = Zi;éityi +p;, Wi, —vi, )+,
t—1 ,  —1,t t—1
=2t ey, Wi -y, )

t—1 —1, t t—1
=9 4+, Wi, —v, )

Incorporating these two ideas mentioned above, we present an efficient implementation of the RPDG method in Algo-
rithm 4.

Clearly, the RPDG method is an incremental gradient type method since each iteration of this algorithm involves
the computation of the gradient V f;, of only one component function. As shown in the following Subsection, such an
randomization scheme can lead to significantly savings on the total number of gradient evaluations, at the expense of
more primal prox-mappings.

It should also be noted that due to the randomness in the RPDG method, we can not guarantee that gﬁ € X for
allt=1,...,m, and t > 1 in general, even though we do have all the iterates z! € X. That is why we need to make
the assumption that f;’s are differentiable over R” for the RPDG method.
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Algorithm 4 An efficient implementation of the RPDG method

Let 20 =271 € X, and nonnegatwe parameters {a}, {7¢}, and {n:} be given.
Set 9 = 20 y1*Vf.L(ac ), i=1,...,m,and g° =37 9.
fort=1,...,k do

Choose it according to Prob{it =i} =p;,i=1,...,m.

Update 2! := (x!,y*) by

# =t — 2t 2) 42t (3.14)
~ 1
ol = {(1 + 1)t (xt + et ) =, (3.15)
t—1 . .
z;, T
¢ = P ’ 3.16
Y; {y;‘t—l’ 7:757:; ( )
at = Mx (" +p;, (Wl — vl et m). (3.17)
gt =g+l -yl (3.18)

end for

3.2 The convergence of the RPDG algorithm

Our goal in this subsection is to describe the convergence properties of the RPDG method for the strongly convex case
when g > 0. Generalization of the RPDG method for the non-strongly convex case will be discussed in Section 4.

Theorem 2 below states some general convergence properties of RPDG. Similar to PDG method, we provide bounds
on E[P(2*, z*)] and E[¥(z") —w(z*)]. However, we cannot provide a bound on the expected primal-dual gap E[gap(z*)]
even though our analysis for the RPDG algorithm still relies on the primal-dual gap function @ in (3.3) (see [11] for
some relevant disucssions).

Theorem 2 Suppose that {m:}, {n:}, and {a} in the RPDG method are set to

=T, m=mn, and o;=aq, (3.19)
for any t > 1 such that
Q1-a)(14+7)<psHi=1,...,m, (3.20)
n < a(p+n), (3.21)
ntp; > 4L;,i=1,...,m, (3.22)

for some a € (0,1). Then, for any k > 1, we have

E[P(z", 27)] < (1 +a Lfa) ) oFP(a°, 2", (3.23)

E[w(z") — ¥ (z*)] < oF/? (a nt3=2ar, 4 (2L T )P(zo,x*), (3.24)

where TF = (Zleet)_IZle(Htxt) with {0:} defined as in (2.24), and x* denotes the optimal solution of problem
(1.1), and the expectation is taken w.r.t. i1,... 1.

We now provide a few specific selections of p;, 7, 1, and « satisfying (3.20)-(3.22) and establish the complexity
of the RPDG method for computing a stochastic e-solution of problem (1.1), i.e., a point Z € X s.t. E[P(z,z")] <,
as well as a stochastic (e, A)-solution of problem (1.1), i.e., a point T € X s.t. Prob{P(Z,z*) < €} > 1 — X for some
A € (0,1). Moreover, in view of (3.24), similar complexity bounds of the RPDG method can be established in terms of
the primal optimality gap, i.e. E[¥(z) — ¥*].

The following corollary shows the convergence of RPDG under a non-uniform distribution for the random variables
i, t=1,...,k.
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Corollary 1 Suppose that {it} in the RPDG method are distributed over {1,...,m} according to

pi=Prob{iy =i} = ot + L i=1,...,m. (3.25)
Also assume that {1¢}, {nt}, and {ai} are set to (3.19) with
_ \/(m—1)2+4mC—(m—1), n= u\/('m—1)2-‘,—é’mC’—i—u(’m—1)7 and o =1 — 1 (3.26)

T

2m (m+1)+1/(m=1)2+4mC’
where
c=8L (3.27)
Then for any k > 1, we have
E[P(z*,2%)] < (1+ 220)a*P(a°,27), (3.28)
E[w(zF) — v*] < o*/?(1 — )™} [u +2L + %ﬁ} P(a°,z%). (3.29)

As a consequence, the number of iterations performed by the RPDG method to find a stochastic e-solution and a
stochastic (e, )-solution of (1.1), in terms of the distance to the optimal solution, i.c., E[P(z* x*)], can be bounded by
K(e,C) and K(Xe, C), respectively, where

K(e,C) = [(m +1)+/(m—1)2 +4mC} log [(1 + %)M} . (3.30)

Similarly, the total number of iterations performed by the RPDG method to find a stochastic e-solution and a stochastic

(E,A)—solution of (1.1), in terms of the primal optimality gap, i.e., E[lfl(ik) — U*], can be bounded by K(e,C) and
K(Xe, C), respectively, where

K(e,C) =2 [(m +1)+/(m—1)2+ 4mC] log [z(u 4oLy + %?)(m + va)M} , (3.31)

Proof. Tt follows from (3.26) that
(I-—a)(1+7)=1/(2m) <p;;, (1-a)n=(a—1/2)p<au, and nrp; = uCp; > 4L;,

and hence that the conditions in (3.20)-(3.22) are satisfied. Notice that by the fact that « > 3/4, ¥m > 1 and (3.26),
we have .
o o
I+ amom =1+ Ligmimu SHH
Using the above bound in (3.23), we obtain (3.28). It follows from the facts (1 — a)n < ap, 1/2 < a < 1,Vm > 1, and

n > puV/C > 2 that

3Ly
el

—1 _ 2L%a —1 L2

3Ly

m )P(z°, z*), we conclude from (3.28) and the

Using the above bound in (3.24), we obtain (3.29). Denoting D = (1+
fact that logz < x — 1 for any x € (0,1) that

log(D/¢) log(D/¢) log(e/D)
E[P(z%(¢) 2*)] < Da 1=« < Da -lega < Da lsa  =e.

Moreover, by Markov’s inequality, (3.28) and the fact that logz < x — 1 for any = € (0,1), we have

log(D/(Ae)) log(Ae/D)
PrOb{P(iEK(/\E’C)7CU*) > e} < %E[P(xK()‘G’C),x*)} < %a T < %a Tose =\

The proofs for the complexity bounds in terms of the primal optimality gap is similar and hence the details are skipped.
[

The non-uniform distribution in (3.25) requires the estimation of the Lipschitz constants L;, i = 1,...,m. In case
such information is not available, we can use a uniform distribution for i;, and as a result, the complexity bounds will
depend on a larger condition number given by m max;—1 ... m L;/u. However, if we do have Ly = Ly = -+ = L, then
the results obtained by using a uniform distribution is slightly sharper than the one by using a non-uniform distribution
in Corollary 1.
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Corollary 2 Suppose that {it} in the RPDG method are uniformly distributed over {1,...,m} according to

pi=Prob{i; =i} =L1,i=1,...,m. (3.32)

m’

Also assume that {m}, {m+}, and {a+} are set to (3.19) with

\/W (m=) HW"‘“("L_U’ and a=1— 2 (3.33)

(m+1)++/(m—1)24+4mC’

where
Ci=4m max L;. (3.34)
Then we have
E[P(z*,2")] < (1+ £0)a*P(a°,27), (3.35)
E[w(zF) — w*] < o*/?(1 — )7} (u +2L; + %) P(z°,z"). (3.36)

for any k > 1. As a consequence, the number of iterations performed by the RPDG method to find a stochastic e-

solution and a stochastic (e, \)-solution of (1.1), in terms of the distance to the optimal solution, i.e., E[P(z¥, 2*)], can

be bounded by Ky (e,C) and Ky (\e, C), respectively, where

_ — = 0, %
Kule, C) i= SV PHnG o0 [ 4 Loy 22D
Stmilarly, the total number of iterations performed by the RPDG method to find a stochastic e-solution and a stochastic
(€, A)-solution of (1.1), in terms of the primal optimality gap, i.e. , E[w(z%) — w*], can be bounded by K(e,C)/2 and
K(Xe,C)/2, respectively, where K (e, C) is defined in (3.31).

Proof. Tt follows from (3.33) that
(l-a)l+7)=1/m=p;, 1-a)yp—au=0, and n7=pC >4mL;,
and hence that the conditions in (3.20)-(3.22) are satisfied. By the identity (1 — a)n = apu, we have

Lya
1+ (1—a)n

_ Ly

=1+2

Using the above bound in (3.23), we obtain (3.35). Moreover, note that n > u\/@ >2pand 2/3 <a<1,Vm>1we
have

2L2 -1 L2
a 'ty + 3 aLer(l o S (L—a)"(u+2Ls + ).

Using the above bound in (3.24), we obtain (3.36). The proofs for the complexity bounds are similar to those in
Corollary 1 and hence the details are skipped. n

Comparing the complexity bounds obtained from Corollaries 1 and 2 with those of any optimal deterministic first-
order method, they differ in a factor of O(\/mLy/L), whenever v'mC'log(1/e) is dominating in (3.30). Clearly, when
L and L are in the same order of magnitude, RPDG can save up to O(/m) gradient evaluations for the component
function f; than the deterministic first-order methods. However, it should be pointed out that L can be much smaller
than L. In particular, when Ly = L;,i = 1,...,m, Ly = L/m. In the next subsection, we will construct examples in
such extreme cases to obtain the lower complexity bound for general randomized incremental gradient methods.
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3.3 Lower complexity bound for randomized methods

Our goal in this subsection is to demonstrate that the complexity bounds obtained in Theorem 2, and Corollaries 1
and 2 for the RPDG method are essentially not improvable. Observe that although there exist rich lower complexity
bounds in the literature for deterministic first-order methods (e.g. [26,28]), the study on lower complexity bounds for
randomized methods are still quite limited. Recently Agarwal and Bottou [1] suggested a lower complexity bound for
minimizing the finite-sum convex optimization problem given in the form of (1.1). However, their bounds are developed
for deterministic algorithms and hence not applicable to randomized incremental gradient methods.

To derive the performance limit of the incremental gradient methods, we consider a special class of unconstrained
and separable strongly convex optimization problems given in the form of

min {W(2) =300 [file) + G llail] ) (3.37)
x; ER™ i=1,....m
Here 7 = n/m € {1,2,...} and || - ||]2 denotes standard Euclidean norm. To fix the notation, we also denote z =
(z1,...,Tm). Moreover, we assume that f;’s are quadratic functions given by
filw)) = MG [ (Awi, 24) — (en, )] (3.38)
where e1 := (1,0,...,0) and A is a symmetric matrix in R"*™ given by
2-100--0 0 O
-12 -10 .- 0 0 O
e U U (3:9)
o 0 0 0 - —-12 -1
0 0 0 O 0 -1 &

Compared with the classic worst-case example given in [28], the tridiagonal matrix A above consists of a different
diagonal element & (instead of 2). This modification allows us to study problems of finite dimension more conveniently. It
can be easily checked that A = 0 and its maximum eigenvalue does not exceeds 4. Indeed, for any s = (s1,...,s5) € R",
we have

2 n—1
(As,s) = sT+ Y1 (si — siy1)” +
{As,s) < T+ D005 02(sF + 710) + (6 = 1)s
=35t 475, 87 + (n + 1)sh < 4]sll3,
where the last inequality follows from the fact that x < 3. Therefore, for any Q > 1, the component functions f; in
(3.38) are convex and their gradients are Lipschitz continuous with constant bounded by L; = u(Q —1),i=1,...,m.
We consider a general class of randomized incremental gradient methods which sequentially acquire the gradients of

a randomly selected component function f;, at iteration ¢. More specifically, we assume that the independent random
variables i¢, t = 1,2, ..., satisfy

Prob{i; =i} =p; and > ";p;=1, p;>0,i=1,...,m. (3.40)
Similar to [28], we assume that these methods generate a sequence of test points {z*} such that
a® € 2° + Lin{V f;, (), ...,V fi, ("D}, (3.41)
where Lin denotes the linear span.

Theorem 3 below describes the performance limit of the above randomized incremental gradient methods for solving
(3.37).
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Theorem 3 Let o* be the optimal solution of problem (3.37) and denote

q:= \/\%ﬁ (3.42)

Then the iterates {:rk} generated by any randomized incremental gradient method must satisfy

Efla*—a*[|3] < 1 _ 4kVQ )
Hx“—m*ugz z 2€Xp( m(JOt1)2—4v0 (3.43)
for any
mlog[(1—(1—q2)/m)’“/2]
2logq .

n>n(m, k) = (3.44)

As an immediate consequence of Theorem 3, we obtain a lower complexity bound for randomized incremental
gradient methods.

Corollary 3 The number of gradient evaluations performed by any randomized incremental gradient methods for find-
ing a solution T € X of problem (1.1) such that B[||z — z*||3] < € cannot be smaller than

0 * (12
N { (VmC + m) log llz"=="llz 7; Il2 }
if n is sufficiently large, where C = L/p and L = ;" | L;.

Proof. Tt follows from (3.43) that the number of iterations k required by any randomized incremental gradient
methods to find an approximate solution £ must satisfy

0 * (12 0 * (12
2 (M2 1) 10g 5 > [ (M2 1 1) 1] g a5 IR, 349

Noting that for the worst-case instance in (3.37), we have L; = u(Q —1), i =1,...,m, and hence that L =Y ;" | L; =
mu(Q — 1). Using this relation, we conclude that

0 * 12
k> [% <7Vm62+m2 +m> - 1} log L5271 —:

The above bound holds when n > n(m, k). ]

In view of Theorem 3, we can also derive a lower complexity bound for randomized block coordinate descent
methods, which update one randomly selected block of variables at each iteration for min,c x ¥(x). Here ¥ is smooth
and strongly convex such that

2 2
Lz —yll5 < W(x) —U(y) — (V¥(y),z —y) < L |lz —y|3,Va,y € X.

Corollary 4 The number of iterations performed by any randomized block coordinate descent methods for finding a
solution T € X of mingec x ¥ (x) such that B[||z — z*||3] < € cannot be smaller than

n { (m Qq/) log 7"1011* I }

if n is sufficiently large, where Qp = Ly /gy denotes the condition number of .

Proof. The worst-case instances in (3.37) have a block separable structure. Therefore, any randomized incremental
gradient methods are equivalent to randomized block coordinate descent methods. The result then immediately follows
from (3.45). L]

4 Generalization of randomized primal-dual gradient methods

In this section, we generalize the RPDG method for solving a few different types of convex optimization problems
which are not necessarily smooth and strongly convex.
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4.1 Smooth problems with bounded feasible sets

Our goal in this subsection is to generalize RPDG for solving smooth problems without strong convexity (i.e., u = 0).
Different from the deterministic PDG method, it is difficult to develop a simple stepsize policy for {7}, {n:}, and {a:}
which can guarantee the convergence of this method unless a weaker termination criterion is used (see [11]). In order
to obtain stronger convergence results, we will discuss a different approach obtained by applying the RPDG method
to a slightly perturbed problem of (1.1).

In order to apply this perturbation approach, we will assume that X is bounded (see Subsection 4.3 for possible
extensions), i.e., given xg € X, 32x > 0 s.t.

3rvlrleau))((Pw(:lco,317) < 0%, (4.1)
Now we define the perturbation problem as
w3 1= min {5(2) = [(@) + h(z) + OPu(w0,2)} (4.2)
x

for some fixed § > 0. It is well-known that an approximate solution of (4.2) will also be an approximate solution of
(1.1) if ¢ is sufficiently small. More specifically, it is easy to verify that

U <wF < Ut 4 50%,
W (x) <Ws(z) < W(zx)+60%, VzeX. (4.4)

The following result describes the complexity associated with this perturbation approach for solving smooth prob-
lems without strong convexity (i.e., p = 0).

Proposition 1 Let us apply the RPDG method with the parameter settings in Corollary 1 to the perturbation problem
(4.2) with

5= (4.5)

€
20%°

for some € > 0. Then we can find a solution T € X s.t. E[¥(z) — ¥*] < € in at most

o { <m +1/ mLegi) log mLQQX } (4.6)

iterations. Moreover, we can find a solution T € X s.t. Prob{¥(z) —¥* > e} < X for any A € (0,1) in at most

] { <m +1/ mLeni) log mL{fX } (4.7)

iterations.

Proof. Let z} be the optimal solution of (4.2). Denote C := 16L02% /¢ and

K=2 [(m+ D+v(m—1)? +4mC} log [(m—!— VmO)(6 + 21y + 5)1%

It can be easily seen that
w(z) — o <ws(E") - wp +60% = ws(z) - w5 + §.

Note that problem (4.2) is given in the form of (1.1) with the strongly convex modulus y = 6, and h(z) = h(z) —
8{w'(z0),z). Hence by applying Corollary 1, we have

E[ws(z") - w51 < .
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Combining these two inequalities, we have E[W(z) — *] < ¢, which implies the bound in (4.6). The bound in (4.7)
can be shown similarly and hence the details are skipped. [

Observe that if we apply a deterministic optimal first-order method (e.g., Nesterov’s method or the PDG method),
the total number of gradient evaluations for Vf;, ¢ = 1,..., m, would be given by

L3
my) =

Comparing this bound with (4.6), we can see that the number of gradient evaluations performed by the RPDG method
can be O (\/ﬁlog_l(mLfQX/e)) times smaller than these deterministic methods when L and L; are in the same
order of magnitude.

4.2 Structured nonsmooth problems

In this subsection, we assume that the smooth components f; are nonsmooth but can be approximated closely by
smooth ones. More specifically, we assume that

fi(@) == [max (Aiz,yi) — qi(yi)- (4.8)

Nesterov in an important work [29] shows that we can approximate f;(z) and f, respectively, by

fi(x,0) == [nax (Aim,yi) — ¢i(yi) — 6vi(y;) and f(z,8) = 30, fi(w,0), (4.9)

where v;(y;) is a strongly convex function with modulus 1 such that

0<vily) < 2%, Yy €Y (4.10)
In particular, we can easily show that
fil@,0) < fi(x) < fiw,8) + 8025, and [(x,6) < f() < f(x,8) + 2%, (4.11)

for any = € X, where (212/ = 22219)2/1 Moreover, f;(-,8) and f(-,d) are continuously differentiable and their gradients
are Lipschitz continuous with constants given by

5 12 . ™ Al 2
i HA(;H and L:ZZ:16HA1” = A, (4.12)

respectively. As a consequence, we can apply the RPDG method to solve the approximation problem

Uy = ;l’él)r} {@s(z) == f(z,8) + h(z) + pw(z) } . (4.13)

The following result provides complexity bounds of the RPDG method for solving the above structured nonsmooth
problems for the case when p > 0.

Proposition 2 Let us apply the RPDG method with the parameter settings in Corollary 1 to the approximation problem
(4.13) with

5= 57 (4.14)

for some € > 0. Then we can find a solution T € X s.t. E[¥(z) — ¥*] < € in at most

O {]14] 2y /2 10g mIALEx2x ) (4.15)

iterations. Moreover, we can find a solution T € X s.t. Prob{¥(z) —¥* > e} < X for any A € (0,1) in at most

AllN2x 2
O{HAHQY m Jog ATy Y} (4.16)

iterations.
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Proof. 1t follows from (4.11) and (4.13) that
-k * 7 =k 7 2 7. =k 7¥ €
U(z") - < Us(Z7) W5 + 00y =Us(Z") —Ws + 5. (4.17)

Using relation (4.12) and Corollaries 1, we conclude that a solution ¥ € X satisfying E[g(z") — W}] < €/2 can be

found in
m mL = 2\ 22
O{HAHQY\/;bg {(m+ ) (u+2L+7) ?X]}

iterations. This observation together with (4.17) and the definition of L in (4.12) then imply the bound in (4.15). The
bound in (4.16) follows similarly from (4.17) and Corollaries 1, and hence the details are skipped. L]
The following result holds for the RPDG method applied to the above structured nonsmooth problems when p = 0.

Proposition 3 Let us apply the RPDG method with the parameter settings in Corollary 1 to the approximation problem
(4.13) with § in (4.14) for some € > 0. Then we can find a solution T € X s.t. E[¥(z) — ¥*] < € in at most

o { m|\A|6|Qny log muAu?ng }

iterations. Moreover, we can find a solution T € X s.t. Prob{¥(z) —¥* > e} < X for any A € (0,1) in at most

Vm| Al 2x 2 m||Al|2x 2
O{ L X Ylog AeX Y}

iterations.

Proof. Similarly to the arguments used in the proof of Proposition 2, our results follow from (4.17), and an application
of Proposition 1 to problem (4.13). L]

By Propositions 2 and 3, the total number of gradient computations for f(, 0) performed by the RPDG method,
after disregarding the logarithmic factors, can be O(y/m) times smaller than those required by deterministic first-order
methods, such as Nesterov’s smoothing technique [29].

4.3 Unconstrained smooth problems

In this subsection, we set X = R™, h(z) =0, and = 0 in (1.1) and consider the basic convex programming problem
of

f*:= min {f(x) = er;lfl(x)} . (4.18)
IGRTI
We assume that the set of optimal solutions X of this problem is nonempty.
We will still use the perturbation-based approach as described in Subsection 4.1 by solving the perturbation problem
given by
. 02
£3 = min { fs(@) = f(@) + §lo = "3, } (4.19)
TER™
for some z° € X, 6 > 0, where || - |2 denotes the Euclidean norm. Also let Ls denote the Lipschitz constant for fs(x).
Clearly, Ls = L + 6. Since the problem is unconstrained and the information on the size of the optimal solution is
unavailable, it is hard to estimate the total number of iterations by using the absolute accuracy in terms of E[f(Z) — f*].
Instead, we define the relative accuracy associated with a given z € X by

Rac(z,2°, f*) = 27 @)1 (4.20)

T L(1+min,ecx~ [[z0—ul2)"

We are now ready to establish the complexity of the RPDG method applied to (4.18) in terms of Rac(Z, 2%, f*).
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Proposition 4 Let us apply the RPDG method with the parameter settings in Corollary 1 to the perturbation problem
(4.19) with
6= Le, (4.21)

for some € > 0. Then we can find a solution & € X s.t. E[Rac(Z,2°, f*)] < € in at most

o {\/Elog %} (4.22)

iterations. Moreover, we can find a solution T € X s.t. Prob{Rac(f,mo, f) > el <X forany X € (0,1) in at most
O{g/%log%} (4.23)

Proof. Let x} be the optimal solution of (4.19). Also let z* be the optimal solution of (4.18) that is closest to 2,
ie., ¢* = argmin, ¢ x- 2% — u||2. It then follows from the strong convexity of f5 that
2
Sllzs — 2|3 < f5(2") = fs(a3)
02
= f(@") + §llz" = 2°|I3 - f5(=3)

02
< §lla* —2"|3,

iterations.

which implies that
5 — 2" |2 < [l&* — 2°||2. (4.24)

Moreover, using the definition of f5 and the fact that =* is feasible to (4.19), we have
FRL85 < Gl a3

which implies that

J@E) = < Ss@) S5+ 15 - 1

< f5(@) = 5 + glle” = 2”3
Now suppose that we run the RPDG method applied to (4.19) for K iterations. Then by Corollary 1, we have
Elfs(z") - 71 < o®2(10 = )7t (54225 + 5 ) 10 - 2313
<"1 —a) 7 (54205 + 5 ) [1s° — "3 + llo” — w313)
— 225721 — )7} (35 oL+ @) I12° — =¥ |13,

where the last inequality follows from (4.24) and « is defined in (3.26) with C = 8Lg/d = w = 8(2/e + 1).

Combining the above two relations, we have
2
Blf(@") = £ < [205/2(1 = o) 7" (30 4+ 20+ 5) 4 8] 2 — 2”3,
Dividing both sides of the above inequality by L(1 + ||z° — 2*||3)/2, we obtain

E[Rac(%,2°, 1)) < 2 [2aK/2(1 —a)! (35 1oL+ %) + g]

<4 (m+2\/2m(% +1)) Betd+2+(2+1)a 15,

which clearly implies the bound in (4.22). The bound in (4.23) also follows from the above inequality and the Markov’s
inequality. [

By Proposition 4, the total number of gradient evaluations for the component functions f; required by the RPDG
method can be O(y/mlog™!(m/e)) times smaller than those performed by deterministic optimal first-order methods.
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5 Complexity analysis
Our main goal in this section is to prove the main theorems in Sections 2 and 3. After introducing some basic tools
and general results about PDG and RPDG methods in Subsection 5.1 and 5.2, respectively, we provide the proofs

for Theorem 1 and Theorem 2, which describe the main convergence properties for the PDG and RPDG methods, in
Subsection 5.3. Moreover, in Subsection 5.4, we provide the proof for the lower complexity bound in Theorem 3.

5.1 Some basic tools

The following result provides a few different bounds on the diameter of the dual feasible sets G and Y in (2.7) and
(3.1).

Lemma 3 Let 2 € X be given, y? = Vfi(xo), i=1,...,m, and ¢° = Vf(xo). Assume that Ji’(yo) = 20 and
J}(go) =20 in the definition of D(y07y) and Df(go,g n (3.4) and (2.5), respectively.

a) For anyx € X and y; =V fi(z),i=1,...,m, we have
D@y’ y) < %on —z|® < LyP(a, ). (5.1)
b) If z* € X is an optimal solution of (1.1) and y; = Vf;i(z*), i=1,...,m, then
D", y*) < w(a®) — (") (5.2)
¢) For anyx € X and g = Vf(x), we have
D;(e°.9) < "L |a® — x. (5:3)
Proof. We first show part a). It follows from the definition of J;, (3.4), and (3.6) that

D@’ y) = J(y) — J(") = S0 (T 0), i — v
= (z,Uy) — f(z) + f(z°) — (°,U3°) — (°, Uy — 4°))
= f(2°) - f(z) — (Uy,2° — )
< %Hwo —z|? < Ly P(a°, ),

where the last inequality follows from (2.2). We now show part b). By the above relation, the convexity of h and w,
and the optimality of (z*,y*), we have

D@’ ,y") = f(2°) - f(z*) — (Uy*,2° — z%)

= f@%) = f@@*) + (W' (@) + o' (27),2° — &%) = (Uy* + B (@") + ' (%), 2° — 2¥)
< f@") = f@") + (W (@) + e (@), 2" — 2") < UE") ().
The proof of part c) is similar to part a) and hence the details are skipped. n

The following lemma gives an important bound for the primal optimality gap ¥(z) — ¥(z*) for some Z € X.

Lemma 4 Let (Z,9) € Z be a given pair of feasible solutions of (3.1), and z* = (z*,y™*) be a pair of optimal solutions
of (3.1). Then, we have

W(E) - V") < QUED). ) + L la - (5.4)
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Proof. Let s« = (Vf1(Z); Vf2(Z);...; VIm(Z)), and by the definition of Q(-,-) in (3.3), we have

QU(E,9),2") = [h(®) + pw(@) + (7, Uy™) — J(y")] = [h(=") + pw (™) + (=", Uy) — J(7)]
> [h(Z) + pw(T) + (T, Ugs) — J(0)] + (T, Uy — 7)) — J (") + J (§=)

— | A" + poa”) + max { (@7, Uy) = J(4) }
= W(j) - W(m*) + <j,U(y* - ?7*)) - <x*,Uy*> + f(.T*) + <J_2, U§*> - f(j)
—W(@) — W) + @) - @)+ (F -, V) > @) - et — e — o),

where the second equality follows from the fact that J;,i = 1,...,m, are the conjugate functions of f;. [

5.2 General results for both PDG and RPDG

We will establish some general convergence results in Proposition 5 which holds for both deterministic and randomized
PDG methods by viewing PDG as a special case of RPDG with m = 1. Then both Theorems 1 and 2 follow as some
immediate consequences of Proposition 5.

Before showing Proposition 5 we will develop a few technical results. Lemma 5 below characterizes the solutions of
the prox-mapping in (2.3) and (3.5). This result generalizes some previous results (e.g., Lemma 6 of [20] and Lemma
2 of [14]).

Lemma 5 Let U be a closed convex set and a point @ € U be given. Also let w: U — R be a convex function and
W (i, u) = w(u) —w(@) — (w' (@), u — @), (5.5)
for some w' (@) € Ow(@). Assume that the function q : U — R satisfies
q(u1) — q(uz) — (¢ (u),u1 — ug) > poW(ug,w1), Vur,uz €U (5.6)
for some pg > 0. Also assume that the scalars p1 and po are chosen such that po + p1 + po > 0. If
u* € Argmin{q(u) + p1w(u) + poW (i, u) : u € U}, (5.7)
then for any u € U, we have
q(u") + prw(u®) + peW (@, u*) + (po + p1 + p2)W(u”, u) < q(u) + prw(u) + poW (@, u).
Proof. Let ¢p(u) := q(u) + prw(u) + poW (@, u). It can be easily checked that for any uj,us € U,
W (i, u1) = W (i, ug) + (W' (@, ug), uy — ug) + W (ug,u1),
w(uy) = w(ug) 4+ (W' (uz),us — uz) + W(ug,u).

Using these relations and (5.6), we conclude that

d(ur) — ¢(uz) — (¢ (u2), ur — u2) > (o + p1 + p2)W (uz,u1) (5.8)

for any uy,us € Y, which together with the fact that pg + p1 + o > 0 then imply that ¢ is convex. Since u* is an
optimal solution of (5.7), we have (¢'(u*),u — u*) > 0. Combining this inequality with (5.8), we conclude that

p(u) = ¢(u*) > (o + p1 + p2)W(u*, u),
from which the result immediately follows. u

The following simple result provides a few identities related to y* and §* that will be useful for the analysis of the
PDG algorithm.
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Lemma 6 Let v, 3¢, and ' be defined in (3.8), (3.9), and (3.11), respectively. Then we have, for any i =1,...,m
andt=1,...,k,

-1 1.
Ee[Di(y; ™ ui)) = piDily; i), (5.9)
E¢[Di(yf,vi)] = piDi (@, i) + (1 — i) Di(y) " wi), (5.10)
for any y € Y, where Ey denotes the conditional expectation w.r.t. iy given i1,...,0¢—1.

Proof. (5.9) follows immediately from the facts that Probs{y! = j!} = Prob;{it = i} = p; and Prob¢{y! = ¢! - =
1 — p;. Here Prob; denotes the conditional probability w.r.t. iz given i1,...,%;—1. Similarly, we can show (5.10). [

We now prove an important recursion about the RPDG method.

Lemma 7 Let the gap function Q be defined in (8.3). Also let zt and §' be defined in (8.10) and (8.11), respectively.
Then for any t > 1, we have

E[Q(',3).2)] S E [mP@'" @) = (u+m) P’ 2) =P’ ")
+ 3T E (0P A+ ) — 1) Dyl ys) — oy (4 ) Dyt vi)]
+E [~ 2\ UG — ) -y, Dl k)] Ve ez (5.11)

Proof. Tt follows from Lemma 5 applied to (3.10) that Vz € X,
(@' —2,U§") + h(a") + pw(a’) — h(z) — pw(@) <P~ @) = (n+m)P(a',2) —ne P’ 2). (5.12)
Moreover, by Lemma 5 applied to (3.11), we have, for any i = 1,...,mand t = 1,...,k,
(=&".95 — i) + i) — Jilys) < mDily; ' ya) — (L 7)Di(Gi,wi) — Dy 6i).
Summing up these inequalities over ¢ = 1,...,m, we have, Yy € ),
(=3 U@ =) +J@") = T) < S, [meDi(yi ™ wi) — (1L + 7) Di(@f i) — 7eDily ", 98)] - (5.13)
Using the definition of @ in (3.3), (5.12), and (5.13), we have

Q((xtvgt)vz) < ntP(zt_lv‘r) - (:u‘ + Ut)P(l’t’m) - ntp(xt_lvxt)
+ 30 Dyl y) — (L4 ) Di(gl yi) — D (it gh)]
+ @U@ - ) - UG — )+ (@ UG —9). (5.14)

Also observe that by (3.8), (3.12), (5.9), and (5.10),

(yz yYi) = 7/#”7
E[{z,U(5" — ")) =
E[(", Uy’ =]E[<x Ui,

E[p Di(yi™t )]
"E[D;i (v, yi)] — (7 " — DEID; () )],

9i)
)]

)]

E[D;(y, ", 5})]
E[D; (41, vi)]

Taking expectation on both sides of (5.14) and using the above observations, we obtain (5.11). L]

We are now ready to establish a general convergence result which holds for both PDG and RPDG.
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Proposition 5 Suppose that {¢}, {nt}, and {ai} in the RPDG method satisfy

&(MJU+Wﬂ—1)gp;whﬂ1+nfﬂjzlpnﬂmtzluwk, (5.15)
9t77t <9t 1(/~l/+77t—1)7t:27"'7k7 (516)
1%254%%Lz—1 m, (5.17)
_ ; 1-p;)°L; . .
z%i2%%3+L;%%4JJG{L”wmktzzuwk, (5.18)
m . .
%gizﬁggax (5.19)
Oétet :0t717t22a"'3k7 (520)
for some 0y > 0,t=1,...,k. Then, for any k > 1 and any given z € Z, we have
k .
Y BEIQ((a, 1), 2)] < mb1P(a’,2) — (i + m) B[P (" )]
+ 301 (p (A7) = 1) Didyd v (5.21)
Proof. Multiplying both sides of (5.11) by 6; and summing the resulting inequalities, we have
k N k — _
B[S, 0:Q((" "), 2)] S B [S5y00 (P ,2) = (u+ m) Pt @) = mP(at ™" o)
k — — _
+Y i E {Zt:ﬁt [(p; (1 +7) — 1) Dyl ™" wys) — py (1 + 1) Dilyl, i) }
k ~ ~ — _
+Eb};ﬂd@¢—ﬁlH¢—y»—nmen@ZE%Jﬂv
which, in view of the assumptions in (5.16) and (5.15), then implies that
k ~
E[Y 5 10:Q((z",§"),2)] < mO1P(a°, 2) — (1 + mk)0kB[P(z*, )]
+ >iey [91 (p; ' +71) — 1) Di(yd, wi) — p; 1051+ Tk)Di(yz]‘C:yi)}
-E[Ej;ﬁ%ﬂﬂy (5.22)
where
Ap=mP' ™ a") = @ —2" UG —y) + 7wy, Di (i, ' i)- (5.23)
We now provide a bound on ZleetAt in (5.22). Note that by (3.7), we have
(@ —2" U@ —y) =" =2 UG —y) —ar(@ ™ =2 UG —y)
=@ = U@ —y) @ =T UE T - )
7Oft< t—2 wt*l’U(gti ~t— 1)>
= (" =2 U@ — ) e’ =2 UG )
1, t—2 t—1 ¢
e T A LV A y“>
—on(py, !, = DT =Ty i), (5.24)

where the last identity follows from the observation that by (3.8) and (3.9),

U@ - = { - yi Dy = e e ) + 0
D R | e e e B o e Y B
=30 [t yf DRI 1)(1/5 2yt h]

—1, t
=p;, Wi -l D+ -0 -yl ).
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Using relation (5.24) in the definition of A; in (5.23), we have

ZleatAt - Zlegt [ntP(xtilvxt)
_ <$t_1 _ .Z't, U(gt _ y)> + Oét(.’Et_Q _ xt—l7 U(’gt_l _ y)>

t—2 - t—2 t :;—1>

—1 1t t—1 —1 -1 t—2
+ aup;, (x Ty, — Yy, ) toae(p, — DT =y

+ vy, Dl k)] (5.25)
Observe that by (5.20) and the fact that =% = 2°,
S (@ =2t U@ —y) — anfat T2 =2t UG — )]
=0 (" =" U — )
= 02"t = 2" U —y) + 0@ =M U o)
= O (2"t = 2" U =) + 0, — DT =Ryl -,

where the last identity follows from the definitions of 4* and §* in (3.8) and (3.9), respectively. Also, by the strong
convexity of P and D;, we have

t—1 ¢ Tyt—1 2 t—1 ¢ 1 g, t—=1  t 2
Pl a2) > gl =2 and Dy (y;, i) 2 op v, — vall™
Using the previous three relations in (5.25), we have

k k — — — _ —
Zt:letAt 2 Zt:]et [%th 1 _$t||2 +atpitl<xt 2 mt 17yft _yft 1>

—1 t—2 t—1 t—2 t—1 t—1 t 2
+ Oét(pit71 —1)(x T LY, yl‘t71> + QLZttp“ Hyit - yitH }

k— k k — k— k k k—
—O0p (" =2 U —y) - O(p; - 1) =yl —yE T,

0

Regrouping the terms in the above relation, and the fact that z7! =29, we obtain

S0 > 0 [ %t NP - @M R Ut - )

O [Blle" T =PI = ! = DT Rl - T+ el - W]
0 [ =y =y el — w2

+ Y [até?t(p;il e LA N e e B ﬁ”yft_j -yt HQ}
+ N, M et P

> 0 [T 08 = 2MP - @F = R U R - )]

L;, (1—p;, )2 _
+ 6, (%_ p (1=Piy) )ka 1_ k)2

TkPiy,

TtDiy Tt—10t—1Diy_4

L yh, [0’”5’” ~ Lysit a%?u_p”“yL””} a2 12
k—1 k2 k—1 k k
= b [T l1F 7 = PP P - M U GF - )]

Li, (1-pi, )? _

TkPiy,

TtPig Tt—1Piy_q

; 1-pi, ,)°L; _ _
+ Zf:QGt_l ("%2—1 _ Lijoy  (=piy_4) t—1> Hmt 2 _ it 1”2

> 0 [T 1081 = M — @B =R UGE - ], (5.26)
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where the second inequality follows from the simple relation that
bu,v) + aljv]|?/2 > —b||u)|?/(2a), Va > 0, (5.27)
and the last inequality follows from (5.17) and (5.18). Plugging the bound (5.26) into (5.22), we have
i GEQ((", ), 2)] < O1m P(a”,x) — Oy (u + Wk)E[P(xka )] + Z?iﬁl (pi (1 +70) = 1) Di(y), i)
= O4E [ %l = aMP = @t = 2R UG - )+ D e+ ) Dtk )]

Also observe that by (5.19) and (5.27),

k—1 k2 k—1 k k —1 k
Tl =27 = @ =2 Uy — ) + i py (L k) Dilyr vi)
- k—1 k k 1 k 2
> B bt — 2B 4 ST [ @R - bk - ) + Ik - il
i1 (PiLi) \ | k=1 k2
> (2 - ZREE ) et - ot 20,
The result then immediately follows by combining the above two conclusion. u

5.3 Proof of main convergence results

We now provide a proof for Theorem 1 which describes the main convergence properties of the deterministic PDG
method.
We first specialize Proposition 5 for the PDG method applied to (2.7).

Proposition 6 Suppose that {m¢}, {nt}, and {at} in the PDG method satisfy

07t §9t71(1+7't,1),t:2,...,k‘, (528)
9t"7t < 0t*1(#+7]t71)7t:27"'7k5 (529)
Ne—1Tt > 2Lfozt,t=2,...,k, (530)
nk(1+7,) = 2Ly, (5.31)
o =0i-1/0t,t=2,...,k, (5.32)

for some 0; >0, t =1,... k. Also let us denote zt = (2, g%), and

—1
i (T0) S0t (5.33)
Then, for any k > 1 and any given (z,g) € X x G, we have

(Zleet) Qp (", 2) + Op(p + ) P(z", 2) < OrmP(a°,2) + 0111 D4 (4", g). (5.34)

Proof. Notice that in the deterministic PDG method, we have m = 1, p; = 1, and §° = g¢. It can be easily seen
that the assumptions in (5.15)-(5.20) are implied by those in (5.28)-(5.32). It then follows from (5.21) that

S 10:Qr(24 2) < 01m P (20, ) — 04 (1 + mi) P(a®, 2) + 6171 D4 (¢°, 9).
Dividing both sides of the above inequality by Zleﬂt and using the convexity of Q(Zz, z) w.r.t. Z, we have
k _ k
(ZFi0) Q2" 2) < SE100Q (2, 2) < O1m P(a°, @) = 04+ mp) P(a* ) + 0171 Dy (5, ).

Rearranging the terms in the above relation, we obtain (5.34). [

We are now ready to show Theorem 1.
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Proof of Theorem 1 We first show part a). It can be easily checked that (5.28)-(5.32) are satisfied with the selection
of {r¢}, {m}, {ou}, and {6;} in (2.24). Using (5.34) (with z = 2" and y = y*), (5.3), and the fact that Q(z,2*) > 0,
we have

Ok (i + M) P(z",2*) < 01(m + Lyr) P, %), Wk > 1.

Using the parameter settings in (2.24), we conclude that

k 01(ni+Lysmi) sy _ (V2Lyp+Le2L5 /1) ko 0 M+Lf oF
P(z",2") < WP( ) = Y e P(z”,2") = P(a°

Also using (5.34) and the fact that P(z*,z) > 0, we have
(Zf:ﬂt) Qs(z*,2) <OrmP° x) + 6:m1Ds (4", 9), Vze Z (5.35)
Denoting g& := (Vf1(zF);...; Vfm(z¥)), we conclude from (5.3) that

0 _k L=k 012 L k _ E
D¢(g",g¢) < Hlz" — a7 |7 < H[Dop_ 104 1Zt:1‘9t|\$t — 202
L k _ k .
0T 0 (et = 2P + [l — 2|
& [Wp(as%*) + [12° —x*ﬂ <Ly (2“‘:‘7[4) P 2),

IA

IN

where the second inequality follows from the convexity of || - ||?, the third inequality follows from the triangular
inequality, the fourth inequality follows from ||z — z* H2 < 2P(z!,z*) and (2.25), and the last inequality follows from
20 — z*||? < 2P (2, 2*). Also note that by the definition of 6, we have

k k- _
Yiafr = o = (11_0?301@ > ﬁ, (5.36)

where the last inequality follows from the fact that o < 1 due to (2.24). Fixing g = ¥ in (5.35) and using the above
two relations, we obtain

Qs (2.8 < o [o1m P(a® w)+Lfem(2“+ 1) Pa’a")]
(n+ V2Lpat [P, o) + H 2+ H) PG00

:%ﬂm&m+7@+7wwwﬂ.

(e

IN

The result in (2.26) then directly follows from the above relation and (2.21). If X is bounded, the result in (2.27) then
follows from the above relation, (2.21), and (2.22).

We now show part b). It is trivial to check that the conditions in (5.28)-(5.32) hold by using our selection of {7},
{nt}, {ou}, and {6;}. Using (5.34) and the facts 71 = 0 and P(z* z) > 0, we have

(Zt 1 )Qf 2 2) < 0m P’ x) = 4LfP(x ,T).
which, in view of (2.20) and (2.21) and the fact that Zleat = k(k+1)/2, clearly implies (2.29). In case X is bounded,
the result in (2.30) immediately follows from (2.21), (2.22), and the above inequality. L]

We are now ready to provide a proof for Theorem 2, which describes the main convergence properties of the RPDG
method applied to strongly convex problems with p > 0.

Proof of Theorem 2. It can be easily checked that the conditions in (5.15)-(5.20) are satisfied with our requirements
(3.19)-(3.22) of {7}, {m}, {at}, and {6;}. Using the fact that Q((z*,¢"),2*) > 0, we then conclude from (5.21) (with
x =z* and y = y*) that, for any k > 1,

* * o L *
E[P($k7x )] < m |:9177P($0,£5 )+ 01 D(y Yy )} < (1—|— (1_fo(()‘)n)akp(x0,$ ),

where the first inequality follows from (3.19) and (3.20), and the second inequality follows from (3.21) and (5.1).
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Let us denote 3% = (Zleﬂt)flzle(&gyt), z% = (z%,4%). In view of (5.4), the convexity of | - ||, and (2.2), we

have

Ew(e") (") < EQE" =) + (160 BT b2’ — 2|
<EIQE", 2] + Ly(X 1,00 E[L{ 0:P(a",27)].
Using (5.21) (with & = z* and y = y*), the fact that P(z* z) > 0, and (5.36), we obtain

BIQ(, =) < (S, 0) Sh0EIQ(G", 9, 2] < of (a7t 4 £2) PG0,a).
We conclude from (3.23) and the definition of {6;} that
(X160 E[S) 0Pt a")] = (07 ) T i a7 (1 4+ iy )al P, 2®)
A0 1a3t/2(1+ o) P, )

alkalal a1/2 (1+( fa)n)P(x ,.’L'*)

| A\

T+ta—F/2 I (1—ajny

Using the above two relations, and (5.37), we obtain
E[w(z%) — w(z")] < oF (ofln n 1%) P(a°,2%) + L20"/? (1 e ) P02

1—a)n
o2 <a nt 3 3— 2aLf+ (2L f)x )P(xoﬂ,*

5.4 Proof of the lower complexity bound

Lol (14 )P, a7) < 208214+ 5 P, 0”).

(5.37)

This subsection is devoted to the proof of Theorem 3, which describes the performance limit for randomized incremental

gradient methods.
The following result provides an explicit expression for the optimal solution of (3.37).

Lemma 8 Let q be defined in (3.42), w;‘,j is the j-th element of x;, and define
afj=qi=1,...,mji=1,...,R
Then x* is the unique optimal solution of (3.37).
Proof. It can be easily seen that ¢ is the smallest root of the equation
—28Hqg+1=0.
Note that x* satisfies the optimality condition of (3.37), i.e
(A+ %I)wf =e1, i=1,...,m.
Indeed, we can write the coordinate form of (5.40) as
QQH% 1 —Tio =1,
oy — 285wl a1 =0, j=2,3,... a1,
—(k+ or1)Ths + 21 =0,

(5.38)

(5.39)

(5.40)

(5.41)
(5.42)
(5.43)

where the first two equations follow directly from the definition of z* and relation (5.39), and the last equation is

implied by the definitions of £ and z* in (3.39) and (5.38), respectively.
We also need a few technical results to establish the lower complexity bounds.
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Lemma 9 a) For any x > 1, we have
log(1— 1)y > L. (5.44)

x—1

b) Let p,q,q € (0,1) be given. If we have

~ o tlogg+log(1—p)
nz 2logq ’

for any t > 0, then
t 27 _t 21
d—q">pg(1-q").

Proof. We first show part a). Denote ¢(z) = log(1l — %) +
Moreover, for any = > 1, we have

ﬁ. It can be easily seen that limg— 400 ¢(z) = 0.

§2) = sy — ey = 21 (2 - 2) <0

which implies that ¢ is a strictly decreasing function for > 1. Hence, we must have ¢(z) > 0 for any = > 1. Part b)
follows from the following simple calculation.

_t 27 _t 27 _t 27 _t 2n _t 27
T—a"—pd(A=—q¢")=0=-p)d —q¢"+p7q¢">1-p)q —q" >0.

[

We are now ready to prove Theorem 3.

Proof of Theorem 3 Without loss of generality, we may assume that the initial point x? =0,7=1,...,m. Indeed,
the incremental gradient methods described in Subsection 3.3 are invariant with respect to a simultaneous shift of the
decision variables. In other words, the sequence of iterates {xk}, which is generated by such a method for minimizing
the function ¥(z) starting from z°, is just a shift of the sequence generated for minimizing ¥(z) = ¥(z + 2°) starting
from the origin.

Now let k;, ¢ =1,...,m, denote the number of times that the gradients of the component function f; are computed
from iteration 1 to k. Clearly k;’s are binomial random variables supported on {0,1,...,k} such that Zglkz = k.
Also observe that we must have xfj =0 for any £ > 0 and k; + 1 < j < 7, because each time the gradient Vf; is
computed, the incremental gradient methods add at most one more nonzero entry to the i-th component of =¥ due to
the structure of the gradient V f;. Therefore, we have

k 2 m n * \2 2%k, 2

Hw’“*w*\lg _ ZZLH%’ —$§|\2 Zi=1zj=ki+1(mi,j) _ 2211((1 -q")

0 _ px m - n - —a2n .
[l —z*[[3 Sl Z;r;lz;;:l(mzj)z m(1—q27)

Observing that for any i = 1,...,m,

El¢*] =Y, [q”(’f)p’{f(l - pi)k_t} =[1-1-d")nl",

(5.45)

we then conclude from (5.45) that

2 k 27
Bllo*—a" 3] o 2y (1= (1= ¢")pi]" = mg™"

lz0—=z*]5 = m(1—¢*7)

Noting that [1 — (1 — q2)pi}k is convex w.r.t. p; for any p; € [0,1] and k > 1, by minimizing the RHS of the above
bound w.r.t. p;, i = 1,...,m, subject to 221 p; = 1 and p; > 0, we conclude that

k%2 C(1—a2)/m]* — 27
Elllz* " |5] 5 [A-(=q®)/m]"=¢"" - -1 —¢?/mlf, (5.46)

le"==T3 = 1=

for any n > n(m, k) (see (3.44)) and possible selection of p;, ¢ = 1,..., m satisfying (3.40), where the last inequality
follows from Lemma 9.b). Noting that

1-(1-¢¥)/m=1- {1— (\/*/%;)2

2
1 =1 1 1 1 2
m m m( 1/Q_;'_])

4 —1_ _4/9
m(v/Q+1)2 m(v/Q+1)2’

=1

4
T mvern T
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we then conclude from (5.46) and Lemma 9.a) that

(]

Blla* =212 o 1[; _ _ava 1" _1 __4/0
Lot > 3 [ i) = hew (kos (1- 2535

1o (4D
2%%P ( m<@+1>2—4@) :

Y

6 Concluding remarks

In this paper, we present a new class of optimal first-order methods, referred to as primal-dual gradient methods, for
solving the finite-sum composite convex optimization problems given in the form of (1.1). The optimal convergence of
this algorithm has been established based on the primal-dual optimality gap for the ergodic mean of iterates, i.e., Zk,
and the distance from the iterate z* to the optimal solution z*. We also develop a randomized primal-dual gradient
method which needs to compute the gradient of only one randomly selected component f;. The complexity bounds
of the randomized primal-dual gradient method have been established in terms of the distance from the iterate z* to
the optimal solution, and the primal optimality gap based on the ergodic mean of iterates, i.e., E[W(ik) — U*]. We
show that these bounds are not improvable when the dimension n is large enough by developing new lower complexity
bounds for randomized incremental gradient methods. Extensions of the randomized primal-dual gradient method to
non-strongly convex, nonsmooth, and unbounded problems are also discussed in this paper. It should be noted that in
this paper we focus on the theoretic convergence properties of these primal-dual gradient methods, and the algorithmic
parameters were chosen in a conservative manner and were dependent on a few problem parameters, e.g., L and u. In
the future, it will be interesting to develop more adaptive versions of these algorithms which do not require the explicit
estimation about L and pu.
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